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The one-body density matrix and the momentum density for liquid

and solid He, determined from Green's Function Monte Carlo

calculations using the HFDHE2 pair potential, are described. Values

for the condensate fraction and the kinetic energy deri-ed from these

calculations are given and compared to recent experimental results.

Preliminary results from variational Monte Carlo calculations on n(r)

and n(k) for liquid ^He ai.o also reported.

Theorists have been studying ground-state properties of quantum

many-body systems for some time. With the advent of better

representations of the ground-state wave function and more

sophisticated numerical techniques it has become possible to

investigate these systems in more detail and compare the predictions



with experiment. We will report on our investigations into the

momentum density in the ground states of He and ^He.

In our calculations, we simulate the quantum many-body system by

either variational Monte Carlo^ or Green's Function Monte Carlo '

(GFMC) techniques. The GFMC method numerically integrates the

Schrodinger Equation to obtain energy values which are exact within

statistical errors for a finite system with periodic boundary

conditions. The Bose sysuera, He, has been studied both by variational

and GFMC calculations ' . However, the Fermi system, He, has been

most extensively studied by variational methods » . The antisymmetric

property of the -"He wave function makes GFMC simulations much more

difficult than for a boson system and such results will not be reported

here .

The recent paper of Kalos, Lee, Whitlock and Chester^ showed that

the HFDHE2 two-body potential of Aziz and co-workers^ produced a much

better equation of state in the GFMC calculation than the Lennard-Jones

potential did for He. The equations of state for liquid He with the

two potentials are contrasted in Figure 1. A similar comparison has

been carried out with variational calculations for -̂ He and is shown in

Figure 2. The difference is smaller in the equation of state for the

•̂ He system. However all our data reported in this paper are the

results of calculations using the HFDHE2 potential.
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1. Equation of state of liquid He. The solid line is
experiment as fitted by P.R. Roach, J.B. Ketterson and C.W. Woo, Phys.
Rev. A 2^, 543 (1970). The circles with error bars are GFMC
calculations with the HFDHE2 potential of reference 5. The dashed line
is a fit to this i>ta. The asterisks with error bars are GFMC
calculations with the Lennard-Jones potential from reference 4.

II. Methods

A. Variational Methods

Variational methods have been used for many years to study the

properties of quantum fluids at zero temperature. To perform such

calculations, an appropriate trial function for the N particle system

is chosen which contains arbitrary parameters which may be varied. In

boson systems (B) the trial function is generally of the form
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2. Equation of state of liquid He. The dashed line is
experiment as fitted by R.A. Aziz and P.K. Pathria, Phys. Rev. A 7_,
829 (1972). The circles with error bars are fermion variational
calculations with the HFDHE2 potential from reference 6. The asterisks
are variatlonal calculations with the Lennard-Jones potential from
reference 6.

+TB(R) exp - ^ u2(r1:j) - u 3(r t, r j ,rk)+. • • J (2.1)

where U2 and uo are two- and three-body functions, respectively. Most

often only two-body correlations are used. The trial function for a

fermion system (F) must satisfy the requirement of antisymmetry and

this is accomplished by introducing a determinant in the trial function

in addition to the symmetric product (Jastrow) part,

iJ>TB(R) D (2.2)

D is a product of Slater determinants of orbitals, usually plane waves,

one for each spin state. More generally, state dependent correlations,

including those which incorporate the effects of backflow, may be

included in Eq.(2.2) by modifying the orbitals in D. For crystal
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phases, the trial functions in (2.1) and (2.2) are multiplied by a

one-body Gaussian n <j>(rm—Sm) which localizes the particles on the

lattice sites, S . Variational estimates of the energy are obtained by

evaluating the equation

Y |T dR
E « (2

/

"Y = F or B

where the true ground state eigenvalue is EQ < E^y- The functional

form and parameters in U2, uo, <f> an<l D are varied to minimize the

energies. Expectation values are calculated using that i|j_ which

yields the lowest energy, E_ .

To evaluate the energy, Eq.(2.3), we have to perform certain

integrals in configuration space. Two approaches have been used. The

first, which is essentially exact for the variational energy, uses

Monte Carlo techniques to carry out the required integrations. During

the past two decades sufficient experience*»' has been gained that one

now has considerable confidence in the method. The statistical errors,

which are inherent in the method, are usually in tiie range of one or

two percent. The second method is not exact, but is nevertheless a

useful approximation. It is based on the hypernetted chain (HNC)

equation or some variant thereof. The main advantage is that it

requires significantly less computing time than the Monte Carlo method.

In addition, it yields a more analytical theory in which the energy can

be minimized approximately with respect to the correlation functions.
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The integrals in Eq.(2.3) can be reduced to integrations over the pair

distribution function or higher order distributions. The HNC equations

can be readily solved for these functions and the energy evaluated.

Somewhat more elaborate equations have been devised for Fermi systems.

The simple HNC equation does not yield accurate values of the energy,

although higher order approximations may yield energies close to exact

Monte Carlo results. The convergence of such approximations remains to

oc shown. Three points are worth emphasising. First, the use of these

approximate equations may destroy the important upper bound property of

the Rayleigh-Schrodinger estimate. Second, these approximations are

difficult to control and can in many cases be checked only by Monte

Carlo computations. Finally, it is difficult to estimate the

reliability of quantities other than the energy, when computed using

HNC or similar approximations. Most of the work we report in this

paper is based on Monte Carlo computations. We will, where

appropriate, make comparisons with HNC results.

B. Green's Function Monte Carlo Methods

In the GFMC method, the Schrodinger Equation is transformed into

an integral equation by a Green's function for the Hamiltonian with a

shifted energy scale,

V0(R) = ( E o + V / G(R.R') \f>0(R') dR' (2.A)
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The inteo*-al equation is solved by a Neumann series,

*0B(R) *TB(R) dR

• (Et+VQ) / G(R.R') *
n(R') dR' (2.5)

where E^ t8 a trial eigenvalue. The iterations of Eq.(2.5) are carried

out by random walk, methods, starting with a trial wave function,

Eq.(2.1), which has been optimized in some way. An asymptotically

unbiased estimator for the energy is given by

( 2 6)

Except for sampling and convergence errors, Eq.(2.6) gives the exact

energy on the average. "Mixed" expectations for other physical

quantities are defined as

(2 7)

for operator F. To extract the exact result, we assume that the trial

function <|;TB is close to <J>0B

m J * 0 B(R) i|>TB(R) dR

(2.8

A linear extrapolation is used to obtain an estimate of the exact

expectation,

<F>exact " 2<F>m " <F>T (2.9)
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where <F>m is given by Eq.(2.7) and <F>T is the expectation value

computed with i|>T8. The extrapolation in Eq.(2.9) will give <F>eKact
 t o

order 6 . The errors involved in the extrapolation process are

discussed in detail in reference 4 and have been shown to be small. In

particular, n(k) was shown to be independent of the tf'mg(R) used in the

calculation.

A glance at the equations of state in Figs. (1) and (2) should

emphasize why we have confidence in the results of the Monte Carlo

variational and GFMC methods. The GFMC calculations give excellent

agreement with experiment for other properties of the quantum system,

as well. For example< the structure function derived from a GFMC

computation with the HFDHE2 potential represents very well what is

observed experimentally. The overall agreement with experiment,

together with the intrinsic consistency mentioned in the last paragraph

gives us confidence in our calculations of the momentum density as

well.

C. Computation of n(r) and n(k)

The result of either the variational or GFMC calculations is a

wave function represented as an ensemble of configurations of particle

positions. These configurations can be used to computa various

properties of the system.

The momentum density n(k) may be computed from its Fourier

transform n(r), the one-body density matrix

437



n(r) = / e i k* r n(k) dk (2.10)

which is a measure of the change in the wavefunction <p for a given

displacement r. The expectation value in Eq.(2.10) is evaluated by

moving particle i by an amount r and averaging the ratio of wave

functions over an ensemble of configurations. The original particle

positions are contained in the configurations and the vector r can be

chosen randomly or systematically.

The fraction of particles in the zero-momentum state of He is

given by the asymptotic limit of n(r)j

nn = lim n(r) . (2.11)

There is no momentum condensate in systems obeying Fermi statistics;

He is a prime example. This results from the Pauli exclusion

principle and the fact that lim n(r)Fermi *-s identically zero. A

second distinguishing feature for 4He and ^He is that n(r) remains

everywhere positive for He, while n(r) for the Fermi system He can be

negative. In both cases, the magnitude of n(r) must be less than or

equal to unity.

The momentum density is obtained in two ways in our analysis. For

the individual wave vectors contained within our simulation box we can

compute n(ki) directly,

n(k) = <elKL ^ri"f"r^(ri+r)/^(ri)> . (2.12)
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For the continuous function n(k), we fourier transform n(r)

-ik«rn(k) = nQ6(k) + 2v /e"
llc*r (n(r) - nQ) dr . (2.13)

Both n(r) and n(k) can be used to find the kinetic energy of the

liquid. Starting with Eq.(2.10) for n(r), we rewrite it in terms of

sin(kr)/kr

n(r) = 2n / fi"(kr) n(k) k2 dk; (2.14)
kr

and we expand sin(kr)/kr to yield an expression to second order in kr.

Then

d 2n(r) -2it roo 4 , .

dr2 3

o io k^ n^k^ dk

<k2> = 1^__ ; (2.15)Jo k n(k) dk

thus

< t 2 > - - ^ ) - ^ r.o
 (2"16>

and

<KE> = _ <k2>
2ra

This procedure requires very precise values of n(r) near r=0.
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An alternative (but related) method of extracting the kinetic

energy is to perform the k integrals in the definition of <k^>,

Eq.(2.15). Since the limits of integration are [0,<»), the large k.

behavior of n(k) must be accurately determined.

Values of the kinetic energy obtained by either of the methods

above can be compared with expectation values derived from the GFMC or

variational calculations directly. The discrepancy between the values

is a measure of the error in the procedure for calculating n(r).

Ill. One-body density matrix and momenturn distribution for ^He

A. Liquid 4He

In previous work , the one-body density matrix and the momentum

density were computed for a He system interacting by a Lennard-Jones

potential. Subsequent GFMC calculations5 with the HFDHE2 potential

yielded an n(k) at saturation density which was quite similar to that

cerived from the Lennard-Jones calculations. Both were in satisfactory

agreement with experiment.

Here we would like to report much more extensive calculations on

the one body density matrix at the saturation density, p * 0.0218 A

and at the additional density of p = 0.0240 A~ . The system analysed

comprised 64 particles interacting via the HFDHE2 pair potential in a

periodic box. Several thousand configurations each representing 64

particles generated in a GFMC calculation were analysed. In Figure 3,

440



3. One-body density matrix for liquid ^He from GFMC
calculations. n(r) at p =• 0.0218 A~3 is shovm by a solid line. The
dashed line is n(r) at p = 0.0240 A~3. The asterisks show n(r) at
saturation density computed by HNC/4 methods in reference 10 with the
Lennard-Jones potential.

n(r) is shown for the saturation density by a solid line. The

asymptotic behavior of n(r) yields a value for nQ of 0.0924 ± 0.0013.

Also shown by a dashed line is n(r) at p - 0.0240 A~3. At this

density, nQ is 0.0523 ± 0.0012. The asterisks represent n(r) computed

by integral equations methods, HNC/4, by Ristig . The pair potential

used by Ristig, however, was the Lennard-Jones potential. The wave

funtion used only two-body correlations with an optimized

pseudo-potential ^ ( r ) . The value of ng is sensitive to the pair

potential used in the calculation. GFMC computations with the
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Lennard-Jones potential led to values of 0.113 ± 0.002 and

0.085 ± 0.002 for p = 0.0218 A"3 and p = 0.0240 A"3, respectively.

The one-body density matrix can be fourier transformed using

Eq.(2.13) to yield the momentum distribution, n(k). The momentum

distribution at the saturation density is shown as kn(k) vs k by a

solid line in Fig. 4. The points with error bars are the values of

n(k) computed directly from Eq.(2.12). They represent a conservative

measure of the error in n(k). The dashed line in Fig. 4 represents

the neutron scattering data of Woods and Sears . Also shown by

asterisks are the results of Ristig's calculations using integral

equation methods. These calculations were done on a He system

represented by a Lennard-Jones pair potential.

0.08

0.06

0.04

c

0.02

k (A"1)

4 + Momentum density for liquid ^He. n(k) is normalized such
that jn(k) dk => 1.0. The solid line represents kn(k) from GFMC
calculations at the saturation density. The circles with error bars
were computed from Eq(2.12). The dashed line is experiment from
reference 11. The asterisks are from HNC/0 calculations with the
Lennard-Jones potential as reported in reference 10.
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To illustrate the large k behavior of n(k), log(n(k)) vs k^ is

shown in Fig. 5. Gaussian behavior is represented by a straight line

and is apparent at small values of k. The momentum distribution

deviates quite strongly from a Gaussian functional form at large k.

Similar behavior was observed in the neutron scattering n(k) , here

shown by asterisks. The tail of the n(k) distribution can be fit by an

exponential and this used to extrapolate to

The kinetic energy was first computed by evaluating the integrals

in Eq.(2.15). A numerical procedure was used to integrate from (0,k ),

where k is the largest value of the data. An exponential fit was used

beyond k . The variation in the kinetic energy obtained by different

exponential fits was used to estimate errors in the kinetic energy. At

log(n(k))

-6

O»

0 2 4 6 8 10 12

k2 (A"2)

5. The log of the momentum density as a function of k^. The
circles are the GFMC results at saturation density. The asterisks are
experiment from reference 11.
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p = 0.0218 A"3 a value of 14.3 ± 0.7 K was found (see Table 1). This

compares favorably with the value derived from the GFMC energy

eigenvalue of 14.47 ± 0.09 K. A recent experimental estimate^ from

neutron scattering experiments is 14.00 K. The agreement between theory

Table I. Kinetic Energies for liquid and solid 4He. Temperature units

(K) are quoted.

liquid 4He

(A"3> <KE>1 <KE>2 exp't.

0.0218 14.47±O.O9 14.3 ± 0.7 14.0

solid 4He

0.0315 28.28±O.14 23.7±1.4 31.1±0.9*

1. Derived from the energy eigenvalue in the GFMC calculation.

2. Computed by evaluating the integrals in Eq.(2.15).

3. reference 12

4. reference 17, at T = 1.70 K and p = 0.03097 A~3.
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and experiment is satisfactory. There is a noticeable influence of the

form of the two-body potential on the kinetic energy. Use of the

Lennard-Jones potential in the GFMC computations leads to kinetic

energies 0.7 K lower than reported here.

The calculation of the kinetic energy from Eq.(2.16) proved to be

very sensitive to the errors In the data near the origin. Second

derivatives calculated from a least squares fit to an even power series

(shown in Figure 6) lead to a value of 12.8 K at saturation density.

Small variations of the data within their error bars lead to kinetic

energies differing by 3 K. Considerably more accurata and more

detailed values of n(r) are needed near the origin to make accurate use

of Eq.(2.16).

n(r)o.

6. One-body density matrix near the origin. The circles with
error bars are the points derived from GFMC calculations. The solid
line is a least squares fit to the data.
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There is continuing interest in the condensate fraction in liquid

^He. Experimentalists in neutron diffraction*3'* and x-ray

scattering*-* have interpreted their data to obtain estimates of ng.

Surface tension data has also been analysed for an estimate of HQ.

Experimentally1^, the value of nQ changes little below 1.1 K; therefore

low temperature values can be compared with calculations done at

absolute zero. In Table II, experimental values for nQ are compared

with the GFMC estimates. The theoretical values are somewhat below the

Table II. Condensate fraction, n^, in liquid He.

p (A~3) GFMC expt.

0.0218 .OgZiO.OOl1 .146±.O352

.105±.O2O3

0.134

0.0240 .O52±.OO1 ~0.065

1. This is in agreement with the value of .O9O±.OO3 reported in
reference 5.

2. reference 13 extrapolated to T = 0 K.

3. reference 14 at T = 0.47 K.

4. reference 16 extrapolated to T = 0 K.

5. preliminary values at T = 1.5 K, p = 0.0234 A~3 from reference 14.
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experimental ones. As mentioned earlier, the condensate fraction

derived from GFMC calculations is sensitive to the pair potential.

B. Solid 4He

The one-body density matrix was computed for the fee solid at

p = 0.0315 A~3. This density is well above the melting density which

was calculated to be at p = 0.0294 A"3 from the results of the GFMC

simulations. n(r) for the solid is shown in Figure 7. The asymptotic

value for n(r) is 0.0 to within 10~6.

1.2 r

n r

0.8

0.6

0.4

0.2

-0.2
0 2 4 6 8 10 12 14

r (A)

7. One-body density matrix for fee solid ^He at p = 0.0315 A~

Upon fourier transforming, the momentum density shown in Figure 8

is obtained. As can be seen from the figure, n(k) is gaussian until
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8. The log of the momentum density as a function of kr for fee
solid He at p 0.0315 A . The behavior is gaussian for most values of
k.

large values of k where errors in n(k) become significant. If we

assume that the behavior is gaussian for all k, then we can evaluate

the integrals in Eq.(2.15) to yield a value for the kinetic energy of

23.7±1.4K. This is considerably less than the estimate obtained from

the GFMC energy eigenvalue (see Table I) and outside their respective

errors. The procedure for extracting <KE> form the momentum density is
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straightforward but sensitive to variations in the data. Again, the

GFMC kinetic energy calculated with the HFDHE2 potential is greater, by

1.6 K, than that computed with the Lennard-Jones potential.

IV. One-body density matrix and momentum distribution for ^He

Using the HFDHE2 pair potential, which was shown to be very

accurate for ^He, a system of 54 -*He atoms was studied in a periodic

box at the experimental equilibrium density p - 0.0165 A~*. Two

different trial wavefunctions were employed, the first having only

state-independent two-body correlations, and the second incorporating

explicit three-particle correlations and backflow. In both cases, the

optimal pair pseudo-potential u2(r4A) c a n be determined by solving the

variational problem of minimizing the energy expectation value (2.3)

B- 0 . (4.1)
6u

A reasonably good approximation to the optimal u(r) is provided by

solution of the FHNC/C approximation1** to the Euler equation (4.1).

Use of this improved pair correlation function, along with

appropriately modified triplet and backflow correlations, lowers the

variational upper bound by some 0.2 K to -2.15 ± 0.05 K, removing

nearly 40 percent of the difference between the previous best

variational estimate of the ground-state energy, shown in Figure 2, and

the experimental value."
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The one-body density matrix, for JHe is shown in Figure 9. The

dashed line represents computations with the wavefunction having only

pair correlations. This curve does not correspond exactly with Figure

2.c of Ceperley et al 19 since the latter was computed at a lower

n(r)

0.8 •

0.6

0.4

0.2

9. One-body density matrix for liquid JHe from variational
Monte Carlo calculations at equilibrium density po"-3 = 0.277,
0 = 2.556 A. The dashed line is n(r) with only two-body correlations
in the wavefunction. The solid line is n(r) with three-body
correlations included in the Jastrow factor, and backflow correlations
in the determinant.
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density and used the Lennard-Jones pair potential. Nevertheless, the

zeroes of n(r) are seen to be closer to the origin, which ia consistent

with the higher density and slightly stronger potential. Future

computations which will allow a direct comparison are planned; no large

difference due to the potential alone is expected, however.

Preliminary results for n(r) including three-particle and backflow

correlations are are shown by the solid line in Figure 9.

Since the one-body density matrix does not reach Its asymptotic

value inside the simulation cube, the momentum distribution is

calculated directly using Eq. (2.12). The values of n(k) for the k

vectors inside the simulation box at the experimental density are shown

in Figure 10, along with the momentum distribution of the

non-interacting Fermi gas.

A sharp discontinuity in the mome.tum density for He occurs at

the Fermi surface. The magnitude of this discontinuity yields the

residue zk at the quasiparticle pole. The quantity (1-*^ ) is

indicative of the strength of the particle interactions. A small

discontinuity implies a strong interactions that is, one more able to

deplete the Fermi sea by exciting particles from just below to just

above the Fermi surface. Of special note Is the fact that, as seen in

Figure 10, the depletion of the Fermi sea is large and extends all the

way to the lowest momentum state. It is Interesting to compare these

results for JHe with other fermion studies that have been carried out,

for example, symmetric nuclear matter^>21, in which the discontinuity

at the Fermi surface is relatively large. This is another indication
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1Q. Momentum density for liquid 3He. n(k) is normalized such
that /n(k) dk - 1.0. The solid line represents n(k) for the
non-interacting Fermi gas at the same density, pa"3 = 0.277. The
circles with error bars are from variational Monte Carlo calculations
with the two-body correlations alone. The asterisks with error bars
are variational calculations with the full wavefunction.

that He is a very strongly interacting system; cluster approximations

and integral equation methods, at least in their simplest realizations,

are less likely, therefore, to be applied with confidence in He than

in other, effectively more dilute, systems.

V. Conclusions

The one-body density matrix was computed for liquid *He at two

densities and for one density of the fee solid using the HFDHE2
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potential. The asymptotic behavior of n(r) gives the condensate

fraction and was found to be about 9% at the saturation density and

about 5% at p * 0.024 A"' in the liquid phase. No condensate fraction

was observed in the solid. A significant potential effect is present

since nQ from calculations with the Lennard-Jones potential are higher,

11% and 8%, at the two liquid densities. Fourier transforming n(r)

yields the momentum density n(k). The kinetic energy per atom can be

computed from the expectation value of k^ with respect to n(k). Since

the kinetic energy can also be obtained from the energy eigenvalue in a

GFMC calculation, we have an internal consistency check on the results.

2
The computation of the kinetic energy from <k > was found to be very

sensitive to small variations in the data. In the best case, at

saturation density, the kinetic energy from the momentum density agrees

with that from the GFMC energy eigenvalue. In the solid, the two

estimates differed significantly,

In liquid He, we have computed n(r) and n(k) by fermion

variational Monte Carlo. Results for two different wave functions are

compared, the first having only a two-body Jastrow factor times a

Slater determinant of plane wave orbitals, the second incorporating

explicit three-particle correlations in the Jastrow factor and

state-dependent correlations in the determinant. The one-body density

matrix oscillates with a shorter period with the improved wave function

than with two-body correlations alone.
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