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Abstract

It is shown that the tilting instability of a compact torus

can be suppressed by toroidally circulating energetic particle

beams. The stabilizing mechanism is based on the properties of

the forced oscillation in the motion of beam particles in a

plasma ring. The required be m current for the stabilization is

estimated to be sufficiently small compared to the plasma

current in the case that the angular velocity of beam particles

is close to the batatron frequency. This stabilizing method is

applied to a field reversed configuration. Effects of the

plasma surface current and beam divergences are also examined.



Si. Introduction

Compact toroidal configurations such as spheromaks or field

reversed configurations have many advantages in a point of

view of plasma performances. Firstly, equilibria of these

configurations are realized simply by a toroidal current

carrying plasma ring and an externally applied magnetic field in

the major axis direction. Thus the toroidal field coils linking

to the plasma are not necessary. Secondly, the magnetic

configuration possesses a separatrix which is regarded as a

natural divertor. Therefore, a direct energy convertor may be

installed easily in these configurations. Because of these

distinctive features together with the possibility of

confinement of high beta plasmas, compact toroidal

configurations are considered to be applicable to a plasma

2)confinement on the basis of advanced fusion fuel cycles.

In general, current carrying plasma rings in an equilibrium

state have a magnetic dipole in the opposite direction of the

external magnetic field. So, compact toroidal configurations

are usually unstable against tilting modes. Rosenbluth and

3)Bussac have analyzed MHD instabilities of spheromaks and found

that the oblate spheromak (oblimak) is stable against a tilting

mode provided that a perfect conducting wall is very close to

the plasma boundary. Sudan and Kaw have shown that the

inclusion of encirculating energetic beams in a spheromak leads

to an oblateness in the plasma shape and results in the

stabilizing effects. In these analyses, line tying of open



magnetic field to the conducting wall surrounding the plasma is

assumed and fast growing instabilities can be suppressed.

However, in the case of long pulse or steady state operations,

residual instabilities of a long time scale may be the problems.

Moreover, the conducting wall should be kept apart from the

plasma boundary so far as the direct energy convertor should be

installed. Therefore, other suppression methods of the tilting

instability are required to obtain favorable plasma

performances.

On the other hand, in the case of a betatron accelerator,

particle trajectories are stable under the condition that the

decay index of the vacuum magnetic field takes the value between

0 and 1 in the vicinity of the equilibrium position. Thus, an

introduction of orbitally stable betatron particle beams to a

current carrying plasma ring may contribute to stabilize tilting

modes. In the extreme case where the current is entirely

carried by beam particles, Lovelace ' has found, with the aid

of generalized energy principle, that a field reversed ion ring

is stable against the internal tilting mode when the toroidal

angular velocity co of beam particles exceeds the axial betatron

frequency tog . Similar stability condition was derived by

7 8)
Ishida et al. ' for interchange instabilities of field

reversed ion layers.

In this paper we study the suppression of tilting

instabilities of a current carrying plasma ring by the use of

energetic particle beams. The beam current is assumed to be

negligibly small compared to the plasma current. So the



interactions between beam particles are negligible. This

analysis can clarify the physical mechanism of energetic

particle beams stabilizing the plasma ring against the tilting

motion.

In §2, the equation of motion of a beam particle and the

equation of motion of a plasma ring pre worked out generally. .

It is demonstrated that the displacement of beam particles can

be controlled to respond either in phase or out of phase to the

plasma displacement by a choice of an appropriate toroidal

angular velocity, and tilting instabilities of the plasma ring

can be suppressed by a useful choice of this angular velocity.

In §3, energetic particle beams are applied to Hill's vortex

equilibrium ' which is a representative of the field reversed

configuration. In this section, effects of a surface current

which may be appreciable in rapid processes are taken into

account. The stability criterion for this rapid process is

given by a function of the plasma elongation. The stability

condition for long time behaviors is then exhibited in terms of

an energetic particle beam. Effects of beam divergence on the

stability condition are also examined by numerical calculations.

Section 4 is devoted to summarizing the results and discussions.



§2. Stabilization of a Plasma Ring Due to an Energetic Particle

Beam

In this section, we study the effects of beam particles on

the tilting instability of a plasma ring and search for the

marginal stability condition. For this purpose, axisymmetric

toroidal equilibrium BQC T . Z ) with B Q<r,0) = 0 is employed in

the cylindrical coordinates. The toroidal plasma current I is

taken to be in the <f> direction with the current density j,(r,z).

Therefore, the external magnetic field Bext-(
r>z) i s applied in

the -z direction with a relevant decay index n as

(Bre(r,z),0,-Bi(r,z)). Note that the decay index n is usually

defined by the equation

B,(v,z) K '

As is already described, the beam current is assumed to be

negligibly small compared to the plasma current so that the

contribution of beam particles to the equilibrium configuration

is negligible. In this situation, interactions between beam

particles are also negligible. The validity of this assumption

will be justified in the result of this section.

2.1. Equation of motion

First, we consider energetic particles toroidally

circulating in the equilibrium magnetic field with the charge



q, , the mass Mfa and the angular velocity w. The motion of a

beam particle is described by the equation

The radial velocity v,. and the axial velocity v are assumed to

vanish in a steady state. Then the equilibrium position

(TQ.ZQ) of this beam particle is determined by the force balance

(2.3)

Next, we examine the perturbed motion of beam particles and

the plasma ring in the case of a tilted plasma ring. Since we

are interested in a global tilting mode, we may consider the

rigid tilt of the plasma ring with a small angle 9 around the

x-axis. The current profile in the tilted plasma ring is

consequently assumed to remain its equilibrium configuration.

Then the perturbed magnetic field Bj(r,<ti,z) at the equilibrium

beam position is easily calculated in the first order of e



Bvl = ~ C Bz0 + B-' + VO TT ( Br0 ~ Bre ^ s l n * s l n 6 '

B 3 Bd>0
$!=-[( BzQ + B± ) cos <j> + TQ — ^ - s i n <(> ] sin 6 ,

B , = B.. cos <p sin 9 . (2.•4)

In deriving eq. (2.4), the equilibrium condition (2.3) is

employed.

In terms of this perturbed magnetic field, the equation of

motion (2.2) for a beam particle can be linearized with respect

to the tilt angle 6

d 2 r , dz
1 + A r , + T —TT- = Prn cos ( mt + <pn ) s in 6 ,—

dt

(2.5)

sin ( wt + $Q ) sin 6 ,

where the symbol <(>Q denotes the initial phase of a beam

2 2
particle. The quantities A , a , r,

terms of the equilibrium quantities as

2 2
particle. The quantities A , a , r, P and Q are defined in

.2 . 2
A = 0) -

O2 .
33

(2.6)



q, oiB ,

It is noted that the r.h.s. of eq. (2.5) corresponds to the

Lorentz force caused by the perturbed magnetic field B,. A beam

particle circulates toroidally and its phase varies in time as

<f> = <nt + <f>p, so that the beam particle suffers the perturbed

magnetic field periodically with the frequency u. This is the

reason that the terms cos(wt+<j>Q) and sin(<ot+(jiQ) appear in this

equation.

- In addition to the equation of the perturbed motion of a

beam particle, we are at the position to examine the equation of

motion of the plasma ring. By taking the beam contribution into

consideration, the equation of motion of the plasma ring is

expressed as an equation of the rotation of a rigid body around

the x-axis

I -^-J- = < • >I sine + H b . (2-7)
x at2 e p P

In this equation, the quantities I and N represent the moment

of inertia of the plasma ring with respect to the x-axis and the

torque suffered from beam particles, respectively. The quantity

<$ > denotes the effective external magnetic flux supplied to

the plasma,



", z) dr 6.z

B ,(r,z) Sz "<j> '

The first term on the r.h.s. of eq. (2.7) corresponds to the

interaction between the plasma current and the external magnetic

field, and usually causes the tilting motion of the plasma ring.

Now we consider the torque N of beam particles acting to

the plasma ring. The plasma ring offers a torque NfaP to a beam

particle through the Lorentz force,

+ rOBrl - - ^ - V ' ( 9 )

and receives the torque N from the beam particle as a

reaction. Thus as a whole, the quantity N + z N,P vanishes

and, therefore, eq. (2.7) can be rewritten as

8lne -
x at l

where the summation of the second term on the r.h.s. is carried

out over the total number n, of beam particles. The equation of

the perturbed motion of beam particles (2.5) and the equation of

motion of the plasma ring (2.10) constitute a basis of the

analysis.



2.2. Stability condition

We are now searching for the marginal stability condition

against the tilting motion of the plasma ring. Equations (2.5)

and (2.10) should be worked out simultaneously when we consider

the time evolution of the system. However, so far as the

marginal stability condition is concerned, the value of the

r.h.s. of eq. (2.10) is nearly zero. Therefore, we restrict

ourselves to the case where the following inequality holds :

d2e
vi dt2 zi dt2

(2.11)

In this situation, the value of sine in eq. (2.5) is regarded as

a constant. Then eq. (2.5) takes the form of two coupled

harmonic oscillators with an externally driven periodic force.

The general solution to this equation is given as a function of

the phase | = ut + #» of a beam particle, i.e.,

F .
3

c o s c

V .

•' ' U 71

(to - v / ) ( w - v / ;
r . cos ij> s i n 9 ,

F .
a

8 l n [ _ j t _ U _

( 2 . 1 2 )

+ ( U)2 - A2 ; Q r. sin <J) sin e ,

10



where the quantities F. and 6. denote the integral constants

determined from the initial conditions. The eigenfrequency v.

is the solution of the characteristic equation

.fv/ - A 2 H v / - Cl2) - F2v/ -o , ( 2. 1 3 )

and usually called as the betatron frequency of a beam particle.

If all of the eigenfrequencies v. are real, the trajectory

of a beam particle is stable against the infinitesimal

displacement. With the aid of the relations (2.3) and (2 h),

the stability condition of a particle trajectory is expressed as

(2.11)

B 2 - V r jxB ) 2

sO 0 0 tp z0

In the case of the vacuum magnetic field, the above condition

reduces to the orbit stability condition in a betatron accelera-

tor that the decay index takes the value between 0 and 1.

Returning to the perturbed orbit, eq. (2.12) involves the

initial phase <(>/» of a beam particle. It may be natural to

assume that the initial phase 4>Q is random. Averaging eq.

(2.12) over the initial phase, we obtain the averaged position

, >,<z-, >) as

11



- f } Y Mrg '„ cos » sin 8 ,°
(2.15)

\ -rQ sin * sin 8 .

This equation indicates that beam particles are located on the

average at the position determined by forced oscillation alone

and exhibit properties of forced oscillators. Therefore, the

averaged displacement of beam particles in a tilted plasma ring

can be controlled either in phase or out of phase to the plasma

displacement by adjusting the value of the angular velocity u.

Especially, in the case that the angular velocity is chosen to

be close to the betatron frequency v., the displacement becomes
J

remarkably large attributed to the resonance of the betatron

oscillation with the toroidal circulation of beam particles,

Now we examine the equation of motion of the plasma ring

(2.10) by using the averaged motion of beam particles. Then the

average torque <NjD
P> is obtained after some manipulations as

< ffb
p > = - qhrQuBs ( 1 - ne ) < zt > sin * . (2.16)

Substituting eqs. (2.15) and (2.16) into eq. (2.10) and

replacing the summation by the volume integral weighted by the

initial beam distribution,

fh(r^,z) = -^r6(r- r0 ) S(z) , (2.17)

12



we obtain the expression for the equation of tilting motion of

the plasma ring

T d 2 e n J b ™ZBi<i-"e> Mrp + < *2 - A 2 ; a n

fu,2 - V j

< *e > I sin 6 , (2.18)

where the beam current I, is defined as n, q, row/2n.

It can be seen in eq. (2.18) that the plasma ring is stable

against the tilting motion provided that the following condition

is satisfied

2 B, e aTp + ( J _ A } Q

Thus, the tilting instability of the plasma ring can be

suppressed by an adequate choice of the angular velocity co of

beam particles. Moreover, the required beam current is

sufficiently small compared to the plasma current provided that

the value of u> in the vicinity of the betatron frequency v..

As is mentioned previously, the mechanism of this

stabilization effect of an energetic particle beam is based on

the resonant property of the forced oscillation of the betatron

oscillator attributed to the toroidal circulation of beam

particles. Suppression of tilting instability by beam particles

can be realized in the case that both the stability condition of

the plasma ring (2.19) and the stability condition of beam

particles (2.14) are satisfied. Concerning these conditions, we

13



will describe the particle beams relevant to attain the

stability of a definite equilibrium configuration against the

tilting mode in the following section.

§3. Application to a Field Reversed Configuration

In the previous section, the stabilizing mechanism and the

stability conditions are clarified. In order to examine the

stability for a definite equilibrium, we will employ Hill's

vortex for the convenience of the analytical treatments. In

Hill's vortex equilibrium, no toroidal magnetic field exists and

the plasma current I is in the toroidal direction. Therefore,

Hill's vortex equilibrium can be regarded as a representative of

the field reversed configuration. Inside the separatrix, Hill's

vortex equilibrium configuration is characterized by the radius

R of the separatrix and the elongation factor ic along the axis
s

B 3B° "—
s

2 2
ri - T2~ - ~tT) ' (3-D

6BO I
Kr ( 1 + -—

Vo" IK

At infinity, the external magnetic field B = (0,0,-BQ) is

assumed to be uniform in the z direction.



3.1. Effects of a surface current on tilting instabilities

In 5 2 we have assumed that the plasma ring is rigidly

tilted with the current profile keeping its equilibrium

configuration. In a rapid process, however, additional plasma

current cannot be ignored in the neighborhood of the plasma

boundary so as to prevent from the penetration of the perturbed

magnetic field. In the extreme case that the plasma is

perfectly conducting, the surface current flows at the plasma

boundary and the magnetic configuration inside the plasma

surface undergoes no variation. In this situation, no effects

of particle beams inside of the plasma can be expected.

Therefore, we discuss briefly only the effects of the surface

current on the tilting instability of Hill's vortex plasma ring.

For the sake of the analytical simplicity, we will choose

the cylindrical coordinates fixed to the tilted plasma rings

equivalently, the external magnetic field is tilted with an

angle -8 around the x-axis. The perturbed external magnetic

field is given in the order of 6 by

B = - BQ sin <J> sin e ,

Bi>l = " B0 C 0 S * S l n 9 ' (3-2)

Inside of the plasma boundary, there exists no magnetic

perturbation due to the assumption of the infinite conductivity

of the plasma ring and we seek only for the perturbed magnetic

15



field outside of the plasma. Because the perturbed magnetic

field Bj is curl free outside of the plasma, we can introduce

the magnetic scalar potential. Then the perturbed magnetic

field is calculated from the Laplace equation associated with

the boundary conditions that the perturbed magnetic field

coincides with eq. (3.2) at infinity and its normal component

vanishes at. the plasma boundary.

The surface current is derived from the condition of

discontinuity of the magnetic field at the plasma boundary,

i.e., by defining the unit normal vector ti in the outside

direction of the plasma boundary,

(3.3)

After some algebra, we obtain the distribution of the surface

current as

B0 z
h F ( K ) COS 0 sin 82

-l)z2

B0 2
Kx = - -z n—* ^ =r—T7n- F(<) s i n <b s i n 0

B A 2 - K2
3

2

X = — [—I,—^ s 5- ] 1 / 2 f CK; COS <(> s i n 63 y0 K F - fK - 1 )zd

S

where the function F(K) is defined as

16



2( K - 1 )

/"ic* - 1

2(1- K )

2 - K 2 - COS K

(3.5)

r K < i;.

- K

By taking account of this surface current and the

equilibrium current profile j , the equation of tilting motion

of the plasma ring is given by

,2 8ITKJ? 3 1 2

I T = ~Tu ( 1 + 2 " ; S 0 [ 1 " G ( ' K ; ] s l n 9 • ( 3 - 6 )
At J*0 IK

The function G(KT) is defined as

3( IK 2 + 1 ;rK 2 - 1 ) 2

3C

( K > 1 ),

(3.7)

+ I ; E < ~ / I - K Z ; - 2 < 2 K C / I - K2

K < I ),

and represents the stabilizing effects of the surface current.

Here E(k) and K(k) denote the complete elliptic integrals of the

first and the second kind, respectively.

17



In order to visualize the effects of the surface current,

we will derive the expression for the growth rate. The moment

of inertia I is given in terms of the mass density p of a

plasma ring by

Ix = j pp ( *2 sln2(f) + s2 ) dV . (3.8)

Keeping the plasma current I and the plasma volume V constant

and introducing the growth rate YQ of spherical Hill's vortex

(K = 1) in the absence of the surface current:

2

u=i
x

we obtain the following expression for the growth rate y

2 _ ^ 2
0

2 2

In Fig. 1, the normalized value y /YQ is demonstrated as a

function of the elongation factor K. In this figure, the growth

rate in the absence of the surface current is also indicated by

a dashed line. It can be seen in Fig. 1 that the perfectly

conducting plasma ring turns into stable against the 'tilting

mode if the elongation factor < is larger than the value 1.9.

In the opposite case (K < 1.9), the surface current reduces the

growth rate; however, the plasma still remains unstable.

The above discussion holds in the case of perfectly

conducting plasma. Unfortunately, the plasma temperature near

the boundary is usually rather low and the surface current

18



undergoes diffusion rapidly. Therefore, the growth rate in an

actual situation lies in the region between the solid and the

dashed lines in Fig. 1.

3.2. Suppression of tilting instabilities by particle beams

In the previous subsection, we have found out that the

surface current has stabilizing effects on the tilting

instability. However, the surface current is ineffective for a

time longer than the characteristic skin time. For the long

pulse or the steady state operation, the slowly growing tilting

mode may be stabilized by a relevant choice of energetic

particle beams. In order to discuss the stability of Hill's

vortex plasma ring for this case, we will introduce the effects

of beam particles in the case that the field penetration takes

place completely.

The equilibrium condition (2.3) is rewritten by the use of

eq. (3.1) as

(3.11)

s = 0 ,

and the perturbed magnetic field is calculated as

19



2 3

2 2
;
o ~ o

r ; sin <(. sin 9

2a
3 3L(.

2 3

cos <(i sin 6 , (3-12)

2
- 4 sin * sin

As for the equation of the perturbed motion (2.5), the

coupling of the radial and the axial motion is released owing to

the absence of the toroidal magnetic field. The equation of the

perturbed motion for this case takes the form

(3-13)

x sin ( wt + $0 ) sin

where the quantities ojg and (ogz are respectively the radial

the axial betatron frequencies expressed as

J0r ~ 2M.

1/2 1/2
(l-

2r, 1/2

20



Because of the orbit stability condition that both the radial

and the axial betatron frequencies are real, and the condition

that the beam particles are located inside the separatrix, the

equilibrium position TQ of particle beams should satisfy the

inequality

— < rn < R . (3.15)

V2 ° S

Thus the particle beams are stably located at the point between

the null point R //2 and the separatrix R depending on thes s

angular velocity iu. It should be noted that the above

inequality is equivalent to the inequality

w2 < K2U)B;3
2 . (3.16)

Now we consider the average displacement of beam particles

and the equation of tilting motion of the plasma ring. Equation

(2.15) takes the following form in this case:

.< P1 > = 0 ,

-, (3.17)
2 3 + 4K 2

w - — —
r- U) - t- U J Q

< 3 > = -2 = 2—_ ££_ r sin <f> sin 6

Because of the lack of the toroidal magnetic field, the radial

displacement vanishes on the average. The axial displacement is

significantly large at the resonance condition u> s u- . Note

that because of the inequality (3.16) the elongation factor <

should be larger than unity in order that the axial betatron

oscillation resonates with the toroidal circulation of beam

21



particles. By means of this axial displacement, the equation of

tilting motion of the plasma ring is written as

J * T 7 T " ^T «s JP Bo s i n e • (3.18)

2 2 3 + ̂ <2 2

n 25 r* " - ~ — " B » b ]

J b
J p

6( 0)

2!

- 2 K 2
U

5K2W 2

p 2

2 ,

o)2

o,2 -

3

2
.2

2
(062

The equilibrium beam current I. (= n, q,rQu/2ir) is positive

definite on account of the conditions (3.11) and (3.15). This

means that the angular velocity oi should be positive for the ion

beam and negative for the electron beam. Consequently, the

stability condition against the tilting mode is derived from eq.

(3.18) as

> 0 . (3.19)

The suppression of tilting instability of an elongated Hill's

vortex plasma ring (K > 1) is expected by particle beams of

2 2which angular velocity in lies ii the interval a)gz < ou <

2 2
(3+4K )u)fi /5. Here we can aluo find that the required beam

current is sufficiently small compared to the plasma current in

the vicinity of the resonance condition.

Next, it may be useful to examine the required beam energy

for the resonance condition w = Wg_- By means of eqs. (3.11)

and (3.14), the resonant velocity of toroidal circulation v

is given by

22



and the resonant energy W is calculated as

- 1 ) . (3.21)

where the quantities M« and c denote respectively the rest mass

of a beam particle and the velocity of light. The resonant

energy W is tabulated in Tables I and II for the proton and
i 6 S

the electron beams, respectively. In these tables we see that

the resonant energy can be easily reduced by a slight increase

in the value of K. For proton beams, the resonant energy is

approximately proportional to the square of the plasma current.

On the other hand, for the electron beams, the energy is roughly

proportional to the plasma current. The resonant energy for the

electron beam is larger than that for the proton beam because of

the difference in the rest mass.

So far we have studied the stabilization effects of

monoenergetic particle beams. The beam particles are assumed to

be located at their equilibrium point. Practically, the energy

of the beam particles is divergent and the equilibrium motion of

a beam particle exhibits the betatron oscillation. In order to

analyze the effects of beam divergence on the stability

condition, we adopt the numerical calculation of the motion of

test particles in the magnetic field expressed in eqs. (3.1) and

23



(3.12). The angular velocity of beam particles is assumed to

diverge in the interval UQ - Aw < u < u- + Aco with a parabolic

distribution

vw; = w [ i - -V^-<v2 ] • (3-22)
Ato •

The initial values of the radial and the axial positions of

these particles are chosen to be the equilibrium position

corresponding to the angular velocity up and the initial phase

of beam particles is taken to be random. The equation of motion

(2.2) is worked out numerically with 100 toroidal circulations

of beam particles. The torque affecting to a beam particle is

averaged over the initial phase and the toroidal circulation.

The required beam current is calculated on the basis of the

average torque. Figures 2 (a) - (c) show the ratio of the

required beam current to the plasma current I, /1 as a function

of the ratio <i)n/<ofi f.or various values of the axial elongation

factor K. In each figure, the solid line indicates the marginal

stability line of the condition (3.19) where no beam divergence

exists, and the dashed and the broken lines correspond to the

marginal stability lines for the cases AU/UJQ = 0.1 and 0.2,

respectively. Suppression of tilting instability is

accomplished in the region above the marginal stability line for

each case. Existence of beam divergence increases the required

beam current for stability near the resonance. The minimum

value of Iv/I takes place at the angular velocity slightly

larger than the resonance condition UQ/(O6 = 1. However, the

increase in the required beam current is not so significant.

24



The suppression of tilting .instability is still realized by

sufficiently small values of L/I , i.e., the beam current is

required only a few percent of the plasma current even in the

case 4W/O)Q = 0.2.

§4. Results and Discussions

We have analyzed the suppression of tilting instability or

a compact torus by means of energetic particle beams. In §2,

the stabilization mechanism of toroidally circulating particle

beams against the tilting motion of a plasma ring has been

clarified under the situation where the beam current is negligi-

bly small compared to the plasma current. The displacement of

beam particles can be controlled either in phase or out of phase

to the displacement of the plasma ring by adjusting the value of

the angular velocity ui of the toroidal circulation of beam

particles. Physical interpretation of this phenomenon is as

follows. The beam particles circulate toroidally and suffer the

perturbed magnetic field periodically with the frequency w.

Thus the perturbed orbit of beam particles exhibits that of the

forced oscillation of a betatron oscillator. On the basis of

this forced oscillation, the marginal stability condition (2.19)

for the tilting motion has been derived analytically. The

required beam current was found to be sufficiently small

compared to the plasma current in the vicinity of the resonance

between the betatron oscillation and the toroidal circulation.

25



In §3, energetic particle beams were applied to Hill's

vortex equilibrium which represents the field reversed

configuration. Practically, the plasma is regarded as perfectly

conducting if the characteristic time of the phenomena is much

less than the characteristic skin time. Thus, effects of the

surface current on the tilting instability of a plasma ring was

firstly analyzed. It was found that Hill's vortex plasma ring

turns into stable to the tilting motion in the presence of the

surface current provided that the axial elongation factor <

exceeds 1.9. In the opposite case K < 1.9, the growth rate is

reduced by the surface current; however, the plasma is still

unstable. The surface current suffers the diffusion due to the

finite resistivity of the plasma and is ineffective to the long

time behaviors. The effects of energetic particle beams may be

significant in this case. In the absence of the toroidal

magnetic field, the coupling of the axial and the radial motions

of beam particles is released. The axial displacement exhibits

that of forced oscillation. It was found that the suppression

is accomplished for axially elongated Hill's vortex (K > 1) by

energetic particle beams whose angular velocity satisfies the

2 2 2 2condition u)g < w < (3+4* )ugz /5. In the neighborhood of the

2 2
resonance condition Wg = u , the required beam current is also

sufficiently small in comparison with the plasma current. The

required beam energy for the resonance can be easily reduced by

u slight increase in the axial elongation factor K. Finally,

effects of beam divergences on the stability condition were

considered numerically. It was found that the existence of a

26



beam divergence increases the required beam current near the

resonance. Nevertheless, the required beam current becomes only

a few percent of the plasma current by choosing slightly larger

values of the angular velocity than that of the resonance

condition.

The above results are based on the situation that the

contribution of beam current to the equilibrium configuration is

neglected. Reality of this situation was confirmed in the

results. In the case that the beam current is comparable to the

plasma current, our results should be modified. Moreover, the

plasma ring was assumed to be rigidly tilted for the purpose of

examining the global tilting mode. Concerning the internal
3)

tilting mode, the displacement of the plasma ring should be

revised. Formation of required particle beams and their

sustainment against the particle's collisions or the radiation

losses are also problems to be discussed.
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Figure Captions

2 2
Fig. .1 The normalized growth rate Y /YQ °f the tilting

instability of Hill's vortex equilibrium as a function

of the axial elongation factor K. The solid line

indicates the growth rate including the effects of the

surface current and the dashed line without the

surface current. The normalization quantity YQ

corresponds to the growth rate of spherical Hill's

vortex in the absence of the surface current.

Fig. 2 The ratio of the required beam current for marginal

stability to the plasma current versus the ratio of

the angular velocity to the axial betatron frequency

for a) < = /2, b) K = /3 and c) K = 2. The solid line

corresponds to the case of a monoenergetic particle

beam. The dashed and the broken lines indicate the

values in the case of divergent beams with AW/COQ = 0.1

and 0.2, respectively.
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Table I. Resonant energy W of the proton beam
IT 6 S

for various values of the plasma current

and the elongation factor

^ \ * p

/!

•3

2

100

3.1

0.7

0.3

kA

keV

keV

keV

1

310

72

27

MA

keV

keV

keV

10

31

7.2

2.7

MA

MeV

MeV

MeV
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Table II. Resonant energy W of the electron beam
2T6S

for various values of the plasma current

and the elongation factor

/?

/J

.2

100

2.0

0.8

0.4

kA

MeV

MeV

MeV

1

24

11

6.7

MA

MeV

MeV

MeV

10

241

116

71

MA

MeV

MeV

MeV
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