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Atom-in-3ellium Models 
David A. Liberman 

Lawrence Livermore National Laboratory 
Livermore, California 

I am going to describe in this talk the atom-in-jellium calculations 
I have been doing over the last ten years. Since you must know something 
about such calculations through the work of your colleague, Perrot, I 
will try to emphasize my reasons for doing this sort of ?lculations and 
why I devised a model which is different in some respects from his and 
others. 

What I was initially interested in was computing equations of state 
of compressed solids. Most of the calculations in use at that time were 
based on the Thomas-Fermi method and were quite crude. I had done a few 
self-consistent band structure calculations in the late 1960's ind had 
obtained dramatically better results. But these were very laborious, 
were for zero temperature only, and were limited to elements for which 
relativistic corrections were unimportant. So I was interested in 
something not too different from the self-consistent band structure 
calculation which would overcome these limitations. The atom-in-jellium 
model is the result. But you should notice that to be of use in 
calculating equations of state, it is necessary to extract thermodynamic 
data: total energies, entropies and so on. I think others who have 
worked with atom-in-jellium models have had other interests, and 
therefore, have not been much concerned about this point. As time has 
gone on interest in the radiative properties of high density plasmas has 
grown. My interest has shifted from thermodynamic data to energy levels, 

•Work performed under the auspices of the U. S. Department of Energy by 
the Lawrence Livermore National Laboratory under contract number 
W-7405-EN6-48. 
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nave functions, transition rates, and so on. But the model I have used 
has been very much influenced by these early concerns. 

I have summarized some of these comments in the first viewgraph: 
Fig. 1 

Let's look at some possible atom-in-Jellium models. Three are 
illustrated in the second viewgraph: 

Fig. 2 
They differ in the positive charge distribution which is needed to 
neutralize the Jellium electrons and which represent the ions surrounding 
the central atom. In one model the positive charge background is uniform 
throughout; in another model a cavity is made in the positive charge 
whose volume is the atomic volume; in the third model the positive charge 
is distributed as one expects neighboring ions to be distributed about 
the central one. All three of these models have been used. Which is the 
best choice? 

The first - the completely uniform one - is, I think, poorer than the 
other two. It results in more positive charge in the atomic sphere than 
there should be, and this will have noticeable and erroneous 
consequences. Of the other two, the use of the correct ion distribution 
function seems attractive. I will argue, however, that the simple cavity 
in the positive charge is the best. The first reason is that it makes 
easier the separation of the whole system into an atomic part and a 
Jellium part. This is important if you want to extract equation of state 
data from the calculation. The second reason I want to offer is that the 
positive charge background is really not to be regarded as an ion 
distribution. It is, instead, merely a means of neutralizing the 
electrons outside the atomic sphere. Finally, for the electrons, a 
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spherical ion distribution around the atom is a poor representation of 
the 12 or so near neighbors that surround the central ion. These 
arguments are, Z think, most compelling if you are interested in 
thermodynamic data; they are less compelling if you are interested in 
high temperature plasmas or Impurities. 

My preferred model is defined more completely in the third vieMgraph. 
Fig. 3 

The atomic sphere, whose radius is just that of the cavity in the 
positive background, is taken to be neutral. Outside the atomic sphere a 
volume average of the electron density is used—the famous Friedel 
oscillations are eliminated in the calculation of the self-consistent 
field. Outside the atomic sphere there is also electrical neutrality. 

The mathematical description of the atom-ln-jeilium model has been 
given a variational formulation which is sketched in the fourth viewgraph. 

Fig. 4 
Notice that the wave functions and integrals extend over the whole 
system—atom plus jellium. The constraint integral for electrical 
neutrality is an exception to this. Also notice the definition of the 
entropy which involves a further mean field approximation anc leads to 
the well-known average atom model. 

As indicated in the bottom line of the viewgraph, the functional J is 
minimized with respect to •,, R, and n.. The variation with 
respect to t, leads to a single particle Dlrac equation; the 
variation with respect to R gives an equation for the Lagrange 
parameter v; and the variation with respect to n. shows that n, is 
indeed a conventional Fermi occupation factor. More details on all of 
this are found in the reference. 
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I have mentioned several times that I want to use the atom-in-jelllum 

model to compute thermodynamic data. 
Fig. 5 

The problem here is to separate the atom from the Jellium. There is no 
unique way of doing this. I have tried several prescriptions, two of 
which I call Model T and Model A. 

Model T, which came first, is described in the sixth viewgraph. 
Fig. 6 

Consider a quantity such as the kinetic energy which is a sum over all 
states bound and free. The bound state part is assigned to the atom. 
The continuum part has one term proportional to the volume of the entire 
system and a Friedel sum which arises from a shift in the density of 
states due to the presence of the atom. This Friedel sum is also 
assigned to the atom and so also is a part of the term with the volume 
factor which goes with the volume of the atom. In the reference, all the 
details are worked out, and formulas are given for the energy and entropy 
of the atom in this picture. 

In the Model A, which I devised a bit later, the division into atomic 
and Jellium parts is based on location. 

Fig. 7 
Each expectation value is an integral. The part inside the atomic cell 
radius is assigned to the atom; the part outside to the jellium. There 
is a problem with the entropy which is not defined in terms of 
expectation values. I just made a guess that one could introduce a 
factor which is the probability an electron is found in the atomic 
sphere. Again, I refer you to my paper for all the details. 

Model A seems rather more arbitrary than Model T, yet it appears to 
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work better when tested in actual calculations. Some discussion of the 
relations between them may be found in some lectures by Anderson and 
HcHillan which I did not know about when I was doing the work described 
here. 

I said earlier that one of my goals was to calculate wave functions 
for the continuum electrons in the same way as they are calculated for 
bound electrons. Then the charge density of the continuum electrons is 
to be obtained as an energy integral. There are computational problems 
with doing this when resonances appear—as they do in transition metals, 
rare earths, and actinides. To deal with this problem a modification of 
Wigner's R-matrix method has been used. 

Fig. 8 
In this scheme a continuum wave function of energy E is expanded in a set 
of non-orthogonal basis functions which are themselves solutions of the 
Dirac equation at given energies. The expansion coefficients, C (E), 
are obtained from R-matrix theory. I have found that for arc energy 
interval of a few volts, two basis functions are adequate for obtaining 
very good accuracy. Host of my low temperature calculations are done 
with three energy intervals—that is, four basis functions. 

Early in this talk I said that when I devised my atom-in-Jellium 
model I was mostly interested in condensed matter at fairly low 
temperatures. Host of what I have said relates to the problems which 
occur in this case. But what about the high temperature plasma? There 
are some differences and I will mention two. 

The first relates to the exchange-correlation part of the .potential 
energy. What I have used in all my calculations has been an expression 
appropriate for a degenerate electron gas at zero temperature. Perrot 
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used expressions which include dependence on temperature. Probably that 
is better though it may do some violence to the variational derivation. 
At high temperatures, the kinetic energy of the electrons increases 
rapidly and the exchange-correlation energy becomes less and less 
important, so I do not think using the zero temperature expression Mill 
lead to serious errors. 

Fig. 9 
Another problem with high temperatures is that we have a great many 

free electrons whose energies range up to several times kT. It becomes 
more and more laborious to compute wave functions for free electrons. 
Mhat I have had to do is abandon the self-consistent field method for the 
high energy electrons and use a Thomas-Fermi treatment for electrons 
whose energy is greater than some fixed value E. For low temperatures 
the Thomas-Fermi region contains practically no electrons; when the 
temperature is a kilovolt or more most of the free electrons are treated 
by the Thomas-Fermi method. There will be some loss of accuracy because 
of this. 

I have said all I want to about the theory and calculational problems 
of the atom-in-jellium model. This model has been turned into an 
efficient computer program called INFERNO. In doing this I have had the 
collaboration of Bard Bennett of the Los Alamos Laboratory. He and 
others have done thousands of self-consistent field calculations for 
atoms throughout the periodic table and for a wide range of densities and 
temperatures. Some of thsse calculations have gone into an equation of 
state library called SESAME which is available to those who are 
interested. I will end by showing you a few results for nearly zero 
temperature: 
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Fig. 10a 
Fig. 10b 

and some high temperature calculations for potassium. 
Fig. 11 



Atom-in-Jellfum Models U 
Jellium is a uniform electron gas with a positive 
charge background. We consider systems where 
a single atom is imbedded in jellium. 

Model for: 
a) Condensed matter 
b) Plasmas 

Want to calculate: 
a) Thermodynamic quantities-energy, 

pressure, entropy, etc. 
b) Radiative properties-energy levels, 

matrix elements, etc. 

Original goals: 
a) Replace Thomas-Fermi (TF) calculations 

with self-consistent field (SCF) calculations: 
b) Devise a model nearly as good as the 

band structure model but simpler; 
c) Include nonzero temperatures; 
d) Include relativity; 
e) Calculate free electrons in the same way 

as bound electrons. 

Reference: D. A. Liberman, Phys. Rev. B20, 4981 (1979). 
Fig. 1 
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Electrical neutrality: J0 P«*U* « 2 

*Muffin~tin" charge density: 

Local density approximation: E W ' / H €*<(f*»)d/L 

Average atom approximation: Use a single atomic 
configuration with average (non-integral) occupations. 

Fig. 3 



Variational Formulation 

ft 

7 * E - T S -/* Af - *j£ W<k -£fc Mi 1**) 

Total energy: ESK + V+V+Vf 

Kinetic energy: K* %*i('4>i]c*«P + p^H) 
£ 

Potential energy: \)*-J*£(?(*>-?+<*)**. 

Electron density: p f t ) » £ r t * J l f tM/ 

Entropy: S- -Jkt T fajqi; *Q-M:)Iq U-MO) 

Number of electrons: fij * T /W-*' 

Normalization: •(Vfc/'Vi) * / 

Neutrality: J P**>«U.«2 

Fin 4i«'. 



Jellium Parameters • 
Choose atomic cell radius R based on density. 

Adjust the chemical potential ft to get electrical 

neutrality 

Electron density in the jellium is 

Background charge density is 

*« M 

Fig. 4b 



Thermodynamics 

How does one separate the atom from the 

jellium? 

There is no unique way of writing 

Several prescriptions have been tried. 

Two of them are called Model T and Model A: 

Fig. 5 



Model T 

Consider a sum over single particle states 

such as the kinetic energy or the entropy: 

US 

ft**. "* 

The term with - J J is the result of a change 

in the density of states caused by the atomic 

potential. 

Fig. 6 



Model A 

Consider an expectation value 

The atomic part is defined to be 

For the entropy, I have taken 

' A * * 

19 

Fig. 7 



Continuum Wave Functions i 

Need a method which will work when 

there are resonances. 

A modification of Wigner's R-matrix method 

with non-orthogonal basis functions is used. 

R-matrix theory determines C (E). 

For an energy interval, £, £ E & £ x , 

I use two basis functions, ^ £ | and V f x 

From 2 to 10 energy intervals are needed 

for low temperatures. 

Fig. 8 



High Temperatures Ji 
The R-matrix method requires many energy 

intervals and many basis functions. 

For high energy electrons (E>E) I use the 

Thomas-Fermi approximation. 

£ 

E. 

Thomas-Fermi 

R-matrix 

Bound states 

Fig. 9 
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