
MOMENTUM DISTRIBUTIONS

R. 0. Simmons
Department of Physics and Materials Research Laboratory

University of Illinois at Urbana-Champaign
Urbana, Illinois 61801 U.S.A.

This portion of the Workshop is concerned with momentum distributions.

We will hear from both theorists and experimentalists. Those exotic

substances condensed heliums will be described extensively. I remind you of

the variety of helium systems available: a normal fluid, four superfluids,

one with a Bose condensate and three anisotropic, a Fermi liquid, and four or

more different crystal structures in two different isotopic solids (magnetic and

non-magnetic) and their mixtures. Current knowledge about two condensed heliums

from variational and Green's Function Monte Carlo methods will be summarized by

Paula Whitlock. Eric Svensson will tell us the saga of the Bose condensate in

superfluid ^He. And I will mention some preliminary results from neutron work

in progress at IPNS in the new regime of high energies by an ANL—Illinois

collaboration.

Heliums are not the only substances of interest, however! Andrew Taylor

will tell us about knowledge of other solid systems, again, citing results

obtained in the regime of high energy neutron scattering. Our colleagues who

study momentum distributions to characterize atomic, molecular, and nuclear

structure have had high-energy probes earlier, and there are lessons to be

learned from their work.* As an example, Ian McCarthy will tell us about (e,

2e) scattering from atoms. Finally, or rather in the midst of the other talks,
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George Reiter will talk about inferences to be made from momentum distributions

and about interatomic potentials.

To set the stage, it is useful very briefly to review the conventional

neutron scattering approach to the measurement of momentum distributions in

condensed matter. The differential scattering cross-section is

d2o
.=-1 S(Q,E)

where b is a scattering length, kf and k-[ the final and initial wave vectors of

the neutrons, respectively, and the dynamic scattering factor S(Q,E)

-»-
characterizes the specimen as a function of momentum transfer Q and energy

+

transfer E. For sufficiently large Q and E, one takes the specimen to exhibit

scattering as a collection of scattering events involving N isolated atoms of

mass M. In this case^

S(Q,E) = /n(p)6(E - ̂ 9 - - ̂ ^ p (2)

-•

where n(p) is the momentum distribution of the scatterers and the 6-function

->•

shows that the data collected at a given Q will be centered about an energy

transfer value (call it the recoil value)

E r = >fi
2Q2/2M, (3)

as is also in any case to be expected from the first-moment theorem for a

monatomic system having no velocity-dependent forces.

To emphasize the rather extreme regime represented by Eq. (2), it is

instructive to consider Fig. 1. This figure schematically illustrates the

scattering to be expected from a substance over a very broad range of momentum

->•

transfers. Nnar the origin, S(Q,E) has a very complex character: there is
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S(Q,E)

Q
Er= QV2M
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Fig. 1. Schematic representation of the dynamic scattering factor S(Q,E) as its
character changes. Near the origin S(Q,E) exhibits rich complexity for
neutron energy transfers of a few meV and wave-vector differences below
about 40 nm"S In the new deep inelastic regime, say 100 nm~^ and
above, S(Q,E) gives direct information about single-particle momentum
distributions. At a given Q, the response for particles of two
different mass, M and M', are shown.

quasielastic scattering which has a Lorentzian shape related to diffusion

phenomena; there are phonons, longitudinal in both liquids and solids, and

transverse as well in the latter; there may be internal vibrational modes;

there may be exotic excitations, such as in the superfluid heliums. At some-

what larger Q values, there are additional excitations, such as multiphonons.

These complexities have been studied productively for decades. Much remains to

be done in this regime, where the energy transfers and neutron wavelengths both
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are well-matched to the energies and wave vectors of collective excitations in

condensed matter.

But if one goes out to truly large Q values, the simplification of Eq. (2)

appears. Note that in this regime, atom recoil kinetics determine where the
->•

response S(Q,E) is a maximum; a real kinematic sorting of the scattering from

nuclei of different mass takes place. This has some practical convenience:

for example, condensed He must be pressurized in a container, and the container

scattering is therefore physically separated. One finds some scientific

advantages, too, in the separation of single-particle phenomena in compound

systems of different nuclei.

At intermediate Q,E values, much ingenuity has been exercized, over the

+

years, to relate S(Q,E) to a single-particle momentum distribution. A fine

example is the work on liquid ^He by Martel and coworkers.^ Sears has recently

reviewed and summarized some matters of scaling and of final-state interactions

in the approach to the "deep inelastic" scattering regime. As new neutron

data in this regime accumulate, further developments and discussions are to be

expected.

Helium forms nice systems on which to test ideas about momentum

distributions, for many reasons. 1) The momentum wave functions are expected

to be fairly sharp, corresponding to relatively large mean square amplitudes, u2,

of atomic vibration, 2) Collective excitations are well-damped already at 100

nm"1; single-phonon energy-loss, for example, goes as (Q2/E)exp(-Q2u2), which

peaks down near 20 nnT*. Essentially the entire scattering strength appears as

single-particle scattering. 3) By modest adjustment of P and T, one can study

two different ^He crystal structures, bcc and hep, and both normal and superfluid

liquid. Moreover, pairs of these can be studied at identical number density,

which permits direct comparisons in search of detailed differences and minimizes
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problems from certain effects such as multiple scattering. 4) The interatomic

interaction is well-known, so that direct confrontation between experiment and

sophisticated theory is possible.

Figure 2 schematically shows the pair potential for He, and illustrates that

there is a large hard core, and that moreover properties of the lower density

condensed phases are nontrivial to calculate because the equilibrium

nearest-neighbor distance is at or beyond the inflexion point of the attractive

potential. For example, the kinetic energy as a function of volume is different
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Fig. 2.
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Energy per pair of atoms for condensed He. The "hard core" radius h is
indicated, as well as the equilibrium internuclear separation, e,
typical of the condensed state at lower densities.



from the values given by a naive cell model. Precise measurements of single-

particle kinetic energy from the S(Q,E) second moment sum rule, or otherwise,

then provide a microscopic test of theory which bulk thermodynamic or elastic

measurements cannot. Note that while in this type of experiment the goal for the

final state is essentially a single-particle state, the initial momentum distri-

bution being sampled is that of the full-blown many-body quantum fluid or solid.

An early indication that single-particle neutron scattering should be

observable carae from work of Kitchens and coworkers.^ Already at momentum

transfers in the range 40 to 55 nm~^, their neutron groups showed peak dispersion

which lay only somewhat below the free-atom recoil values of Er = Q
2/2M (Fig. 3).

0 20 40
CHnrrf1)

60

Fig. 3. Early evidence that single-particle excitations are observable in
solid ^He. The dots show observed positions of peaks of neutron
groups (Ref. 5). These lie somewhat below the free-atom recoil
parabola, shown dash-dot, but this is as expected from quantum crystal
theory, solid line (Ref. 6).
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Quantum crystal calculations, such as those of Homer,6 agreed that this was an

appropriate sense for the deviation, as did a moment analysis method

originally developed for liquids.'

As we shall see shortly, the advent of intense pulsed neutron sources has

redefined the "deep inelastic" domain of large E, large Q scattering. Several

examples follow, from recent experience at the Argonne National Laboratory IPNS

by a University of Illinois at Urbana-Champaign—Argonne collaboration.8*9

These workers have collected data on a variety of ^He samples, as shown on a

P-T phase diagram, Fig. 4. Molar volumes cover the range 18 through 27

cm-'/mo1.10 An illustration from work of this collaboration on Bose condensate

fraction in superfluid ^He was presented earlier in this workshop by Price.^

Fig. 4. Schematic P-T diagram of 4He, to show the specimens studied to date by
the University of Illinois—Argonne National Laboratory collaboration
using pulsed neutrons. &, Ref. 8; A, Ref. 9; 0, Refs. 10 and 11.
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First, it has been verified with a chopper spectrometer instrument in this

new regime of Q and E that the peaks of S(Q,E) indeed lie along the recoil

values Q /2M (Fig. 5). Second, in preliminary analysis of data on hep solid,

bec solid, and normal liquid, to present accuracy these all show Gaussian

scattering peaks. If one represents the momentum density by the form

n(p) = C exp (- p2M2A) (4)

and inserts this in Eq. (2), then one finds the dynamic scattering factor to

be

300

2 4
Q2(l04nm'2)

Fig. 5. Verification that chopper spectrometer data can be collected showing
the location of the peak in S(Q,E) to satisfy the first moment theorem.
Data are from Ref. 8, in which 500 meV neutrons were incident on
condensed 4He, of mass M. The small shaded patch near the origin is
the region covered in early work (Ref. 5).

423



S(Q,E) = C exp

which itself is a Gaussian having variance

-«- v 2 "I2 J (5)

A/2M • (6)

Third, one test of the data is therefore to check for proportionality between c

and Q. A chopper spectrometer collects data at a range of scattering angles.

<j>. Because corrections must be made for contributions of instrument resolution

to S(Q,i>)12 and from S(Q,<j>) to S(Q,E), these are also part of the check. The

result, for the isotropic scatterer normal liquid ^He, is shown in Fig. 6.

18.20 cm3/mol

50 100 150 200 250

Q(nm-I)
Fig. 6. Check of Eq. (6) for the isotropic scatterer, liquid uHe at 4.0 K,

18.20 cin3/mol. Data are from Ref. 8, which used 500 meV incident
neutrons. The spectrometer resolution, dashed line, was calculated
on Gaussian assumptions (Ref. 12) and also checked versus scattering
by a vanadium sample.

424



From such a graph one can extract the value of the width A of the momentum

distribution, Eq. (4). Note that over the range of Q shown, the calculated

instrument resolution changes rapidly as a fraction of the deduced O Q from the

liquid.

Raman spectra from condensed He have been interpreted using momentum

distributions of the form, Eq. (A). 1^ However, the data extended at most up to

frequency shifts of 25 meV and the results are very insensitive to the

particular value of A used in the analysis.

The early neutron work^ suggested that at larger momentum transfers solid

and liquid helium showed similar response. This has now been demonstrated in

considerable detail.8-10 p o r example, Fig. 7 shows data peaks from hep ''He at

1.60 K and liquid 4He at 4,0 K, both at essentially the same molar volume. At

i 0 0 _ . LIQUID ' hep

4.0 K : :: 1.6 K
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Fig. 7. Illustration that scattering from liquid and solid HHe specimens is
essentially similar in character at large momentum transfers.
Furthermore, both peaks appear to be Gaussian in shape. Data are from
Ref. 9, for scattering at <P = 96.9°. Data are collected at many
different <J>'s simultaneously with a chopper spectrometer.
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IPNS each data set takes only a couple of days to collect. Channel-by-channel

subtractions of one data set from the other show mean absolute differences well

below 0.1 unit, for peaks which are 12 units high. Another example, not

shown, compares an hep 4He sample at 1.60 K and one at 0.96 K; this shows even

smaller differences which confirms, as expected because the Debye temperature

is much higher than the measurements, that the momentum density measurements

are performed essentially upon the ground state of the system.

When one plots OQ data for some hep 4He samples, a variation from the

smooth behavior of isotropic liquid appears. This variation is shown for two

different hep specimens, at 18.20 and 19.45 cmVmol, respectively, in Fig. 8.

30

^ 2 0
E

hcp4H
1.70 K

^ 18.20 cm3/mol
o 19.45 cmVrnol

100 i50
Q(nm-I)

200 250

Fig. 8. In contrast to smooth Fig. 6, crystalline hep He specimens at 1.70 K
exhibit some variations in the widths of S(Q,E) at different Q values
corresponding to different crystallographic directions. Data are from
Ref. 8: A, 18.20 cm3/mol; 0, 19.45 cm3/mol. An average value of the
Gaussian width parameter, Eq. (6), can nevertheless be precisely
determined.
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Diffraction data taken on the 18.20 cm-Vmol solid revealed that it was not an

isotropic fine-grained polycrystal; rather, it was composed of fairly

large-grained crystallites having some preferred orientation. Without a full

characterization of the preferred orientation of these crystallites one

cannot yet quantify the apparent anisotropy of the momentum density in hep *He,

but a simple model based upon a picture of atomic constraint inside an

appropriate Wigner-Seitz cell accounts qualitatively for the variations.

Evidently, this anisotropy merits furthe;r investigation and eventual

microscopic comparison with theoretical models.

Finally, one is interested in comparing both the magnitude and volume

dependence of deduced kinetic energy values with theory. For a Gaussian

distribution like Eq. (4), the kinetic energy is

(7)

Figure 9 shows such a comparison with a Green's Function Monte Carlo fee model

using a Lennard-Jones potential.^ One sees that at the present stage of data

analysis, the volume dependencies agree but that the magnitudes differ. This

workshop comes at an opportune time to provoke dialogue about possible sources

of the difference.
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Fig. 9. Direct experimental values of the single-particle kinetic energies in
condensed helium, from Eq. (7), compared with values from GFMC
calculations, Ref. 14. The differences appear to lie outside the sum
of the respective estimated errors.
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