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Abstract

A special form of the f inite element program, which Is Cased on the equilibrium of
for-<>s in various cross sections of the beam together with the principle of virtual work, is
presented for solving concrete beam problems. This analytical method uses the newly devel-
oped rheological element and exponential algorithm for computing time-dependent deformation
and stress distribution In cracked concrete members subjected to sustained loads, tempera-
ture, or drying. Temperature and moisture effects on hydration (aging) and creep rate are
included. The rate effects of temperature and moisture on the deformation of concrete are
also taken into account In the formulation.

Numerical examples are used to i l lustrate the validity of the analysis on concrete
beams. Plain and reinforced concrete beams subjected to bending, heating or drying are ana-
lyzed and checked against experimental data.

1. Introduction

The analysis of the time-dependent behavior of prestressed or reinforced concrete struc-
tures subjected to drying or heating is complicated. Creep, shrinkage, dilatation, and
cracking of concrete cause a continuous change 1n the stresses and deformations in concrete
structural members. The knowledge of this change in stresses is of interest for a number of
reasons. For instance, 1) in prestressed concrete, 1t Is desirable to determine the loss of
prestress; 2) in concrete members 1t is often necessary to calculate the time-dependent
deformations, deflection and elongation; and 3) in leak-tight concrete containers, i t is
important to know the time-dependent effect which may induce tensile cracking 1n concrete.

The transformed section approach [ I ] and the method of equilibrium of stresses and
compatibility of strains with aging coefficients [2] are used in conventional designs. Even
though these methods serve well In many applications, they do not Incorporate the particular
intrinsic material properties of concrete. Furthermore, the contribution from cracking which
generally occurs 1n concrete structures exposed to drying or heating environment is neglected
in these methods. Recently, Bafant and Oh [3] took into account the cracking of concrete by
employing the experimentally established strain softening. The adoption of strain softening
is especially attractive in reinforced or prestressed structures under service loading;
concrete does not suddenly rupture but undergoes progressive microcracking. They also use
the empirical BP2 Hoael [4] for predicting the drying creep of concrete beams. The method
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presented here wil l introduce a more complete analysis of the concrete members employing a

constitutive relation which incorporates creep, shrinkage, dilatation and cracking [53.
Viscoelastic tehavior of concrete is modeled by using a Maxwell chain rate-type creep

formulation. Aging creep with a broad relaxation spectrum is obtained by the computer sub-
routine MATPAR [6] with the creep compliance obtained by the BP prediction model (based on
the material properties of concrete) or by f i t t ing basic creep data. With the rate-type
creep formulation, we are able to Incorporate the moisture and temperature effect on hydra-
tion (aging) and creep rate of concrete. Moreover, recent findings [7,8] on the rate of
change of humidity and temperature effect, which explained the so-called Pickett effect and
transient thermal creep respectively, are also included in the analysis. Exponential type
stress-strain curves [5 ] , matching the uniaxial tensile and compressive strain control test
data are used for modeling the tensile strain softening and compressive behavior of concrete.

2. Analytical Formulation

The analysis described here 1s based on a newly developed rheological element [7] and
exponential algorithm [5 ] . The formulation described here is modified to include rein-
forcement and prestressing steel.

The time-dependent stress in steel and concrete of a concrete beam is derived by using
the equilibria) and compatibility of strains in the beam section under the following assump-
tions: (1) the beam follows Bernoulli-Navier's hypothesis and (2) bond slip is neglected.

In order to include temperature and moisture effects, the cross section of the beam in
Fig. 1 is divided into a suitable number of grids along both directions, k = 1 n, for
concrete; and k = n + 1, . . . . m, for reinforcing or prestressing tendons with area Ak.

The rheological element (see Fig. 2) for concrete is a series coupling of a cracking
unit, a Maxwell chain unit, and a unit reflecting shrinkage and thermal dilatation. As shown
in Fig. 2, the total strain of concrete element k is defined as

£, = e. + 5. + e. (1)
k k k k

in which, ek is the strains due to elastic deformation and creep, 5k is the strain associated
with strain-softening (or cracking), and e is the strain due to shrinkage or thermal di la-
tation.

The derivation for creep, cracking of concrete and inelastic strain, using exponential
algorithm, is introduced in Refs. [5] and [9 ] , For a uniaxial tensile or compressive stress-
stain relation, the secant modulus is assumed as C( K) = Es exp(-c5s), where c, s, and Es are
material constants. The formulation also applies to the compressive branch of uniaxial
stress-strain curve (Fig. 3a).

2.1 Shrinkage and Thermal Dilatation

Both shrinkage and thermal dilatation are composed of two components and expressed
as [7,8]:

Ae = &e°[l+r<J-sign(AH)] , Ae = Ae° [l+p<j'sign( AH)] , flH = fih + a AT (2)
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where r and P are material constants; effective humidity increment (AH) 1s a function of

moisture and temperature changes; and aT is the hygrothermic coefficient [8 ] . The f i r s t part

of eqs. (2) pertains to free shrinkage and thermal expansion without external stress (o * 0);

the second part is the stress-induced component used to simulate the Pickett effect (moisture

transient effect) and transient thermal creep [8 ] ,

The expressions for elastic deformation with creep, strain-softening and shrinkage

(or thermal dilatation), can tie combined and written as a pseudo-elastic Incremental stress-

strain relation for concrete

Ae = fia / E ; + 4e" k = 1, 2, . . . . n ; with Ae" = Ae" * A£" * Ae (3)

£" represents the overall incremental stiffness for concrete element k, and AE" represents

the overall inelastic strain increments; Ae." is the increment of strain due to strain
0 *

softening; Ae is the increment of shrinkage strain or thermal strain, determined in advance
from the change in moisture content or temperature, or both.

2.2 Reinforcing Steel or Prestressing Tendon

The same derivation for stress-strain relation of concrete can 0e used for rein-

forcing steel with the replacement of an elastic-plastic stress-strain relation (Fig. 3b).

The reinforcement shows plastic behavior after the stress reaches the yield stress of

steel. numerical studies show that the exponential algorithm is applicable not only for

strain softening but also for plastic hardening or fully plastic simulations. By analogy,

the incremental stress-strain relations for the reinforcing bar or prestressing tendon can be

written as

s 0
Ae = Ao /E + Ae" , k * n + 1, . . . . m ; with Ae" = AS" + Ae + Ae* , (4)

k k k k k k k k

where E is a pseudo-elastic modulus for steel; A?", Ae and AE* represent the plastic

strain, the inelastic strain due to temperature change of steel, and the reduced relaxation

strain due to prestressing loss, respectively. The reduced relaxation strain can be found by

using the relaxation time function developed by Magura, et a l . [12] or that Dy Tadros [12].

2.3 Structural Analysis

By combining eqs. (3) and (4) , we obtain the incremental stress form for the com-

posite section in each time step as

4o, = E"(Ae - Ae") for k = 1, . . . . n ; A o = E*(Ae - 4e") for k = n + 1 m (5)
K K K K K K K K

in which Ao and Ae are the uniaxial stress and strain increments it the centroid of tne

finite element, and AE" is the increment of inelastic strain for the element. According to

the assumptions described previously, the strain increment at element k is

Aek = zk * iK + " ' (6>
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in which Zj, Is the coordinate of the element centroid in the direction normal to the axis of

Dending moment, AK I S the change of curvature, and AX is the change of the axial elongation

at the centroid of the cross section.

According to the equilibrium conditions, the Increments of the normal force H and

the bending moment M about the centroid of the beam are

tn m
AH = I A 4 O , AM = £ « z i » . ( 7 )

k = l K k = l

S u b s t i t u t i n g e q s . ( 5 ) and (6 } i n t o e q s . ( 7 ) , one o b t a i n s

k=l n+1 k= l n+1

( * \Kzl + \ AkEkZk)AK + ( l Vk'Zk + \ V k V " " * + *c + *s ' (9)

k=l n+1 k=l n+1

n m n m

where AM = I A E"z Ae" , AM = 7 A, E,Sz Ae" , AN = [ A, E,"AE" . Si = v « E ' J E " ,
c k k k k s k k k k c k k k s k k k

k=l n+1 k=l n+1

Equations (8) and (9) represent a system of two linear algebraic equations for the

increments of curvature, AK, and axial strain AX. Then, the curvature can be used to calcu-

late the central lateral deflection of a simply supported beam by virtual work [ 3 ] ,

3. Numerical Example

The formulation presented here has been tested and evaluated for the following examples:

(1) Plain concrete beam subjected to drying and wetting [13] ,

The specimen is a 2 - in . by 2-1n. cross section and a 32- in. span simply supported

beam. The load consists of the weight of the beam and a 50-pound force at the center of the

beam. Figure 4 shows the results of cement mortar beams subjected to different types of

loading conditions which include, case a - loaded and cyclic humidity, case b - loaded and

drying, case c - loaded without drying and case d - drying without added force. The excess

deformation shown between cases b and c is due to the Pickett e f fect , as explained in Ref.

[ 7 ] , Case d shows more deformation produced due to cyclic wetting and drying on the mortar

beam. The theory predicts a l l these responses, as f i t ted Dy the solid l ines, very wel l .

Temperature has no effect in this analysis.

(2) Reinforced solid and hollow concrete beams.

Two large si a beam tests by Hollington [14] were analyzed for this simulation.

Due to the large cross section, the high boundary humidity (85S ~ 100S R.H.) and low tem-

perature range (5*C ~ 20*C), the test data show that moisture has very l i t t l e effect in this

study and can be neglected. Therefore, these beams are subjected to a uniform superimposed

load 56 l b / f t 2 , self-wefght and a seasonal temperature change. I t is shown in Fig. 5, that

the theory generally predicts well the central deflection history of concrete baams. How-

ever, one nay observe that the transient thermal effect does not contribute significantly to

show corresponding sudden Increases of creep rate with the change of temperature. The reason

Is that the rate variation of temperature during the test is quite small.
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4. Conclusions

A method Is presented for the analysis of time-dependent behavior of concrete structures

undergoing cracking, while subjected to drying and/or heating. The method can be easily

incorporated into a general f inite element program and may be used to analyze determinate or

Indeterminate, reinforced or prestressed concrete structures. All needed material properties

can be obtained from specified basic tests.

The moisture effect was found to be significant 1n a small size specimen, while i t

showed l i t t l e effect in a large size beam at relatively low temperature (<20*C) and a high

moisture environment. Nevertheless, i t is necessary to consider the thermally induced

shrinkage strains when the concrete structures are exposed to high temperatures.
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