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Abstract 

An experiment involving the natural oscillations on an 
electron beam propagating parallel to a magnetic field in 
a low pressure gas is described. For conditions such that 

2 2 ui„„ << w,^ and beam currents above a few yA, the beam pe re 
behaves as if it were neutralized by cold ions. Increasing 
the beam current, I. , increases the frequency and 
amplitude of the oscillation until period doubling occurs. 
With a further small increase, many more period doublings 
occur in rapid succession until the spectrum of the 
oscillations is essentially flat out to the original 
frequency f above which it rapidly decreases. This state 
remains as L is increased until, suddenly, a perfectly 
coherent three cycle oscillation appears with a 
periodicity three times that of f ; with a small further 
increase of L the three cycle becomes a 6 cycle and then 
the chaotic regime returns. The frequency f agrees well 
with the ion plasma frequency of the neutralized electron 
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beam and is probably driven by some form of shear 
instability. The behaviour of the system is remarkably 
well modelled by a simple, one-dimensional quadratic 
difference equation. 
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1. Introduction 

The turbulent behaviour of large amplitude ion waves 
has been studied both experimentally and theoretically 
over the last few decades. Primarily, this has been 
stimulated by the observation of an anomalous resistance 
to a current flow through a clasically resistiveless 
plasma supported by a magnetic field B . This phenomenon 
has been studied, for example, by Kamberger, et al. (1979) 
in experiments relating to turbulent heating of plasmas. 
The existence of electric fields E//B in the auroral 
plasma is also thought to be due to anomalous resistance 
caused by the turbulent behaviour of large amplitude ion 
waves (Temerin et al. (1982) and Lotko and Kennel (1983)). 
We present here the results of an experiment which at 
first glance seems to show turbulent ion wave behaviour 
but on closer investigation shows behaviour which can be 
quite accurately modelled with a simple, one dimensional 
quadratic difference equation. 

In its simplest f->rm this equation can be written 

A f 1 « F ( A t } 

where the function F(A.» could be 

F(A t) 5 C - k\. 

In population biology, this equation has been used to 
describe how the population in generation t + 1, A

t i» is 
related to the population in generation t, A., The general 
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behaviour of the equation has been reviewed by Hay (1976) 
and Kadanoff (1983). Briefly, within certain limits to be 
described later, as the value of C is increased, a point 
comes wnere the stable, single, long term solution of the 
equation bifurcates with the long term solution 
alternating between two solutions. Further increasing C 
produces other bifurcations until the spectrum of 
solutions consists of an infinite number of subharmonics 
of the original. After this point there is no apparent 
stable solution and A. 1 wanders around in an apparently 
random fashion, never settling down to a stable point. 
However, this behaviour does not continue for higher 
values of C. The most dramatic change is the sudden 
appearance, out of the chaos, of a three cycle wr.ich is 
quite stable. This then bifurcates as before and a chaotic 
state returns. 

Several recently reported experiments have shown this 
type of behaviour. They use fluid systems involving 
couette flow between rotating cylinders (Coles 1965) and 
convection experiments. The latter have been conducted in 
liquid helium in which Libchaber and Maurer (1980) 
observed a series of bifurcations which agreed 
quantitatively with theoretical work on the relative 
heights of the subharmonics calculated by Feigenbaum 
(1979). The truly surprising thing is that these systems, 
which are clearly at least two dimensional, can be quite 
accurately modelled by an extremely simple one dimensional 
difference equation. 
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In the experiment described in section 2, the 
bifurcation sequence is observed and especially the three 
cycle oscillation which has been discussed by Li and Yorke 
(1975) in their paper "Period Three Implies Chaos". The 
discussion in section 3 mainly concerns the modelling of 
the experimental results with the one dimensional equation 
(1) and with possible justifications for using such a 
simple model for the multidimensional physical system. 

2. The Experiment 

The experiment was carried out in the WOMBAT device 
(Fig.1) which comprises a 100 cm diameter, 200 cm long 
nonmagnetic stainless steel vacuum vessel within which a 
coaxial solenoid of 88 cm internal diameter provides a 
magnetic field B up to 200 gauss. The central 100 cm of 
the field is uniform on axis to better than 0.39. An 
earthed bronze mesh covers the solenoid to minimize 
problems arising from surface charging. Radially and 
axially movable Langmuir probes are used to measure the 
wave fields. The apparatus had a base pressure of 6 x 10" 
torr of dry air. An electron gun at one end of the uniform 
field region produced a 1 cm diameter beam parallel to B 
with a divergence of less than 30°, energy E b between 50 
and 400 volts and maximum currents I b between 1 ana 30 mA 
respectively. The beam was terminated by an earthed 20 cm 
diameter copper plate at the other end of the uniform field. 



6 

The apparatus is the same as that used for the Beam 
Plasma Discharge experiments (Boswell and Kellogg 1983) 
and it was an interest in the low frequency oscillations 
observed in the BPD which led to the experiment described 
here. Since it was important to distinguish between ion 
oscillations generated directly by the presence of the 
electron beam, and ion disturbances created by the bursts 
of large amplitude electron Langmuir oscillations (Boswell 
et al., 1984) associated with the BPD, the initial 
experiments were designed to find regions in parameter 
space where only ion oscillations, and no electron 
oscillations were found. Figure 2 shows the 
experimentally measured values of E b below which the 
electron oscillations could not be initiated for any 
available beam current, (which was, of course, limited by 
the perveance of the electron gun; possibly a gun which 
could supply a much greater current may produce a somewhat 
different result). However, for this experiment, the 
region marked B in figure 2 defines a parameter space 
where no high frequency oscillations could be excited: the 
experimental points correspond to where "precursor1' 
oscillations were found in the BPD experiments. For the 
experiments described below, E b = 50 volts, P = 6 x 10" 
torr dry air, and B = 72 gauss, a region well away from 
the boundary between region B and region A where the 
electron oscillations are found. 
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Experiments were conducted by increasing I. from 1 PA 
up to about 1 mA, the maximum allowed by the perveance of 
the gun. The oscillations of the system were recorded 
using a spectrum analyser and a digital oscilloscope. The 
waveforms shown have a vertical resolution of about 10 
bits with an analogue to digital conversion occurring 
every microsecond. The detectors were single unbiassed 
Langmuir probes constructed from coaxial cable with the 
end centimetre or so of the central conductor exposed. 
Measurements were normally made with the probes on the 
edge of the electron beam. For very low beam currents 
(I b < 3 vA) the depth of the potential well formed by the 
space charge of the beam is insufficiently deep to trap 
room temperature (300 K) Np ions and the beam behaves as 
if it were non neutral. The low frequency oscillations 
detected by the probe under these oscillations can be well 
modelled as perturbations to a rigid rotator equilibrium 
(Boswell and Giles, 1984). This paper is concerned with 
the behaviour of the oscillations for higher beam currents 
where the oscillation frequency remains close to the ion 
plasma frequency of the neutralized electron beam. 

In figure 3, an example of an experimental run is 
given as Ifa is increased from 1 yA to 1 mA. The system is 
very sensitive to changes in boundary conditions and the 
state of the end plate: figure 3 is a reasonably typical 
run and shows all the characteristics of the system. The 
open circles are the experimental points obtained from the 
spectrum analyser; they represent the dominant features of 
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the spectrum with the smaller amplitude components 
neglected. Examples of some complete spectra are given 
below. For currents below 3 yA the experimental points lie 
on the dashed line which describes the perturbation to the 
non-neutral rigid rotator equilibrium of the electron 
beam. Around 3 uA the original frequency decreases rapidly 
in amplitude and the sub harmonic becomes the dominant 
oscillation. This oscillation frequency is attracted to 
the ion plasma frequency (solid line) of the neutralized 
electron beam and remains spectrally fairly pure up to 
I. ~ 20 uA where a period doubling, or bifurcation occurs. 
The system then goes through a rapid sequence of 
bifurcations until the only characteristic frequencies 
observable in the spec ..rum are the upper cut-off frequency 
and a small feature at half this frequency. This region is 
shown shaded in figure 3. An example of the waveform is 
given in figure 4 for about 50 cycles of the original 
oscillation. The Fourier transform of figure 4 is shown in 
figure 5. It is evident that the spectrum is fairly 
featureless out to the upper cut off frequency (the 
original frequency marked f in the figure) excepting the 
broad line at half this frequency. 

As the beam current is increased above about 40 pA, a 
sudden and dramatic change occurs with a three cycle 
oscillation replacing the apparently chaotic motion. This 
behaviour persists with little change in waveform or 
frequency for 40 < Ifa < 160 yA. The three cycle behaviour 
has apparently "entrained" the natural oscillation at the 
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ion plasma frequency. An example of the three cycle wave 
form is given in figure 6. At around I. = 160 pA, a six 
cycle appears (figure 7) followed by a return to the 
chaotic type of spectrum with the difference that the two 
subharmonic peaks gradually move together at 500 uA to 
form a spectrum similar to that of figure 5. 

In the following run, taken approximately 30 minutes 
later, this particular road to chaos was net followed. In 
figure 8, the experimental points once again show the 
dominant frequency in the system, the solid line being the 
ion plasma frequency f . calculated as for figure 3, and 
the broken line half that frequency. The oscillations 
characteristic of the non-neutral phase of the system are 
missing and the oscillation frequency remains very close 
to half the ion plasma frequency over the whole range of 
L (almost three decades). On other runs, the dominant 
frequency was observed to follow 1/3, 1/1 and even 1/16 of 
the ion plasma frequency. This is probably due to surface 
charges forming on the copper end plate due to some kind 
of contamination. 

Preliminary measurements of the radial structure of 
the modes suggest that the dominant oscillation is in an 
ms1 mode. Langmuir probe measurements of the saturated ion 
current give a full width, half maximum for the 
neutralizing plasma of 8 cm with the 1 cm diameter 
electron beam in the centre. 
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3i Discussion 

In this paper the nature of the oscillation on the 
electron beam, or its stability, have not been studied in 
any detail, the main emphasis being on the chaotic 
behaviour and the appearance of the 3 cycle. However, the 
preliminary measurements suggest that it is an azimuthally 
propagating m=1 electrostatic ion wave. Figure 8 shows the 
dependence of the measured dominant frequency on I b (open 
circles) compared with an estimate for the ion-plasma 
frequency. This was derived by assuming the beam to be 
neutralized with N~ ions created from inelastic 
collisions of beam electrons with the background gas. The 
agreement between the experimental points and the estimate 
can be seen to be very good. As mentioned before, the 
oscillation does not always start off on the ion plasma 
frequency but often on some subharmonic. In figure 3, for 
I b > 3 yA, the oscillation is initially attracted toward 
the ion plasma frequency and finally ends up on half the 
ion plasma frequency. 

Langmuir probe measurements of the radial ion density 
show that the ions are distributed radially and not 
localized in the beam. This would give rise to large 
radial electric fields which would produce a strong shear 
flow. Previous experiments on magnetized plasma columns by 
Wong et al. (1968) and Jassby and Perkins (1970) have 
studied electrostatic ion drift modes which appear similar 
to the waves under discussion here. By applying a radial 
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electric field, Jassby and Perkins (1970) excited a 
transverse Kelvin-Helmholtz instability with the strong 
shear in the ExB equilibrium rotation which occurred at 
the edge of the plasma column. This instability coupled 
into ra=1 and m=2 electrostatic ion waves. 

The waves studied by Wong et al. (1968) were also 
identified as being essentially ion acoustic, propagating 
almost perpendicular to the axial magnetic field. These 
resonant modes had k, ~ m/r where m is the azimuthal mode 

o o number and r the radius at which the mode is observed, o 
They report that the instability could be enhanced by 
applying a pump wave at twice the instability frequency. 
This work was extended by Hai and Wong (1970) where the 
phenomenon was explained with a theory of parametric 
mode-irode coupling assuming the growth rate for the 
instability to be much less than its frequency w . 

This phenomenon has been exploited by Keen and 
Fletcher (1970), Keen (1970) and Boswell and Christiansen 
(1972) in feedback control of such instabilities. They 
found that the van der Pol type of equation gave a good 
description of the various types of nonlinear phenomena 
observed, such as mode locking and mode competition, 
periodic pulling, frequency entrainment. hysteresis 
effects and subharmonic generation. 

The preliminary observations of the oscillation 
described in this paper suggest that it also is an 
azimuthally propagating electrostatic ion wave but that 
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the growth rate y > u . It is therefore unlikely that 
weakly turbulent processes such as parametric decay can be 
invoked to explain the dynamical evolution of the system. 
Rather, the highly chaotic state observed for most beam 
currents is due to strongly turbulent processes. 
Consequently, it is useful to investigate other two 
dimensional systems involving flow which show s'..iilar 
behaviour. 

Swinney (1978) has described an experiment on Couette 
flow between coaxial cylinders where a transition from 
periodic to chaotic flow was marked by the appearance of 
subharmonics. Bifurcations in Rayleigh-Benard convection 
experiments with liquid He, have been observed by Gollub 
and Benson (1978) and by Libchaber and Maurer (1980). The 
latter give examples of bifurcations down to f/16 in 
spectra an1 down to f/4 in real time records of the 
temperature fluctuations in their convection cell. It has 
been noted by Swinney (1978) that a theorem of Newhouse, 
Ruelle and Takens (1978), if it can be applied to flow and 
convection experiments, implies that flows characterized 
by two discrete frequencies can make a transition to 
chaotic flow rather than to quasiperiodic flow with three 
frequencies. In this case if there are three or more modes 
available, the system may have a strange attractor. 

In plasma physics, the problem of resonant three wave 
coupling, with the highest frequency wave linearly 
unstable and the two lower frequency waves damped has been 
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studied by Wersinger, Finn and Ott (1980). They found that 
the system could be described by three ordinary 
differential equations very much like the model used to 
describe the nonlinear evolution of the convection cells 
in the Rayleigh-Bernard experiment. Within certain 
constraints, the model exhibited a succession of 
bifurcations leading to apparently chaotic behaviour as 
the damping of the stable waves was varied. Perhaps most 
importantly, they showed that almost all of the dynamical 
behaviour of interest can b^ explained on the basis of a 
one-dimensional map, similar to that described by equation 
1. In a later paper, Russell and Ott (1981) consider the 
nonlinear Schroedinger equation applied to a model of the 
oscillating two stream instability. They obtain once again 
a set of three first order differential equations which 
show very similar behaviour to those obtained by 
Wersinger, Finn and Ott (1980). 

In modelling the behaviour of the experiment described 
in section 2 the quadratic difference equation (1) will 
be used. This is the same as that described in some detail 
by May (1976) except for a trivial change of variables. It 
is difficult to give a good physical justification for 
this choice apart from its simplicity: it is clearly a not 
unreasonable choice following the logic of the previous 
experimental publications in this subject, some of which 
have been discussed above. One possible physical 
interpretation of equation (1) is that the difference 
equation relates the amplitudes of progressive 
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oscillations of the wave with Y > w and some form of 
o 

saturation or limitation on the amplitude. The constant C 
plays the role of the beam current. In the appendix the 
stable solutions of equation 1 are derived for the first 
few bifurcations. Figure 9 shows those points of the 
behaviour of equation 1 which can be easily defined 
analytically. If an initial value of x is chosen in the 
shaded regions then X •*•-»; also for C < -1/4 and C > 2, 
X •*• -">• For -1/4 < C < 2 there is a region, called the o 
basin of attraction from which X^ can never escape if the 

o 
initial value of X is chosen somewhere within it. 
Following the stable solution as C is increased, at 
C = 3/4 it splits into two new stable solutions. This 
occurs again at C s 5/4 yielding four stable solutions and 
so on until at around C ~ 1.4 there are 200 stable 
solutions. The splittings are actually tangent 
bifurcations where a new stable and unstable solution to 
the equation are born. The behaviour after this point 
becomes difficult to describe simply, so that numerical 
methods must be used to plot the various stable points. 
Figure 10 has been obtained by taking an initial value of 
X s 0.5 within the basin of attraction, iterating equation 
(1) 20C times and plotting out the next 40 points for 
increasing values of C. Where it existed, convergence was 
achieved after about 30 iterations. The first few 
bifurcations can be clearly seen, followed by a region 
where the value of X„ is bounded but randomly distributed. 
However, there is a region for C " 1.75 where three 
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regions of stable points can be found. An expansion of 
this region is given in figure 11 showing that the three 
cycle behaviour exists for 1.75 < C < 1.77. Around C = 
1.77 each of the stable points on the three cycle 

bifurcate and a sequence of bifurcations once again 
occurs. The description by May (1976) covers this and 
higher order limited periodic behaviour where 5 cycle, 7 
cycle, etc. are observed as C decreases from 1.75. He 
shows that eventually the descending limited periodic 
behaviour links up with the ascending bifurcations. 

The behaviour of this simple difference equation and 
results of the experiment are very similar if the constant 
C is taken to be the beam current and X the amplitude of 
the oscillation. Firstly, for low beam currents only one 
frequency of oscillation is observed. As the current is 
increased (with a concomitant increase in the amplitude of 
the oscillation) a subharmonic is observed, corresponding 
to the first bifurcation. The system then rapidly becomes 
chaotic making detailed measurement of the bifurcation 
sequence impossible for the present experimental set up. 
In figure 4, an example of the wave form in the "chaotic' 
region is given. As stated by May (1976), the wave form 
beyond the critical vnlue of C, for which the accumulation 
of cycles of periods 'i" occurs, will appear "to the casual 
observer to be rather like a somethat "noisy" cycle of 
period 2". Further increasing the beam current leads to 
the sudden appearance in the experiment of the three cycle 
shown in figure 6, while figure 7 shows the first 
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bifurcation of the 3 cycle for a slightly higher beam 
current. Although initially extremely puzzling, this 
behaviour is in perfect accord with the predictions of 
equation 1. Higher order periodic behaviour was observed 
for short periods in the "chaotic" region for period 5 and 
period 7. Still higher orders were not found, presumably 
due to the very "narrow window" within which they exist 
being smaller than the variations produced by changes in 
the boundary conditions of the experiment. 

Conclusions 

In this paper, results of an experiment involving the 
propagation of an electron beam parallel to a magnetic 
field through a low pressure gas have been presented. 
Under most conditions, the electron beam appears to be 
approximately neutralized by the ions formed by inelastic 
collisions with the background gas. An oscillation 
observed in th:'s system most likely arises from a 
Kelvin-Helmholtz instability driven by the E x B shear 
forces observed to be present. The strange behaviour of 
the oscillations can be very well modelled wit., a simple 
one-dimensional quadratic difference equation. 

It is known that in the auroral plasma and in 
turbulent heating experiments, large amplitude 
electrostatic ion waves are present. These waves are 
generally thought to be the result of an instability 
driven by either a current or beam of charged particles. 
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If the results of this experiment can be applied to larger 
systems it would suggest that the motion is not chaotic in 
the classical sense but only undet certain corditions. For 
limited periods, the odd cycle (3,5,7 etc.) behaviour 
should appear with significant changes in the particle 
distributions, wave activity and "anomalous resistivity". 
The fact that the experiment can be modelled by a one 
dimensional difference equation which is virtually 
independent of the details of the experiment lends 
strength to this argument. 
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Following the general discussion in May (1976), some 
simple analytic expressions are derived which show the 
initial bifurcations and regions of attraction for the 
equation 

K 1 s c - K2-n+1 n 

For values of C < -1/4 and C > 2 it can easily be shown 
that after a couple of oscillations there is no fixed 
point X„ to which the solution will converge and X , o ° n+l 

If a single valued fixed point exists then 

X„ - = X„ = X^ 
n+1 n o 

i.e. 
X n = C - X 2 

o o 
which has solutions X Q = -(1/2) + (1/4 + C ) 1 / 2 . 

To determine which of these solutions is stable, 
perturb X„ with e : o o 

and 

now 

Therefore X„ • e„ - = C - (X„ + e ) 2 

o n+l o n 

*••• en+1 ' " 2 V n 

X n = X o * e n 
X n , 1 = x o • e n * 1 

"•.•1 s c - x n 2 

Require e n + 1 < e for stability, 

Therefore -1/2 < X < 1/2 
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These are plotted in figure 9 with the stable root being 
the parabola extending to the right from C = -1/1, 
X - -1/2. The unstable root extends to the left of this 
point and marks the left boundary of the basin of 
attraction. The right band boundary of the basin Is 
determined by the equation 

x o = h + (c + * ) * 

After the point C = 3/̂ t X s 1/2, there is no longer a 
single fixed point solution. The next attempt could 
therefore involve seeking for solutions where: 

Xn+2 = Xn 

Now 

V2 * C " < C ' X n 2 > 2 

=* C - C2 + 2CX 2 - X„ 4 

n n 
require 

Xn+2 = Xn * Xo 

yields 

X n
4 - 2CX 2 + X + C 2 - C = 0 o o o 

factoring: 

< x o 2 - x o - c + i > < * 0

2 + * 0 - C ) - ° 

hence 
X Q - J + ( C - 3/4)* , - J + (C + J) 
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A stability analysis shows that the original stable 
solution has become unstable and two new stable roots 

1/2 x = 1/2 + (C-3/4) have appeared. These are shown in 
figure 9 as the "pitchfork" bifurcation at „ = 3/4, 
X s 1/2. The two stable points diverge from this point 
until at C s 5/4 another pitchfork bifurcation occurs. 
Analytic work beyond this point becomes difficult and has 
been tackled by May (1976) and Feigenbaum (1979) amongst 
others. One other point of interest is that although X 
•>-°° for values of C > 2, if the initial value is within 
the basic of attraction, the successive iterates more 
through well defined areas before escaping the basin and 
rapidly moving to - «> . For example, an initial value 
somewhere within the areas IB will produce subsequent 
iterates in 3B, 2, to the right of the basin, to the left 
of the basin and thence to - » . Such time evolution has 
been studied in detail by Grebogi, Ott and Yorke, (1982). 
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Figure Captions 

Ei*U 
The experimental device WOMBAT. 

LU+2 

Value of E. below which no electron oscillations are seen b 
(Region B). In region A, both electron and ion 
oscillations are observed together. 

EU»3 
Variation of the dominant frequencies (o) as the beam 
current is increased. Dashed line represents perturbation 
of rigid rotator equilibrium; solid line the ion plasma 
frequency for the neutralized electron beam. Shaded region 
shows where the oscillations are essentially chaotic. 

Fig.4. 
Wave form in the chaotic region - note resemblance to a 
'noisy 2 cycle'. 

Fig.5 
Fourier transform of fig.4 (apodised with 400 points 
horizontally). 
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Wave form of the 3 cycle. 

EUJ 
Wave form of the 6 cycle following the 3 cycle. 

Same experimental conditions as Fig. 4 but 30 minutes 
later. Solid line is ion plasma frequency, broken line 
half the ion plasma frequency. 

Flg.q 
Behaviour of equation 1 after 200 iterations as C is 
increased. 

Expansion of the 3 cycle region showing the 3 tangent 
bifurcations suddenly appearing out of the chaotic region. 
The somewhat darker lines are called chaotic attractions 
and the 3 cycle seems to be attached tc them at C " 1.75. 

flg.11 
Analytically derivable properties of equation 1 showing 
the basin of attraction and the first two bifurcations. 

http://flg.11
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