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ABSTRACT

The ideal Bose gas solved in the redefined ensemble formalism

exhibits a discontinuity in the specific heat suggesting that Bose-Einstein

condensation is a second order phase transition. The deviations from the

classical ideal gas behaviour are larger than those predicted by Gibbs

ensemble. Below Tc the pressure is not independent of the volume.

For a certain range of values of VT , the peak in black body radiation

shows a shift in the frequency scale and this could be detected , at

least in principle, experimentally.
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I. INTRODUCTION

As the first example of the grand ensemble in the redefined

ensemble formalism we treat the problem of ideal Bose gas in this communication.

In the absence of experimental data on the specific heat of ideal gases we

use Gibbs ensemble result for the input specific heat C^. In Section II the

general formulae for the various quantities are derived. In Section III and

IV we discuss the high and the low temperature behaviour of Bose gas. The

application to black body radiation is discussed in Section V and results

summarized in Section VI.

II. FORMULAE FOR BOSE GAS

The average occupation number n^ of an energy state characterized

by an energy $ can be easily seen to be

« - ! .
I i

where z is a parameter which we eliminate from the equation

(2.1)

The average energy

-£
Or

and the pressure *)
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(2.2)

(2.3)

(2.4)

* It is possible to express conjugate forces like P ir. terms of averages

if the saddle point method is used in evaluating the partition function.
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In the limit of infinite volume the summation in the above equations can he

replaced by integration using the following expression for the density of

states •.

c-
(2.5)

Equations (2.2) and (2.3) get reduced to

Since

jjc- &

c-

(2.6)

(2.7)

(2.a)

Hence

V
-^ — 3

s \J
(2.9)

•P ~- ^ (2.10)

This is the result of virial theorem satisfied by all ideal gases and is

independent of the kind of ensemble used for investigation. In equationi

(2.6) and (2.7) the terms corresponding to & = 0 state are neglected for
2)

usual reasons

well

The specific heat per particle CR would toe a function of C as
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(2.11)

At high temperatures C as derived in Gibba ensemble is 1.5 k and at

low temperatures

C. V '
where

(2.12)

and (;{x) is the Riemannian z«ta function given for n > l by

1

(2.13)

(2.14)

The derivative of C has a discontinuity at T = T^ defined by

(2.15)

The formal expression for C (2.11) thus exhibits a discontinuity at Tc
R

suggesting that Bose-Einatein condensation is a second order phase

transition.



III. HIGH TEMPERATURE LIMIT

Changing the variables in (2.6) and (2.7) to x = £ /kT and setting

a = k/2C we get

J -

_,
TN, Jlxp (K-t«v> ) -I

U - J- N _̂_ V ' H

Va

(3.1)

For snail 2, the denominator can be expanded and (3.1) solved to obtain z

as a function of % /IT. We make use of the formula

—

o

where ij (x) is the parabolic cylinder function . For x » 1
EL

(3.3)
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We obtain for z the following expression'.

3 -

where

VT

-c - i

(3,4)

(3.5)

L 4 J>*

and D is given by

Substituting for 2 in the expression for the average energy we get from

u V t
I,= . I

3

(3.7)
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where

- F,

and

\

(3.8)

The numerical values of a,'s obtained by setting C = 1.5k are

A, -

*\ - Cl-O

^ - o- 3

U 3 =_ -

O

C - O- a a

O \ iT- C| a o 11

J

> (3.11)

The wnnormalizefl value of b shows that the average energy obtained from

the redefined ensemble is lower than that obtained from Gibbs ensemble.

The normalization ensures, that we get the classical ideal gas equation. In

equation (3.11) the numbers given in brackets are Gibba ensemble results.

The deviation from the classical ideal gas as predicted by the redefined

ensemble are larger. The specific heat at high temperature limit is given

by

c'A
(3.12)

i. 3

(3.10)

The values of U (x ) have been obtained by Lagrange's five point inter-

polation method. The values of the virial coefficients bp when

b (0.5505809) is normalized to unity are

IV. LOW TEMPERATURE LIMIT

An examination of the equation (3.1) reveals that for a given z,

(\ /V) is smaller than that in Gibbs case; I.e. the parameter 7, when

plotted as a function of "X /i/ approaches unity faster. It must be

•)
emphasized that in the redefined ensemble / ^ exp (pyU.) where Ŵ. is the

* We have not yet determined z as a function of /A . In this formalism we treat

it as a parameter and eliminate it from the equation for N/V. For determining U.

we use the usual defining equation (U + PV - TS).



chemical potential. Given the free energy of Bose gas in the grand enseifible

(equation (It. 15)) and the entropy

S = -(F-U)/T (4.1)

one has to solve the equation

o (4.2}

to determine the critical temperature in the redefined ensemble and we

would expect it to remain unchanged since Cj is taken from Gibbs ensemble.

This result is yet to be proved. Below T c we solve the problem by setting

T.~ 1 in (3.1)

u , y * L fa } (4.:
Using (3. 9) and (3.3) we get

y [ W f

(4.4)

V. APPLICATION TO BLACK BODY RADIATION

As in Gibbs ensemble we consider the radiation to be in equilibrium

with a cavity of volume V and we substitute for C the Gibbs ensemble result

V • „ 3 - (5.i)

The energy density associated with the frequency range (u,u + du) is

given b y / 3 I
'OJ

-fC c
&-XP [ Afbi

(S.2)

where we have used Haylefgh's expression Tor the number of normal modes

of vibration per unit volume of the enclosure. In the high wavelength

limit (Sw/kT« 1) ,

is the same as in Gibbs ensemble but in the other limit (Kw/kT >> 1)

_ ir [-J.U- X.

(S.4)

Below T , C /k is proportional to v and hence the pressure as obtained

in the redefined ensemble becomes a function of v. The specific heat of

Bose gas can be derived from (4.4) as a power series in A /V These

expansions are good around T c but not at very low temperatures as X /V

would be far greater than unity. From (4.1) the adiabatics of Bose gas

could be derived and we get

w ' •= constant

P "T -=. constant (

P tr -constant J

(4.5)

as in Gibbs ensemble.
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Thus for a given T, the maximum shows a shift towards the left on the

frequency scale and this can be measured experimentally at least in

principle. It must be noted that this frequency

is dependent o n the volume of the cavity. The total energy radiated

by the cavity over the entire frequency spectrum is

-\
"7 i

(S.5)



This is the modified Stefan law at low temperatures. In the original

thermodynamic derivation of Stefan's law it was assumed that

^ V
(5.6)

where ™4» is independent of V and from (5.5) we realise that it is this

assumption that is not contained in it.

VI. CONCLUSIONS

Bose gas approached with the redefined ensemble exhibits a second

order phase transition. The deviations from the classical ideal gas as

predicted by the virial coefficients are larger than those in Gibbs ensemble.

Below T , the pressure is not independent of volume. The shift in the

peak frequency of black body radiation could be verified at least In

principle experimentally.
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