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Scattering of a particle by bound nucleons is

discussed. Effects of nucleons that are bound in a nucleus

are taken as a structure function. The way how to calculate

the structure function is given.

1. Introduction

In this article we treat scattering of a particle by a

nucleus at intermediate energy. At low energies a

transition amplitude is symbolically given by

< flvl i (1)

where | i> and <f| are initial and final nuclear states.

The transition operator V represents a macroscopic

transition between two nuclear states. Nuclear wave

functions at low energies are studied with this method '.

In contrast with this, we intend to formulate a microscopic

way to calculate a scattering amplitude with the Feyrjnan

diagrams .

Microscopically it is assumed that an incident particle

interacts with bound nucleons one by one. To calculate the

Feynman diagrams, bound nucleons are often replaced by free

nucleons. With this replacement the scattering amplitude is

calculated as multiple scattering by free nucleons . We

propose one method to include effects of nucleons bound in a

nucleus.



2. General Formula for Pion-Nucleus Scattering

As an example, let us make general formula for pion

scattering by a nucleus. We treat the simplest case shown

in Fig.l. An incident pion with 4-momentum a is scattered

by a single bound nucleon with p1 in the nucleus with total

4-momentum P, and the final pion has 4-momentum b, the bound

nucleon has q, and the final nucleus has Q. Writing the

4-dimensional wave functions of the initial and final nuclei

as ^(P) and °Jf(Q), the scattering amplitude is given by

If necessary, the nuclear wave function should be

antisymmetrized With this assumption, the scattering

amplitude (2) is rewitten as

b+Q)

<2>

A vertex of pion-nucleon interactions is written as |~jJN and

a non-interacting vertex is f . Baryon propagators are

S(k) for an interacting baryon and S (k) for a

non-interacting cne. The nuclear wave function is assumed

to be written as a product of 4-dimensional wave functions

of bound nucleons

(4)

Next we divide the 4-dimensional nucleon wave function

,x) into the coordinate wave function >̂(p,x) and the

spinor u(p)j

(5)

where T and V are the normalization time and volume which

satisfy the following relation;

(3)

1 for p = 0

0 for p j4 0.

(6)

Then the interacting part is rewrittev as



Therefore the scat ter ing amplitude (4) i s wri t ten

where we use a momentum wave function

For the non-interacting part we use

T°
1 for k.. = P j

0 for

(8)

(9)

where k. and p. are the incoming and outgoing 4-momenta at

the vertex, and for the propagator

ulkjj-ulk.) .

One of the non-interacting parts is

(10)
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The structure function

ACfej-fj } (12)

7<Pl,a,Pj) ;

can be calculated if 4-dimensional relativistic wave

functions of the bound nucleons f(p-,x.) are known.

However, there exist no reliable relativistic wave functions

for bound nucleons.

fej f ( i j , ^ j-tj).(H)

We used u"(q)u(q) = 1.



3. Impulse Approximation

For guarantee we check the case of free nucleons. For

a free nucleon, we use

<j,f»e(p.x)

then the momentum wave function (8) is

(14)

(15)

With this, the interaction part (7) is written as

4.

£4 Ip^a-b-q^ £(a+p1-*b+q1) , (16)F1(free)

where

f(a+p1->b+q1) = u(q1)

is the scattering amplitude of pion by a free nucleon. The

non-interacting part (11) is also written as

Y(free) = ^ f £* (p,-q,)-A(q-P.) . (18)

These equations (16) and (18) clearly reproduce the

amplitude of pion scattering from a single free nucleon.

4. Pion-Deuteron Elastic Scattering

Let us calculate the structure function (13) for a

deuteron in practice (Fig.2).

, + j
(19)

The product of two wave functions of bound nucleons can be

rewritten as the product of the center-of-mass wave function

3?CM(P'R) and the relative one 9<P.r), that is,

(20'

where

R = (xx+x2)/2, r (21)

and

= P1+P2» P = (P!-P2)/2.

Then the structure function (19) is written as

(22)

7<Pl,a,P2

(23)



Since the center-of-mass of the deuteron must be free with

fPR) = e" l P" R4-moraentum P, then and

,24)

where

K = (25)

Though wave functions of the nucleus or bound nucleons

should be relativistic in this formulation, non-relativistic

approximation must hold good for the relative wave function

^ ) . Thus we write

"iSf't7v u(r)/r-Y l m(Q), (26)

where r in tha right-hand-side is/ of course, the radial

coordinate. For the deuteron wave function, we adopt the

well-known s-wave Hulthen wave function;

u(r) = N (27)

where

45.7MeV, and p = 4.86

and

Y 0 0 < Q ) = 1//43C .

Then the structure function (26) is easily calculated as

Pl,a,p2) = £
4(K-a-P)/v/<2I)3.S<€f-k0+a0/2)-$(k-a*/2), (28)

where the relative structure function is expressed by

J(k-5*/2) = fix N f- ](29)

After all the scattering amplitude (12) is

?T}(a+P

( 3 0 )

Because of the 4-momentum conservation and q_ = k, =

p 2, kx = a+px = b+q2, then

k = (k1-k2)/2 = p+a/2 = q+b/2. (31)
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Namely this shows that the initial and final state relative

structure functions 5 are the functions of the relative

momenta of the initial two nucleons and the final ones;

and -£/2) = (32)

Except for the energy and momentum conservation and

other kinematical coefficients, the differential cross

section of pion-deuteron elastic scattering is written as

Z|f(k)f(k')| (36)

That is to say, the differential cross section (33) is

written as

is:
JLQ

(a+P —* b+Q)

cSp/S? r<r;5<f;?ms<Fo ^-

where

q = (H-b)/2 + h, q'= (H-b)/2 - h,

"p = (H-a)/2 + h, and ^' = (lf-a)/2 - h".

(37,

(38)

where variables with prime are functions of k. For

diagonalization, we approximate

(34)

The differential cross section of the elastic scattering of

pion with 4-momentum a and nucleon with p1 , -jSL(a+p. —•b+q.) ,

is not a function of TT but of IT only.

where m is the nucleon mass. Replacing the integral

variables as

k+k' = H and k-k'= 2h, (35)

the approximation (34) means that
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5. Discussion

To see the magnitude of the effects of the structure

functions, we simply assume that the differential cross

section of pion-nucleon elastic scattering is constant in

th3 integration (37). Then the differential cross section

(33) is written as

•b+Q)

(39)

where

(40)

This is shown in Fig.3 as a function of the kinetic energy T

of the incident pion in the laboratory system. The square

of I(T) is the ratio of the differential cross section of

pion-deuteron elastic scattering to the one of pion-nucleon

elastic scattering. We must notice that at high ensrgy

regions contributions from the double scattering process

(Fig.4) become important.

For inclusive reactions, one popular approximation

considering the motion of nucleons in a nucleus is as

follows;

is:
do.

(a+P -*b+X)

(41)

where f(p^) is the momentum distribution of nucleons, which

is the square of the momentum wave function, that is,

(42)

and

(43)

Here cf>(jĉ ) is the coordinate wave function of a nucleon in

the nucleus. In this formula (41), the other nucleon is not

considered. In order to take the motion of the other

nucleon into consideration, we rewite the formula (41) to

~{a+P ->b+X)

(44)

The momentum distribution .P(p*, ).P(P^) is equivalent to the

square of the deuteron structure function (̂p., ,a,p2) .

However, this is still different from our method discussed

in this article, because the integration over momenta is
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carried out in the stage of differential cross section

instead of scattering amplitude.

In our method single nucleon wave functions of initial

and final nuclear states are fully taken into consideration.

Single nucleon wave functions (or relative wave functions)

are considerably studied at low energies. Provided that

elementary processes are well-known, single nucleon wave

function at intermediate energy regions can be investigated

through the structure functions. That is to say, our method

is useful to investigate short range parts of nuclear wave

functions.
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Fig.l First order diagram for pion-nucleus scattering
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Fig.3 I(T) for pion-deuteron elastic scattering as a

function of laboratory kinetic energy T of incident

pion. Scattering angle of pion in the center-of-raass

system are 0°, 30°, 60° and 90°.

Fig.2 First order diagram for pion-deuteron elastic

scattering
>Q
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Fig.4 Double scattering diagram for pion-deuteron elastic

scattering
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