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Abstract 

He investigate the low frequency oscillations on a 
non-neutral magnetized electron beam of very low density. 
A perturbation analysis of the slow mode of the rigid 
rotator equilibrium is developed to illustrate the nature 
of large amplitude fundamental mode oscillations. The 
results of this theoretical analysis show two important 
characteristics: firstly, as the perturbation amplitude is 
increased the waveform ceases to be purely sinusoidal and 
shows period doubling. Secondly, above a certain 
threshold, all harmonics of the wave grow and the wave 
breaks. The results of the former are compared with a 
simple electron beam experiment and are found to be in 
good qualitative agreement. 
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1. Introduction 
The appearance of noise on cylindrical electron beams 

in magnetic fields has received a considerable amount of 
attention, mainly due to its importance in relation to 
travelling wave amplifiers. Generally this noise is of 
high frequency and is close to the plasma frequency of the 
beam. Considerable interest has also been shown in the 
characteristics of space change wave propagation under 
conditions of "Brillouinw flow (Brewer,(1956)). These beams 
are considered to be non-neutral and the motion of the 
electrons governed by the Lorenz force and an E x B force 
which arises from the large self electric field of the 
beam. 

In our investigations of the Beam Plasma Discharge 
(Boswell and Kellogg (1982)) we found regions in parameter 
space where the noise near the plasma frequency ceases, 
although the beam is still propagating through a 
background gas. Under these conditions and for very low 
beam currents we observe a low frequency wave, the 
properties of which are well described by a perturbation 
of the slow mode non-neutral rigid rotator equilibrium. As 
thebeam current is increased over a certain range the 
amplitude of the wave increases and the wave form becomes 
progressively more distorted exhibiting a characteristic 
period doubling. 

In section 2 of this paper we present a theory of an 
idealized model of the experimental system. We assume the 
beam propagates in vacuo and consider a small perturbation 
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of the ideal rigid rotator equilibrium for a very low 
density beam H^ p e

2 < < Si ) . We derive an expression 
linking the equilibrium waveform to the initial 
perturbation amplitude and show that the wave exhibits 
period doubling as the amplitude is increased. For 
completeness we derive a threshold amplitude and growth 
rate for harmonic excitation. Above this threshold all 
harmonics grow until the wave breaks, as in the case of a 
non-linear plasma wave. 

The experiment is described in Section 3 where we show 
the good qualitative agreement between the theoretical and 
experimental waveforms. Our results are summarized in 
Section 4. 

2. Theory of Azlmuthal Oscillations 

1. Basic Equations 
We adopt cylindrical polar coordinates (r,9,z) with B 

» (0,0,BQ) a n (i take^/^z =0. We assume that the fluid 
velocity of the electrons is given by\T » (0,ru>,0) and 
that the electric field vector has components (E £ Q ) . 

From the radial and azimuthal components of the 
equation of motion of the electrons we have 

c ^ c o - i V ) * ^ E r Ci) 

and 

hi. + ^ *£. - ^ £ E (1) 
ht ** ™r & 

where Si* eB Q/ m c w nile from the equation of continuity 
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we obtain for the electron density 

dn 

The system of equations is completed by Poisson's equation 
which becomes 

He assume that the column has a radius a and that the 
equilibrium electron density n Q i s constant for r { a and 
zero for r > a. We shall seek a solution of the above 
equations for which the total electron density is 
independent of r and given by n = n

0+Sn(9,t). 

2» Electric Field Components 
It is readily verified from (4) that for this simple 

model of the beam structure the electric field components 
take the following form: 
Within the beam (r N< a) 

Outside the beam (r > a) 

Here the prime denotes differentiation with respect to 0 ; 
R and®are related by Poisson's equation which becomes 



5 

We may regard the last equation as giving R in terms 
of © a n d n. © i s then obtained in terms of CO from (2) 
while (1) gives (O in terms of R. 

3. The Laaranaian Coordinate 
In order to isolate the nonlinear characteristics of 

azimuthal oscillations caused hy convective effects it is 
convenient to introduce Lagrangian variables defined by 

T»e-J"Lc7, *')«*•*' °^^ r = t (6) 
O 

The equation of continuity (3) can then he integrated in 
the usual way to give 

To obtain an equation for CJ we proceed as follows. 
Firstly, we use (1) and (2) to eliminate R and © from (5) 
obtaining 

He now transform to the Lagrangian variables and 
substitute for n from (7) to get 

whereCO 2 - 4Tfe2n0/a. (g ) 
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A, The Perturbed Rotation Frequency 
It will be convenient to regard the rotation frequency 

0 as consisting of the sum of a perturbation Su> and the 
equilibrium rotation frequency W Q which satisfies the 
well-known equation (fc«A»id %&r\ 09?4}),* 

^o 0*v-^V ^p*-A ^o (c}) 
On substituting CJ = GJQ + %uJ ±n (8) we get 

0°) 
He shall be concerned below principally with the 

behaviour of azimuthal oscillations in the low density 
T- 1. 

limit ( Cci„<<-»* ) when the column is rotating in the slow 
Pe

ntode. In this case it follows from (9) that the slow mode 
has a frequency given approximately by 

^-^f/4jL (H) 

It should also be noted that we do not effect the 
linearisation of the exact equation for o<^ by means of 
the Lagrangian transformation as is the case for plasma 
and upper hybrid waves. However, it will be shown that the 
modes defined by the linear terms in (10) are in fact 
weakly coupled in the low density limit in the sense that 
the amplitude of the fundamental mode must satisfy a 
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threshold condition for the excitation of higher 
harmonics. This permits us as a first approximation to 
neglect the nonlinear terms in (10) even though the total 
wave perturbation may not be small. Then the most 
important effect of the nonlinear terms in (l)-(4) will be 
contained in the Lagrangian transformation provided the 
initial amplitude does not exceed a critical value above 
which the transformation ceases to be valid. 

5. Wave-mode Expansion 
In order to discuss the behaviour of azimuthal 

oscillations within the context of (10), we decompose the 
wave perturbation $<0 into its fourier modes as follows: 

Here the mode number m takes on all integer values while 
the mode index /*- assumes the two values + which 
distinguish between clockwise and anti-clockwise 
propagating modes. 

The expansion of (10) in terms of the linear modes of 
the system proceeds in the usual way (Davidson, (1972)), 
with the following results. Firstly, the mode amplitues 
A

n evolve according to the equation ; 



cm r_ Kx. 

0^ 
Secondly, the mode frequencies CO a r e given by 

± Jl-2tOc a. = - 'O 

na rn ^^[(^V^j* (14) 
Finally, the total density perturbation is given in terms 
of the mode amplitudes by 

n 0 + Sn(f,o) 
n = IttZ A^WtO^-uCO) ^ 

While the Lagranglan transformation (6) becomes 
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r In the foregoing 6*m i s t h e f o u r i e r component of the 
initial density perturbation. Also, we have regarded the 
wave amplitudes as being driven by the initial density 
perturbation (i.e. first term on the rhs of (13). 
Therefore we have assumed that A^* = 0 initially. 

6. Excitation of Fundamental Mode 
Let us consider the linear behaviour of azimuthal 

oscillations of low mode number m. Then (14) yields for 
this case 

Now, since the oscillations are driven by the initial 
density perturbation, we can estimate the magnitude of the 
wave amplitude from the first term on the rhs of (13). 
This gives 

In particular, the ratio of the amplitudes of the 
clockwise and anti- clockwise modes is 

But from (14) we have Cj£<JLT s "^& and so 
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On the strength of this inequality we shall neglect the 
anti-clockwise node below and shall therefore drop the 
superscipt + from this point on. 

Another important conclusion to be drawn from (18) is 
that the effectiveness of an initial density perturbation 
in exciting azimuthal oscillations decreases with 
increasing mode number. Thus, within the linear 
approximation it is the low m modes. which make the 
significant contribution. Hence, we can use in place of 
(18) the approximation 

If this expression is substituted in (15) and (16) we get 

and 

However, whilst the higher harmonics of the initial 
density perturbationj are less effective in exciting 
higher harmonics of the azimuthal mode, this tendency is 
compensated for by the fact, to be demonstrated later, 
that the threshold amplitudes at which the fundamental 
azimuthal mode can excite higher harmonics paraaietrically 
decreases with m and consequently a point is reached at 
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which all harmonics grow until the wave breaks. 
To illustrate the nature of the fundamental mode of 

azimuthal oscillations we consider the effect of an 
initis.1 density perturbation of the form On = Nsin9 within 
the framework of the linear approximation represented by 
(19) and (20). From these equations we get 

n = 
and 

flo+ Hur\ f 
, + iS-(^)cos(f--M) 

Note that for N/n Q < < 2 t h e s e expressions reduce to 
n * n

0 4- Nsin(6 - 2 6>0t). This mode is, in fact, the 
degenerate form of the left hand circularly polarised 
electromagnetic wave corresponding to the limit of an 
infinite axial wavelength. At finite amplitudes the 
behaviour of the mode departs significantly from a pure 
sine wave. This is illustrated in Fig.l which shows n/n 

o 
as a function of 4>0fc/2 a t e = o for four values of the 
initial perturbation represented by N/n Q # N o t e t n a t w h e n 

N/n '"o * 0.5 the Lagrangian transformation ceases to be 
valid and this corresponds physically to the situation in 
which wave breaking would occur, as in the case of a 
nonlinear plasma wave. 

7. Excitation of Harr.onics 
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He now show that if the amplitude of vhe fundamental 
exceeds a certain threshold level it will be 
parametrically unstable to the excitation of higher 
harmonics. 

Consider then the excitation of the harmonics m and 

"tLby the fundamental mode m=l. We get 

where<5r+l andc^T^ a r e assumed constant. On substituting 
these expressions in (13) and regarding theC^ as small 
compared to,^ we obtain 

[z&O^^Xfcv^y ^oCw^i^^f-]^ 

=iiK:f c -̂iv.̂  ,̂ .r iife^<y.y^H 
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(^^+^p, . , 0 

After eliminating t h e j ^ f r o m these equations we obtain 
the parametric dispersion relation 

f j f lMX l ~ • — T!--O 

Where 

o^m — 
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In order to see the implications of (21) let us again 
the approximation (17i) for CJn (which requires 

m <<Jl/6J^. Then 
use 

O^^ G^cJ^^ju <x*\<A (Q^ 4-mcJ^y^^ 

In this case (21) reduces to 

""• ' ^= o 

<»**$d 
where ̂  =d" +*O n + a-IAjl2, Thus, for growth to occur the (ll!) 

resulting cubic in J[ must have complex conjugate roots and 
for this it is necessary for the discriminant of the cubic 
to be positive which leads to the threshold condition 

>o 
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The existence of a threshold for the excitation of 
higher harmonics is now apparent from the fact that the 
rhs of this inequality is negative when |A,|=o. Also it 
can be seen that when L)Q aO^a. sufficient condition for 
instability is |AX| > y'mjjf. Thus the higher harmonics are 
readily excited in this case. However, it must be 
remembered that the noise fluctuations 8 n become less 
effective in exciting the corresponding wave harmonic A, 
with increasing m due to the factor l/m in (18). In 
addition, it is readiiy seen from (22) that when&> <<&Le 

and when \AX\ reaches the value (m {H)'1* the growth rate 
is J"^2m1/3« In general, however, the growth rate is given 
by 

\" I V Q + — J 5 — ) ^ 
where 

Q - [l[Sm |A.f + far* IMT-* j|MA,f- if t1) ) 

Thu., when Q ^ j ^ f ^ | > 

' * 

and hence 

Xm^4U MfA,|^^4J2[A,lcOn 
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For simplicity, collisional effects have been ignored 
in the foregoing. If these were taken into account one 
would expect an increase in the threshold level obtained 
above. 

3. Experimental Observations 
The experiments were carried out in the WOMBAT device 

which consists of a 200 cm long, 100 en diameter stainless 
steel vacuum vessel evacuated by a turbomolecular pump to 
a base pressure of 6 x 10~ 6 torr. Inside and coaxial to 
the vacuum vessel is an 88 cm diameter solenoid which 
produces a field B Q ©n axis which is uniform to better 
than 0.3*. For these experiments B — ̂ -^aet^Ss although 
similar results were obtained in the range 18 to 120 
gauss. A hot filament electron gun produces a 1 cm 
diameter electron beam with a divergence of less than 20% 
which traverse the central 100 cm of the uniform field and 
is terminated on an earthed copper plate. The former of 
the solenoid is covered with a fine bronze mesh which is 
also earthed to eliminate surface charging problems. 

Experimentally, these measurements are an extension of 
our beam plasma work to low pressures and beam current. In 
order to determine the range of experimental conditions 
where the beam could be regarded as being non-neutral a 
number of experimental runs were carried out at different 
gas pressures, beam energy Ej, a n d b e a m c u r r ents I b. It was 
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found that below a certain E ^ w h i c h ^ d e t e r m i n e d b y t h e 

pressure, no high frequency electron oscillations (or 
noise) could be detected. In this region, marked B in 
figure 2, the main activity in the system consisted of low 
frequency oscillations with ffrequencies less than 10 5 Hz. 
These oscillations were detected using a high impedance 
single Langmuir probe with zero bias voltage situated at 
the edge of the beam, which responded to perturbations in 
the beam current. Subsequent data presented in this paper 
were obtained at a pressure of 6 x 10~ 6 torr of dry air, 
and E^ = 50 volts so that we were operating well within 
region B of figure 2. 

To ensure that the beam remains essentially 
non-neutral over the observation period it is necessary to 
minimize the accumulation of positive ions in the vicinity 
of the beam. Since ionizing collisions are always taking 
place, one method is to pulse the beam for a period less 
than the ionization time defined by the equation 

rms) 
This method has been used successfully by Theiss/to study 
the rigid rotator equilibrium of an electron beam system 
quite similar to that described here. However, in our case 
the required pulse period would be less than the period of 
the azimuthal oscillations we wish to study. He decided, 
therefore, to use very low beam currents so that the depth 
of the negative potential well created by the space change 
of the beam would be Inadequate to trap a 300° K (room 
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termperature) N 2+ ion, this being the most likely product 
of an ionizing collision of a beam electron with a 
nitrogen molecule. This put an upper limit on the beam 
current of approximately 3 x 10~6 amps. 

In figure 3 we show the variation of the dominant 
frequency in the spectrum of low frequency oscillations as 
a function of beam current. The solid line is not a fit to 
the data but the frequency to be expected if the 
oscillation exists as a perturbation on the rigid rotator 
equilibrium. The dashed line indicates the ion plasma 
frequency if the beam is exactly neutralized with ions. It 
is quite clear that the oscillation frequency is well 
modelled by the rigid rotator up to about 3 x 10"6 amps 
where the frequency halves, and is "attracted" to the ion 
plasma frequency. These data tend to confirm the argument 
given above regarding the trapping of the ions and 
consequently we believe that below 3 x 10"6 amps, the beam 
behaves as if it were non-neutral. In this region we have 
measured the wave forms using a data acquisition system. 
In figure 4a is shown the wave form for a beam current 
slightly less than 10"6 amps and in 4b for slightly more 
than 10"6 amps. In the experiment we observe that the 
amplitude of the wave increases with beam current and 
seems to play a similar role to the perturbation parameter 
in the theory of Section 2. This is borne out by figure 4 
where the increase in current between 4a and 4b appears as 
an increase in the amplitude of the oscillation. The 
slight distortion observable in 4a has become quite large 
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in 4b with the appearance of clear period doubling in good 
quantitative agreement with the theory (figure 2). 

We have attempted to launch low frequency waves on the 
beam with a variety of launchers to further test the 
theory. Although it was possible to entrain the "free" 
oscillation with the forced oscillation we did not succeed 
in launching waves in a non perturbed system. Although we 
have not broached the question theoretically, it is quite 
possible that further period doublings, or bifurcations, 
could take place, eventually leading to a form of chaos. 
We are presently examining this possibility experimentally 
where we hope to be able to reduce the beam current by an 
order of magnitude and launch waves onto a non-perturbed 
beam. 

4. S U B B ^ T 

We have theoretically shown that at sufficiently small 
amplitudes, azimuthal density modes can propagate in the 
form of a base sine wave of frequency 2&Q w n e r e (O is the 
slow equilibrium rotation frequency. At higher amplitudes 
considerable distortion of the wave profile occurs due to 
non-linear convection. When the amplitude of the density 
perturbation reaches one half of the equilibrium beam 
density, wave breaking occurs. In practice, however, the 
situation would be more complicated than this because the 
fundamental nonlinear wave would become parametrlcally 
unstable to the excitation of similar nonlinear waves of 
higher frequency giving rise to a highly complex frequency 
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spectrum probably before wave breaking occurs. 
It should be remembered, however, that the theory was 

derived under the assumption^ 2 <<J1?. When the Brillouin 
+ 

flow regime is approached, U ^ U as is apparent from 
(14) since thenCJ^Jlfa^ The estimate (18) shows that the 
amplitudes of the cloclcwise and anticlockwise modes are 
then comparable and a new regime is encountered which 
would be characterised by high frequency oscillations. 

Due to the nature of the experiment only part of the 
low frequency regime could be investigated since for 
^pi/il? y 10" 5' the negative potential well formed by the 
space change of the beam could trap ions and neutralize 
the beam. For values of 4JL|/s£ < 10"5 (corresponding to 
bean currents < 3 x 10~6 amps), the general behaviour of 
the system and distortion of the wave fields agree well 
with the theory. 
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Ficrure Captions 

Fig.l. Theoretical waveforms for various values of the 
perturbation parameter 

Fig.2. Beam energy - pressure space. £r\ region A both 
high and low frequency waves can be found, in 
region B, only low frequency waves. 

Fig.3. Variation of dominant frequency with beam 
current for £ ^ = 5 0 eV. Straight line is the 
frequency expected if the beam is a rigid 
rotator, dashed line is the ion plasma frequency 
for a perfectly neutralized beam, circles are 
experimental measurements. 

TXa A a). Experimental waveforms for beam current, a) 
just below 10" 6 amps and b) just above 10~ 6 amps 
for Ej, « 5- eV. 
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