
i fiEC.ay£a.av.o§ii JUM11J985 

tt>^-^L»\53--^ 

TJCRL---91318 

DE85 012974 

STATISTICAL MECHANICS OF DENSE PLASMAS AND IMPLICATIONS 
FOR THE PLASMA POLARIZATION SHIFT 

F. J. Rogers 
University of Cal i fornia, Lawrence Livermore National Laboratory 

Livermore, California 94550 

This paper was presented at the 
Seventh International Conference on Spectral Line Shapes 

Aussois, France 
June 11-15, 1984 

This is a preprint of a paper intended for publication in a journal or proceedings. Since 
changes may be made before publication, this preprint is made available with the 
understanding that it will not be cited or reproduced without the permission of the 
author. 

eisreiBt.mil OF THIS m m n UNLIMITED ^ ^ 

http://eisreiBt.mil


STATISTICAL MECHANICS OF DENSE PLASMAS AND IMPLICATIONS FOR THE PLASMA 
POLARIZATION SHIFT 

F. J. Rogers 
Lawrence Livermore National Laboratory 
Livermore, California USA 94550 

Abstract 

A brief description of the statistical mechanics of reacting, dense, 
plasmas is given. The results do not support a Debye-like polarization 
shift at low density. It is shown that the electronic charge density 
factors into a strongly quantum mechanical part, that is not much 
affected by many body correlations and a weakly quantum mechanical part, 
that is considerably effected by many body correlations. The few body 
charge density is obtained from direct solution of the Schrodinger 
equation and the many body charge density is obtained from the 
hypernetted chain equation through the introduction of a pseudopotential. 

1. Introduction 

Statistical mechanics supplies a number of important pieces of 
information for the calculation of radiative properties of dense 
plasmas, e.g., number densities, energy level shifts, thermodynamic 
properties, ion microfield distributions and structure factors. The 
present work will give a brief description of some current methods for 
calculating these quantities, except for ion microfields. A more 
complete description is available in the references. 

Section 2. outlines a many body activity expansion method for treating 
reacting dense plasmas. The resulting low density Saha equation and 
implications for the plasma polarization shift are discussed. Section 3. 



describes a method for separating the electronic charge density into a 
few body part determined by solving the Schrb'dinger equation and a many 
body part determined by solving the hypernetted chain equation (HNC). A 
method for calculating pseudopotentials for input to the HNC is also 
discussed. Results for hydrogenic and singly ionized cesium plasmas are 
presented. 

2. The Activity Expansion Method 

The equation of state and ionization equilibrium of plasmas is 
frequently calculated from a modified Saha equation in which the 
continuum is lowered by 

M = Ze£ , L = X n if X Q - a (1) 

L = a if a > Xp 

where \ = [ - ^ - ] 1 / 2 , P - P + Ll2p 
4ire p 

a = (3/47T I .p . : 1 / 3 

The energy levels are also generally assumed to be shifted, starting at 
second order. A number of different static potentials have been used to 

1 2 
calculate these shifts, e.g., Debye-Huckel (DH) , confined atom , 

3 4 
cut-off Coulomb , and the ion sphere potential. The line shifts 
predicted by these potentials vary widely and do not always even have 
the same sign. A number of other methods have also been used, e.g., 
non-linear Debye-Muckel anc density functional theory. 
Two important questions to answer are: (1) What level shifts are 
predicted by a fundamental statistical mechanics formulation; (2) How 
are the corresponding line shifts predicted from equilibrium statistical 
mechanics related to actual line shifts. Only the first question will 
be considered in '•his work. A number of recent papers have studied the 

7 
second question. They show that at least in principle "level shifts 
are not 1ine shifts." 



A shortcoming of the plasma models referred to above is that they enter 
the N-body problem at the wrong point. By introducing composite 
particles at the outset it is necessary to make assertions about how 
composites are affected by the plasma environment. In the present work 
we start with an N-particle system of electrons and bare ions 
interacting through a Coulomb potential. We proceed by developing the 
logarithm of the grand partition function, V" InH, for this system in an 
infinite order perturbation expansion in the activity, 

, u./kT , 
z i = (2s i + 1)X. J e n (21 

2 1/2 where X. = (2TT|»I /m.kT) , and u. is the chemical potential 

for species i. As a result of diagrammatic resummations to remove the 
well known Coulomb divergencies, the few body bound state energy levels 
for the Coulomb potential are replaced by those for an exponentially 
screened Coulomb potential, i.e., each pair interaction Z,-Zj-ê /r-jj is 
screened by a factor e" ij provided 

X. ./X <1, where 

X = ( ^ ) 1 / 2 , (3) 
4ne z 

* i • = (ti 2/2u.-kT) 1 / 2 and z = z g + Z 2 z N for a two component 

electron (e) - nucleus (N) system. At this point the bound state energy 
levels of the system, E , are a function of the parameter X. At low 
density z. •+ P 1 and X •+ XQ, so that, E C(X) •* 
E C(X D). 

The expression for P/kT given by the activity expansion is complete and 
includes the possibility of the formation of composite particles. How
ever, the terms are mixed up and cannot be sensibly evaluated. Further 
progress is made by defining an activity for each type of composite 

-1 8 particle and then renormalizing V" InH. As a result of the renor-
malization the first order shift in E (X) is removed by a downward shift 
of the continuum, so that, 



E= (Mi)) = Ec(X(i)) + 6 A I, (4) 

2 
where M = Ze A , and z has been transformed to 

z = z e + Z 2z N + (Z-D 2z c (5) 

The composite activity appearing in Eq. (5) is defined according to 

z c ^ 2 5 / 2 ( 2 * + l ) ^ N Z e z N (6) 

BE S 

X[ e" c - e 6 A I {1 - 6E C)1 

There are a number of things to point out about Eqs. (4-fi). First the 
renormalization to explicitly treat composite particles has necessarily 
introduced a term AI which can be interpreted as a lowering of the 
continuum. Two particles separated by a distance > A move in an 
effective potential -AI rather than £. £./r, where £ is 
the net charge on ion v. Second the screening length A, introduced 
through many particle correlations, appears in z c through E c and 
AI. Consequently, z is a function of density and does not act like 
the activity for a fundamental particle, iiird z c is not proportional 
to exp(-BE^) as would be the case for a reacting gas. The subtracted 
•'.• rms result from a compensation with the continuum and is related to the 

9-11 so called Planck-Larkin partition function. 

It is natural to inquire whether it is possible to make yet another 
renormalization such that composite particles are treated on an equal 
footing with fundamental particles. In fact, it is found that terms 
appearing as polarization corrections for composite particles (as defined 
by Eqs. (4-6)) can be regrouped such that A for strong bound states is 

12 moved to infinity, with the result 

t~(A) * E^(-) = E° (7) 



z c ( x ) * zc (-) = 2 5 / 2 ( a + ; ) * e N z e z N (8) 

x r e " 6 E c - 1 + 6E° ] , c ' 

where E° is the isolated particle energy level for state c. 

In this context we define a strong bound state to be one whose Boltzmann 
factor relative to the shifted continuum is large, i.e., 

-S(E° + AI) s l (9) 

It should be noted that the analysis indicates that even weak states for 
which -(E°/AI) >i acts as though its energy is unshifted. A conse
quence of this work is an unambiguous low density Saha equation. In the 

case of the simple reaction e + p *• H the Saha equation is given by 

^V^V^BAI ^ { 1 0 ) 

NH X 3 X5 V " e p 

"BE g 
where Q p L = I ( 2 i + l ) ( e m - 1 + B E ) . ( 1 1 ) 

n& 
* -k N and N are the number densities of unbound electrons and protons, e p r 

respectively, and Np is the number density of hydrogen atoms. 

Eq. (11) results frcm a compensation with the continuum such that, high 
lying bound states make no contribution to the pressure and energy 
beyond what they made in the ideal gas term, i.e., these same states 
appeared in the ideal gas contribution prior to turning on the Coulomb 
interaction. The -1 cancellation in Eq. (11) is easily seen tc result 
from the conservation of the number of states when the potential is 
switched on. Eq. (10) may be of significance for spectrographs work, 
since it states that the energy levels are unshifted from their isolated 
atom position while :he number densities of high lying states are somewhat 



less than predicted by the usual Saha equation. In addition at low 
density where a DH potential would indicate a small line shift due to 
static polarization, the present work would predict no shift from this 
mechanism. Somewhat similar conclusions have been reached by Theimer 

13 14 
and Kepple and by Jackson and Klein. Fig. 1 depicts hydrogenic 
levels occurring in different models. Hydrogenic line profiles 
occurring in the Planck-Larkin picture are subject to strong first order 

2 stark effect, whereas, the OH potential removes the n degeneracy 
and is subject to weaker first order stark broadening. It appears that 
a careful study of line profiles could shed some information on the 
nature of the screened potential. 

0.5-

-1.0-
Saha Planck-Larkin Debye-Huckel 

Fig. 1. Energy level diagrams for three different low density plasma 
models. The Saha and Planck-Larkin models have the same 
energy levels but the Planck-Larkin model has somewhat lower 
excited state occupation numbers (indicated by narrower lines) 
and a lowered continuum. The Planck-Larkin and Debye-HUckel 
are similar in that there is essentially no occupation of high 
lying states. The n 2 degeneracy is lifted in the Debye 
Huckel model (shown exaggerated in the figure) leading to red 
1ine shifts. 



3. Plasma Structure 

(a) Summary of the Theory 

The activity expansion method discussed in Section 2 gives fundamental 
results for partially-ionized plasmas. However, it is very difficult to 
apply to dense plasmas and not easily generalized to pair distribution 
functions and structure factors. These quantities are required in ion 
microfield, line-broadening, and Thomson scattering calculations. Since 
the charge density of strong bound states are unchanged from their 
isolated ion (atom) values, it is possible to separate this charge 
density from direct consideration in the many body problem. Next by 
treating the charge density due to weakly bound states and continuum 
states through a pseudopotential it is possible, to good approximation, 
to solve the many body problem by means of classical integral 
equations. The ionization state of the plasma is not known initially 
and it is necessary to carryout a free energy minimization to determine 
the ionization state. The internal charge density of composite 
particles enters the calculation in the ideal gas contribution for these 
particles. 

The pseudopotential used as input to the integral equation is based on 
the Planck-larkin formula and is given by 

u e i(r, B) = -S~Vi W e i , (12) 

Where W . i s the two p a r t i c l e S la ter sum exc lud ing the s t r o n g l y 
15 quantum mechanical p a r t . I t i s given by 

W e i " We b i + W e C i ^ ' 

W e V ^ - ] 3 / 2 I I ( » + l > < i ( r ) e " e E n £ T . ( r ) (14) 
e i u e 1 n = n . l = v nx. nl 



[ f ^ ] 3 / 2 I (2U1) r Q \ ( r . p j e " ^ 1
 V r , p ) d p d 5 ) 

uei 4 * 

where (n'.J.1) are the ground state quantum numbers, u . is the 
reduced mass, and p is the relative momentum, u . has the property 
that u . -*• constant as r •* o. A potential similar to Eq. (12) is 
used for the electron-electron interaction, while a purely classical 
potential is used for heavy-ion interactions. 

Direct molecular dynamics simulations with the pseudopotentials would 
yield the dynamic structure factors, S p(k,u), required for the 

1 fi calculation of radiative properties. Hansen and McDonald have 
carried out these calculations for fully ionized hydrogen. In the 
present work we use the static S„(k) obtained from the HNC 
equation as input to the Vlasov equation to obtain the 
S R(k,m). Indications are that this is a reliable, 

18 computationally fast, procedure. 

Evaluation of Eq. (12) requires a large number of wavefunctions to 
obtain a converged result. To avoid the complexity of obtaining 
multi-electron solutions to the Schrodinger equation we construct two 

19 particle effective potentials of the following form (in rydbPrgs) 

rV e i(r) = -2[(Z-N) + £ N ne n ] (16) 
n = l 

where N is the number of bound electrons making up the composite 
par t ic le , N the number of electrons in the shell having principle 
quantum number n, n* is the principle quantum number of the valance 
shel l , and the a are screening parameters. The V • are very 
similar to Hartree-Fock self-consistent-f ie ld potentials and can be used 
to calculate energy levels and osci l lator strengths. 



(b) Results 

Fig. (2) shows the pseudopotential for the electron-proton interaction 
at 1 eV as given by Eq. (12) (labeled Planck-Larkin) and by Barker. 
The Barker form includes also the Planck-Larkin part of the charge 
density. Both potentials approach a constant as r •* 0, thereby 
eliminating the classical divergence. The Barker form is linear at small 
r due to the overwhelming influence of the Is state in this region. Due 
to the inclusion of strong quantum mechanical effects the Barker pseudo-
potential is not suitable for use in classical integral equation 
calculations for partially ionized plasmas, i.e., the result is an 
unphysical tendency to form molecules at eV temperatures. Both potentials 
•*• -2/r when r > X .. 

Fig. 2. Pseudopotentials for the electron-proton interaction at 1 eV. 



Pseudopotentials for the e-Cs interaction are shown in Figs. (3) and (4) 
for kT = 1 eV and 0.3 eV, respectively. Since the core states are filled 
the electron can only occupy states starting from the ground state. 
Although the long range tail of the effective potential, V ., * -2/r, 
due to shell structure effects, the resulting pseudopotential is completely 
different than hydrogen. Peaks in the pseudopotential occur at the nodes 
of the 6s valence state. Due to exponential weighting of this state, the 
shell structure effects become more pronounced at low temperature. 
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Fig. 3. Pseudopotentials for trie e-Cs + interaction at 1 eV. The input 
effective potential is also shown. Quantum.effects become 
pronounced for r < 7a n. 
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Fig. 4. Pseud.ipotentials for the e-Cs + interaction at 0.3 eV. 
Quantum effects are pronounced for r < 20a n. 

Pair distribution functions and structure factors are obtained by 
inserting the pseudopotentials in the hypernetted chain integral 
equation and iterating to obtain a self-consistent solution. The 
resulting distribution functions are shown in Tig. (5) for kT = 1 eV, 
N = 9 x 10 /cm and r = fc

2/kTa = 2.2, where a is the ion-sphere 
radius. The e-Cs distribution is strongly peaked near r = 0, as 
expected, but goes to a constant as r •* 0 (not shown) and shows 
oscillations in the weakly quantum mechanical electron charge density 



inside the ion core. This is in contrast to a Debye Huckel distribution 
which goes exponentially to infinity as r •+• 0. Quantum diffraction 
effects weaken the e-e interaction such that g is non-zero at much 

ee smaller distances than g. . . 

6IF 

Fig. 5. 

=> 3 

I 
kT = 1 eV | 
N e = 9 X 10 2 1 

T =2.2 I 
9eCs + 

r/a 

Various distribution functions for a singly ionized cesium 
plasma at 1 eV having electron density 9xl021/cm3 and 
Coulomb coupling parameter r = 2.2. The e-Cs + 

distribution function does not include strongly bound 
electrons. Minimums in g eCs + correspond to a decreased 
probability for these electrons to be in the vicinity of the 
core electrons. 



Fig. (6) shows the corresponding static structure factors. These are 
all simple monotonic functions. The like-particle Debye-Hiickel 
structure factor is shown for comparison. The present calculation rises 
to unity much faster and it is also noted the S a S(0) i 0.5 as 
in the Debye-H'uckel theory. These differences will produce important 

91 
modifications in radiative properties. 
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Fig. 6. Partial structure factors corresponding to the conditions of 
Fig, 4. The Debye-Huckel like particle partial structure 
factor is also shown. 



A number of authors have inserted distribution functions, obtained by 
various methods, into Poisson's equation to obtain static screened 
potentials. The energy levels in these screened potentials are then 
used to predict frequency shifts due to static many body correlations 
in the plasma. That procedure is not supported by the current work as 
described in Section Z. It is however meaningful to calculate the 
screened interaction between two continuum particles. For simplicity we 
consider screening effects only on the Coulomb tail so that 

4 7 T e ^ i 
Vei = " ^ - ^ ( 1 7 ) 

where £ is the net charge and 

e' 1" S» +
JJ 1 t J ^ ' ^ J ° 8 ) 

The static screened potential corresponding to the conditions of Fig. 
(3) is shown in Fig. (V). The ratio of v|i /V[JH is also showr . The 
resulting potential is somewhat less screened than the DH for r < 
8a but is more screened for greater values of r. It is perhaps worth 
noting that level shifts predicted by a potential of this form would be 
somewhat smaller than those given by DH if <r> for the initial and 
final states are both less than 8a , but somewhat larger than DH if 
both states have <r> greater than 8a . 



0.4 0.6 
r/a a=12.3bohrs 

0.8 1.0 

Fig. 7. Screened tail of the e-Cs + effective potential for 
conditions of Figs. (5-6). Screening has a much sma^er 
effect on the short ranged part of the potential whi^l. is 
already screened by core electrons. The ratio of the current 
estimate of the screening of the Coulomb tail to that given by 
Debye-HUckel is also shown. 



At high density, due to short range order, the screened potential starts 
to oscilllate such that the ion-ion potential develops an attractive 
well. This could lead to quasi-molecular formation, a precursor to the 
formation of a solid. Radiation from quasi-molecules may be a useful 
dense plasma signature. Fig. (8) shows the screening function for fully 
ionized Ar at 324 Ry as a function of r. At. r = 0.31 the screening 
function is a simple exponential corresponding to DH screening. The 
shape of the screening function is seen to change rapidly with r and 
has developed a substantial well at r = 14.4. 

Fig. 8. Screening .'unction for (assumed) fully ionized Ar at 324 Ryd 
as a function of r (densicy) appropriate to e-Ar'8+ and 
/\r18+ _ j\T\S+ interactions. It is seen that an attractive 
well develops in the heavy ion potential as r increases. 
This is a result of short range order and could lead to 
quasi-molecular formation. 



Discussion 

A brief description of some current methods for obtaining statistical 
mechanics information relevant for radiative properties has been qiven. 
Starting from a complete many body description of a plasma viewed only 
as basic atomic particles, it was shown that in the early staqes of the 
analysis that the composite particle energy states are screened. 
However, through a series of renormalizations which treat composites on 
an equal footing with atomic particles this screening is no longer 
present for tightly bound composites. This procedure also produced an 
unambiguous Saha equation at low density. This equation involves the 
PIanck-Larkin partition function and shows that, compared to usual 
methods, the number densities relevant to pressure and energy 
calculations are somewhat reduced for excited states. 

Extracting the important results from the many body analysis it. was 
shown that a good approximation could be obtained through the use of 
classical integral equations. This involved separating the electronic 
charge density into a strongly quantum mechanical part and a weakly 
quantum mechanical part. The former obtained from direct solution of 
the Schrodinger equation and the latter obtained throuqh the ]\HC. 
equation. This yields number densities, equation of state, pair 
distribution functions, and static and dynamic structure factors. In 
addition, pseudopotentials suitable for Monte Carlo and molecular 
dynamics simulations were obtained. 

*This work was performed under the auspices nf the U.S. Department of 
Energy by Lawrence Livermore National Laboratory under contract 
#W-7405-Eng-48 and supported in part by the U.S. Navy Office of Naval 
Research. 
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