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ABSTRACT

We show that the impulse approximation limit
is well obtained for scattering from solids at
energies presently available in pulsed neutron
sources, and we present some results on the effect
of hard cores in the approach to the impulse
approximation in the fluid. A method of inverting
the Radon transform that relates S(q,w) to the
momentum distribution in this limit is given that
is well suited to the physical situation in solids.
When the scattering is from light ions in a heavy
lattice, it is possible to obtain a direct
measurement of the potential surface of the light
ion.

I. INTRODUCTION

The development of pulse neutron sources has made possible

measurements of S(q,u), the density-correlation function, at transferred

energies on the order of 10 eV. We will show that at these energies,

S(q,w) is well described by the impulse approximation limit

S(q-,u>) =/.(.- U)

where f($) is the momentum distribution. In the case of a light particle

in a heavy matrix, and sufficiently low temperature, the momentum
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distribution is described by the single particle wave function, \i>(p)\ ,

obtained by solving the Schroedinger equation in the effective potential
(Bom-Oppenheimer potential) V(x). Although it might appear from (1)

that S(q,u>) is an average over |#(p)| , and hence contains less

information, in fact, as first shown by Radon, ' one can invert the

formula, and obtain |0(p)| from S(q,w). We will show here a method of

doing this that is particularly well suited to the physical situation we

are considering. Assuming that that can be done, it becomes possible to

directly measure |#(p)| . With a simple choice of sign in the event

that |#(p)| vanishes at some point, one can obtain 0(p), and from the
Schroedinger equation

/

ipV.% / r ifj.xip\x"
. ^ / /

= E - V(S) (2)

reconstruct V(x). In situations where it is not appropriate to describe

the scattering particle by a one body potential, one may still extract

useful information from the momentum distribution.

There is a long history of attempts to extract the condensate
4 7fraction in liquid helium, ' and of calculations of the corrections to

8 9

Eq. (1) for large but finite q. Most recently, the suggestion has

been made that Eq. (1) does not even describe the Helium cross section in

the limit of infinite q, as a result of the hard core in the Helium

potential. We show that the difficulties encountered in liquid Helium

are not present for measurements in solids, and the program outlined

above is practical at the moment. A quasiclassical approximation that we

introduce has been used to obtain the scattering cross section for large

momentum transfer in a hard sphere fluid, and we find that the impulse

approximation is indeed not valid in this situation. The corrections are

of the forr

difference.

2
of the form suggested by Hohenberg and Platzman, with an interesting

II. On the Validity of the Impulse Approximation

The limits of validity of the impulse approximation can be made clear

using a quasiclassical approximation. The scattering function, S(q,<o),
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can be expressed in terms of an average of the Wigner operator

f(x,p) = 1 /"etf't ̂
(2«fi)3 J

(3)

where 'i'(t) is the second quantized field operator for the particle being

scattered from. The quasiclassical approximation is to assume that the

initial value of <fs(x,p)> is given by the correct quantum mechanical

expression, but its evolution in time is determined by the classical

equation of motion. The result is that. S(q,u) is given by the Fourier

transform of

t t1

Tin mj z J J m
o o (4)

where $ (t) is a classical trajectory that begins at x with momentum

-p + 1\ql2. The result has been given for a single particle in a potential,

, as we wish to consider first the case of a lighter particle

in a heavy lattice, but is easily extended to the many particle situation.

If we neglect the forces, S(q,t) will decay to zero by phase mixing

in a time t = m/q&p, where Ap is the width of the momentum

distribution in the q direction. We assume for simplicity that this is

essentially the same in all directions, so there is only one

characteristic time. As q approaches infinity, t approaches zero.

The force integral involves two integrations over time, and hence for
2

small times, is proportional to t . The contribution to the phase in
the exponent in (4) coming from the free particle motion is proportional

to t. Therefore, as t approaches zero, one may always neglect the
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force term. This is the basis of the impulse approximation. A problem

arises in that the approximation is not uniform in time. Indeed, for an

unbounded potential such as a harmonic oscillator5 where all the orbits

are periodic, the particle will eventually return to its initial

position. The phase mixing is undone, and S(q,t) returns to a large

value, determined by the variation of the oscillation frequency with

initial momentum. In a strict sense, the impulse approximation cannot be

valid for such potentials. This may also be seen from the fact that the

spectrum for such a potential is discreet, and the exact representation

of the density correlation function in terms of energy eigenfunctions

shows that S(q,w) is a set of delta functions at the excitations

energies, whereas Eq. (1) gives a function that is continuous in CD. The

resolution of this difficulty is that the impulse approximation gives the

amplitude of the delta functions, that is, the envelope of the spectrum.

To see this, consider first the harmonic oscillator of frequency ID. The

quasiclassical approximation is exact in the case. A straightforward

calculation from (4) shows that, at T = 0.

s r [(1 -cos uo t } + i sin u o t ] • (5)

S(q,t) = e °

S(q,t) is clearly periodic for any q, and can be written as

S(q,t) = ^ An(q)e"
inuot . (6)

n = -oo

The coefficients An(q) are given by

: / u o

/

• x.

e "° S(q,t)dt . (7)

- I T

uo
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In the present case, r = l~-j q . Defining the dimensioniess time

t1 = t/T , and the wavevector ĉ= "T-; "R, so that W Q T = q /q, we can

rewrite Eq. (7) as

r
c

J - cos -^ V

(8)

csin — t1

The integral can be evaluated by breaking it up into two parts t1 < t0,

and t' > t , where t is some large but fixed value. In the limit that

q/q * oo, one may evaluate the first part by replacing the sine and cosine

in the exponential in Eq. (8) by the leading terms in their Taylor series

expansion. The second part may be shown to give a contribution that can

be made arbitrarily small by choosing t sufficiently large. We obtain,

therefore,

I • I -t. <-\*. t Q Tloj
I i i riw — Tiq it — c

f ° Tin/ 4m

J e / e
dt (9)

Since the momentum distribution in this case is just

f(p) (10)
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we have

A (q) = u I 6 ! ^r1- ~ ~-i^(p)dP • « = no> (11)

where Ap = - y ^ • Equation (11) is precisely the impulse approximation

result. The factor of u gives the spacing between the levels. For a

more general potential, we would expect that

2 \
S(q,o>)do> = An(q) = A<on j 6 (^ - j}i- - 5£Jf(p)dp (12)n(q) = A<on j 6 (^ j}

where Aw is the spacing between levels in the vicinity of the nth
level.

The approach to the limit is determined by the quantity wQr , and
we expect the impulse approximation to hold when u> T « 1 , or
q/q »/l. To see this, observe that the impulse approximation
replaces the exact dynamics by those of a free particle. It is valid
when the deviations from a free particle trajectory are small during an
interval t . The deviations will not be small if the particle has time
to return to its initial position, and hence the criterion above. The
transferred momentum in the scattering experiment must be considerably
larger than q if the scattering cross section is to be describable by
the impulse approximation. The intensities of the delta functions in
S(q,u>) are then given by the coefficients A n(q). We show in Fig. (1)
the approach to the impulse approximation for several values of q/q .
Only the envelope is being plotted.

The harmonic oscillator is unique in that the period is independent
of the initial momentum. If we associate a period with the initial
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1. The envelope of the intensities of the lines for a simple harmonic
oscillator. The scaled frequency is (a>-1iq/2m)*tc, where

and

momentum 1iq/2, u(q), then one would expect the criterion for the validity

of the impulse approximation, for an arbitrary potential, to be

w(q)rc « | . If the potential increases faster than x , u>(q) will

increase with increasing q, making it more difficult to satisfy the

inequality. In fact, if we consider the extreme case of the infinite

square well potential of width L, u(q) is just j-Ĵ p . Using the

uncertainty principle, we conclude that u(q)r c=| for any q. We would,
therefore, not expect a priori that the impulse approximation would be
correct in the limit of large q. Nevertheless, a direct calculation
shows that it is.
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The exact expression fo r A (q) f o r the square wel l is

A (q) = % (1 + cos sqi)

- (n 2 + 1) v

~2~nT/T L 2

-2

(13)

where 6q = q - nTr/L, -TT/L < «q < TT/L whi le the impulse approximation gives

S q ,
2mL2 / q U f l cos

L

(14)

-2

7
One sees that the two results agree in the limit that q •><». The prefactor

2
— ^ j " is the expected level separation.
L rn

We conclude that the impulse approximation is valid for an arbitrary

unbounded potential in the limit q/q •> oo, in the sense mentioned

earlier, that it gives the envelope of the scattering function. The

important question is whether or not the approach is fast enough so that

S(q,w) is well approximated at the momenta available on existing

machines. We see that for the harmonic oscillator, the limit is

essentially attained when q/qc > 8. The square well requires that

qlh > 20. The frequency of localized modes for hydrogen, which is the

fir^t candidate for the experiments we are suggesting, is typically 100
meV, corresponding to q for the oscillator of about 10A~ . If we
identify 100 meV with the energy difference between the lowest level and
the first excited level in the square well, we find that we need energies
on the order of 13 eV. Usable intensities are available up to energies
of at least 40 eV, corresponding to q's of about 150A . The
potentials that one is likely to find will be much closer to the
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oscillator than the square well, and we conclude that existing machines

can easily operate in the region for which the impulse approximation is

valid. The filter difference method, which at the moment is the

primary means of doing measurements at these energies has a resolution of

about 100 meV. It would be incapable of resolving the individual lines

in the spectrum of a localized oscillator, and one would observe the

envelope broadened by the resolution function. It is worthwhile noting

that if one makes the realistic assumption that force constants do not
-1/2vary much when one changes the localized ion, so that u> ~ m ,

1/4then q ~ m . Measurements of heavier ions than hydrogen are also

quite feasible, up to at least oxygen.
If one wishes to include the many body effects in the analysis, then

Eq. (4) is replaced by

iq\[x\(t) " x\]
. l 1 f(x\,p\) dx\dp\ , (15)

where x(t) is implicitly a function of all the other coordinates. The
result is again exact for harmonic interactions, and may be calculated
explicitly. If we denote the set of normal coordinates by u , then

A

h = MU2 X
where s-i(x) are the eigenvectors. A straightforward calculation shows that

— [(1 - cos a) t)coth -*— + i sin u t]_0J I U A c A
A X

I

S(q,t) = e X (17)

where we have included also the effects of finite temperature. The u
are the normal mode frequencies. In the present case, the integrals in
the exponential will generally vanish as t » » , and the original
statement of the impulse approximation limit, Eq. (1), holds. Q in

Km

this case is determined by the frequency of the largest normal mode, as a
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conservative estimate, although in practice it would be determined by the

frequency of the modes contributing significantly to the integral in Eq.

(17). As before, for q/q »/, one need only keep the leading terms in

the Taylor series expansion of the sine and cosine in Eq. (17), and one

obtains

XS(q,t) = e e X (18)

which can be written as

S(q,t) = e
m \ — " )

(19)

This is the impulse approximation result, appropriate to the harmonic

lattice. The results just derived may be used either for a pure crystal

or for a crystal with an impurity. An interesting case occurs for a heavy

impurity in a light lattice. If the highest frequency in the lattice is

much larger than the effective width of the resonance associated with the

vibrations of the heavy impurity, one can be in a regime for which the

width of S(q,(o) scales as q, and the shape remains invariant, but the

shape is not given by the impulse approximation limit. In the event that

the spectral density of the modes is such that the heavy particle behaves

as a damped harmonic oscillator, as in the model of Ford, Kac, and

Mazur, for instance, one can explicitly evaluate the integrals in Eq.

(17). In the limit of small damping, the results agree with those derived
1 ?

by Dattagupta and the author for a model in which the damping is

produced by a series of random impulses. We found for that model of a

damped harmonic oscillator that
502



fiq2 coth 'S)\l- e"xt (cos ;ot + ±- sin

S(q,t) = e ° L V %

(20)

? ? 1/?
where the damping is determined by x and u = (w - x ). One can show

that the value of S(q,<o) for large q is given by

CO

1 I
•5T / f(P) —o : -o dP

where W
P
 = h q2 + F and Yp = S 1 = 7 c4tH fieu ' x/% «'• The 1

approximation does not hold in this case, although the scattering function
does scale with q. In Fig. (2), we show S(q,<o) for several values of
q/q , and a small value, of the damping. In this case, one could
distinguish the true impulse approximation limit from the scaling limit by
the asymmetry of the line and the shift from the free particle behaviour.

The failure to reach the impulse approximation limit is due to the
fact that there is the possibility of deviation from free particle
behaviour on any time scale, no matter how short, in the two models. In
the Ford, Kac, Mazur model, this is due to the upper limit on the
frequency of the phonons of the lattice being much larger than 1/t . In
the random impulse model, the interactions are explicitly assumed to lead
to instantaneous changes in the momentum of the particle. This is
reminiscent of the question of the scattering off a hard sphere fluid. To
investigate this question Becher and I have calculated S(q,u) for a
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2. S(q,w) for the damped harmonic oscillator model of Dattagupta and
Reiter. The normalizations are as in Fig. 1.

hard sphere fluid using the quasiclassical approximation. That is, the

initial condition for the Wigner function is the correct quantum

mechanical result, corresponding to the equilibrium distribution shifted

by-fiq/2, but the time evolution is that for classical hard particles. Two

calculations have been done. We have used the exactly known solutions to

the one dimensional hard plate problem to obtain an exact solution to the

quasiclassical problem posed, and evaluated this in the limit of large q.

We have also solved the three dimensional problem using the hard sphere

kinetic theory, which is exact at short times. Both methods give the same

qualitative results. S(q,<o) has the form as Eq (21), with the damping

independent of p and proportional to q. The damping frequency is the

collision frequency for a particle of momentum f>q!2 in both cases. For

the three dimensional problem, this is

Y = 2m (22)

where n is the particle density, and a the particle diameter. The result
is the same as the suggested by Hohenberg and Platzman, except that the
particle momentum is hq/2, not hq. The impulse approximation limit is
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never reached because the hard sphere cross section does not fall off with
q. This is again a reflection of the fact that the particles are never
free, on any time scale. The factor of 2 is correct. The same factor for

q

the damping was obtained by Gersch and Rodriguez, although with an

additional, and apparently spurious real shift. Without it, the Hohenberg

Platzman form will not fit the data at all using the measured values for

the Helium-Helium cross section, and it has in fact, been empirically
4

included in attempts to do that.

III. Extracting the Momentum Distribution

We turn now to the second main point of the paper. In the case of an

harmonic crystal, both the momentum distribution and the scattering

function in the impulse approximation limit are gaussians, and are simply

related to one another. For anharmonic potentials, one is faced with the

problem of extracting the momentum distribution from the scattering

function. This is the problem of inverting the Radon transform. It

appears in tomography, and in precisely the same mathematical form, in

X-ray Compton scattering, positron annihilation and NMR zeugmatography.

The problem is, given limited data, with some noise, to find an algorithm

that gives an approximate inversion that is useful for the purposes

intended, and does not require an unacceptable number of data points to

work. These criterion are clearly not precise mathematical requirements.

They can, nevertheless, be met in our case, by a procedure that was

originally developed

mathematical interest.

, y p

originally developed by Oavison, Grunbaum, and Louis for its

If we express the frequency in terms of the dimensionless s = («o - -$—)T

T
c = m/qAp, the momentum in terms of p1 = p/ip, and the direction of q* by

the unit vector 1$, then our problem is, given S(^,s) to find f(j5). Davison's

solution may be expressed as follows. Expand the observed function in Hermite

Hermits polynomials, Hn(s), and spherical harmonics, Yjm(q). That is,

determine the coefficients A ni m such that
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«*•«>-2>»* ̂ w > v (23)

Then the function that gives the observed Radon transform is

_ 2

f(rf) '^Jnm^n p£Lf1/2(p2) Y^ffi). Bn£m = 22n+£ni(-DnAn£m

njyn *

o+ I/?
where L are Laguerre polynomials. The normalizations and definitions

are as in Magnus and Oberhettinger. The implication is, that in order

to invert the transform, one need only find the coefficients A in Eq.

(23), use the calculated Bn , and one has the original function in the

representation in Eq. (24).

Davisons proof is indirect, but the result may be shown by direct

calculation. Using a fourier series for the delta function in the

definition of the Radon transform, and the standard expansion of a plane

wave in spherical harmonics, we find for any particular term in the series

in Eq. (23),

(25)

18The integral over p can be done explicitly, as can the fourier

transform that results, and we find that the integral in Eq. (25) is

demonstrating the theorem. Jn(x) is the Bessel function of order n.
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The implication is, that in order to invert the transform, one need

only find the coefficients A - in Eq. (23) from the data, use the

calculated B
n£m>

 and one has the original function in the

representation in Eq. (24). In our case, S(q,s) is S(q,a)), properly

rescaled, and the theorem says that to obtain the momentum distribution,

also rescaled, one finds the series of the form in Eq. (23) that best

represents the data, and the momentum distribution is then giver? in the

form in Eq. (24).

What makes this a methoo of inversion particularly well suited to the

problem of measuring momentum distributions in solids is that the series

expansion can be expected to have a small number of terms. In fact, if

the potential is harmonic, there will be only one term, and for weakly

anharmonic crystals, the coefficients A . can be related directly to

the anharmonic terms in a Taylor series expansion of the potential. It

is an apparently fortuitous fact that the eigenfunctions of an isotropic

harmonic oscillator, in any dimension, are also the product of guassians,

Laguerre polynomials and spherical harmonics. As a consequence, if the

anharmonic and anisotropic terms in the potential are represented as

n£m

then the coefficients in the expansion in Eq. (23) of S(q,w) are, to first
order,

1/2

One can measure small anharmonicity directly by an accurate measure
of S(q,u). Even for strongly anharmonic double well potentials, however,
S(q,u)) will be a well localized function with a few wiggles, and can be
reasonably well represented by a series such as in Eq. (23) with a few
terms. We suggest then the following procedure for analyzing the data to
extract the momentum distribution. After deconvolving the instrumental
resolution function, the data is least squares fit to the form in Eq.
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(23), or alternatively, the form in Eq. (23) is convolved with the

instumental resolution and fit to the data. The measured A n£ m then

determine the momentum distribution through Eq. (24).

IV. Oetermini_ng_ Potentials in Solids

An interesting problem, in which the anharmonicities are not small,
is the determination of the potential well for hydrogen in hydrogen

bonds. There has been a great deal of theoretical and experimental work
19devoted to this question. Deep inelastic neutron scattering (DINS)

has significantly different characteristics from neutron spectroscopy of

crystallography, techniques that have been used in these studies, and

should provide complementary information. For instance, one of the

issues in the hydrogen bond problem that should be resolvable by DINS is

the question of whether observed bimodal distributions of hydrogen in the

bond are the result of a ground state wavefunction in whic'i the hydrogen

is in both sites, or a statistical mixture of bonds in which the hydrogen

is in one site or the other. The DINS scattering functions are very

different for the two cases, containing oscillations at a wave vector

proportional to the inverse of the distance between the centers for the

two sites in the bond in the first case (see Fig. 4), and no oscillations

in the second case. The maps determined from crystallography are

identical. Furthermore, if a system can be found in which the hydrogen

self traps in one well or the other at low temperatures, as demonstrated

in various theoretical calculations performed recently,^ one could

perhaps observe a cross over from one type of behaviour to the other as

the time scale for tunneling increased.

As an illustration of the practicality of the inversion method, and

its stability to noise, we have calculated the potential for a simple

model of a hydrogen bond from simulated data. If we make the assumption,

that transverse to the direction of the bond the potential is harmonic,

with a force constant independent of the distance along the bond, the

problem separates into three one-dimensional problems. The scattering

function for momentum transfer along the bond is just the momentum

distribution itself, rescaled by q. There is then no need to do an

inversion, but to test the method, we have fit the data to a series of
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the form in Eq. (21) and used the series to calculate the potential from
Eq. (2). The wave function was assumed to be two unit width gaussians,
displaced from the origin by a distance twice their variance. The
potential that would produce this wave function is essentially two
coupled harmonic wells. The momentum distribution was calculated, and
'experimental' S(q,u)'s were generated by adding gaussian noise of
varying intensities. This is the sort of noise that would be appropriate
to the filter difference method, since the signal is obtained as the
difference of two counting rates. The intrinsic Poisson statistics of
an ordinary spectrometer would be considerably more favorable, for the
same peak counting rates. The fitted 'data' is shown in Fig. (3). Fifty

4% NOISE

0.0
-4 - 3 - 2 - 1 0 1 2

NORMALIZED FREQUENCY

3. Synthetic data for the S(q,w) appropriate to the double well
potential shown in Fig. 4, obtained by the filter difference method,
with a counting rate such that the rms noise level is 4% of the
peak count. The data has been fit to the form in Eq. (23) using
eight terms in the expansion.

data points were used throughout. The results for the reconstructed

potential are shown in Fig. 4. Note that even for the largest noise

level, a clear picture of the double well potential emerges. The

smallest noise level corresponds to a maximum total counts of 10, which

is qu'te practical, on existing machines, for scattering from hydrogen.

It is interesting to note that the inversion breaks down first at large
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4. The potential reconstructed from the synthetic data shown in Fig. 3,
using Eq. (2) and the fit to the data of the form in Eq. (23), for
two values of the noise level.

distances. This is what one would expect from the quasiclassical

approximation, since the proton must have a high momentum to penetrate a

large distance into the barrier, and the noise occludes the high momentum

information first.
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