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Abstract

We give the general method to calculate fermion numbers

induced on solitons in quantum field theory. Our method

preserves the symmetry of the Lagrangian. We also extend our

analysis to the case of finite temperatures, where we compare our

analysis with others.

1. Introduction

It has been investigated extensively that fermion numbers

residing on solitons take peculiar values. ' This phenomenon

comes from the infrared behavior of fermion systems. Such

property of soliton fermion systems can be easily modified at

finite temperature. In this context, the thermal expectation

value of fractional fermion number has been studied in the

previous letter. This paper will be devoted to a more detailed

presentation of the result of my study. Recently, there have

appeared several articles which deal with the same subject

as ours. Unfortunately, the methods and results of refs. 5) and

6) differ from ours. Another purpose of this paper is to clarify

the difference between theirs and ours.

Originally, it has been found in 1+1 dimensional relativis-

tic field theory that the Dirac equation on topological soliton

background possesses a zerc-energy bound state, which thereby

leads to -5- fermion number on soliton. Goldstone and Wilczek

(GW) have extended the above arguments by violating charge-

conjugation symmetry, where even irrational fermion numbers are

associated to solitons. Such a model can he regarded as a gener-

8 1alization of a model for a linearly conjugated diatomic
q \

polymer in condensed matter physics, where charge-conjugation

violating term correspondes to the difference between energy

levels of the two atomic constituents. In the GW model, we can

develop a systematic way to calculate the fermion numbers

perturbativeiy in the case of slowly varying background by the

expansion of number of derivatives. The virtue of our method is
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twofold. First, our method respects the symmetry of the

Lagrangian. In our exairple, the fermionic part of the Lagrangian

is chirally invariant. Thus, the induced fermionic current

should be invariant under the chiral transformation. Second, we

can easily extend our method to the case of finite temperatures.

The plan of our paper is as follows: In Sec. 2, we give a

detailed demonstration of our method for a simple 1+1 dimensional

chiral model proposed Goldstone and Wilczek. We also discuss the

differences between our result and the others', especially that

of Niemi and Semenoff.5) In Sec. 3, we extend our analysis in

the case of finite temperatures, where it is shown that the ther-

mal expectation values of fermion number on solitons reduce as

temperatures increase. Sec. 4 contains some concluding remarks.

Let us consider, in 1+1 dimensions, massless fermions which

have the following Yukawa interactions:

(x) )

(2.1)

We do not need to designate the detailed soliton profile, but

rather use only asymptotic properties. Note that (2.1) is

chirally invariant, i.e., invariant under

(2.2a)

2. Fractional Charges on bolitons

We consider the GW model where the background scalar fields

destroy charge-conjugation symmetry. Then positive and negative

energy solutions of the Dirac equation do not correspond to each

other, and the degeneracy of the ground states are resolved.

Scalar fields are assumed to change slowly and one of them builds

up soliton. Furthermore, these scalar fields are treated as

classical fields. This assumption is justified when the scalar

particles are very massive. The induced fermion current can be

evaluated in the lowest order by calculating the vacuum polariza-

tion graph which consists of a fermion loop. The technique to

calculate fermion current has been developed some years ago.

In this paper, we will use the method proposed in ref. 11).

10)

The above fact constrains the structure of a fermionic current

ijj-y 41. It is invariant under (2.2a). when the current is induced

by solitons, we can express it in terms of J, and i Thus the

induced current must be invariant under (2.2b).

The Feynman propagators on this bosonic backgrounds are

- m(x)

3£ '

p r )(x,y) = 5 2 ( x - y ) ,

- m(y) ) = 5 (x-y)

(2.3a)

(2.3b)

Note that even if we consider a charge-conjugation symmetric

system, a infinitely small charge-conjugation violating term is

necessary to define the analytic properties of the propagators.



Employing the above propagators (2.3) , we can trea: two points x

and y equivalently. The expec

no-particle state is given by

and y equivalently. The expectation value of j = tjjy ̂  in the

(x,x) l AD (x,x) (2.4) (2.8)

where the second term on the r.h.s. is the complex conjugate of

the first. This insures the hermiticity of j .

He can solve (2.3) perturbatively in the case of slowly

varying m(x), by the expansion of number of derivatives. We can

also regard s' (x,y) as a function of x and x-y, and we will

make Fourier transformation only for the x-y part:

.(r) (x,y) = -ip-(x-y),

Substituting (2.5) inco (2.3a), we obtain

(x,p)

Equivalently, we can write

1
p-n

a s(r)i
X F

This is the recursion formula for S (r)

using the iteration method. Starting from s'
F

obtain Sp by substituting S^ °

Finally we obtain

(2.5)

(2.6)

(2.7)

we can solve (2.7) by

'r' = — — , we

in the r.h.s. of (2.7).

The last expression in (2.8) is the formal solution of (2.6).

After a short calculation, we find in the lowest order of per-

turbation series

> (2TT)2 [p2-mm7]2

(2.9)

where ^ = . ^ + ^ , , u l = 1 for e w \ £ ̂  = i for £ a b, and ra
T =

^,-iYc^2) "̂S "̂̂ e a ^ 3 o ^ n t °^ m- Thus we have mm *= g ($^+$_) .

Note that (2.9) is chirally invariant, i.e., invariant under the

transformation 12.2b). Substituting (2.9) into (2.4), we obtain

the induced fermion current:

The charge is given by

(2.11)
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which takes any value depending on the asymptotic behavior of the

scalar fields. This analysis is very general if <t1 and $2 vary

slowly in space and time.

Let us consider a more specific case, namely <J>, is a

function of x1 only ($ = 4^ (x1) ) and the charge conjugation

violating part 4>_ is a constant for all space-time. We will

write 0 = E. In the diatomic polymer, £ is a measure of the

energy difference in the level structure of the two atoms. In

this case, main contribution of the integral in (2.9) comes from

the region where ». and p, close to zero. So we can replace the

propagator -r-̂ - by — — ? . This approximation which treats

pn and p. asymmetric can be justified when we consider the

thermal effects, which will be discussed in detail in the next

section, at finite temperatures p. is odd multiples of in/S (pQ

= (2n+l)i3/B) and never vanishes, while p, takes continuum values

including p1 = 0. Since (2.9) includes two fermion propagators,

we will write it in a more symmetric form by using the partial

integration:

Tr [ ^ f (2.12)

Next, we will replace one of the propagators -r̂ — by —:

Then the time-component of the induced current becomes

(2,o [P
2-g2e2]

(2.13)

Apparently, the r.h.s. of (2.13) is not invariant under (2.2b).

This is total derivative with respect to x , and we can evaluate

0 1 1

^Qpiby integrating <j (x )>_ over the whole space x . If the

theory imposes a boundary condition of t>, (x ) -*• ±\x as x -* t™,

we find<(QF)»to be

dp

(2TI)'

(2.14)

which is precisely the same form as that given by Niemi and

Semenoff in the case of zero temperature. We can perform the

integration in (2.14) to find

<V,f (2.15)

This gives the same result as that of (2.1J.I in the case of

±M, ->• e as x 1 However, (2.9) and (2.11) are derived from

a more general assumptions than (2.13) and (2.15).

3. Thermal Effect on Solitons

At finite temperatures, fermions which are bound on solitons

are excited and released from solitons. Thus the thermal expec-

tation values of fermion number of solitons reduce to zero as the

temperature increases. Field theoretically we can recognize as

follows. In a one-dimensional charge-conjugation symmetric

Hamiltonian, fractionized fermion charge ij occurs as a conse-

quence of a zero energy fermion bound state on solitons. When

the system is in a thermal state, the fermion energies take



discrete values in the imaginary time formalism. Because of

the antiperiodic boundary conditions, they never vanish at T ? 0.

Thus the zero-energy bound state of fermions disappears at finite

temperatures. Similar effects are also expected in the GW model.

The effect of finite temperature is obtained by the modi-

fication of the Feynman rules so that a summation is performed

over a discrete set of energies and integrations are carried out

only for the space components:

j2

13)

(3.1)

where 5 is an infinitely small positive number, and is introduced

to specify the contour integral. The last term in (3.3) gives

the contribution at zero temperature.

To obtain the thermal expectation value of the induced

current <j > in the GW model, we have only to replace the
U 0

integral in (2.9) by (3.1). By using (3.3), we find

8 2n 11 - FIB/mmT)] ,

where

(3.4)

where F(B/mm ) = (mm1) dp [1 + (3.5)

w = (2n+l)iTr/|3 for fermions (3.2a) and

u = 2niTi/S for bosons (3.2b)

To evaluate the r.h.s. of (3.1), it is convenient to convert the

frequency sum into a contour integral. For fermions we have

»-6 f(p

The temperature dependence is specified by F{a) which is a func-

tion of a = 3 /mm , and decreases monotonically with increasing

a. We can evaluate F(aj in two extreme cases of F(0) = 1 (T=°o) ,

F (QO ) = 0 {T=0) . The calculability in these two points is a

general feature of (3.3), and the results are independent of the

choice of the function f(p-). Our approximation is valid only

when the thermal effects on soliton background can be neglected.

The following feature deserves comment. When <p = const.

= e and 4> (x ) •+ ±p as x1-*- t00, < approaches 2ero as 8

goes to zero. This can be recognized from (3.4). To see how



<Q >o approaches zero, we can approximate (3.5) to
F p

in the case of small E. Then the charge is given by

(3.6)

(3,7)

In the limit of £ = 0 the Hamiltonian restores charge-conjugation

symmetry. This means that fermin number ±-~ states are dcubly

degenerate and both states have the sane probability in the

thermal distribution. Thus the average fermion number is zero.

When we consider the case stated above, we can start from

(2.14). Following the rule (3.1), we will replace the energy

integral by the discrete sum. Then we obtain

dp
Ii1 1 .
^ _ f..*_i_ — ' _ ^ 1 r . ^ i ' rt ( u + ) 1

(3.8)
n [uT+g E ] [u£

This equation has been derived by the use of a trace identity and

has been analized in detail in ref. 5). so we do not repeat the

analysis of (3.8) anymore.

4. Conclusion

We have presented the general method to calculate fermion

numbers residing on solitons in quantum field theory. Jt should

be noticed that our method respects the symmetry of the

Lagrangian. As an illustrative example, we have calculated the

induced current chiral invariantly in the 1+1 dimensional model

proposed by Goldstone and Wilczek. We have also shown that we

can extend our analysis to the case of finite temperature. Our

investigation has shown that the result of Niemi and Semenoff

(and that of Soni and Baskaran) can be reproduced by approximat-

ing our result in a chirally noninvariant way.

It is easy to extend our method to the case of higher

dimensions. For example, we can calculate the induced current on

non-Abelian monopoles and discuss their behavior at finite

temperatures. In this case, it is also necessary to introduce

the charge-conjugation violating term in a Lagrangian. The

thermal effects on the monopole have been reported briefly in the

previous paper. These may become important when we consider

the early epoch of the universe. To clarify the role of

monopoles in the early universe, further investigations must be

made on this subject.
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