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Abstract

The Condensate Saga, now halfway through its fifth decade, is

reviewed with particular emphasis on the recent neutron-scattering work

which has at last convincingly established that there is indeed a Bose

Condensate in He II.

Introduction

In the atmosphere of puzzlement and speculation about the nature of

the A transition .in liquid helium that followed the discoveries in the

1930's of the "super properties"1 of He II (T < T A), Fritz London

proposed2 that this transition was the analogue, for a real liquid, of the

phenomenon of Bose-Einstein condensation for an ideal Bose gas. Thus

began the Condensate Saga, a drama that is almost certainly without equal

in condensed-matter physics, and perhaps in all of physics, as regards

long-term continuous interest by a large audience - the scientific

equivalent of Agatha Christie's "The Mousetrap".
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London's Intriguing idea was at first strongly disputed, with the

chief opponent being Landau who steadfastly rejected it. Gradually,

however, the idea gained widespread acceptance although still lacking

experimental confirmation. To confirm it of course requires a direct

experimental demonstration that a finite fraction of the atoms in He II

(superfluid He) are indeed condensed into the zero-momentum state. This

has turned out to be a very difficult task, which, after numerous

inconclusive attempts, was only finally achieved 44 years after London's

original proposal and 28 years after his unfortunate early death-

Experimental Studies and Results

In 1950, Goldstein et al.4 proposed that effects of the Bose-

Einstein statistics might be expected to be evident in the neutron scat-

tering by liquid 4He. Subsequent measurements at Los Alamos Scientific

Laboratory by Goldstein et al. and at Harwell by Egelstaff and H. London

(Fritz's brother), however, gave no evidence for either the expected

effects or for any significant changes on passing through the X point.

The very earliest neutron measurements on liquid ^He (the material that has

been studied by far the most extensively by neutron scattering) were thus,

in effect, the first in a long series of failures to determine the elusive

condensate fraction. The battlefields of the Condensate Saga are in fact

strewn with incorrect conclusions and inconclusive results. These I

largely intend to ignore, concentrating rather on those results that still

seem to be at least plausible.

In 1966, Hohenberg and Platzman pointed out that it ought to be

possible to determine the condensate fraction, ng, from neutron-scattering

measurements at large momentum transfer, Q, where the dynamic structure

factor, S(Q,u>) should directly reflect the momentum distribution, n(p), of
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the He atoms. This proposal stimulated several experimental studies

which, however, gave conflicting results (inferred values of n 0 ranging

from 0.02 to 0.17) leading to confusion and a belief, at least in some

12
circles , that ng probably was negligibly small. With the work of Martel

et al. l3 in 1976, it became clear that these discrepancies were largely

attributable to inadequacies in analysis, in particular to the failure to

appreciate the importance of the distortions caused by final-state

interactions and interference effects which have the consequence that the

impulse approximation is not strictly valid in the Q range of the existing

neutron measurements. Martel et al. also proposed a method for

extracting more reliable values of n(p) from neutron measurements in the

readily accessible region of Q. Woods and Sears14 subsequently applied

Q

this method to the earlier results of Cowley and Woods and found that the

difference between n(p) at 1.1 K and n(p) at 4.2 K exhibited a peak centred

on p = 0 which they interpreted as arising from the condensate. From the

area of this peak they estimated no(l.l K) = 0.069 ± 0.008t. There was

still, however, considerable worry that some effect other than the

appearance of condensate atoms below T^ could be responsible for the

change in n(p) since the higher (reference) temperature was twice as far

above the X point as the lower temperature was below. This was where we

stood in 1977 - we knew that most of the existing estimates of no were

essentially meaningless because of inadequacies in analysis and we could

still not be confident that the condensate even existed.

t This value has since been revised to 0.109 ± 0.027 by application of an

improved analysis procedure to the same results.
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The next flurry of activity in the Condensate Saga commenced in

1979 and was centred around the possibility of determining no from pair

correlations functions g(r) via the relationship

g(r) - 1 = (1 - n 0 )
2 [g*(r) - 1] (1)

which had been proposed by Hyland et al. in 1970. Here g*(r) is the

pair correlation function for the non-condensate atoms, which, in prac-

tice, is taken to be g(r) at a temperature T* just above T^. Early

attempts15'15 to use (1) had given inconclusive results largely because

the then existing values of g(r) were not sufficiently accurate and

complete. The first values sufficiently accurate and complete for a

critical test and application of (1) were those of Svensson et al. . The

temperature variations of several of the features of the pair correlation

functions obtained by these authors are shown in Fig. 1. Note that the

amplitudes of the oscillations of g(r), which are a direct measure of the

correlations between the atoms, exhibit the normal increase with

decreasing temperature above T^, but then at the X point there is a

sudden reversal and the amplitudes decrease steadily with decreasing

temperature in the superfluid phase. This anomalous behavior, which is

unique to superfluid ''He, is, according to Hyland et al. lS, a direct

consequence of atoms entering the zero-momentum condensate state where

they effectively no longer contribute to the correlations between the

atoms which give rise to the oscillations in g(r). [Note, however, that

an alternative explanation, in which this anomalous behavior is attributed

simply to the changing thermal population of rotons, has been proposed by

Reatto and coworkers18, and their predictions are foundi7~19 to also be in

reasonably good agreement with experiment.]
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Fig. 1. g(r) for liquid He at 1.00 K and the temperature dependence of

the positions of the first three nodes of g(r) - 1 and the heights of the

first three extrema (from Ref. 21). All results are for saturated vapor

pressure.

Equation (1) is only applicable in the region r > r0, where r0 is

the value above which the one-particle density matrix effectively attains

its asymptotic limit, n0, and, to be physically meaningful, it must give

values of no which are independent of r in this region. This implies

stringent limitations on the behavior of g(r). For example, the positions

of the nodes of g(r) - 1 mut»t be independent of temperature for T £ T*.
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From Fig. 1 (and from the more extensive results given in Table I of Ref.

20) one can see that this is indeed the case. The finite variation above

T^ is attributable to the substantial change in density (« 17%) in this

region, but below T^, where the density only changes by 0.7%, the

variations appear to be random and are easily attributable to residual

experimental error. The behavior of g(r) implied by (1) appears in fact

to be entirely consistent with the highly accurate experimental results

(For further details see Refs. 20-22.)

or o i

The values of ng(T) obtained by Sears and Svensson ' by appli-

cation of (1) to the g(r) values of Svensson et al. are shown by open

circles in Fig. 2. Open triangles23 and the open square24 show other

results obtained by the same method- These results clearly show a

temperature variation of the expected type, and they are obviously in

excellent agreement with the othe" results shown in Fig. 2 which will be
22 25

discussed below. There has, however, been considerable controversy '

regarding the method of Hyland et al. , and hence, although (1) certainly

has a lot of intuitive appeal and experimental support at least as an

empirical relationship , it is still not clear what significance one can

ascribe to values of ng obtained via this method. The method is certainly

very indirect - one infers the existence of the condensate through the

absence of a "signal" (corresponding to a stronger spatial correlation

between the He atoms) that would be there if there were no condensate.

The method can thus not give a direct demonstration of the existence of a

finite fraction of zero-momentum atoms. Nevertheless, if the results in

Fig. 2 are basically correct, as now seems most probable, then, with hind-

sight, we have to conclude that the method of Hyland et al. actually

gave the first reliable values20'2*4 of no(T).
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Fig. 2. Experimentally based results for the condensate fraction in

superfluid He at saturated vapor pressure from Ref. 3 (solid circles and

square, and solid curve), Ref. 20 (open circles), Ref* 23 (open

triangles), Ref. 24 (open square), and Ref. 33 (solid triangles). The *'s

are from theoretical calculations for T = 0: upper (Refs. 34 and 35),

lower (Ref. 36).

At this point in the Condensate Saga we were strongly encouraged by

the results obtained by application of the method of Hyland et al., but we

were still faced with the uncertainty surrounding the values of DQ

obtained by this method as well as those8"llf *** from the earlier

inelastic-scattering studies. We also knew, from the work of Refs. 13 and

14, what sort of new neutron-inelastic-scattering study was required to

establish unambiguously the existence of the condensate if it really was

of substantial magnitude, and v»e decided to proceed with such a study.
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In this study , the resolution-broadened dynamic structure factor,

SJJ(Q,O)), was determined with high accuracy, under conditions of high

experimental resolution, for seven equally spaced values of Q in the range

4.0 <_ Q <_ 7.0 A"1. Measurements were carried out at 1.00, 2.12, 2«27 and

4.27 K. The symmetrization and averaging procedures described in Refs<> 13

and 14 where then applied to the results for 5.0 < Q < 7.0 f to

obtain" the values of n(p) shown in Fig. 3. The range 5.0 <_ Q <̂  7.0 A"

corresponds very closely to a half period of oscillation of the **He- He

27
total atomic scattering cross section , a, the quantity which governs the

final-state interactions13. Averaging over such a range is necessary to

minimize the distortions that still remain even after the SR(Q,w) are

symmetrized about the recoil frequencies 'KQ /2m.

From Fig. 3 we see that there is essentially no change in n(p)

between 4.27 K and 2.27 K, but that on further cooling to below T^ there

is a very marked increase in n(p) at low p which, as we shall see, is

directly attributable to a finite condensate fraction. The fact that the

increase at low p observed at 2.12 K (just 0.05 K below T^) is already

at least half as large as the increase observed at 1.00 K is at first

sight rather surprising, but this has a ready explanation and, once under-

stood, is in fact conclusive evidence for a substantial condensate

fraction.

Following the analysis procedure of Sears et al.3, we first note

that

n(p) = n0 «(p) + (1 - nO)n*(p), (2)

where n*(p) is the momentum distribution for the non-condensate atoms.

(The experimental n(p) shown in Fig. 3 are of course broadened both by

instrumental resolution and the effects of final-state interactions.)
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Fig. 3. n(p) for liquid ^He at four temperatures. The horizontal bar

shows the resolution HWHM. (From Ref. 3.)

From (2) it appears to follow that

n0 = - 6), (3)

where e and 3 are obtained by integrating, respectively, n(p) - n*(p) and

n*(p) out to the cutoff momentum of the broadened condensate peak. Here

we have taken n*(p) to be n(p) for 2.27 K which seems reasonable in view

of the fact that there is no significant change in n(p) above T, and one
A

would expect the effect on n*(p) of thermal excitation and thermal

expansion to be even less below T,. We have, however, neglected the fact
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that, below T., n*(p) is known28 to be singular with the p •»• 0 behavior
A

described byt

(1 - no)n*(p) = no{ap"
2 + bp"1 + }, (4)

where a = mkBT/8ir -n pn and b = mc/16ir-fip (c is the sound velocity and
o S

n the superfluid fraction, pip). This singular behavior of n*(p), which
s s

only occurs if n0 is finite, enhances the apparent value of nj as given by

(3), and the enhancement is particularly large near T^ where ns is

small. This is the explanation of why n(p) for 2.12 K exhibits an

increase at small p which is at least half as large as that observed for

1.00 K, Conversely, the observation (Fig. 3) of the large increase at

2.12 K expected because of (4) is a conclusive experimental demonstration

that there really is a substantial Bose condensate in He II.

It is clear that it was extremely important to carry out measurements just

above and, especially, just below T^. The marked change in n(p) at low

p on crossing T^ (Fig. 3), coupled with the understanding provided by

(4), finally gave^ the long-sought convincing experimental evidence that

2
London's proposal of 44 years earlier really was correct.

To correct for the enhancement caused by (4), one must replace (3)

by

n0 = e/(l - 0 + T) (5)

Sears et al.3 have estimated that y * 3 at 2.12 K but only » 0.03 at

1.00 K and., by applying the analysis procedure outlined above to the n(p)

values of Fig. 3 as well as to the earlier values of Woods and Sears* ,

t The factor (l-n0) on the left-hand side of (4) was inadvertently

omitted in Eq. (5) of Ref. 3 and also in Eq. (4) of Ref. 29.
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have obtained the ng values shown by solid circles and a solid square in

Fig. 2. This was where we stood in the middle of 1982. We were at last

sure that the condensate really existed and we had numerical values from

two completely different routes (different analysis procedures applied to

different types of measurements) that were in very good agreement with

each other and indicated that IIQ " 0.13 at T » 1 K while also giving

(solid curve in Fig. 2) a fairly good picture of the temperature depen-

dence of nQ. A rather gratifying position after so many years of trying.

A great deal has been added to the Condensate Saga since 1982,

largely serving to shore up our position even more firmly. First,

Campbell30, realizing that there must be a contribution to the surface

tension arising from the requirement that the order parameter, AIQ, for

superfluid ^He change from its full value in the bulk to zero at the

surface, developed a procedure for obtaining ng from the experimental

results for the surface tension. His latest results31 (dashed curve in

Fig. 2) are clearly in excellent agreement with the earlier results.

32
In the next development, Sears pointed out that npfT) could also be

determined from the average kinetic energy per atom, K(T), via the

relationship

no(T) = 1 - K(T)/K*(T), (6)

where K*(T) refers to the non-condensate atoms. K(T) can, as Sears also

pointed oui:, be determined from three different kinds of neutron

measurements: inelastic scattering, diffraction and transmission. In

32
obtaining the numerical values indicated by +'s and x's in Fig. 2, Sears

has assumed that K*(T) = K(T^). Strictly speaking, this approximation

gives an upper limit for ng(T), and there is indeed some indication that

these values are systematically high relative to the best fit (solid curve)
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to the earlier results3'20'2l1 23t 2l* (open circles, triangles and square, and

solid circles and square).

Mook33 has also recently carried out a new neutron-inelastic-

scattering study very similar to the one of Sears et al. Results for the

range 2 _< Q _< 7 A~ were obtained by using a time-of-flight spectrometer

with a cross-correlation technique in contrast to the triple-axis

spectrometer and constant-Q technique of Sears et al. Mook then analysed

his results for the range 5 to 7 A~ (the same range used by Sears et al.)

using the method of Sears et al. described above to obtain momentum

distributions and values of the condensate fraction. Although the variation

with temperature of his n(p) at low p does not appear to be in very good

agreement with that shown in Fig. 3 (Mook. finds changes between 0.47 K and

2.30 K and between 1.50 K and 2.30 K that are, respectively, about 5 and 4

times as large as the change between 2.12 K and 2.30 K), the inferred values of

nQ (solid triangles in Fig. 2) are in substantial agreement wi£h the earlier

results. Although it was expected that there would be no significant increase

in no below about 1 K, as suggested by the solid and dashed curves in Fig. 2, it

is very nice to have the experimental confirmation provided by Mook's value at

0.47 K.

There have of course been a large numbert of theoretical estimates of no(0),

with most values falling in the range 0.08 to 0.13. Probably the most reliable

values are34'35 0.113 and36 0.090 which are shown by *'s in Fig. 2. The

difference between these two theoretical values is characteristic of the

difference that can be produced by ch&.igss in the interatomic potential that are

within the present uncertainties. There is, I believe, no significant

discrepancy between the best theoretical values and those fron the experiments.

t For an extensive listing see Table IV of Kef. 32.
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In Fig. 2 we thus have theoretical values as well as experimentally-based

values obtained from numerous different sets of experimental results (from

neutron, x-ray and surface-tension measurements) by five different methods

(Campbell's30'31 surface-tension method and the first four of the five methods

indicated in Fig. 1 of Ref. 32). It seems inconceivable that we could have

arrived via so many completely different routes at the same wrong answer.

Hence, in addition to being sure that the condensate really exists, I feel that

we can now also be quite confident about its magnitude. The results very

strongly indicate that, for T < 1 K, no a 0.13 with an uncertainty that

is probably not larger than 0.02 or 0.03. This value has thus not changed since

the work of Sears and Svensson^" in 1979, but our confidence in it has increased

greatly over the intervening years.

We have clearly reached the point in the Condensate Saga where we can

justify raising a Rune Stone. A preliminary design, which I prepared for

my presentation29 at the 75th Jubilee Conference on Helium-4 in

St. Andrews, 1-5 August 1983, is shown in Fig. 4. The inscription under-

neath is meant to go on a brass plaque for the tourists. You will note

that I have left plenty of space for the engraving of future achievements

since the Condensate Saga is by no means at an end.

Future Work and Conclusions

There is still a great deal that needs to be done. We need higher

accuracy, which entails both better experiments and better analysis proce-

dures. Since /no is the order parameter for superfluid He, it is very

important to determine the critical exponent , 2 3, for no» 2 3 can of

course be expressed as a combination of other exponents, and from the cur-

rent values of these exponents one can infer that 2 3 = 0.70, but one would

very much like to be able to make a direct determination. Unfortunately,
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TO COMMEMORATE THE GREAT FRITZ LONDON

THIS RUNE STONE WAS RAISED

BY THE HELIUM COMMUNITY

ON THE OCCASION OF THE EXPERIMENTAL

VERIFICATION OF HIS INTRIGUING PROPOSAL

WHICH STARTED THE CONOENSATE SAGA

Fig. 4. A suggestion for the Condensate Rune Stone. Note the A.

the present results for nQ near T^ are too inaccurate, and also probably

too far from the true critical region, to draw any very meaningful con-

32
elusions. Sears has estimated that 26= 0.5 ±0.2 by fitting to all of

the results in Fig. 2 for T >_ 1.80 K except for the solid triangle. This

value may, however, be somewhat too low if the UQ values (+ and x in Fig.

2) obtained by Sears^2 are systematically high as is to be expected

because of the assumption K*(T) = K(T^) and indeed appears to be the

case (see earlier discussion). It is perhaps worth pointing out that

Campbell's best results l (dashed curve in Fig. 2) do give 2g = 0.71.

We also of course need to determine nQ(T) for higher densities and

establish, if possible, how ng + 0 at the superfluid-solid interface

(assuming, as seems most probable, that there is no condensate in the
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solid). Wirth et al.38 have found that application of (1) to their g(r)

results from x-ray diffraction measurements suggests little variation of

nQ with density. On the other hand, Mook33 finds that n(p) at 1.5 K

varies quite rapidly with density and, although he has not determined n(p)

at a temperature just above T^ at each density and hence cannot give

estimates of no, this behavior suggests that ng is a strong function of

density. More work is clearly needed. It would also be very interesting

3 4 39
to determine ng for He- He mixtures. One would expect ng to increase,

3 h

at least initially, as He is added to He because the decreased density

will lessen the interactions between the atoms which cause the depletion

of the condensate.

For final discussion, I have saved the item that has been our

ultimate aim ever since Hohenberg and Platzman' made their proposal,

namely to see a separate sharp condensate component directly in the

dynamic structure factor S(Q,o)). Hopefully the new spallation sources

will enable us to make this aim a reality, and I believe that they will,

but even with their ability to reach much larger Q values it is not going

to be easy. To further elucidate the difficulties involved, lets first

consider Fig. 5. This figure shows a comparison of n(p) for 1.00 K with

the quantity (1 - no)n*(p) which represents the non-condensate component

of n(p) at 1.00 K. [no is taken as the value3 for 1.00 K while the n*(p)

is n(p) for 2.27 K. No explicit allowance has been made for the effect of

the singular behavior (4) of n*(p) since this is relatively unimportant at

1.00 K - see Ref. 3 and earlier discussion.] We also show (solid

curve) the n(p) for T = 0 obtained by Whitlock et al. from a Monte

Carlo calculation 'ogether with the "ideal" 6-function condensate
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Fig. 5. A comparison of n(p) (solid circles) and the quantity

(l-n(j)n*(p) (open circles) for 1.00 K. The horizontal bar shows the

resolution FWHM. The solid curve is the calculated n(p) of Whitlock et

al. (Ref. 34) for T = 0. (Figure from Ref. 3.)

component sitting on top of it. The calculated curve appears to be

slightly broader than our "experimental" non-condensate component.

The difference between the solid and open circles in Fig. 5 thus

represents the broadened condensate component - broadened by both

instrumental resolution (indicated on the figure) and the effect of

final-state interactions. If the latter is describable7'x3 as a simple

lifetime effect, then the intrinsic lineshape should be Lorentzian and

have a momentum width (FWHM) Ap = pa. Assuming that this is the case, we

can unfold the experimental resolution and obtain Ap = 0.68 ± 0.21 A~

2
giving a = 31 ± 10 A . If instead we assume a Gaussian intrinsic

lineshape, we find3 Ap = 0.97 ± 0.18 A"1 and a = 44 ± 8 A"2. Both of

these values of a are in good agreement with the value 35 ± 2 A for the
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range of Q of the neutron measurements known from the atomic-beam

measurements of Feltgen et al.27 This good agreement is strong support

for the procedure of Sears et al. for extracting the condensate component

from the n(p).

Although the condensate component is readily identified in a

combination plot like Fig. 5, it cannot be identified as a separate

component simply by looking at the n(p) for 1.00 K or at the S(Q,w) from

which this n(p) is obtained. This is because of the large broadening

caused by final-state interactions (a much larger contribution than the

3 33
experimental resolution in the measurements of Sears et al. and Mook )•

Since the quantity a which governs this broadening only decreases '

very slowly with increasing Q, one must go to much larger Q to gain a

significant advantage. Let's estimate just how large a Q we need.

Again assuming a simple lifetime broadening of the condensate

component, one finds that the ratio of the width, FC(Q), of the

condensate component in S(Q,co) to that, % ( Q ) , of the doppler-broadened

non-condensate component is given by

2
where o(Q) is in units of A . In order to obtain a rough estimate of what

ratio we need in order to "see" a separate condensate component, we can

construct sums of Gaussians such as shown in Fig. 6. Here we have put 10%

of the intensity in the narrower component, and we see that this component

stands out very clearly at a width ratio of 10:1, but there is no indica-

tion of it at a ratio of 3:1. A ratio of at least 5:1 (middle curve) is

clearly required to "see" that we have a two-component lineshape. Even

that value might not be large enough when the effects of counting
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Fig. 6. Sums of two Gaussians having different width ratios. In all

three cases, 10% of the intensity is in the narrower component.

statistics and instrumental resolution are considered. Assuming that a

o

ratio of 5:1 will do, we see from (7) that we need a(Q) £ 20 A • The

2 _1

results shown in Fig. 4 of Ref. 40 indicate that a « 23 A at Q » 100 A

(the limiL of the measurements) so a Q value >̂  100 A~ would appear to be

required. Earlier estimates7'***•'42, some of which gave values as low as

20 A~ , were not reliable because the values of a(Q) used in making these

estimates were not true total atomic scattering cross sections (see

Ref. 13 for further discussion).
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We may be fortunate and find that the situation is not as bad as

the above calculations suggest. The condensate fraction is probably

slightly larger (Fig. 2) than the 10% we have used, and the condensate

13 4 3
lineshape will almost certainly be different ' from the simple Gaussian

we have used in constructing Fig. 6 and may possibly have1*3 a FWHM

substantially less than the value, 2 F(Q) = p(-fi"Q/m) <J(Q), we have used

assuming simple lifetime broadening. These potential advantages are,

however, offset by the facts that a width ratio of 5:1 may not be high

2
enough in practice and a is still not quite down to the value 20 A at

Q « 100 A~ . The estimate Q » 100 A" thus seems realistic at present.

For this Q, the free-particle recoil energy is = 5 eV, and hence incident

neutrons of energy « 10 eV are required to carry out an inelastic-

scattering measurement. Such a measurement can only conceivably be carried

out with the high fluxes of high-energy neutrons available from spallation

sources. Brugger et al. have already measured the inelastic scattering

from liquid He at Q = 83 A~ using a filtered-beam spectrometer. The

resolution in their study was not sufficiently high to observe a separate

condensate component even if this Q were large enough. However, if identi-
ty i+

fied and feasible improvements are made, such are shortening the proton

pulse and using inverted geometry (resonance filter in the scattered rather

than the incident beam), then measurements can be carried out at Q «

140 A~ under conditions of sufficiently high resolution that there would

appear to be a reasonably good possibility of observing the condensate

component directly in S(Q,w). We shall undoubtedly see several attempts to

observe the condensate directly by such methods over the next few years

and, hopefully, several of them will be successful.
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Stimulated by the achievements of the last few years, interest in

the Condensate Saga, now in its 46th year, is at an all-time high. Spurred

on by the confidence that the" condensate really exists and is in fact of

substantial magnitude, we can now launch confident attacks on the even more

difficult problems outlined above. The spallation sources give us new

"heavy artillery" to use in these attacks and, hopefully, we will win

enough battles to give cause for much more engraving on the Rune Stone.
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