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Abstract 

We review some numerical methods used in the field of multifluid flows, radiation 
hydrodynamics, detonation and instability of related flows. 

Introduction 

In the fields of inertial confinement fusion, astrophysics, detonation, or other high 
energy phenomena, one has to deal with multifluid flows involving high temperatures, 
high speeds and strong shocks initiated e.g. by chemical reactions or even by thermo
nuclear reactions. 

The complexity of such flows is a real challenge for computer simulation. 
In the present paper, we review some of the methods we use in the field of computer 
simulation of multifluid flows, radiation hydrodynamics and detonation. 

The outline of this paper is as follows. 

Section 1 is devoted to the simulation of multifluid flows : we first review Lagran-
gian methods which have been successfully applied in the past. Then we describe our 
experience with newer adaptive mesh methods, originally designed to Increase the 
accuracy of Lagrangian methods. 

Finally, we recall some facts about Eulerian methods, with emphasis on the EAD scheme 
[1J which has been recently extended to the elasto-plastic case £2J. 

In section 2 we turn to high temperature flows described by the equations of radia
tion hydrodynamics. We show how one can preserve conservation of energy while solving 
the radiative transfer equation via the Monte Carlo method. 

In section 3 devoted to detonation, we review some models introduced to describe the 
Initiation of detonation in heterogeneous explosives. 

Finally, in section 4, we say a few words about instability of these flows. 
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1 . MULTIFLUID FLOWS 

a. Lagrangian methods 

The most standard way of solving the system of conservation laws of mass, 
momentum, energy, completed with an equation of state, in the case of multifluid 
flows is to use Lagrangian methods. 

The main feature of these methods is that the mesh follows material, so that the 
interface between two materials is fixed with respect to the mesh. 

The procedure to update the mesh is straight forward when the degrees of freedom 
for the velocity field are chosen at the vertices of the cells, assumed to be 
quadrilaterals in 2-D. The solution of the momentum equation at time t gives the 
new velocity field from the old one, so that the coordinates of the vertices are 
updated according to formula 

( 1 ) « ° ^ - x " - - n + i n 

From the variation of volume of each cell, one is able to compute the new 
densities p n from the old ones. Note that the density p is naturally cell 
centered. So are the other thermodynamical quantities p (pressure) and £ 
(internal energy), which are obtained by solving simultaneously, (and in an 
implicit way) the energy equation and the equation of state. 

The source of one of the main disadvantages of Lagrangian methods is the need for 
an artificial viscosity. Velocities and internal energies are not centered at the 
same place in the mesh. Thus; we solve the internal energy equation which however 
is not in conservative form. 

An artificial viscosity is then needed to take into account the entropy jump 
accross a shock [43. 

Another disadvantage of Lagrangian methods is of course the limitation due to 
distorsion of the mesh. In case of large shear strains, the method may actually 
fail because of twisted cells. 

However Lagrangian methods have been widely used in the past, and have still a 
bright future for complex flows, when many pieces of information about the 
material have to be carried with the flow. In a Lagrangian method those pieces of 
information will always be attached to a given cell. Another advantage, we would 
like to point out, is that Lagrangian methods have a good resolution in regions 
of high compression. 

b. Adaptive mesh methods 

The purpose of adaptive mesh methods i s to Increase the accuracy of Lagrangian 
methods by using a mesh which has better approximation properties than the 
Lagrangian mesh. 

Such a mesh should be suff iciently regular, since distorted meshes lead to a loss 
of accuracy, and also refined in the zones of strong gradient of the flow. 

When a shock propagates in the material this might give a mesh which is much 
finer than the Lagrangian mesh in the neighborhood of the shock. The method can 
roughly be divided into 3 steps 

(I) Lagrangian phase 
(II) construction of an appropriate mesh 
(ill) remapping phase. 



The Lagrangian phase is the same as the one described above. It starts from the 
physical quantities v n _ 1 ' , p n , p n, £.n defined on an "old^ mesh whose coordinates 
are called x n, and leads to some new physical quantities v n " 1 / 2 , S nV p nV t m ' 
defined on a Lagrangian mesh such that 

x^ 1 - xn +At I**1'2 

like in formula (1). 

Step ii) consists then of constructing an appropriate mesh, which is sufficiently 
regular but refined in some zones (e.g. the zones wtiere the pressure gradient is 
large). The coordinates of the vertices of the adaptive mesh are denoted by 

X T H " 1 . Finally step (iii) starts from the physical quantities 'v t l' r l / 2, £ n;' p nVfc n*' 
defined on the Lagrangian mesh (x 1^ ) and leads to the corresponding quantities 
v n + I / 2 , on\' pn;' £nr'on the adaptive mesh (x 1** 1)-

Note that if we choose x 1^ 1 « x for all n, then we obtain an Eulerian method. 

Many methods have been proposed for step ii) in the proceedings of this 
conference. We also refer the reader to Brackbill-Salzmann £5 J who proposed a 
method based on non linear optimization. 

Let F denote the mapping from a fixed mesh to the current mesh, they minimize 
some functional 

1 * I R + ^ 0 I 0 + X W XM 

where 1 R is a regularity term : 

"A 
R - H jgrad^l 2 + |grad *j\ 2 ) dx dy 

where <£} i s the physical domain, x,y the coordinates of F, and f ,«j the 
coordinates on the fixed mesh ; / 

I 0 » f (gradl, .gradO 2 dx dy 

i s an orthogonality term, and 

I w - f W(x, y) J dx dy 

is an adaptation term, with J denoting the Jacobian of F. 

Finally AQ and Xu are given positive constants. Since I is to be minimized, 
product WJ should never be too large. If W is large in some zone, then J should 
be small, which means a refinement of Che mesh In the zone. 

Practically, the weight function W may be chosen equal to J grad p| la or to 
(grad^l /a. 

The remapping phase (step (iii) above) should not be underestimated. Combine 
conservative form and accuracy in indeed a difficult tajtâ}. As an example, let us 

consider the remapping of density P which is assumed piecevise constant on the 

Lagrangian mesh (x1** ). To get a piecewlse constant 0 on the new mesh x , a 

natural idea î  to choose for »"^ on a given cell the average of p™^1, on this 
cell. \ * 



This process is obviously conservative, however it happens to be too much 
diffusive. 

This is also true for the other physical quantities to be remapped. In 
particular, internal energy and momentum are conserved, but kinetic energy is 
eventually underestimated, leading to dissipation of energy. 

To increase the accuracy of the remapping phase, Dukowicz {j>~\ suggests a method 
which appears as an extension in 2-D of Van Leer's method (.7]. Other methods have 
been proposed by Zalesak Q8"] and Bailey £9} in 2-D and uy Boris-Book £.10"] and 
Woodward-Collela Û.Ï] in 1-D. 

The idea of these methods lies in the fact that, for instance, ç>n L being cell 
centered, it is possible to construct, from its values at the cell centers, a 
better approximation to the exact solution than the piecewise constant function 
used above. Van Leer and Dukowicz, as an example, use discontinuous piecewise 
linear functions. On the other hand, Woodward and Collela use continuous 
piecewise parabolic functions. The accuracy of such methods is second order with 
respect to the cell size Ax ; however to avoid the well known oscillations of 2nd 
order scheme, one has to be careful and accept to be only 1st order in some zones 
(seef7] ;ClO] ;ril]). 

We compare in Figure 1, the effect on a square density profile of 200 successive 
remappings with a courant number of .4, which means t..at the square density 
profile is shifted .4Ax further at each cycle. 

In figure 2, we compare a Lagrangian method, to three adaptive mesh methods, on a 
shock tube problem defined by Sod £l2j. 

We show the internal energy profiles at a given time to the exact solution. The 
first adaptive mesh is actually Eulerian, since the mesh is fixed. The second one 
corresponds to W • (grad p/p) andA w * 320. The third one corresponds to 
W -(grade / ») and A w • 185. Note the good results obtained in the latter 
cases. 

c. Eulerian methods 

As we have said above, Lagrangian methods have difficulties to handle great 
deformations. The study of phenomena such as impacts blasts or jets cannot be 
performed with Lagrangian methods. Adaptive mesh methods are potentially the best 
to solve such problems. However tracking material interfaces on an arbitrary mesh 
is a difficult problem which we have not yet properly solved. This is why we have 
developed 2-D Eulerian multifluid methods. 

Generally these schemes are first order accurate in space and time, then shocks 
are spread over three or four computational cells. 

We have developped the E.A.D. (Eulerian with Anti Diffusion) algorithm £lj which 
computes 2D multifluid flows with second order accuracy in time and space. 
Hydrodynamic or Elasto-plastic material behavior can be handled. This algorihm is 
able to compute flows involving, strong shocks, rarefaction waves, detonations, 
free surfaces, material interfaces, great deformations. 

The main features of the BAD scheme are : 

- The introduction of the "Flux Corrected Transport" technique Q ° 3 f o r c e l 1 * 
which are filled by several material. 

- The "flctitions fluid" method to compute free surfaces, even for great 
deformations 13 . 



- The numerical procedure for elasto-plastic materials. 

Main features of the discretisation 

- We consider an orthogonal mesh, in 2-D plane or cylindrical geometry. 

• Each eulerian cell can be filled by one or several materials. Its composition 
is defined by volume V̂  , density P , velocity \T » (u , v ), total energy E v, 
for each material inside the cell at time t Q. 

- The material interface tracking are computed with the SLIC method TlAJ. 

- The discretisation in time uses an alternating direction procedure, which 
leads to a decomposition in two half cycles, the first one in the x-direction, 
and the second one, in the y-direction. 

- Each half-cycle is decomposed into two steps : we shall consider the first 
half-cycle in the x-direction only. 

The first step in a lagragian one 

We compute velocity u ' , pressure p ' at time t«+ •n̂ " • 

The second step is decomposed into four stages : 

. stage 1-we project all values on an Intermediate mesh defined so that it 
divides each cell of the initial mesh into two equal volumes. 

. stage 2-Lagrangian phase : we solve the conservative equations using the 
intermediate mesh, which is moving with velocity u*' defined in the 
first step. 

Stresses in the momentum and in the total energy equations, are taken 
'nto account, by solving the equations : 

^ P U 2 - 0 - + ^ c- o 
T> t " ^ x xx T y xy ~ Y %x 

<#f '9x <Scxu> +T? ^xy") " f u «x 

where c is the stress tensor and g is the gravitational acceleration. 

Stress tensor o~ is to be uptaded in the following way. Let 

c s R[V(t) + A t (2jcD + A(div v)S )J R" 1 

where R • & +C2 At denotes the rotation tensor ; Q(resp.D) denote* the 
skew symmetric (resp. symmetric) part of tensor v̂*, and finally >, ^ 
denote some elasticity coefficients. 

The deviatoric part s •«'-1/3 tr(c)è of s is then computed. 

In the elastic case tr(s 2) < ^ Y2) then c(t+ût) • £ . 

In the plastic case, on the other hand, we let 

<s (t+At) - -p£+ s 

where 
choseti 

p is computed from the equation of state and s - S s where £ is 
i such that tr(s z)- 2/3 Y£. 



. st.-.ge 3-We project all the physical quantities over the initial Eulerian 
mesh. 

. stage 4-To obtain a second order accuracy, we add an antidiffusion term, like 
in the F.C.T. method. 

Numerical results 

To illustrate the current capabilities of the code three calculations are 
presented : 

1. The same shock tube problem as before to see the accuracy of the method in 
the hydrodynamic case. 

2. A shock propagation in a piece of aluminium to show the accuracy in the 
elasto-plasti^ case, extracted from £.21. 

3. An impact problem to show the capability of the method for great 
deformations, also extracted from £2j. 

2. RADIATION HYDRODYNAMICS 

In most high temperature flows one gets high though non relativistic, speeds : 
v/c, where c denotes the speed of light, is typically smaller than 1Z. 

However some relativistic terms in the radiation hydrodynam'.c equations have to be 
kept, as we shall see, in order to conserve energy. 

Assuming the specific radiative intensity I to be given in the comoving frame 
(rather than in the laboratory frame), the equations of radiation hydrodynamics 
can be written in 1-D (see Buchler p.ffj). 

3' <2> ft+ÇÎÎ-0 

<5> ? § t ( f ) + c r l r ^ a I ) " w ( y g l) + ( g + CJ*Z " c S ' 
o "r 

where *r*^ p R - ^ j 0

d y j : i > 2 1 ^ 

8 r 77 ' 
finally, \ denotes the opacity of the material, and S the emission. 

Note that in (5), g is of order v/c compared to cjt. 

However, we suspect that gl might be of the some order of magnitude as c(S-j^I) ; 
in any case we shall prove that neglecting g would lead to improper energy 
balance. 

In fact, let 
• 00 

h-pft"\:\**r-



By integration with respect to >s y (5) gives the following radiation energy 
balance : 

«*> Ç K f ) +<3^ + "^ * 2 jo "v J-Î <S •J<1> ^ 
On the other hand, a combination of (3) and (4) gives the material energy balance, 
where E ï p ( £ + v 2/2) : 

<7> r ^ ( f ) + ^ ( p v ) + v^rf • 2 r L d v I * i ( ^ " s ) d^ • 
Final ly (6) and (7) give 

n / E+ER \ 3 F R Q ^ 

f fe ("p) + ^ + ^ (P V ) + T ? <PR v> - ° 
which shows conservation of energy. 

'a 
Had we neglected g in (5), the Pg/yj term, work of the radiative pressure P R, 
would miss in (6), and we would not get conservation of energy. 

As far as numerical simulation is concerned this remark is very important. In 
fact, in the transfer equation g takes into account the frequency shift due to 
Doppler's effect. 

When the Monte Carlo method is used for solving the transfer equation (5) (see 
£l6], the weight m(t) of the Monte Carlo photons should satisfy 

(8)|f + (g + cj) m - 0 

along the characteristics, in order to include Doppler's effect. On the other 
hand, the energy loss of a photon in a given cell should be divided into two 
parts : the energy really absorbed by material and the work of the radiative 
pressure. 

A new Monte Carlo method including these modifications has been programmed (see 
£l7]). In some extreme cases it appears to conserve energy much better than the 
standard Monte Carlo method (with g • 0), see figure 6. 

3, DETONATION 

Besides autonomous detonation, the modélisation of which has been made by Chapman 
and Jouguet (see 0.$])» one would like to study phenomena like transition from 
shock to detonation, or extinction of detonation due e.g. to boundary effects. 

Then, one cannot ignore what happens in the reaction zone which depends on the 
intimate structure of the explosive material. This is particularly tru£ in the 
heterogeneous case. In fact, people have shown in this case, that a strong shock 
may first activate some "hot spots" which are responsible for the initiation of 
the reaction In the material. 

To study such phenomena, we have at our disposal three different models 

a. Wllklns* model (196%) 
b. The "Forest Fire" model [193 
c. The "Krakatoa" model [20] 



We first recall some facts about Von Neumann's theory (see e.%. [22 ). Let us 
define the reaction rate m to be zero for the solid phase and m-1 for the 
detonation products In the (p, V) plane (where V =• i/o), we have a Hugonlot curve 
for m»0, and another one for m-1 (see Fig. 7). Starting from the Initial point 
(p 0, V Q ) , the thermodynaoical state (p, V) of the explosive In a detonation 
running at velocity D, will be located on a straight line, called Rayleigh line, 
the slope of which is proportional to D. If the chemical reactions are not 
instantaneous, pressure p should jump from PQ to some value p A such that ( P A > V A ^ 
be on the Hugoniot (m-0), and then, as the chemicai. reactions r.ake place, decrease 
to some value p B such that (p*,, Vg) be on the Hugoniot (m»l) but on the sane 
Rayleigh line. 

We recall that in the particular case where the Rayleigh line is tangent to the 
Hugoniot (m«l), we have a CJ detonation. 

a. Wilkins' method 

Let p • g(V,£) denote the equation of state of detonation products, a 
coefficient f € [0,\\ is defined such that f - ( vo~ v)/( vO~ vCJ> i f V - ^ V C J a n d 

f"l otherwise. Then, in the standard Lagrangian equations, one uses p»f.g(V,£) 
as an equation of state instead of p"g(V,t). 

This method is very simple, since one needs an equation of state only for m-1. 
However it is valid only for CJ detonations. Also the transient phase is not 
correct and pressure p cannot be greater than p~, unlike what is predicted by 
Von Neumann's theory. 

b. "Forest Fire" model 

The "Forest Fire" model is a Z.N.D. model (Zeldovitch - Von Neumann - Doering, 
see £213 )> i.e. a model which adds to the usual mass, momentum and energy 
equations, an equation for the reaction rate of the following type 

(9) If "ft"» P> 
Function V i s determined from experimental data on build-up distances in a 
corner of explosive initiated by shocks of variable strength. 

Also i t requires knowledge of an equation of state for solid phase, and some 
thermodynamical assumptions in the reaction zone 0 < m < 1, where both 
equations of state have to be mixed. 

We refer the reader to [223 for an example of computation with this method 
implemented in a 2-D Eulerian code. 

c. Krakatoa model 

It is also a 2ND model, but where function Lf involved in the reaction rate 
equation (9) is shown from theoretical considerations to have the following 
form : 

f(m,p) - A exp (f-) p V(l-m)[Log(l-a)] 2 / 3 

where I is the strengh of the shock, and A, IQ,<* denote some parameters to be 
determined from experimental data. 

The same kind of thermodynamical assumptions is needed as in the previous 
model. We refer the reader to £201 for some numerical results in 1-D, which 
show a correct behaviour of the pressure profile. 



4. INSTABILITY OF HIGH SPEED FLOWS 

There are many kinds of unstable behaviour in high speed flow,particularly of 
convective type. Furthermore, in multifluid flows, Rayleigh Taylor instabilities, 
which occur when the acceleration is directed from the lighter material to the 
heavier, is of fundamental importance. 

The analysis of such instabilities can be divided as follows 

(a) linear phase 
(b) non linear phase 
(c) turbulent phase. 

The linear phase has been the subject of many publications. In the particular case 
of an implosion of a Laser target, some quantitative result have been obtained 
recently (see £233)• 

The non linear phase is usually approached through spectral methods &**], and we 
only refer to some work in progress at Limeil about the Rayleigh-Bênard 
instability. 

Finally, the turbulent phase requires the derivation of some specific closure 
models, like the one recently proposed by Gauthier C3J. This model involves an 
equation for the turbulent kinetic energy, usually denoted by K. It has been 
applied successfully to compute the diffusion of a turbulent mixing layer observed 
at the air-helium interface of a shock tube experiment £.25]. 
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Fig.2. Sod's shock tube problem. Internal energy profile. 

(a) Lagrangian method . (b) W*0 ( Eulerian method) 

(c) W=(,grad p /p ) 2 , V 3 2 0 - ( d ) W»( grad p/p ) , Aw=135, 
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