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Stellingen, behorende bij het proefschrift van C.W.A.M, van Overveld.

1) Het is mogelijk om uit gemeten differentiële werkzame doorsneden

en analyserende vermogens van inelastische proton verstrooiing

Informatie te verkrijgen over het inwendige gedeelte van de nucleaire

overgangsdichtheid, zelfs al bij energieën rond 20 MeV.

(Dit proefschrift, hoofdstuk I, III en IV)

2) Het is niet mogelijk om een nucleaire overgangs operator te

associëren met een vormfactor zonder daarbij rekening te houden met de

ruimtelijke structuur van de kerntoestanden waartussen deze operator

werkt.

(Dit proefschrift, hoofdstuk III en IV)

3) In de klassieke limiet (h nadert naar nul) is het terecht om bij

Inelastische verstrooiing van een deeltjesbaan met impulsmoment i. naar

een deeltjesbaan met impulsmoment l' uitsluitend de bijdragen met

l '=4±A mee te nemen waarbij X het overgedragen impulsmoment is.

(Dit proefschrift, hoofdstuk VI)

4) In de lokale energie benadering voor exchange wordt aangenomen dat

de V en V operatoren in de uitdrukking voor qz verdwijnen1). De
<x p

argumentatie hiervoor dat de gemiddelde impuls van de gebonden

toestanden gelijk is aan 0 is ontoereikend.

* )Van Hall, proceedings of the international conference on

nuclear physics, Miinchen 1973, pag. 417.



5) Voor het beproeven van kernmodellen zijn inelastlsche

deeltjesverstroollngs experimenten aan te bevelen boven (n,Y)

reacties.

6) De argumentatie van Wu en Ohmura voor het feit dat bij het bestaan

van m discrete energie eigenwaarden In een potentiaal met korte

dracht, deze potentiaal slechts tot op een willekeurige lineaire

combinatie van m lineair onafhankelijke basisfuncties na bepaald kan

«orden, is onjuist.

(Wu and Ohmura, Quantuia Theory of Scattering, Prentice Hall,

United Kingdom, £962, pag. 106)

7) De naam 'single shell matrix element' uit het boek van Brussaard

en Glaudemans kan beter zijn: 'single orbit matrix element'.

(Brussaard and Glaudemans, Shell Model Applications in Nuclear

Spectroscopy, North Holland Publishing Company, Amsterdam,

1977)

8) De interpretatie van de waargenomen roodverschuiving in het licht

van verafgelegen sterren in termen van een uitdijend heelal

veronderstelt de afwezigheid van niet-lineaire termen In de

vergelijkingen van Maxwell. Deze afwezigheid Is niet experimenteel

aangetoond.

9) De wijze, waarop de theoretische problemen t.a.v. de

oorlogsneurosen uit de eerste wereldoorlog in de doofpot zijn gestopt

werpt vanuit wetenschapsmethodologisch standpunt een twijfelachtig

licht op de totstandkoming van de dieptepsychologie in het begin van

de twintigste eeuw.

(J.H. van de Berg, Dieptepsychologie, 6e druk, Callenbaeh,

Nijkerk, pag. 216-217)



10) Uit het feit dat volgens de rekenkundige axioma's geldt dat

100.000.000 + 100.000.000 - 200.000.000 volgt, rekening houdende met

de resultaten vaa de relativiteitstheorie, niet dat 100.000.000tn/s +

100.000.000m/s - 200.000.0C0m/s. Daarom is het niet a priori mogelijk

om te zeggen hoeveel 100.000.000 schapen + 100.000.000 schapen is.

I

11) In discussies over de toepasbaarheid van "personal" computers

versus mainframes (grote computers) in technisch-wetenschappelijke

problemen verdient het aanbeveling het spreekwoord "wie het kleine

niet eert is het grote niet weerd" in acht te nemen.
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Summary

The purpose of doing scattering experiments is to increase our

knowledge and understanding of nuclear structure and reaction

mechanisms. The aim of the current vork in this context is to

present a method by means of which we can analyse the results

from an experiment in a very direct way to establish certain

properties of the nuclear reaction under study. We focus our

attention ->n the so-called transition density for this

reaction.

The necessity of such a method is explained in chapter I,

together with the reaction theory involved. This chapter ends

with an investigation of the sensitivity of certain reactions

for certain features of the transition densities.

Chapter II is devoted to the extension of a computer code

for the scattering calculations in order to include the spin

orbit coupling. This chapter can be omitted in a first global

reading.

The method as preluded to in chapter I is presented in

chapter III. Detailed attention Is paid to its mathematical and

numerical properties.

In chapter IV the method is applied to some simple one-

step reactions. The resulting transition densities are

interpreted In terms of the shell model theory of nuclear

structure.

For a number of more complicated reactions, the procedure

and the results are given in chapter V. The validity of the

method for these reactions is checked by means of a pseudo-data

method.

Chapter VI deals with an entirely different approach to

the extraction of transition densities from experimental

data. Here the possibilitieE if the classical scattering theory

as a method to solve the problem are studied.
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Chapter I.

1-1 Introduction

In order to explain the role of the current work as a part

of a general research program, we start with a snail survey of

the conventional way in which the theoretical analysis of

scattering experiments is performed. We will put emphasis on the

underlying assumptions. As an example one could think of low-

energy scattering of protons from an even-even nucleus where the

nucleus is left in its ground state (elastic scattering) or in

one of its excited states (inelastic scattering). The data that

are obtained comprise the differential cross section. If one

uses polarized protons, as e.g. in the case of the Eindhoven

Nuclear Physics Research Group, also the analysing power can be

measured (MEL78, WAS82). The theoretical analysis of such

experimental data takes place in several, more or less

independent steps.

a) Optical Model Analysis.

Of all possible reaction processes, the elastic scattering

is thought to be understood best. It is described as

predominantly potential scattering from a complex potential, the

optical model potential (abbreviated as OMP). The geometrical

nuclear properties, such as nuclear radius, surface thickness

etc., enter the model in the form of a set of potential

parameters. One can hope to obtain the values for these

parameters from a first-principles theory. In the common

practice of nuclear reaction analysis, however, they are

obtained from a X2"fit to the data.

Now it is important to realize that this procedure is

based on numerous assumptions. We mention a few:

-6-



I) The exchange effect, essentially non-local, that

originates from the lndistlnguishability of the projectile

particles and the target nucleus particles, Is approximated by

a purely local potential.

II) The chosen parametrizatlon of the OMF allows only a

limited variety of OMP's; certain subtle structure differences

between nuclei are sure to remain undetected In such an

optical model analysis.

III) Apart from potential scattering, there are other

processes that contribute to the elastic cross section. Some

of them are compound elastic scattering and other multlstep

processes. It is known that In many cases both the shape and

the size of the elastic differential cross section Is affected

by contributions from the latter (PET83).

A few words should also be said on the Imaginary part of

the OMP. Even though recently complex nucleon-nucleon forces are

used In the aforementioned first-principles calculations, It

will still remain Impossible to interpret the Imaginary part of

the OMP In terms of nuclear properties only as it arises

predominantly from neglected reaction channels. Therefore the

parameters of the Imaginary part have an entirely different

status than those of the real part. Nevertheless they are

sometimes fitted together with the latter, and even correlations

between the two kinds of parameters are known to occur.

Usually one does not account for the processes 1), ii) and

111) explicitly, so they will obscure the interpretation of the

resulting OMP parameters. Therefore it should be considered to

put in as much physics as possible before starting the fitting

procedure.
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The above considerations do not apply to the fitting of

OMP parameters only; soon we will encounter other fitting

problems where the interpretation of the results also needs a

thorough reflection on which physical processes have been

included and which have not.

b) Computation of inelastic scattering cross sections.

The second step in the analysis usually involves performing

calculations of inelastic cross sections and analysing powers.

The Ingredients that are involved are the following:

I) For each channel that comes in, an OMP has to be provided

for. It is usually assumed that the OMP's are the same for

all channels, although in some cases of highly excited states

it can appear to be necessary to correct the OMP for the

energy difference with the ground state following e.g. the

prescriptions of Becchetti and Greenlees (BEC69).

II) A reaction model: ons has to decide which excited states

and which couplings between them are to be dealt with

explicitly. Couplings always are allowed to act in both

directions, but in many cases one of the two directions may be

omitted. This happens in the so-called Distorted Wave Born

Approximation, or DWBA. In fact, the latter case will be our

main item of interest in the following chapters.

ill) A transition density has to be provided for. This is a

function of the spatial position of the reacting projectile

which specifies the nuclear excitation probability. It follows

from a model governing nuclear dynamics and projectile

kinematics, as well as the interplay between these. The two

following models are used most frequently:
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-The microscopic model (GER71).

Here the nucleus is described as an Inert core to which

valence nucleons are coupled. The energy and angular momentum

that are transferred to the nucleus during the transition, are

used to rearrange these valence particles. In most cases there

are several of these microscopic transitions that contribute

to the total trausition density. Special care has to be taken

for processes in which the projectile takes the place of one

,i the target nucleons whereas one of the latter is emitted

as an ejectlle the so called exchange mechanism. In this case

the transition density cannot be written anymore as a function

of the projectile coordinates only (fig. I.I).

ejectileJ

projectile x . . ...
x ' projectile

Fig. I.I. Schematic diagram of a one-particle excitation. Left:

direct excitation. Here the erectile is the same particle

as the projectile. A valence particle is excited from

orbit j to Q'. Right: exchange process. The projectile

takes the place of a valence particle in orbit Q' whereas

the original valence particle from orbit j leaves the

nucleus as the ejeatile.
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-The collective model (TAM65).

Now, the micleons are not distinguished individually, since

the nucleus is described as a deformed liquid drop. In this

case the nuclear transition density depends on the projectile

coordinates only. It is obtained by deforming the OMP. The

transition density is then, to first order, the derivative of

the optical potential.

The radial part of the transition density is sometimes

called the form factor. It can be viewed so as to depict the

(unnormalized) excitation probability density as a function of

the distance between the projectile and the centre of mass of

the nucleus. This functional dependence of the form factor is

given by the microscopic model in its simplest form as the

overlap between the wave functions of the excited nucleon in

its initial and final state. The normalization factor that

multiplies the form factor in order to get the correct total

transition strength is called effective charge.

In the collective model the form factor is obtained by

deforming the OMP. Here the normalization factor is the

deformation parameter.

Both the effective charge and the deformation parameter

have to be determined by means of a fitting procedure. This is

easily done In the case of a DWBA calculation where the cross

section can be proven to be proportional to the square of this

normalization factor.

In the case of a more complex reaction scheme, several

excitation strengths are involved. Their ratios can be

obtained either from direct fitting to the experiment or from

nuclear structure calculations. A group theoretical model for

collective excitations, the Interacting Boson Model (IBM) of

Arima and Iachello (ARI76-78), has become available to compute

relative excitation strengths. These calculations also predict

the way in which the excitation strengths vary from nucleus to

nucleus within a certain (A,Z) region. The IBM in itself,

however, is not a reaction theory, because it gives no

prescriptions for the spatial dependence of the transition

-10-
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Fig. 1.2. Comparison between the theovetieal descriptions of expe-

rimental cross sections and analysing powers for the

0* 2* and 2* states of Zn.



densities. Under the assumption that the transition density

prescriptions of the collective model are applicable, Van Hall

and Demarteau (HAL82) formulated a correspondence scheme

between IBM transition strengths and normalization constants

for form factors. Once the excitation strengths have been

fixed, there are no more adjustable parameters left.

If we compare the optical model analysis for elastic

scattering with the DWBA analysis for inelastic scattering, we

see that they differ substantially In approach. Whereas the OMP

has a great variety of adjustable parameters, making it up to a

certain extent an empirical quantity, the DWBA results are less

empirical. This reflects Itself among other things in the

difference In accuracy in which the experimental cross sections

for elastic and inelastic scattering can be described. As an

example, we present In figure 1.2 the elastic cross section of

6"*Zn(if,p) and two Inelastic cross sections, for the 2+ and the

2* states, respectively.

At this point, an empirical approach to Inelastic

scattering appears to be an interesting possibility. This will

be the main topic of our study.

c) The Interpretation of the results.

The last step of the reaction analysis consists of the

comparison of the theoretical observables with the experimental

values. This comparison Is based on necessarily subjective

arguments. Once a reaction theory has been formulated, it Is

impossible to predict a priori its attainable degree of

agreement to the experimental data. A certain consensus can

evolve In the course of time about what can be expected from

such a theoretical analysis. In the next phase, once a greater

experience has been obtained, a certain experimental result can

be said to be exceptional in that it is significantly worse

described by the theory than on the average. A close study of

the properties of such an 'exceptional case' can. In an
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even later stage, lead to amendments to the theory which starts

the entire cycle again» It Is Important to note, however, that

currently there Is no direct back-coupling from the quality of

agreement between theory and experiment to the assumptions

within the model. More specifically this means that:

1) In case the theoretical curves happen to pass through the

error bars of the experimental data, no further steps are

taken.

li) In case the theoretical curves deviate from one or more of

the experimental points In such a way that the error bars

connected to these points lie entirely outside the curve, a

decision Is made whether this Is still acceptable. If the

deviation is judged to be inacceptable, sometimes an ad hoc

alteration in the model assumptions Is made and new

theoretical curves are generated.

From a methodological point of view, objections can be

raised to this procedure.

ad 1) It Is insufficiently known how severely we have

tested the model assumptions, especially concerning the nuclear

structure. In the best cases an error bar Is assigned to the

value of the transition strength, but even then we have no firm

idea about e.g. the uniqueness of the applied form factor.

Maybe form factors exist that differ in shape completely from

the liquid drop model form factors, but yield theoretical curves

that cannot be distinguished within the current experimental

accuracy from each other. A famous example of this phenomenon

can be found in low-energy a-scattering where several distinct

groups of OMP's are known to exist, yielding almost exactly the

same cross section (IG058).
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ad ii) Here two objections must be mentioned.

First of all, It is undesirable to have only ad-hoc

methods at one's disposal to improve the quality of the fit of

the theoretical curves to the data.

Furthermore, the decision concerning the acceptability of

the deviation is very arbitrary. This is again because we have

as good as ao idea of the sensitivity of the cross sections to

the details of the form factors or to other Ingredients of the

calculations. It could be that e.g. a small variation in a

certain part of a form factor will yield very large changes in

the calculated observables. Therefore the resulting observables

can only be calculated up to a certain accuracy-band which might

be broader than the experimental accuracy band. Moreover, in

these circumstances effects of rounding off errors might show

themselves in differences between the numerical results of

various algorithms or computer codes.

The main goal of the current work now can be summarized as

follows:

1) To present a more systematic study on the sensitivity of the

observables to the model ingredients of reaction calculations,

especially to the form factor.

2) To derive from this study an algorithm for improving the

quality of the fits of the theoretical curves to the data in a

model-Independent way. (Later on we will discuss more

thoroughly in how far our approach is really model-independent.)

This is in order to provide an answer to the second objection

under li) .

3) As we hope to get more detailed information on the excitation

mechanism of nuclei under study, this information bearing a

model-Independent and highly empirical character, there will be

a need for Interpretation of this information in terms of

current theories of nuclear structure.
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1-2 Scattering Theory

In order to quantify the programme as presented in the

previous section, we need an algorithm to compute cross sections

and analysing powers, starting from OMP's and transition

densities. It is not our Intention to present a complete

derivation of the formulas (AUS70, HOD71). We restrict ourselves

to the presentation of some of the intermediate expressions. As

our computations are done predominantly with the coupled

channels code CHUCK, we will stay close to the notation as used

in the write-up of this program (KÜN69).

We consider a reaction process in which the entrance

channel is denoted by c0 and any other channel by c In this

context, we denote by 'a channel' a combination of a specific

nuclear state together with a projectile state. The nuclear

states are defined by the quantum numbers I and H, which stand

for the nuclear spin and its projection on the direction

perpendicular to the reaction plane, respectively. To define the

particle states, we use the quantumnumber v. In case we consider

Inelastic scattering reactions only, the intrinsic spin of the

projectile cannot change, and therefore cannot serve to

distinguish several channels. The projectile state then is

completely defined by the projection of the projectile intrinsic

spin m on the direction perpendicular to the reaction plane.
S

This means that here v equals m . In the case we want to
consider one particle transfer reactions, v stands for both the
Intrinsic spin s of the projectile and i t s projection m .
For each t r a n s i t i o n between the channels (I ,M ,v ) andc' c' c'

(I ,M ,v ) we can define a partial cross section. This can be
c0 c0 c0

seen as expressed in the matrix elements of a transition

operator t:
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In case the several spin directions are not distinguished

in the experiment, we have to sum over all final states and

average over all Initial states. In order to compute the cross

section with given OMP's and transition densities, one needs to

relate the transition operator to the wave functions that

describe the scattering process, and, more precisely, to the

asymptotic behaviour of these wave functions. This asymptotic

behaviour can be expressed in the so-called T-matrlx elements.

These can be viewed as a set of transmission and reflection

coefficients for projectile wave functions with well defined

orbital and total angular momenta i. and j, the so-called partial

waves. Employing the T-matrlx elements we write the cross

section as:

<to v I r. ,XX '{ML,. XX '|2 /T „.

-=r - constant * I I A *0>T (I>2>
{M} A,A'

Here, X stands for the combination of & and j. The symbol {M}

stands for all relevant spin projections in the entrance- and

exit channels. The coefficient A is not written out explicitly;

it contains the angular dependence in the form of an associated

Legendre function of the scattering angle 9 and furthermore it

incorporates all relevant vector coupling coefficients.

In order to compute the T-matrix elements T , we will

encounter two different methods. The first one is exact in so

far as the number of channels considered describes the

scattering problem completely. This is called the coupled-

channels method (CC). In the second method the T-matrix is

obtained in an approximative way by neglecting couplings that

only contribute to the excitation process in second or higher

order In the coupling strength. This is named the Distorted Wave

Born Approximation (DWBA), already mentioned a few times

before.
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In order to obtain the CC-values for the T-matrix elements

we have to solve the coupled Schrödinger-like equations for the

particle wave functions In the channels Involved- In order to do

so we write the total wave function for the nucleus plus the

scattered particle as an expansion In terms of the set of

nuclear wave functions 4 (a):

c'
(I.3a)

Here _r denotes the relative displacement between the particle

and the nucleus whereas a stands for the Internal target nuclear

coordinates. We Insert the above expansion In the two particle

Schrödinger equation:

[H (a)+T(£)+V(a,r)]'i' = OT
lnt

(I.3b)

Here H. accounts for the degrees of freedom of the target
Int

nucleus, T Is the kinetic energy operator and V stands for the

interaction between the target nucleus and the projectile. Next

we project both members of (1.3b) onto * . Since a part of the

Interaction operator V is non-diagonal in the various nuclear

states {c}, this yields our set of coupled partial differential

equations for the particle wave functions x (r):

(T+U -E ) X •
c c c - I

c'*c
V Y
cc'Xc'

(1 .4)

In (1.4), we have used the following definitions:

Ec " E " < c l H i n J c >

<c|V|c>

(I.4a)

(I.4b)

<c'|v|c>
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Note that the latter two expressions are functions of jr. They

respectively account for the distortion of i:he wavefunctlon x

and the excitation probability as a function of the relative

spatial position of the reaction partners. The function V ,

,therefore, is a transition density as introduced in section

I.I. As stated there, it Is obtained from either the collective

model or the microscopic model for nuclear excitations. In the

next section we will study the sensitivity of the cross section

and the analysing power for its functional form.

In principle, the set (1.4) Is a set of an infinite number

of coupled equations. In practice, the set is truncated to those

that correspond to the lowest few excited nuclear states which

are usually the states coupled most strongly. For this reason,

the coupled channels method is also referred to as the close-

coupling method. By neglecting the more weakly coupled channels,

however, we introduce a loss of probability flux. We compensate

for it by adding an imaginary part to the diagonal potential

energy operator. As with a complex refraction Index in optics,

its function is to reduce the amplitude of the wavefunctions.

The resulting complex potential U is called optical model

potential; it is the OMP as introduced in section I.I. As stated

there, its parameters are usually obtained from a fit to the

experimental data. In doing so, it is assumed that for the

elastic channel (c«cfl) the right hand part of (1.4) is

negligible compared with the Imaginary part of U . In case this

assumption is not valid, an independent optical model analysis

cannot be performed. In these circumstances, the couplings to

(some of) the excited states need to be taken into account

explicitly when performing the OMP fit.
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In order to solve (1*4) numerically, we use the well

known partial wave expansion. It leaves us with a aet of

coupled ordinary differential equations for the radial parts

% (r) of the functions x (£.)> where again for brevity the

quantum numbers I and j are replaced by X. This new set of

equations has a similar structure as (1.4):

XX '
The factors V , , appearing in the summation, are the radial

parts of the transition densities together with some vector

coupling coefficients. The set (1.5) is solved numerically,

hereby introducing a matrix of solutions {C } . , because of

c co,A

the fact that the Integration starts with € =0 In all partial

wave channels except for the partial wave channel (X',c0),

whereas (X',c0) runs consecutively over all possible partial

wave channels belonging to the entrance channel. These functions

{? } , , are the so called mathematical solutions. The
C CQ,A

physical solutions consist of linear combinations of these, such

that the asymptotic boundary conditions are met. In this way we

obtain the T-matrix elements:

11. 5c - const.[/Scc + lT
AXI(G*'+iF*')] (1.6)

Here the functions F and G are regular and irregular coulomb

functions, respectively.

Having introduced the CC-method for computing the T-matrlx

elements, we pay attention to the DWBA. Now we consider the

case of only two channels, c«cQ and c»c;. whereas the coupling

potential may be regarded as weak. This means that up to first
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order in the coupling strength we nay omit the term in the right

hand side of (1.4) that allows for the backcoupling from the

excited state to the ground state channel. The set (1.5)

reduces to two equations:

fcl * cl cl X' UOC1 CO

Again we can proceed along the above way to compute the T-

matrix. Note that equation (1.7a) is homogeneous, and that we

therefore can apply Green's functions for solving (1.7). Let
*(+)X ' *(-)X '

? and £ be the homogeneous solutions of (I.7b) with
Cl Cl

Ingoing and outgoing asymptotic behaviour, respectively. Then

the asymptotic behaviour of the full solution of (I.7b) can be

shown to be (AUS70):

lim 5*(r)-F* & +(G* +1F* )X/€*(" ' U ' ) ^ ' (r';

(1.8)

If we compare this expression with (1.6) we see that In this

approximation (DWBA):

6 +(Gj +1F )X/€ \r,M
cl ci c0 cl cl X' cl c0cl

congtantx J^'^r')^X(r')e<+)^r')dr' (1.9)
cl c0Cl c0

In other words: the T-matrlx elements depend linearly on the
XX •

form factors V and therefore on the transition density.
c0 cl

This conclusion will be of vital importance later on.
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1-3 Investigation of form factor significance

The first Item of our program as presented In section 1-1

had to do with the significance of modelparameters. As we

announced there, we will present some results of calculations

that have been done In order to gain Insight In the sensitivity

of calculated cross sections to certain details of the form

factors. As first examples we take the one-step reactions
CO

0j + 2^ at 20.4 MeV and S ^ + 2^ at 24.6

HeV. Both reactions have been calculated In DWBA with OMP's as

given by Meissen (MEL78) and Wassenaar (WAS62), where the form

factors have been taken from the collective model prescription,

that Is:

ccn cc0 3R c0
(I.10)

where R is the radius parameter from the OMP multiplied with

A 1 / 3. As usually, the 0 values have been obtained by scaling the

theoretical cross sections to the experimental ones. It turns

out for 88Sr that the cross section bears a great similarity

with the experimental data whereas for S8Ni major discrepancies

arise at the backward angles as can be seen from figure 1.3.

Now the next step in our calculations consists of making

perturbations to the form factor. This is done by replacing the

form factor V by V , where:

V +S,(r), i-0 10
CCQ 1^

(I.11)

Here the function S (r) is a cubic spline function with a centre

r-value of 1x0.625 fm and a half width of 0.625 fm. The height

Is taken equal to 62 of the maximum height of the collective

form factor. With this perturbed form factor we again compute

da

the cross section, say -rjr . For the unperturbed cross section we

will omit the index 1. Next we express the difference between
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58 „.Fig. 1.3. Cross sections and analysing powers for the Ni and
QQ J, CO

Sr (p*,p')2. reactions. The Ni figures have been
DO

taken from (MEL76) and the Sr figures are from (WAS82).
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the two cross sections by neans of a quantity x.2 that Is

defined as:

2 -
i m

k
- *( efc>

djf1 k d-12)

where the factor 625 is introduced to simulate an average data

error of 4Z and N equals the number of angles for which the

cross sections have been computed. It has been verified that the

X.2 thus defined is in good approximation proportional to the

square of the perturbation height. By means of these x.2 we can

assign an uncertainty width to each radial point. This Is

accomplished as follows. Assume that with such a 65!

perturbation we get for 1*8 (that Is at a radius of 5 fm) a X*2-

value of 4.0. That means that with a perturbation height of 3?

we would get x.2 equal to 1.0. The latter value means that the

average distance between -rr and -jri then equals the average

statistical error, In other words: with the given experimental

accuracy this is about the smallest difference detectable

between the two curves. Therefore to that radial point of 5 fm

we assign an accuracy width of 3Z of the maximum.

In figure 1.4 we present these uncertainty widths. The

solid curve represents the 88Sr-case, whereas the dashed curve

is for 5 8Ni. The radial coordinates for 88Sr are scaled by a

factor (58/88) to account for the difference in radii of the

two nuclei.

We observe two features. Firstly, notwithstanding the

great difference in the cross sections for the two reactions

considered, we observe a great similarity between the two

curves. Secondly, we note that there Is a relatively large

uncertainty width over the entire radial region: it appears to

be of the order of 30Z of the value of the collective model form

factor in the neighbourhood of its maximum.
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8 10

Hg. 1.4. Uncertainty bands for 58Ni (dashed) and 8SSr (full) as

obtained from 1-spKne perturbations. E=20.4 MeV.

What in fact turns out to cause these large uncertainty

values Is the following. Apart fro» the radial position of the

perturbation, its width appears to be of vital importance for

the attainable detection accuracy by neans of a x 2 criterion.

In order to investigate this, we repeat the above procedure, but

Instead of using one spline function as a perturbation, we shall
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10'

1 spline perturbation

2 splines
3 splines
4 splines
5 splines

8 10

r(fm)

Fig. 1.5. As figure 1.4 for 1- to 5-spline perturbations.

use groups of 2, 3, 4 and S adjacent splines with equal heights.

These perturbation functions represent "bumps" with increasing

widths. For the radius where we apply such a bump we take its

nean value. Each set of perturbations with a fixed width yields

two curves as in figure 1.4. Consecutive curves, that is curves

with perturbations with increasing widths, lie considerably

lower.
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In figure 1.5 the total set of these curves is presented, again

for both nuclldes. The same scaling prescription as defined

above has been applied to all of the 88Sr curves, not only for

the radial coordinates but also for the bump widths. In case x.

from (1.12) would be a linear functional of the perturbation

function, we could compute the uncertainty widths corresponding

to the broader perturbations from the curves of figure 1.5 by

applying the easily derived expression:

Here f(r;S) is the uncertainty width at radius r resulting from

a perturbation S. It turns out that in fact the applicability of

(1.13) is limited to the left upper part of fig. 1.5. For the

practical computations of error bands therefore, we will apply

the sets of numerically obtained curveJ as in fig- 1.5 rather

than the analytical result of (1.13).

If we apply this figure to the collective model form

factor that is commonly used for the calculation of the cross

section of the 5 8Ni (0+ • 2+) excitation, we end up with an

accuracy that is far better than 102. In practice, the error

bars assigned to the B values are in the 5%-range.

On the other hand, if there would be a structure of, say, 2

fm width round r-2 fm, this could only be detected with an

accuracy of about 25Z of the maximum form .factor value.
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It is Interesting to Investigate to what extent the uncertainty

widths can be reduced by increasing the bombarding energy of the

reaction. This seens to be not unreasonable, since Intuitively

the radial resolution and the associated projectile wave nunber

are thought to be related quantities. We repeated therefore the

above procedure for the s8Nl(jf,p')O+ + Z* reaction at energies

of 30.6 and 40.8 MeV. The results are given in figure 1.6. We

observe indeed that the curves for higher energies lay

considerably lower; this Is the nost obvious for the narrow

perturbations. Surprisingly another significant difference

consists of a more oscillatory behaviour of the curves.

r(fm)

CO

Fig. 1.6. As figure 1.5 for Ni. Left: E=30.6 MeV.

Right: E=40.8 MeV.

The upper curves correspond with a 1-spline perturbation ;

successive lower curves correspond with broader perturbations.
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Finally, we would like to summarize our results:

1) The sensitivity of the cross sections to details of the form

factors depends very heavily on the locations and widths of

these details.

2) Despite the great differences in structure of the cross

sections for 58Ni and 88Sr, the uncertainty widths of both

nuclldes have a very similar behaviour as demonstrated in figure

1.4. and 1.5. This means that the global x2 criterion, that

forms the background of this figure might not be the one best

suited for the detection of features of the individual form

factors. We will come back to this statement more extensively

in section III.3.

3) Although It has not been tested for a wide range of nuclei,

it seens not unlikely that the applicability of figure 1.4 is

not restricted to 88Sr and 58Ni.

4) In order to improve the radial resolution about a factor two

an increase of the bombarding energies towards 30 HeV seems to

suffice.

5) The linear behaviour of x as a functional of the perturbation

allows us to apply the approximation (1.13); its applicability,

however, Is restricted to narrow perturbations in the central

part of the nucleus.

Finally It might be useful to note that the results of figure

I.S can also be expressed by an empirical formula, i.e.:

In this formula A Is the uncertainty width in the form

factor divided by its maximum value; R is the radial position of

a "buap" in units of (58/A) fm, whereas W is the width of the

bump In the sane units.
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Chapter II.

As has been stated In section 1-1, whenever one tries to

extract the values of one or more model parameters, it is very-

important to include as many known contributing mechanisms in the

model as possible because an omission of these will be kind of

compensated for by erroneous values of some other model parameters.

Now a main topic of this work will be the reconstruction of

form factors from cross sections and analysing powers for inelastic

scattering. If, e.g, we apply the collective model, the form

factors result from the deformation of the central part of the OHP.

It is obvious that then not only the central part of the OMP should

be deformed, but also the coulomb and spin orbit parts. The

deformations of these parts lead to processes that contribute,

together with the central form factor, to the excitation process

under study. They are known as the coulomb deformation and the

spin-orbit deformation, respectively.

The coulomb deformation has a relatively transparant

structure; it can be written as a form factor that simply adds to

the form factor from the central deformation. It has been included

(be it approximatively) in the coupled channels code CHUCK.

This is not the case, however, for the spin-orbit deformation.

Since there are, on the other hand, urgent reasons to use especially

this coupled channels code, we devote this chapter to the

description of necessary modifications of CHUCK.. For the sake of

completeness, we give in section II-l a short survey of the

treatment of the spin-orbit deformation as given by Sheriff and

co-workers (SHE68-7O). We present the exact formalism, based on a

compilation of Verhaar (VER72), which has so far been derived only

for first order processes and we also mention an approximation due

to the Oak Ridge Group (FRI67) which can be generalized easily for

higher order processes. Section 2 deals with the more technical

aspects of the modification of CHUCK, whereas section 3 concludes

this chapter with the results of some test calculations.
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II-l A review of the theory of spin-orbit deformation

In the optical potential we note an obvious difference between

the central part and the coulomb part on one hand and the spin-orbit

part on the other hand. Whereas the first two operators have a

purely multiplicative nature, not depending on the quantumnumbers of

the wave functions they act upon, the latter depends on these

quantum numbers. This difference shows itself even more strongly

if we deform the OMP. The derivation of the spin-orbit coupling

according to Sheriff and Blair starts by writing down the following

expression for the spin-orbit part of the OMP:

Here p̂ >(_r_) represents the nuclear -tensity and £ is the spin

operator acting on the projectile spin. This expression has been

given by Brown (BRO57) who derived it in a high-energy limit from

the nucleon-nucleon Interaction by means of a folding procedure.
SO

It is convenient to decompose the matrix elements of V as a

sum over products of nuclear and projectile parts. In order to make

this explicit by means of the Wigner-Eckart theorem, we exploit the

spherical tensor character of each of the components. As is well

known this is accomplished by writing:

p(r) - p(r-[l-ta(r)jR) (II.2)

where a(r) - £ a* YA*(r) (II.3)
A* U*
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so
Making use of (II.2) and (II.3) the V , up to first order In the
deformation parameters a,, .becomes:

AX

VS°- -(V{P°} X IV). - I(v{a* YA*3p/3R}X i*). <H.*>

Here P° stands for the spherical tern p(r-R). This term cannot

cause transitions between states with different angular momenta.

The other terms have been given by Sheriff (SHE70) as:

vso ,«„ -. *- w«'.
ccQ (full Thoaas) v—l At

(II.5)

Here r ...is the 21- s operator working on the Initial (final) state.
l(r/ — ~™ i A

The first factor (i.e. '5a
i. ) sets upon the nuclear states whereas

the second factor (i.e. i ) acts upon the angular part of the

projectile state. The third factor (i.e. the expression between

square brackets) acts upon the radial part of the projectile wave

function; note the second term herein which contains a -\—
or

operator. The entire expression is often referred to as the full

Thomas form.

Unfortunately, this exact expression cannot be generalized

readily to second order processes, such as the direct excitation of

a two ptionon state. Such excitations are nevertheless believed to

contribute substantially to the cross sections for two phonon

states. Therefore, In case we wish to construct form factors for

these second order processes, we need a formulation to account for

second order spin-orbit excitation. This can be found in the so

called Oak Ridge expression. For first order excitations, it

consists of neglecting the second and third term of the third factor

in (II.5) and, in order to keep the operator hermitlan, adding the
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herraltian conjugate. The analogon of (II-5) then reads:

„SO 1 * r JU „At^p nj ,.
Vcco(Oak Ridge)" f A * ^ ri + rf Y JTSTSR <"*6>

Although this expression is only approximate, it turns out that the

cross sections and analysing powers that are calculated with it show

a great resenblance with the results using the full Thomas form of

(II.5), except for the most forward angles (SHE69.GLA67).

In order to generalize this operator to second order

processes, we follow a derivation analogous to the one for the

central fora factor. The resulting expression Is (assuming AH-2) :

r 1
1 r

V t + s_'i I*1'] ( 2 2 0 0 fAJt'Q)
- 7T~~ 7(27)

(II.7)

where*» the spin orbit excitation strength in this case is given by
2 2

0 R instead of 8 R for the first order term. In case we intend to

describe a two quadrupole phonon excitation starting from a 0 +

ground state, only the ten» from the summation with A£' equal to the

nuclear spin of the considered two phonon state survives.
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I1-2 The implementation of the spin-orbit coupling

Two aspects are to be dealt with.

1) In the full Thomas expression, three terms act upon the

projectile wave function. Two terns are multiplicative, but, as

stated above, one term contains a radial derivative. (This is the

second term from the third factor of equation (II.5).) Originally,

the Integration method as used in CHUCK for solving the radial

equations (1.5) works as follows. Let the vector j[_ be the set of

unknown functions {5 } at a given radius r. By introducing the

diagonal matrix U, U » - | ? ( D
C
+ * ^ P "E

c^'
 a n d t h e non~diaS°n&1

matrix V, V ,- - Jjr \ T , , we write equation (1.5) as:
CC n CC

( |p l+ü)£ - -VS, (II.8)

the matrix I being the identity matrix.
Now assume a mesh r-iAr, l » 0 , l , 2 , . . . , and C_ known in the

points i and i+1. Then a value for €_1+2 follows from:

It can be proven easily that this Numerov-like method has order 2 in

the stepslze (DAL74). Now consider the second term of the full

Thomas operator. It causes (II.8) to be of the form:

A generalization of (II.9) could be based on the consideration that

it is derived from:

f(r+AHf(r-A)-2f(r)
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whereas a similar symmetric formula for the first derivative is

given by:

df(r)_
__ (11.12)

Making use of (11.12), the equivalent expression of (II.9) then

becomes:

This means that for every radial step the matrix I+Atf has to be

inverted. Even if A is small enough to insure a stable inversion,

this is a rather elaborate procedure. Therefore we use the

approximation (HAN65) instead of (11.12):

df(r) 25f(r)-48f(r-A)+36f(r-2A)-16f(r-3A)+3f(r-4A) .

dr 12A l '>

(11.14)

which gives an expression analogous to (II.9). In case we do not

have enough preceding points at our disposal, (11.14) has to be

replaced by:

d| llf(r)-18f(r-AH9f (r-2A)-2f(r-3A)

or

or
| | . f(r>-f(r-A)

(II.15b)

(II.15c)

depending on the number of radial steps already integrated. This

approach has been tested in the following way. We consider the

differential equation for the spherical Bessel functions, which can

be written in two fonts:

(11.16)

(11.17)
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Equation (11.16) can be solved nunerically by applying a schesc

similar to (II.9), while for equation (11.17) we mist use an

alternative scheme employing (11.14).

Both schemes have been used for £»0 and l»10 resulting in,

respectively, a rapidly oscillating solution and a solution

monotonously increasing for a large x interval. These calculations

have been repeated for several stepsizes: A-.l, .05, .025, .0125

and .00625. Integration has been done between x-0 and 20. For the

latter point the relative difference between the solution for a

given A and the A«.00625 solution are depicted In figure II.1. We

note the following.

For &-0, both schemes have exactly the same convergence order. (The

convergence order is defined as the slope of the curves in figure

II.1 for "reasonable values" of A.) It is clear from the figure that

for *-0 the applicability of both schemes is equally good.

For Jt»10, the convergence order, considered round A».l, of both

schemes is less than It is In the t"0 case. Moreover, the

approximation for -r causes a slight deterioration of the

convergence for small values of A. Expression (11.14) is exact in

case f Is a polynomial in x up to the third degree. The solutions

of (11.16) or (11.17) however, for small x behave like x*. This

means that a systematical error Is Introduced In the first part of

the integration Interval in the cases where i>4. The higher the l-

value, the larger this error will be. Once the functions start

oscillating, the derivatives will become smaller in absolute value,

and therefore the errors will become less. On the other hand, since

we see that the relative error In the £-10 case for A > 2xlO~2 is

less than for lm0, we do not have to worry too much about this

lower convergence order.

We conclude from this numerical experiment that expression (11.14)

for the first derivative gives sufficiently accurate results for

Bessel-like differential equations, such as the radial Schrödinger

equation. Therefore it has been built into the computer code CHUCK.
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stepsize

Fig. II.1. Convergence for 1=0 and 1=10 solutions at x=SO.

Solid curves: solution of equation 11.17.

Dashed ataves: solution of equation 11.16.

2) The second aspect of the implementation of the full Thomas and

Oak Ridge spin orbit couplings, Is the computation of the matrix

elements for Che partial wave coupling, that Is the V
XX'
cc'

from

equation (1*5). In the derivation of (1.5) we omitted the Individual
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t, s and j-dependenee. Here we have to give full account of all

relevant quantum numbers» They are:

I,I'....the nuclear spin before and after the interaction;

s,8'....the intrinsic projectile spin before and after the

Interaction;

t,£'....the projectile orbital angular momenta before and after

the interaction;

j,j'....the total projectile angular momenta before and after the

interaction;

J the system's total angular momentum;

1-1+L '

J-i'+I'

A£ the transferred orbital angular momentum;

As the transferred spin;

Asj=s_' -s_

Aj the transferred total angular momentum;

V ,,In the derivation of V ,, we start by writing the combined nuclear

and projectile interaction as a product of the nuclear interaction

and the projectile interaction. Assuming that both have a
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multipolarlty Aj, the combined interaction being a scalar, we have:

V**,'- I(J I'j'i's'|P(AjV. ,JJ I j i. s) (11.18)
CC £\ • ("j)

In equation (11.18), F and N refer to the projectile part of the

interaction and the nuclear part, respectively. Now we write the

reduction (II.3) in an explicit way:

(11.19)

In general P Is an operator which 13 able to change the spin of the

projectile (e.g. in transfer reactions). In macroscopic

calculations, however, one usually omits the As-1 terms from the

transition operator. This is justified by the fact that the major

part of the spin-flip probability stems from the diagonal parts of

the spin orbit operator. He therefore restrict ourselves to the case

As-0, s'»8 and Aj«AJ.

Now P can either be the operator of (II.5), where its

reduced matrix element is written as a product of Y and the term

between large parentheses in the second line of (II.5), or it can be

the operator from (II.6) or (II.7). In either of the two latter

cases, we have to compute matrix elements of the form:

( j'Jt 'si A-Hfl't YA*I (11.20)

The first term of this matrix element is easily seen to be

(11.21)

Here Y is the usual abbreviation for the eigenvalue of the 2*«_s

operator.
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The second term can be computed by letting a^t_ operate on the

left side:

( j't, 'si s-ftY**! jte)-Vrf ( j'« 'si ï**! jts) (11.22)

We conclude that In any case x determines the multipolarlty of the

operator P . Therefore the second matrix element from (11.19)

can always be written as:

(11.23)

with:

A- 2rtr3R (Tl+Yf ) for I 8 C order Oak Ridge coupling;

A- for 2n<1 order Oak Ridge

A' the third factor from (II.5) for full Thomas coupling.

Now with x - /(2x+l) and

A A

[A* * 0 0 it' 0)j~ , (11.24)

we finally have:

Ai j ..*• U I
J I l HJ • j' * o o

(11.25)

The value of the nuclear matrix element, (i'IN.. .Il), depends

on whether the excitation is of first order or of second order. We
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have for first order coupling:

(riK(At)io) - V V A * <n'26a>

for excitations 0+
1+I', and

) - BAtR/(2(2I'+l)/5) (II.26b)

for quadrupole excitations 2+i*!', I'»tH"2, 2+2 or 4+j.

For second order coupling, 8«,R needs to be replaced by:

a^tR
2(2 2 0 0 |ll0)//(2ir) (11.27).

for 2I'-pole excitations 0+ x+I\ I'-0+
2, 2

+
2 or 4 + r

We conclude this paragraph by noting that, for convenience,

CHUCK applies the convention that the coupling strength as entered

into the program Is multiplied by ((2A«+1)/(2I'+1))^ This additional

factor allows one to use the same 6 for all excitations 2+ -*- L+

where L"02, 22 or 4j.
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II-3 Results of the spin-orbit coupling

In order to check the preceding modifications in the code

CHUCK as described above, we have performed a few test calculations.

First of all the DWBA calculations of Meissen (MEL78) for the
5'»Fe(p',pI)0+ +2+ reaction at 17.2 MeV have been repeated. In figure

II.2 the solid curves correspond with our calculations whereas the

dashed curves correspond with the calculations of Meissen.

+0.5

0.0 A

30 60 90 120 150 0 30 60 90 120 150

cm.

Fig. II. 2. Cross section and analysing power for the reaction
54„ /JkFe(p",p')2 .. Full curve: our calculation

dashed aurve: calculation from (MEL78)

dot-dashed curve: calculation with re-

duced spin-orbit coupling strength. (MEL78J
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The only significant difference can be seen in the 0-15°

range. This difference, however, is most likely not due to the spin

orbit coupling, since it is known that differences of this kind may

occur between the results of the DWBA code DWBA/THE, which has been

used by Meissen, and CHUCK when used as a DWBA code. In order to

reproduce Meissen's results, however, we have to adopt a different

spin orbit coupling strength convention:

8 (CHUCK) - 3 (DWBA/THE)/a (11.28)
8*0. S.O. 8.O.

Also in figure (II.2), Meissen's calculation for a smaller value of

3 / 6 , (1.0 instead of 3.0) is given, represented by the
8*0. central

dot-dashed curve. From this we observe the main effect of the spin-

orbit coupling according to the full Thomas description: the

analysing power of the entire forward region Is 'pushed up', whereas

the influence on the cross section is less systematic.

The comparison between full Thomas description and Oak Ridge

description has been studied among others by Glasshauser (GLA67). In

order to provide a further check of our modifications, we have

reproduced his calculations for the reaction 56Fe('pi,p')O+ +2+ at

18.6 MeV. Again we found an accurate correspondence between his

cross sections and analysing powers and ours.

The modifications in CHUCK that deal with the second order Oak

Ridge formalism are harder to check against well-established

results, since it has been rarely applied in the literature. In most

cases second order calculations are performed with the code ECIS

(RAY79) which employs the full Thomas form for both first and second

order transitions. Unfortunately the latter program has a somewhat

different approach to reaction calculations than CHUCK in the sense

that e.g. second order DWBA calculations with only a limited set of

allowed couplings can only be performed by more or less 'cheating'

the program. Therefore the reliability of a comparison between the

results of ECIS and CHUCK should not be overestimated.
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In figure II.3a we present cross section and analysing power curves

for the 6l4ZnCp\p')O+ +2+ direct excitation with and without spin

orbit coupling (the solid and dashed curves, respectively) as

computed with ECIS in a one iteration approximation to a full

coupled channels approach. This is believed to correspond

numerically to a second order DWBA calculation. The major difference

between the two is seen in the backward region of the analysing

power. This same difference now occurs in figure II.3b where the

results of CHUCK for the sane reaction are given. From the fact that

this behaviour is reproduced accurately we conclude that our

implementation of the second order Oak Ridge coupling serves as a

reasonable approximation for the second order full Thomas coupling.
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Fig. II.3. Comparison between CHUCK and ECIS for the reaation

Zn (rp,p')2 . The curves have been obtained by

applying a second order DWBA reaction path only.

Top: ECIS, bottom: CHUCK. The full curves result

from calculations that include the second order

spin-orbit coupling. The dashed curves are without

spin-ovbit coupling.



Chapter III

Now we arrive at the second item of our programme as outlined

in chapter I. In this chapter we will concentrate on the form factor

as an Ingredient of theoretical calculations to be fitted to the

data. We will limit ourselves to the DWBA method for the

computation of the observables. In this chapter we consider one-step

processes only. The first limitation we see as essential. Only in

the DWBA a linear parametrlzation of the form factor will yield a

linear expression in the T-matrix elements. This is necessary for

doing quantitative statements concerning the mathematical properties

of the inversion procedure. The second limitation is less

essential: in chapter V we will encounter multi-step reactions that

still are manageable in terms of a stepwise linear procedure.

The first section of this chapter deals with the inversion

procedure in general terms only. The method is derived for an

arbitrary linear paranetrlzation of the form factor. The cross

sections and analysing powers are still quadratic expressions in the

parameters. Therefore we have to devise a non-linear method for the

parameter search.

In section III-2 the actual parametrlzation will be

presented. It is partly based on the requirement that at least the

transformation from the parameters into the T-matrlx must be

properly invertible.

In the third section we discuss the method. We pay attention

to possible error sources and we show how one of the sources of

ambiguities can be removed.

A few words have to be said about the notation. Since

analysing powers and cross sections can be combined to partial cross

sections, we refer to cross sections only in this chapter.
do

Moreover, we write a as an abbreviation for -gr.
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III-l An Inversion procedure for a linear parametrlzatlon

In this section we start by writing down the cross section as

expressed in the DWBA T-matrix elements (equations 1.2 and 1.9):

a
k -i- - *- " - Q ""O

(III.l)

The index k distinguishes between the angles at which the cross

section is computed; m stands for the collection of magnetic

quantum numbers that govern the scattering process; I stands for the

X and X' of equation (1.9). For the purpose of this section,

however, we can Interpret m and I simply as running indices. It

should be noted that also the functions K and V depend on the Index

I . The constants Afc also include the angular dependence. If we

demand a to equal the measured cross section, equation (III.l)

becomes a non linear Integral equation in the unknown function V
c c0

Therefore we cannot hope to solve this equation analytically. The

method we apply Instead Is the following.

We expand the function V into a basis of known functions S
c c0

with unknown complex coefficients a.. We demand that the dimension

of this basis is smaller than the number of available experimental

cross sections, {o, p'} . Questions concerning the nature of the

basis, its completeness etc., will be dealt with later on in this

chapter. In order to avoid complex matrix arithmetic, we will treat

the real and imaginary parts of the coefficients a as independent

real parameters. This means that the dimension of the vector ji is

twice as large as the dimension of the basis {s }. With the use of

this expansion we write (III.l) as:

a I AT™ T " " (III.2)
m i * I

Here the complex numbers T are the appropriate elements of the

DWBA T-matrix as defined in (1.9) with the functions S serving as

form factor. These can be calculated once the set fs } has been
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defined. In the summation over i we also include the T-matrices,

obtained from the spln-orblt an*, coulomb couplings.

For reasons of programming convenience, ve prefer to use the

set ! D U n } (KUN69), instead of generating the set { T }. The

elements of the set { D "} can be found by applying a linear one-to-

one transformation to the T-matrix elements, so this contains

exactly the same information about the scattering process as the T-

matrlx does.

For the description of the search algorithm, we adopt an

obvious vector notation. We express our Inversion problem as 'find a

parameter vector £ such that 4(a) is minimal', where

•<*> " «ieXP-2.(£)l2 (III-3)

In the next section we cone back to this choice for •• Then we will

also show how we can impose additional constraints on the form

factor by adding a proper non-negative function of a to ^.

We will solve the non-linear optimisation problem (III.3) by

means of an Iterative approach. To this aim we construct a sequence

of solution vectors {a } in such a way that •(a.])
<+(a )• We start

this sequence as follows. We take the central part rf the collective

model form factor and expand it into the functions S . We now define

the vector _a for p"0 to consist of these expansion coefficients.

Since the set {S }has to be an independent basis in the space of

distinguishable form factors, the expansion is unique. Moreover,

the cross sections as computed with the collective form factor and

as computed with £a n , S as a form factor will then agree
1 '

satisfactorily. Note that we only parametrize the form factor of the

central part of the deformed OHP. Therefore only this part will be

varied. The coulomb part and the spin-orbit part are left unchanged.

Strictly speaking, this Is not correct. We assume, however, that the

effects of corrections of the coulomb form factor and of the spin-

-46-



orbit form factor on the cross section are small enough compared

with corrections of the central form factor, so that we only make a

small error If we neglect them. This Is consistent with the fact

that, as far as the coulomb coupling Is concerned, one commonly uses

a very rough approximation for Its spatial form. For the spin-orbit

coupling some evidence also exists that the exact functional form of

the form factor Is not of too great importance for the cross

sections and analysing powers (SHE70).

In order to derive an algorithm for producing the sequence of

solution vectors a , we could think along the following line. The

most straightforward method makes use of the recursive definition:

a + X d with d • v* 4 <0— — p (HI-*)

Here X can be found from a one-parameter search. The most commonly

used choice for d Is d—V $ . This so called steepest descent
— — — p

method, however, has as a major disadvantage that It can be very

slow. This happens particularly if the direction of the local

steepest descent differs much from the direction of a,-a , where a,

stands for the vector it where <)> reaches Its absolute minimum. In

most cases this can be seen by inspecting the Hessian of <j>. This is

the matrix of all second derivatives of <f> with respect to the

variables {a }; It is a measure for the local curvature of $(jO- In

such cases as described above, it Is then far from diagonal. A good

alternative is the method of Newton, that makes explicit use of the

Hessian, and that can be proved to converge quadratlcally (STO8O).

It works as follows.

We approximate the function $ around a by the first three

terms of its Taylor expansion:

• («)"• U (a-a )•?
P —

32*
with the Hessian (G ). « . ,

P ij i j

<aa > G (a« >
p p p

(1II.5)
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In case G la positive definite, the vector d̂  that gives the absolute

minimum of this approximation of $ is:

This aethod is known to work well in many cases. In our case the

dimension of the vector ji causes a specific problem. Typically, the

dimension of ja is round 20. This means that there are 210

independent components of G to be computed, which would cost of the

order of 620 seconds for each Iteration on our B7900 computer.

Therefore it appears advantageous to find an approximation for 6

that can be computed with much less effort. Starting from:

3<J 3o

we can approximate this, if lo-o ^1 is sufficiently small, by

3o 3a

with

This Is known as the Gauss-Newton approximation (ST080). We see by

using its definition formula (III.10) that the matrix J is obtained

In a number of calculations that Is linearly proportional to the

dimension of a^. Again for the case that the dimension of ji is 20,

this takes about 37 seconds computing time. Now equation (III.6)
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reduces to

(III.11)

So, having computed the matrix J, we can compute the vector d . To
r T i-l ~P

avoid the need of an explicit expression for [J Jj , we write

(III.11) as:

JTJ (III.12)

The set (III.12) can only be solved In a reliable way If small
T

variations 6J o_ in the right hand part do not cause too large

variations &d_ In the computer! vector d_. The ratio:

(III.13)

is called the condition number of the matrix J J. It can be proven

(STO8O) always to be larger than unity. Moreover it is the square of
T

the condition number of J . Therefore, a more stable way of solving

(III.12) can be obtained, If we interpret it to be the Gaussian

normal equation for a least squares problem and directly solve the

rectangular least squares problem without left-multiplying J by its

transpose.

The equivalent least-squares problem is easily seen to be:

Jd -(in least squares sense) o. £ { a ) (III.14)

In solving this linear least squares problem, an additional aspect

has to be considered: it can occur that J is rank deficient or
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nearly so. Therefore our least squares algorithm must compute the

rank k T of J (k. can be smaller than or equal to the smallest

dimension of J) and solve the problem In a vectorspace with

dimension k. In order to get a unique solution.

This requirement can be easily met If we apply the so-called

Singular Value Analysis method (SVA) when solving (III.14). This

approach Is described extensively in the book of Lawson and Hanson

(LAW74). Therefore, here we will give only a brief outline of the

method.

Let the matrix J have m rows and n coitions. Then square

matrices U (oxm) and V (nxn) can be constructed (LAW74) such that

J-UTS V (III.15)

with U mxm, orthogonal

V nxn, orthogonal

S nxn diagonal above (m-n)xn zeroes.

By proper rearranging the rows and columns of V and V during

construction, S can be made to have its elements in non-increasing

order from left upper to right lower.

Next, let

b-U(o_exp"-o(a )) (III.16a)

and

x-Vd (III.16b)

e xpthen d and o_ £.(«._) are expressed in a base In which J i s
diagonal.
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In this space ve can write the equation (III. 14) as follows:

(n)

(m-n)

si

0

0

0

0

0

s2

0

0

0

s3

0.

0

• •

••

• •

s4

• •

.

.0

.0

0

0

0

sn

•

0

0

xl

x2

x3

:

xn

*

bl

b2

b3

:

bn

bn+1

bn+2

!

bm

S x - _b (III.17)

We observe that only the first n equations of Sx - J> can be

satisfied; the (m-n) remaining elements of _b contribute to the

residual norm of the original set (III.14). The residual norm Is

given by

HJd -Al2 - IUTSVd -Al2

-P — -P —

» ISVd -UAJ2

- BSx-bll2

k-n+l
(III.18)

where A_ is an abbreviation for £_eXP'-£(a ) and usage is made of the

orthonormallty of U.

-51-



In an analogous way we can write down the norm of the solution:

«i»2- r (vskk)2 dn.i9)

p k-l

It Is easily seen that the solution vector <1 Is given by:

C (III*20)
Now let us have a more detailed look at the case where J Is

singular, say having rank k <n. This means that for k>k , the S 's
J J kk

vanish. Therefore the equations for k>k cannot be satisfied. In
J

practice, however, J can only be computed with limited accuracy,
therefore the smallest elements of S will not be exactly zero.

2
Nevertheless, the rank of k. can be established by examining ltd J

where the number of terms of (III.19) increases from zero upwards.
2

At first II d n will increase gradually, but when the number of terms

exceeds k., Hd_ I makes a sudden jump towards (much) larger values.

The occurrence of such a jump Is therefore a clear Indication of the

rank of the original matrix J. The elements x. of x with k>k, are

undetermined, but because we want the norm of our solution to be as

small as possible, it is best to make them zero. This modifies our

solution into:
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III-2 The choice of the basis { S }

The method as presented above is valid for any linear

parametrization, independent of the form of the functions {s }. In

order to establish a suitable choice for our basis, it might be

helpful to have a look at the parametrization as used in the field

of inelastic electron scattering since here the problem of form

factor inversion has been solved. (SIC74.DRE74 and references

therein).

The reaction theory as given in section 1-2 also holds for

electron scattering, although instead of distorted waves one can

use plane waves. This is justified by the fact that the electron

waves are hardly affected by the nuclear potential. The equation,

analogous to (1.9) then reads:

ik-£ 'IK'!
f(£) - /e ~* P^r) e dr

- ƒ P££) e i 5"- dr_ (III.22)

In (III.22), p. is the charge transition density, responsible for

the coulomb excitation of a state with multlpolarity X; q is the

transferred momentum. Note that in (1.9), T is only a number

whereas in (III.22) f is a function of the transferred momentum and

therefore of the scattering angle. If the angular dependence of Pit)

is written in terms of spherical harmonics, we can perform the

angular integration of (III.22) analytically and we find:

(4TT(2X+1)) % ƒ* px(r)jx(qr)r
2dr (111.23)

In equation (III.23), 1 is a spherical'Bessel function and R is the
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nuclear radius. From (III.23) we learn that It Is advantageous to

parametrize P^(r) as follows:

with q chosen so that q R Is the v-th zero of j . Then, by using

some results of function theory, a. can be expressed directly In

terms of the cross section for the momentum transfer q. (DRE74). We

might say therefore that the parameters a. give the amplitude of

the form factor In momentum space. He note in passing that this

parametrizatlon Is only model independent up to a limited extent

since the value of R plays a crucial role In the Inversion algorithm

(Neuhausen, (NEU77)).

Now unfortunately there are two reasons for which we

cannot apply this method unamended to strongly Interacting

particles. Firstly, the phases of the functions f(q_) from (III.23)

are known, so that, apart from a simple Coulomb correction, one can

just take the square root of the cross section, whereas the

coefficients T have unknown phases. Secondly, the inversion of

(III.23) is easily obtained in virtue of soae well-known

orthogonality properties of Besselfunctlons on finite Intervals

(HAN65, formulas 11.A.5 and 10.1.1). The distorted waves from

equation (1.9) unfortunately do not obey similar relations.

Therefore, as two facilitating aspects of the parametrlzation in

terms of Besselfunctlons do not seem to be applicable to other cases

than electron scattering, It makes no sense to adopt this

parametrization here.

A consideration that can lead to an alternative choice is the

physical meaning of the array of parameters &^. An attractive

proposition is to assign the amplitude of the form factor for a

radius r-r to the parameter a , that is, to adopt a finite-element

method. In an extreme case one could use a <S-function expansion:

V (r) -I a 6(r-r ) (111.25)
cc0 t 1 i

where a - V (r )
i ccQ l
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He have chosen for this method, but In order to reduce the number

of parameters we replace (III.25) by:

Vrr(r) - I a . s V ) , (III.26)
C C0 1

where { S } are cubic spline functions (VEL77) of which we will have

to specify the nodes in (III.26). Also the range of the summation

In (III.26), and thus the radial interval to which the form factor

Is confined, has to be defined. Concerning the spline width, it

seems logical at first sight from figure (1.5) or equation (1.14) to

use a decreasing value when going from the centre of the nucleus

outwards. This argument, however, is based on x 2 considerations; but

a x 2 criterion Is only very global concerning sensitivity as we will

show In the next section. Moreover, we must consider more precisely

what exactly we can learn from figure (1.5). We observe that only

broad structures in the nuclear Interior contribute considerably to

the total x2* This does not mean, however, that narrow splines in

the Inner region necessarily yield (almost) dependent columns for

the J matrix. In order to investigate the minimal spline width that

can be distinguished (the radial resolution) as a function of the

radius parameter, we have been led by the following considerations.

Schematically we can depict the path, leading from parameter

rector a to cross sections, as follows (compare equation (III.2):

•«(6.)
linear transformation non-linear transformation

(I) (ID

We now choose to have the widths of our splines dependant on the

properties of the linear transformation (I). This linear
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transformation can be expressed by the matrix K which Is defined

by:

* „ -ƒ 5*'(r) 5* (r)81(r)dr (111.27)
31 c cQ

where j numerates all occurring combinations {&,£'}.

Now let us define a rotation angle a between two columns 1 and l.of

K as:

arccosHlK K )/ (<JK * )(XK f))*} (III.28)
j J11 J12 j lll j J12

It Is obvious from the form of (III.28) that a distance Ar between
1 i
1 2

splines S and S that Is much smaller than the period of the

oscillation in the functions 5 will yield a value of a that is
1li2

close to zero and therefore a matrix K that Is nearly dependent.

This means that, In order to Invert the transformation (I), we have

to demand a minimal distance between two adjacent splines. We

illustrate this by means of an example. We take the reaction

56Fe0p*,p')0+ + 2+ at 24.6 MeV as studied by Meissen (MEL78). First

we compute the functions ? by numerically solving the appropriate

radial Schrödinger equations (1.7) where again for reasons of

simplicity the spin dependence is omitted. Next we compute the

matrix K where for the functions S we take spline functions of equal

widths and at equal distances both of .5 fm. In figure III.l the

function a from (III.28) is given as a function of 1. for three

different values of 1 . In all these plots we observe a similar V-

shaped structure. The interpretation of this is as follows. As the
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• in d^gi-^es be
lj'2

two aolurrms of the matrix K.

Left upper: i. corresponds to 2.5 fm.

Right upper: i aorrseponds to 5.0 fm.

Left: i1 corresponds to 7.5 fm.

16

radial distance between two columns increases, so does their mutual

angle, giving rise to the steep edges near the minimum of the 'V'.

From the fact that all V-shapes from figure III.l have approximately

the same width we conclude that the rotation angle for a given

radial distance between two splines does not depend on the actual

location of these splines. This in turn means that the nodal
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distance does not necessarily depend on the radius. From the fact

that every 'V' has a width of about 1.2-1.3 fa we take for our

splines a width of 1.2S fm unless stated otherwise.

With respect to the results In figure (1.4), we note that this

spline width, although feasible from a wave functions' point of

view, might still give rise to unphyslcal oscillatory structures in

the coefficient vector a_. It is not possible to detect this a priori

because of the non-linearity of the transformation (II). It could

nevertheless be that the latter Introduces an additional (near-)

dependence in the matrix J.

In order to stabilize the solutions of the problem (III.3), a

device often used Is damping. This means that a positive function of

the parameter vector £ is added to the $ in equation (III.3). The

latter function is called penalty function; it Is chosen so as to

express additional constraints to the solution.

Two obvious choices for such penalty functions are:

penalty^ " X £«1* (IH.29.)

(Levenberg-Marquard damping)

•pe«lty<±> " \ £ <arai-l>2 <IH.29b)
i*n/2+l

(derivative damping)

In (III.29a,b), n equals twice the dimension of {s1}.
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Equation (III.29a) expresses the requirement that the norm of

the solution should be small whereas (III.29b) states that the

solution should behave smoothly. The parameter A controls the

strength of the constraint In both cases. Note in (III.29b) that the

term with i-n/2+1 should be left out as we cannot demand that the

real part of the form factor fits smoothly to the Imaginary part.

With some algebra it can be seen that the constraints as

expressed by the penalty functions (III.29a,b) are equivalent to a

modification of the matrix J in the sense that it is extended by A

times a matrix Q that is placed below, symbolically:

(III.30)

The penalty function from (III .29a) corresponds to Q being the
Identity matrix whereas In the case of the penalty function from
(III.29b) the matrix Q is given by:

1-1 0 0

0 1 -1 0 . . .
0 0 1 -1

Q- . . 1 -1 (III.31)

1 - 1

In both cases, the right hand part of (III. 14) should be extended

with n zeroes.

For the matrices J that occur in our Inversion problem,

extensive numerical tests show that the application of these two

damping devices for practical purposes is equivalent to reducing the

number of singular values from the summation (III.20), which Is less

elaborate
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and therefore preferable. For the practical application of the

inversion procedure we will therefore not use the derivative- or

Levenberg-Marquard damping. There is, however, a third damping

mechanism which indeed shows to be advantageous in some cases. This

has to do with the following.

As was stated in the beginning of th.'.c section, we not only

have to establish the spline width in our parametrization, but also

the radial interval on which we allow the form factor Co vary. This

ingredient is equivalent to the value of R for the inversion of

electron scattering cross sections. Again we start with an

investigation of the linear transformation between the vector ji and

the T-matrix. If this transformation has to have an inverse, it is

essential that there are no dependent columns. If we plot the

function at as defined in equation (III.28) in such a way that it
1li2

depicts the rotation angle between all pairs of adjacent columns as

a function of the radius, however, we see that there is a minimum

around ~5 fm (fig. III.2). This seems to suggest that about this

(rad/fm)

Fig. III. 2. The rotation angle per- unit length (rad/fm)

between all pai'rs of adjacer.t velums of the

matrix K -is a function of i\
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radius there are linearly dependent columns. We can explain this

phenomenon by having a closer look at the nature of the functions

For every I value, except for *-0, there exists a certain r-

value for which the square of the associate wavenumber, k2,

vanishes. This corresponds to the classical turning point. For r-

values where fc2 is negative, the functions £* have a more or less

exponential behaviour, whereas for positive k2 they oscillate. Now

if we picture the I values as a function of these classical turning

radii (figure III.3), we observe that e.g. in the 56Fe case there

exists for **5 a plateau, ranging from 4 fm to 7 fin. This means

that for radii less than 3.5 fm we have an increasing number of

oscillating functions € , whereas between 4 fm and 7 fm their number

is constant. This in turn is due to the behaviour of the real part

ori Ï 4 é 'é i'o

Fig. III. 3. The classical turning radii. Full curve: ground

state channel, dot-dashed curve: excited channel.
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of the OMP together with the centrifugal potential Jl(Jt+l)/r2 in the

nuclear surface region. In order to check whether this effect really

causes the coluans of the matrix K to become linearly dependent

around 4.5 fm, In which case the summation range of (III.26) should

be restricted to,say, 7 terms, we should not only look at the

rotation angles but also at the inner products between the columns

themselves, (fig. III.4). Here we observe that the norms for the

columns at larger 1 are very much larger than for smaller 1. The

net effect is that the inner product between two adjacent columns

around 5 fm Is by far larger than e.g. around 3 fa and that

therefore a possible dependency of K cannot be caused by the

phenomenon considered above.

10

inner-
product ,

101

1Ö1

1Ó3

* • •

0 2 4 6 8 10
r(fm)

Fig. Ill,4. The innev products of all pairs of adjacent

columns of the matrix K.
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We conclude that the range of the summation (III.26) Is not

limited by Intrinsic numerical reasons. On the other hand, since for

a given k the values of j3a
lt/

3a1 do not tend to decrease for

increasing i, we have to Impose an artificial cut-off on the

summation range of (III.26). We can use for this the physical

argument that nuclear excitation processes can only take place

within nuclear natter. The related cut-off can be performed in two

ways. The simplest way is by just limiting the number of splines at

1 -R/0.625 where R equals the nuclear radius and 0.625 is half the
max n

spline width. In cases where the correction to the form factor is

not too large this yields satisfactory results in the sense that the

correction function near the nuclear surface goes to zero for

increasing 1. In cases where the correction needs to be larger, we

find that oscillations occur near 1 . The reason for this is
max

thought to be the following. Suppose that the experimental cross

section is such that there exists no adequate local form factor that

can describe It exactly. Then there will always remain significant

differences between the theoretical cross section and the data.

In applying an inversion step It is likely that these will display

themaelves in the few most peripheral spline amplitudes, since there

Che J matrix has its largest elements. Moreover, we find more sign

changes in the rightmost columns than e.g. in the middle area, which

mean* that larger amplitudes for the peripheral splines loose their

major influence. Among the possible causes for the non-existence of

a purely local form factor, we checked the effect of the backward

coupling. We did this for the reaction 58Nl(p',p1 )0+ + 2+ since this

reaction has a rather large value for the deformation parameter

which means that backward coupling to the 0+ channel might play an

important role. Now as we drop the assumption of a one-way coupling,

the DWBA looses its applicability and with it the inversion method

of this chapter. In order to do an inversion in a coupled channels

context therefore the amount of computational effort is tremendously

much larger than in a DWBA context. We could only perform one single

iteration step, since for every change in one of the parameters

«.the entire set of coupled equations (1.5) needed to be integrated
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again. The resulting form factor is given in figure III.5. Although

we apply the abrupt cut-off of the radial interval, we do not

observe oscillations near the surface. In the same figure the form

factor is given that results from one iteration step by means of the

method of this chapter. We observe that after this first step there

is already the onset of an oscillation at 5.625 fa (the radius of

the most peripheral varied spline).

r (fm)

Fig. III.5. Result of a coupled channels inversion (full curve)

compared with a ons-iteration inversion in DWBA (dot-

dashed curve).The dashed curve represents the collec-

tive model form factor.
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Of course a more thorough Investigation of form factor Inversions in

coupled channels schemes Is needed to make firm statements on this

point, it seems not unlikely that the neglect of the backward

coupling is indeed partly responsible for the problems near the cut-

off radius.

In order to guarantee well-behaving solutions near the cut-

off radius also In our DWBA-based inversion algorithm, we applied

the following mechanism for the radial cut-off- We employ a penalty

function given by:

penalty ' X f a > ^ > 2 <m'32>

Here p(i) stands for the nuclear density at r , approximated as a

real Woods Saxon function with appropriate parameters. Expression

(III.32) takes account of the fact that the nuclear surface has a

diffuse character, an effect which is necessarily neglected by an

abrupt cut-off. We stress that for a wide range of values for the

parameter X the Influence of (III.32) is restricted to the perlferal

region of the nucleus.
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II1-3 Accuracy, reproduclbtlley, uniqueness

Before we can apply the method of this chapter to practical
cases, there are some questions concerning accuracy, reproduclblllty
and uniqueness that should be answered f irst . This Is partly done by
means of numerical experiments, part ly by t h e o r e t i c a l
considerations.

When we construct a s e r i e s of vectors a . , converging
(hopefully) to a certain vector a , we have to realize that this

—c

vector a is loaded with some error band. This error band Is due to

the following causes: experimental errors, ambiguities In the OMP

parameters and intrinsic uncertainties due to the mathematics. An

estimate of the relative importance of the first two error sources

is readily obtained. The influence of the experimental errors is

computed by solving (III.14) where the right hand part is replaced

by the absolute experimental errors. The influence of the OMP

ambiguities has been estimated by doing two Inversions, one with a

best fit OMP and another one with a fixed geometry OMP (MEL78).

Calculations of these two effects for the reaction 58Ni(]S',p')O+ +2+

(OVE83) show that In the neighbourhood of the most significant

changes to the form factor they are small. We will direct our

attention therefore to the mathematical method.

As is usual for non-linear parameter search problems, the

final result for the parameter vector â  depends on the choice of the

initial vector a.. This, has been checked by varying jubetween 0.5

and 2.0 times the collective model form factor and in each case

performing a complete Inversion. The resulting form factors, again

for the reaction 5BM(?, p' )0+ + 2+, all lie between the two full

curves of figure III.6. We mention two causes for this lack of

reproduclblllty.
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(fm"2)

r(fm)

Fig. III.6. Uncertainty band resulting from mathematical

ambiguities (between full curves). The dashed curve

stands for the collective model form factor.

Firstly, we have to formulate a criterion for terminating the

Iteration. This is done, as usually, in terms of relative changes of

the function <J> fro» equation (III.5). In practice, when the relative

difference in • between two iteration steps becomes smaller than IX,

the Iteration procedure Is stopped, say at $ . Now since this
stop

4 will usually not be the absolute minimum of <Ka). there is a

continuum of vectors a_ connected to the values of 4 , and it

depends on the choice of the vector j- which will eventually result.
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A possible remedy for this aeens to be to apply overshoot, that is

to replace the correction vector for the p-th turn, d , deliberately

by (14c )A d for a small fixed e. In this way one can hope to
P~-P

generate an alternating sequence in the components of the vectors jl

by which means convergence is easier detected. In our case, however,

It turns out to be unsuccessful because of the difference In

direction between the vectors d and d., .
—p —p+1

Secondly, a related cause of uncertainty comes from the

observation that the overall phase of the transition density cannot

be detected: for any real 6 the transition densities e V yield the

same cross section, provided that the spin orbit and coulomb

transition densities are rotated over the same phase angle. For the

uniqueness of our results it is of great importance to know under

which assumptions the opposite is also true, that is: under which

assumptions do all form factors, yielding the same cross section,

differ only in one overall phase factor? We pay attention to thttr»

question in the appendix to this chapter.

Since in our method we do not allow the spin-orbit

deformation form factor to vary, we expect the phase of the

corrected form factor to be defined. Nevertheless, as the spin-orbit

coupling is relatively small compared with the central form factor,

it could turn out in practice that, due to the limited numerical

accuracy, the phase of the corrected form factor Is unstable, thus

giving rise to an additional broadening of the uncertainty band.

Such phase deviations, however, can be computed analytically as

shown in the appendix, and if necessary we can correct for it. In

most of the cases we studied, the phase differences turned out to be

smaller than about 5° -> As a conclusion we can state that the

uncertainties, arising from the dependence cf the solutions on the

initial vectors a. appear to be by far the largest ones.

It is interesting to note that at the position of the

interior maximum, at around 2.2fm, the uncertainty width due to the
-2

numerical ambiguity (0.20fm ) corresponds rather well with the
uncertainty that is predicted by formula (1.14) which gives a value

_2
of 0.22 fm . It should be remembered that the latter formula is

based on a sensitivity investigation by means of a global x2
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criterion, rather than on a detailed study of our Inversion

procedure* In contrast with this, the uncertainty round 5.6 fm Is

much larger than follows from (1.14). Moreover, as said before, the

form of the latter structure Is affected by the way In which the

cut-off takes place whereas the structure round.2.2 fm Is not.

It seems appropriate to conclude this section with a

discussion of two aspects of the Inversion method that have not been

considered up to now. One might say, In mathematical terms, that

they concern the 'uniqueness' and the 'existence', respectively, of

the method and of the intended form factor corrections.

To start with the uniqueness of the method, we must note that

at two places we have made assumptions concerning the metric of

space of observables. The first instance is, where we base the

definition of the matrix J on the Euclidean distance function of

equation (III.3). This distance function assigns equal weights to

the cross sections as measured and computed at all angles. At first

sight one could object to this definition that, since the data are

taken in such a way as to have almost equal relative errors

throughout the whole angular range, at the forward angles one has

larger absolute error flags than at the backward angles. Therefore

the weight factors for these forward cross sections should be

smaller than the weight factors for the cross sections at backward

angles. In common practice (ROS53) one applies a x2 definition in

which the difference between the theoretical and experimental cross

section is divided by the experimental error, as in equation (1.12).

Nevertheless there are two reasons for us still to prefer the

euclidean metric for equation (III.3). The first reason Is, that

apart from the experimental errors, there is also a contribution to

the error band that stems from theoretical uncertainties. This is

predominantly due to the uncertainties in the parameters. In our

case there is a strong tendency that the cross sections at the

backward angles are much more sensitive to the values of the

parameters than those for the forward angles. It would be

appropriate to say that the backward theoretical angles have a

larger error flag than the forward ones.
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The second reason for preferring the Euclidean distance has to

do with the observation of Amado and Sparrow (AMA83) that the

excitation strength in DWBA calculations should be obtained by

demanding the first maximum of the theoretical and experimental

cross sections to coincide, in other words, to assign a larger

relative weight to the forward angles. Moreover, we performed some

test calculations where we compared the two metrics and it turned

out that differences in the resulting form factors are considerably

smaller than the ambiguity band in figure III.6.

In establishing the parameter A that multiplies the correction

vector ji In order to obtain an optimal fit to the data as well as

obtaining the optimal number of singular values (k) from the

summation (III.21) we also apply a x2 procedure. The evidence that

exists for a large theoretical uncertainty at the backward angles

such as due to the uncertainties in the parameters a , however, was

not seen for the parameters X and k. Therefore we have chosen for

the x2 definition in accordance with Rose for this optimization

problem (ROS53). In this case we also performed test calculations

and the difference was seen to be even smaller than in the previous

case.

As far as the 'existence' of form factor corrections is

concerned, we must note that the procedure does not always lead to a

significant X2 reduction. An example of this is found in the

88Sr(pi,p')0+
1+2

+
1 reaction. What happens there is the following. If

we increase the number of singular values, starting from zero, the

solution norm from equation (III.19) immediately starts to increase

drastically whereas for the first few singular values the residual

norm (III.18) almost maintains its maximum value. To reduce the

latter significantly, we have to take so many singular values into

account, that the solution norm has become much too large to fulfil

the linearization condition of (III.8). This means that even though

we finally can reduce the residual norm of the linearized set with a

certain vector d, the residual norm of the original set (III.2) is

not reduced with this vector i^. This manifests itself in a

multiplication coefficient X that is near to zero or even

negative.

-70-



This remark gains in Interest If we remember the global

sensitivity for the transition densities as established for the 58Ni

and 88Sr reactions in section 1-3. There we have seen that,

concerning the x2 criterion, the two reactions behave similarly. We

may therefore conclude that the total x 2 Is only a very incomplete

tool for predictions concerning attainable improvements; it appears

that the behaviour of the residual norm of the linearized set,

together with the solution norm, as a function of the number of

incorporated singular values, is more reliable In this field.

We note finally that a significant improvement of the 88Sr,

2\ cross section can be gained, however, If we use a transition

density as resulting from inelastic electron scattering (SCH83).

This transition charge density has a structure that is somewhat

similar to the one found for the 2+x state In
 58Ni. Not only is this

transition density for 88Sr undetectable with the present method, It

has also not been found with a direct, unbiased steepest descent

method.
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III-4 A summary of the inversion method

In this section we summarize the assumptions on which the

inversion method is based together with the actual steps that are to

be taken in order to perform an inversion.

The assumptions are:

i) The reaction that leads to the considered nuclear state is a

pure one-step reaction without backward coupling to the entrance

channel.

11) The form factor Is assumed to be ^-independent and purely

local.

ili)The spin orbit coupling as formulated in either the full Thomas

form or the Oak Ridge form is correct.

iv) Where appropriate, the collective model can be chosen as a

start. Corrections are assumed to be small.

v) The form factor i? chosen to have non-vanishing values only

within the nucleus.

Adopting these assumptions, the inversion method comprises of

the following steps:

1) The spline width and the radial interval for the inversion are

established. The former follows .from investigations concerning the

mutual dependency of adjacent columns of the matrix of the linear

transformation between the parameters £ and the transition matrix.

The latter is, according to model assumption iv), equal to the

radial interval on which the OMP has non-vanishing values.
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2) For all splines of Interest, the T-matrices are generated.

Moreover, the T-matrlces for the spln-orblt excitation and for the

Coulomb excitation are computed.

3) The coefficient vector a. is obtained by expanding the collective

model transition density into a series of splines of appropriate

width.

4) The cross section is computed repeatedly for a series of all

vectors _a. where t±. equals a-, except for the j-th component. The

latter component is increased by a fixed amount. This is done both

for the real and the Imaginary part of a . In this way we make an
—J

estimate of the matrix J in equation (111.11). This can be said to

correspond with approximating the x 2 surface round £."£. by a

paraboloid.

5) From inverting the matrix J we construct a correction vector jl

that points towards the absolute minimum of the above paraboloid.

If necessary, the matrix J is extended by an appropriate square

matrix to account for the density dependent damping of the

correction vectors. The inversion takes place by means of the

singular value analysis. The number of singular values (k) that is

taken into account as well as the value of the factor that is needed

to multiply d_ to obtain an optimal fit to the data (A), are obtained

by means of a grid search on these two parameters. This is done by

computing the x2 between the experimental and theoretical cross

sections for a well-chosen set of combinations {k,x}. The

combination (k,A) that yields the lowest x2 is used. In this way we

end up with a vector d_ and therefore with a new vector £,"5^ •**!.£•
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6} By means of (IIIA.ll) we compute the phase angle 6. If 5 differs
-16

significantly froa zero, we apply the transforaatlon a+e a .

(Note that this transforaatlon also affects the strength* of the

couloab and the spin-orbit couplings.)

7) If the difference In x 2 between the cross sections o(a ) and
-p-1

o (a ) is larger than a certain relative value, the steps 4-7 are
~P

repeated•
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III-A Appendix

Here we study two aspects of the inversion procedure that are

both related to the phase of the form factor. First we will

investigate under which assumptions the complex phase ambiguity is

the only one. After that, we present the computation of a phase

correction which In principle could be used to reduce the width of

the uncertainty band of the form factor.

Consider two solutions of (III.2), say a and a. This means:

\{l

If we define

I \\ a.^-T 1 1 2} (IIIA.l)
1 1 . X It

lm_ilmT , then (IIIA.l) becomes:

(IIIA.2)

Now we note that

with (1IIA.3)

Therefore (IIIA.2) yields:

(IIIA.4)

Now assume that the number of k-values exceeds the square of

the number of parameters. Since k distinguishes the scattering

angles, this assumption can always be fulfilled. If we interpret Q

as a matrix, we have k as column Index whereas the combination (1,j)

forms the row index. We assume that the columns of the matrix Q

span the entire matrix space. Then It can be seen that the matrix Q
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possesses a right Inverse Q' such that

(IIIA.5)

and therefore

I * * 1

If we first examine the case i " j , then we see that

l 6 i
V, ] 3. " e a. , 0<o.<2ir [
i l I i ' i '

and next i t follows that

(UIA.6)

(IIIA.7)

so, with (IIIA.7):

(IIIA.8)

We learn from (IIIA.8) that the incoherent summation over m

does not Introduce additional ambiguities in _a. This means, among

others things, that there exist no two form factors that yield

exactly the same cross sections but different analysing powers. In

this sense, the analysing power is not an Independent observable.

Our conclusion therefore must be that, apart from the one overall

phase, there are no more ambiguities in the form factor.
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Now as an additional assumption we state that from all

possible S values, the vector £«£(6) with the smallest Euclidean

distance to a^ is the most favourable one. Let _d be the vector such

that .S'a.-Hl» Then this Euclidean distance is given by:

(IIIA.9)

In order to find stationary values of & we have to solve

|j€2- ie^UaJ-W^ao-e216^^)^) -0

yielding

where:

z - (£•*£)/laj2 (IIIA.ll)

We note that there are two solutions for <5, one corresponding with

the minimal e2 and one corresponding with the maximal e2. For e2 we

find:

ca-|«O-M|2+lio|2±l(*O-*i>io|2 (IUA.12)

which is seen easily to have a lower bound of ( I^n+Ë.!"!^!) > a

value that is reached when d_ and a^ are parallel.
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Chapter IV

In this chapter, the method of chapter III Is applied to a

number of one step reactions. In section IV-1 we check whether the

form factor found for 58Ni is "real", that is, whether it is not

due to shortcomings of the DWBA scheme used. Section 1V-2 is

devoted to microscopic calculations of the reactions s'*Fe>
S8Ni(p,p')0+ + 2+. It will be shown here that the form factors as

found for these two reactions probably stem from a microscopic

origin. Employing this microscopic interpretation, we study a

number of other 0+ •*• 2+ reactions in section IV-3. The results of

Inversions for some 3" states are presented in section IV-4. We end

this chapter with a study of the applicability of our Inversion

procedure to inelastic alpha scattering and to single-particle pick-

up reactions.

IV-1 The interpretation of the 58Ni results

As is shown In figure III.6, the results of the 58Ni

inversion show a severe deviation from the collective model

transition density. In order to explain it, three possibilities are

suggested:

1) Effects due to Inadequate OMP parametrization;

2) Non-negligible contributions from transfer reactions;

3) Microscopic effects;

The first two show themselves as form factor corrections in an

indirect way only; the resulting form factor corrections are merely

secondary effects. In this section we study whether taking them into

account properly can eliminate the need for a form factor

correction. The third possibility indeed should give rise to form

factor corrections; this is studied in section IV-2.
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1) Effects of Inadequate OMP parametrlzatlon.

As mentioned In section 1-1, all physical effects that are not

accounted for explicitly will Influence the results of a model-

independent calculation of the transition densities. Here we study

the influence of differences between the OMP as it is described by

means of the commonly used Saxon-Woods parametrlzation and a more

realistic potential» Therefore we have to provide for the following:

a) realistic OMP's, not parametrized In terms of the Saxon-Woods

formula;

b) a relation between given OMP difference and the corresponding

fora factor difference such that we obtain the same Inelastic cross

section, either with the original Saxon-Woods OMP and the corrected

form factor, or with the realistic OMP and the collective model form

factor.

Ad a)

We apply two different methods for obtaining a realistic OMP.

They differ mainly from a methodological point of view.

The first method starts from proton and neutron distributions

p (r) and P (r) as computed from a self-consistent Hartree-Fock
p n

calculation by Waroquier et al. (WAR82). The proton distribution in

the interior part of the nucleus shows a considerable deviation from

a flat, Saxon-Woods like form whereas the neutron distribution is

much flatter. From these density functions we compute the real part

of an OMP function by folding them with the real part of a density

dependent nucleon-nucleon force V_(r;k) as derived by Von Geranb

(GER71):
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These integrals are computed numerically by a straightforward

threefold summation. In (IV.1), 1̂ , stands for the Fermi wave number,

computed as:

(IV.2)

where p , stands for the total density function, p +p .
n+p n p

For simplicity we omit the exchange contributions. The

Imaginary part of the OMP cannot be derived in a similar manner by

using the imaginary part of the nucleon-nucleon interaction, as the

latter stands among others things for all neglected inelastic

channels. Frequently the imaginary part of a phenomenologlcal OMP

is used.

As a result of the folding procedure, all internal structure

present in the proton distribution, is smeared out completely and

therefore a totally flat inner region arises in the potential. The

real part of the resulting folding OMP therefore bears a very large

similarity to the original Saxon-Woods potential, although the

radius turns out to be about 1% smaller. The cross section that Is

computed from this folding OMP gives a somewhat poorer description

of the data than the original OMP.

Whereas this method to obtain a realistic OMP Is a pure first-

principles method, at least as far as the real part is concerned,

a second method we apply is much more empirical. It is based on the

observation that the Inversion procedure of chapter III cannot be

formulated for Inelastic scattering only but also for elastic

scattering.

Consider again equation (I.7a) for the partial wave in the

elastic channel:

+ u + V S 0
+c0

V +c0
-Eco
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Similar to (1.9) we can define a T-matrix for this elastic channel:

lla S*'j= con8taaCx[F*+T*>3(C**lF*)]
"O "O O O

Next we write down an expression that Is analogous to (1.2):

* < 9 > - constant*! I I A*' 3M<e)T*' 3| 2
(IV.5)

Now suppose that we transform the central part of the potential from

(IV.3):

U + Ü + S'J (IV.6)

By some elementary algebra lc follows that up to first order in 6:

(IV.7)

where the function C is the solution of (IV.3). By inserting (IV.7)

Into (IV.5), together with a suitable parametrization for 6U, we

again can apply the inversion procedure of chapter III. The only

difference Is, however, that no more than one iteration step can be

taken; a new step would imply again a calculation of the wave

functions whereas In the case of inversion for inelastic scattering

the same distorted waves can be used throughout.

In the above way we can improve the description of the

experimental data resulting in a x2 reduction of about 15Z. The

OMP indeed shows some structure in the inner region in contrast to

the result from the folding model approach. The difference,

however, with the original Saxon Hoods OMP is nowhere larger than

3% of its maximum value.

In the remainder of this subsection we will concentrate on the

latter, model Independent, OMP as an example of a realistic OMP.
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Ad b).

Now we arrive at the question whether the differences between

such a realistic OMP and the standard Saxon-Woods OHP can give rise

to the fora factor differences in the Inversion procedure of the

kind that were observed. In other words: Is It possible to obtain

the same cross section by applying an unaltered transition density

but Instead a realistic OMP that differs nowhere more than 3Z from

the original OMP U?

We solve this problem In two steps. Firstly we relate the

difference between the two OMP's, say 6U, to a wave function

transformation. Next we construct the T-matrlx with these

transformed wave functions. By demanding that it equals the T-matrix

resulting from the original wavefunctlons and the corrected for»

factor we obtain the expression for the form factor correction 6V.

Finally we shall show that with the £U given above we get a value

for SV much smaller than the correction we obtained by the Inversion

procedure.

The derivation of the wave function transform involves

approximating a solution of a non-linear differential equation.

This is possible only if the functions involved behave smoothly

enough to allow linearization. For example, If we would apply the

obvious parametrization for the transformation:

5(r;U) + (l+5S(r))e(r;lHi5U) (IV.8a)

and would try to find a relation up to first order in S between

the correction function 6S(r) and <5U, we encounter expressions that

involve the functions 5 and their derivatives to negative powers.

This makes every linearization in the neighbourhood of zeroes of %

or K ' impossible. The reason for this is, that the effect of £(T

consists mainly in stretching or compressing the £ and therefore

shifting its zeroes. This effect cannot be parametrized by a

multiplicative transformation. Instead we better use a scale

transformation.

5<r{U) + 5(r(l+6S'(r));O+«U) (IV.8b)
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We must take care not to apply any Taylor expansions of 5 around r.

The simplest way to proceed Is as follows. We define the local

equivalent wavenumber k»k(r) and the local scale transformation

function S'"S'(r) as:

£(r;U)-sin(rk); (IV.9a)

S(r;U+«U)»sin(r(l+5S')k) (IV.9b)

When inserting £ in the radial SchrSdinger equation, we find

complicated non-linear equations for the complex functions k and S*.

For slowly varying potentials D and 6U, however, we can take k equal

to (E-D(r)) . Combining (IV.9) and (IV.3), we find:

6S'(r) - -| [^{ll (IV.10)

Now we see thaC our approximation in rather crude indeed as it gives

a vanishing asymptotic phase shift difference due to the potential

perturbation SU. This can be understood easily if we realize that

the approximation is based on the assumption that r-r̂- is negligible

compared to k(r), which is valid only for small values of r. We will

concentrate only on the correction to the inner part of the form

factor; here the error due to neglecting rjrr is of the order of

20Z.

For the T-oatrlx elements that correspond to the transformed

OMP we cannot simply write down an equation analogous to (1.9).

Instead, we have to proceed by giving the full solution of the

lnhomogeneous equation (1.7b) by means of the meth-.d of Green. In

the expression below all functions 5 are understood to result from

radial Schrödinger-like equations with transformed OMP's:

5XC(P)"I /dr'T^ppT^^K^p'^Cr') (IV.11)c x, c * c <~ cQ ccQ

Here the tilde marks the solutions of the homogeneous equations;

is the smaller (larger) of p and p' whereas p-(l+5S')r.
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AA ' A
The T-matrlx elements T are obtained by evaluating £ (p) at a

fixed, large value of p. Here the difference between 5(p ) and £(r )

can be only a phase factor, say exp(i<K. ,) .

Now we can equate the T-matrlx elements from the two

different approaches, yielding:

0
(IV.12)

Before evaluating the integral in the left hand part, we note

that the above equation cannot hold exactly as the function ÓS' (and

therefore p) is A-dependent whereas the function SV is not. This,

however, might be a shortcoming of our parametrlzation, so let us

assume for the moment that 6V also depends on X and A'. Moreover,

in order to evaluate the left hand part, we have to neglect the

difference in A-dependence of p' between X and A' (which is limited

by the transferred angular momentum, anyway.)

When we apply the following relations:

(IV.13a)

(IV.Ub)$

which are of first order in & , and when we assume that the functions

£ are sufficiently orthogonal, we get:

Inserting the appropriate numerical values, we get at r»2.2 fm for

5V a value which is about a factor of 30 snaller than the Inversion

result. From this we can conclude that the correction to the form

factor cannot be explained by the assumption of an Inadequate OMP

parametrizatlon.
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The second suggestion that we want to investigate here, is

whether the form factor correction might be due to the neglect of

strong transfer channels that are coupled to the 0* + 2+ transition

and that we ought to take Into account explicitly. As candidates for

these transfer reactions we take the couplings via the (pd)(dp)

channels with the lowest two states of 57Ni. These are assumed to be

rather pure one particle states so that we can hope to describe them

adequately by simple one neutron transfer calculations. In the

subsequent study we assume that there are no proton components in

the active states.

The coupling scheme is as follows:

5/2-

57 N I 58 N 1

In the above scheme, the transitions leading to the 2 + state can

take place by means of several combinations of AJt, As and Aj. We

will consider the combinations:

3/2"* 2+ : (AJt.As.Aj) - (1,1/2,1/2)

(1,1/2,3/2)

(3,1/2,5/2)

5/2- + 2+ : (1,1/2,1/2)

(1,1/2,3/2)

(3,1/2,5/2)

Every single (Ajt.As.Aj) transition has its own form factor. If we

adopt the zero range approximation, these transition densities are

given by the wave function of the transferred neutron, bound to
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the 57Ni core. The transition strengths then are essentially given

by the product of the microscopic amplitudes of these wave functions

in the 0+ or 2 + states, multiplied by the usual zero range

normalization constant D (-122.5). Such transition strengths are

referred to as the spectroscopie amplitudes S:

D Q x l x (IV.15)

Here the factor I deals with the proper antisymmetrlsatlon. It can

be computed by means of the method as described by Brussaard and

Glaudemans (BRU77). The factors a and 8 are the amplitudes of the

one neutron components in the states of interest. Note that either a

equals 1 (stripping) or 0 equals 1 (pick up). The aicroscopic

structures of the 0+ and 2+ states have been taken from the

compilation of Brussaard and Glaudemans citing the calculations of

Koops and Glaudemans (BRU77, KOO77):

> - -.28|pl/2>2 -.78lp3/2>2 -.55|f5/2>2

> - -.42|p3/2xpl/2> -.7ljp3/2>2 -.35Jf5/2xpl/2> +.32|f5/2xp3/2>

-.30Jf5/2>2

After cumbersome matching of conventions we arrive at the

spectroscopie amplitudes for the 8 possible transfer channels as

l isted in table IV.1.

Table IV.1: spectroscopie amplitudes for the (pd) and (dp)

transitions.

0+ + 3/2" (Aj-3/2) S- +135.1

0+ + 5/2" (Aj-5/2) S- +95.3

3/2~+ 2+ (Aj-1/2) S- -51.45

3/2- + 2+ (Aj-3/2) S- -86.98

3/2~+ 2+ (Aj-5/2) S- +39.20

5/2- + 2+ (Aj-l/2) S- -42.88

5/2" + 2+ (Aj-3/2) S- +39.20

5/2" + 2+ (Aj-5/2) S- -36.75

-86-



The first two amplitudes have been reduced to 100.3 and 72.43,

respectively, in order to give a correct representation of the

experimental pick up cross sections leading to the 3/2" and 5/2"

states. For the further details of the calculations we refer to the

thesis of Polane (POL81).

It turned out that the shape of the differential cross section

of the 2* state from these sequential processes bears a reasonable

similarity with the one from the collective process. The absolute

value, however, is roughly a factor of 1000 smaller. The analysing

power differs completely from a collective model calculation. Now we

have to investigate whether the (pd)(dp) coupling can indeed cause

the strong effects that we found in applying the inversion

procedure. This Is accomplished as follows.

Once the collective cross sections and the (pd)(dp) cross

sections are known, the only missing Ingredient in order to compute

the cross section corresponding to the combined process, is an angle

dependent phase factor. Let $.(0) and 4,(9) be two real functions

of Q. We allow the experimental data to be scaled by a factor a.

Then we have:

(IV.16)

The above equation has to hold for all angles 6. We consider the

cross sections at 0 - 30° and at 130°, that is, around the absolute

maximum and minimum of all three cross sections. We then have as

numerical values (mbarn/srad):

30°: exp((i((.1(30
o ))x0.97+exp(i*2(30° )>0.00078-0-97a (IV.17)

132°: exp((i*1(132°))x0.1O+«xp(i#2(132
o))x0.00014»0.052a (IV.18)

From IV.17 ve have O.9992< lot < 1.0008 whereas from IV. 13 a should

I i I I

a «1.925, which clearly leads to a contradiction.
If we would increase the (pd)(dp) cross section artificially
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with a factor K, it Is seen that £ has to be at least about 750

in order to have equation IV.16 holding for 30° and 132°. This means

that In order to explain the observed cross section differences

between the experimental cross section and the cross section from

Che collective model in terms of neglected (pd)(dp) couplings, we

need spectroscopie strengths a factor of approximately 27 times

larger than predicted theoretically. It is Interesting to note that

this is partially due to the fact that the several (pd)(dp)

couplings interfere destructively: if we take e.g. the O++3/2"

(A j-3/2) and the 3/2~+2+ (Aj-1/2) transitions only we find a minimal

value for the C as defined above of about 250.

IV-2 A microscopic interpretation of the inversion results

In the previous section we have shown that the form factor

corrections are not due to some obvious omissions of the method used

to compute the cross sections. He therefore adopt the interpretation

that indeed we can learn something relevant about the transition

densities from the corrected form factors. We now consider the

reactions 58N1fftpi )0+1+2
+
1 and 5'*FeCp\p1)0+1+2

+
1 at 20.4 and 24.6

MeV, respectively. The nucleus 58Ni possesses only two neutrons

outside a closed neutron shel/. configuration whereas the number of

protons is magic. This means that it is doubtful whether 58Ni can be

described by the collective model. Similarly the nucleus 5l*Fe is of

interest because it consists of a closed neutron shell and only two

proton holes.

For the s8Ni(p,p')0+
1+2

+
1 reaction at 27 MeV, microscopic

cross section calculations have been published by Blok (BLO82). We

cannot, however, compare his form factors with our inversion results

since his calculations include the exchange effects exactly. In this

context, a local form factor cannot be defined. We therefore have to

perform microscopic calculations which oake local approximations to

the exchange contributions (HAL73). In the appendix to this chapterc

the DWBA expression for a microscopic transition is given. In the

case of 0+ + 2t excitations, there is a number of microscopic
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transitions that contribute. As active orbits for 58N1, we consider

the 2p3/2, If5/2 and 2pl/2 orbits only. This is justified by the

statement of Waroquier (WAR82) that 80% of the occupation

probability of the low lying states can be obtained without admixing

of 3p-lh, 4p-2h or higher contributions. For 5lfFe it is necessary

to include the f7/2 neutron hole states. The model space seems to be

large enough in both cases for at least a schematic calculation.

The transition densities that correspond to the various

microscopic transitions are computed by the code CHUCK and they are

added coherently in order to arrive at a total transition density.

We only have to provide for the appropriate spectroscopie

amplitudes. For 58Ni these have been computed by means of the method

of the appendix IVA. We used the amplitudes of the components of the

relevant nuclear wave functions from (BRU77.KOO77). In the case of

5 4 Fe, we had the spectroscopie amplitudes as computed by Amos

(AMO78) at our disposal. Unfortunately these have been obtained

using conventions that differ from those in CHUCK. By combining

these results of (AMO78) with calculations of Van Hees (HEE80), we

have succeeded in extracting the proper phases and amplitudes. The

resulting spectroscopie amplitudes are listed in tables IV.2 and

IV.3 for 58Ni and 51|Fe, respectively.

Table IV.2: coupling strengths for ths microscopic transitions in

5 8Ni, using the CHUCK conventions.

2pl/2 +

2pl/2 +

2p3/2 *

2p3/2 -•

2p3/2 •

lf5/2 +

If5/1 +

lf5/2 *

2p3/2

l£5/2

2pl/2

2p3/2

lf5/2

2pl/2

2p3/2

lf5/2

-0.117

-0.099

-0.326

0.560

0.251

-0.197

0.178

0.166

(neutron pair

ld.

id.

(neutron pair

(neutron pair

id.

id.

(neutron pair

break-up)

recoupling)

break-up)

recoupling)
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table IV.3: coupling strengths for the microscopic transitions in
5 4 Fe, using the CHIICK conventions.

lf7/2 + lf7/2 -0.741 (recoupling of proton holes)

If7/2 + 2p3/2 0.250 (proton particle-hole excitation)

lf7/2 + 2p3/2 0.427 (neutron particle-hole excitation)

2p3/2 + If7/2 0.134 (proton particle-hole recoupling)

2p3/2 + If7/2 0.301 (neutron particle-hole recoupling)

Apart from the spectroscopie amplitudes, a necessary ingredient for

computing the microscopic T-matrix elements consists of the nucleon-

nucleon force. As stated in the appendix, it comprises several

components. We have used the Pandharipande force (PAN69):

v » 350.9 x G(r) (MeV)

v - 526.3 x G(r) (MeV)

v —438.6 x G(r) (MeV)
so

v t o "0 (MeV)

where G(r) - exp (-1.6r)/(1.6r) (IV.19)

with r in fm.

With the above weight factors we have computed the real parts of the

microscopic form factors for the 0+ +2 + transitions in 58Ni and

5 4Fe. We must realize that, due to the limited number of microscopic

excitations Included, the total excitation strength will be

underestimated. In practice, this Is in practice compensated for by

applying additional multiplication factors, the so-called effective

charges, which often are allowed to be different for the proton and

the neutron parts. This approach, however, assumes the radial

dependence of the form factor as computed in the limited space to be

correct. In our view this Is not very realistic. It is more likely

that the missing strength should come from a large number of small

contributions, all having their own radial dependence. Therefore

the resulting transition density of these neglected transitions is
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likely to have a more or less collective shape» We therefore

followed the so-called core polarization prescription in order to

obtain the correct total transition strength (LOV67). This means

that we add a collective form factor to the microscopic form factor.

The strength ie IS adjusted to reproduce the volume Integral of the

collective nodel fora factor:

v
micr.

+ K Jv
coll

V ,,
coll

r2dr (IV.20)

We find values for ic of 0.50 and 0.74 for the 51»Fe and the 58Ni,

respectively. The resulting microscopic plus core polarization form

factors for the two nuclides are given in figures IV.1 and IV.2,

respectively, as the dot-dashed curves. As the most striking

features we note the clearly double-peaked structure in the 58Ni

case, predominantly due to the 2pl/2 + 2p3/2, 2p3/2 + 2pl/2 and

2p3/2 + 2p3/2 excitations, all interfering constructively. In the

5**Fe case, to the contrary, we have strong 2p • If and If • 2p

excitations, mainly in the neutron orbits, which manifest themselves

as a clear 'negative-positive1- structure. It is encouraging to note

that for both nuclei the form factors from the inversion, as

represented by the solid lines, show the same trends as the

microscopic ones, be it that the exact locations of the relative

maxima and minima are shifted a little, which might be due to the

range of the force employed. Even the absolute value of the

corrections, compared with the collective model appears to be of the

right aagnitude.

With respect to this last point, however, It is necessary to

comment that apart from the Pandharlpande force there exist numerous

other effective nucleon-nucleon interactions, both with longer and

with shorter ranges. A common feature of the majority of the forces

that are en vogue is that their strength is density dependent. A

simple way to account for this is to multiply the singlet even and

triplet even components with a density dependent factor which

usually has the form:

A(l-B p C) (IV.21)
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(dashed curve) and the microscopic mode1, form factor
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is the inversion result.

r(fm)

Pig. IV. 2. As figure IV. 1 for 4Fe.
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Fig. IV. 3. The effeot of a density dependent nuoleon-nualeon

force. Dashed: result from the density dependent

foroe, dot-dashed: result from the density indepen-

dent foroe. The full aurve represents the inversion

result. All form factors are for NiCp,p')2 -.

-1.5

Fig. IV. 4. As figure IV. 3 for S4Fe.
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Here the nuclear density Is denoted by p while A, B and C are

parameters that either are adjusted or derived from first

principles» We took O2/3 and B-1.46, thus taking the average for

the v and the v for the strongest density dependence from Green

(GRE67). The parameter A has been adjusted as to yield the same

volume Integral as without the density correction. The results are

given In figures IV.3 and IV.4 as the dot-dashed curves. As could be

expected, we observe that by applying this correction the structure

in the inner region Is washed out whereas the main qualitative

differences with the collective model form factor remain. He

like to 8uanarize our conclusions as follows:

I) Our results are consistent with the microscopic model form

factor. They show the correct qualitative behaviour for both the

58Nl and the 5lfFe reactions.

II) The relative maximum in the interior of -8N1 seems to be

shifted with respect to the microscopic model predictions.

ill) If we assume the nucleon-nucleon force to be density

dependent, the magnitude of the corrections in the innei: region Is

too large.
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IV-3 Results for some 0*1*^ excitations

In figures IV.5 to IV.16 we present the cross sections and

analysing powers together with the corresponding form factors for

the 0+ + 2+ reactions studied. For the used OMP's as well as for

the experiaental points we refer to Meissen (HEL76), Wassenaar

(WAS82) and Moonen (H0084). The error bands stem from the

numerically computed uncertainty bands as presented previously in

figure 1.4 where a scale transfomation with a factor of V(58/A)

both for the radius and for the bump width has been applied. An

estimate for the appropriate bump width W that should be applied at

a given radius r was obtained as follows:

V(r )

Here A is the spline width; the constant C has been chosen such *i

to yield the correct value for W. for a one-spline bump. Moreover,

it is Important to note that the experimental errors in figures 1.3

and 1.4 consist of both statistic and systematic errors. The latter

manifest themselves merely as a normalization uncertainty and

therefore cannot contribute to the uncertainty of the shape of the

form factor. We therefore only have to consldei the statistical

errors which were estimated to be 2Z.

For the improvements attained in all of the studied reactions

we refer to table IV.4.

Fig. IV. S to IV. 16. Results from inversion aalaulations for the

reactions of Table IV. 4.

Left upper: form factor, real part ;

Right upper: form factor, imaginary part.

The collective model form factor is represen-

ted by the dashed curves whereas the full

curves depict the uncertainty band corres-

ponding to the inverted form factors.
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Table IV.4:

Nucleus Ref

5-Fe

56 Fe

S6 F e

56 F e

58 Ni

60 N 1

6 2 N 1

6-Ni

6" Zn

6 6 Zn

6 8 Zn

70 Zn

a)

a)

a)

a)

a)

b)

b)

b)

c)

c)

c)

c)

X 2 values

. Energy

(MeV)

24.6

17.2

20.4

24.6

20.4

20.4

20.4

20.4

20.4

20.4

20.4

20.4

for the

Ee*c
(MeV)

1.41

0.85

0.85

0.85

1.45

1.33

1.17

1.34

0.99

1.04

1.08

0.88

«f
e

0.16

0.26

0.26

0.24

0.24

0.26

0.25

0.22

0.28

0.25

0.22

0.19

2t
X

17

13

51

19

92

458

43

41

388

358

657

33

reactions.

2

o

.7

.9

.7

.9

.

.3

.4

.

.

.4

X2

f

8.14

3.32

31.6

6.96

25.2

169.

11.6

23.1

114.

130.

93.1

21.8

n

1*>

3

2

3

2

3

3

3

3

2

6

3

F

2.17

4.19

1.63

2.86

3.65

2.71

3.73

1.80

3.40

2.75

7.06

1.53

X 2 " X 2 corresponding to collective model

Xr " X2 upon completion of the Iteration scheme

n * the number of iterations

F - X 2 /X2

*) an Improvement towards 7.60 could be gained In one more

Iteration, but this resulted in an oscillating structure on the

entire radial interval.

References: a:(MEL78)

b:(WAS82)

c:(M0084)

1) The 56Fe(p*,p')0+ + 2+ reaction has been measured by Meissen

(MEL78) for several energies. We have performed inversions for the

17.2, 20.4 and 24.6 MeV cases. In contrast to the Nl and Zn

Isotopes, we could leave out the physical damping constraint without
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getting Into problems In the peripheral region. As can be seen from

figures IV.5 to IV.7, the improvements of the cross sections for the

17.2 and the 24.6 cases are considerable, whereas for 20.4 MeV we

have the unusual effect that the analysing power improves most.

Concerning the corrections, it is not surprising that the general

tendencies are the same as with 5 8Ni, since the neutron

configuration of 56Fe is the same. We observe that the magnitude of

the inner structure of the form factor might decrease with the

energy. This effect is opposite to what one would expect from the

variation with energy of the density dependence of the nucleon-

nucleon force. This remark, however, bears a tentative character

since the effects of a giant octupole resonance are becoming

Important at these lower energies (HAL80).

ii) For the Ni isotopes, we observe for 60Ni and 62Ni roughly the

same structure in the real part of the form factor as for 58Ni,

whereas for 6**N1 there is a dramatic change. While the lighter Ni-

isotopes show a structural improvement of the cross sections, there

Is hardly any improvement in the description of the cross section

and analysing power for this isotope. This difference Is also

demonstrated in the form factor, both in the Interior correction and

in the dip at 5.625 fm. As stated in the previous chapter, however,

we doubt the significance of peripheral structures. If we adopt the

microscopic interpretation as presented in the preceding section, we

tend to conclude that for 60Ni and for 62Hi, as for 58Ni, the

excitation process is dominated by excitations and recouplings

within the 2p3/2 and 2pl/2 subshells whereas for 6>tNi the

transitions between the lf5/2 and 2p3/2, 1/2 states may play a more

important role. One might even think of lf7/2 proton components

which are gradually becoming Important; Indeed, because of the

relatively large neutron excess and the strong proton-neutron

interaction, the closed proton core might break up. Unfortunately

these conclusions are obscured by the dip at 5.625 fa which we hold

to be due to neglecting the non-local effects rather than to

features of the local form factor.
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As to the resulting cross sections, we see an Impressive

Improvement for the reproduction of the overall slope. The minimum

at 120°, however, Is not deep enough. So It seems that still an

essential Ingredient Is missing In the assumed excitation scheme.

For the analysing powers we can be far less optimistic. In the

region between 90° and 110° serious deteriorations occur for all of

the Hi isotopes and this Is not completely compensated for by the

slight improvement of the fit at angles larger than 120°.

Apparently the profit of Improving the cross section more than

compensates for the deterioration of the analysing power.

ill) For the lightest two Zn Isotopes, 6"*Zn and 66Zn, the same

remarks hold as for 5 8, 6 0, 6 2Ni. Due to the additional two protons

extra transitions are allowed, but apparently these do not alter the

picture too much, maybe again because of the relatively weak proton-

proton force. The most striking phenomena for the Zn Isotopes take

place for the 68Zn and 70Zn 0+ + 2+ excitations. To begin with the

latter, we observe that both the cross section and the analysing

power are hardly improved by the Inversion, and the small

corrections that result give no drastic changes In the collective

shape of the form factor. We therefore conclude that in 70Zn either

there are no particularly dominating microscopic excitations or the

dominating microscopic transitions correspond to form factors

without nodes. An argument for the latter possibility can be found

In the fact that substantial j-9/2 strength has been seen in

70Zn(p,d) reactions (KÜC78).

The problem that exists with 7 0Zn also affects our

understanding of 68Zn. We observe that the character of the form

factor differs completely from that of the other Zn Isotopes whereas

the cross section and analysing power do not differ so much. We

will try to understand this exceptional behaviour in terms of

nuclear structure analysis. When applying the Interacting Boson

Model (IBM), attempts are made either to describe 68Zn as a

combination of one correlated proton pair (proton boson) and six

neutron bosons, or as one proton boson and one neutron hole boson.
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In the latter case N-40 is assumed to be magic. In this context Van

Hall and Bhat (HAL84) noted that the internal structure of the

neutron bosons, compared with the N»36 and lighter Zn isotopes,

might display a sudden change. This is in so far consistent with our

findings that the difference between the 68Zn and 66Zn form factors

is essentially larger than that between the 66Zn and the lighter Zn

or Ni isotopes.

IV-4 The inversion of 106»

The conclusions and interpretations presented in the previous

section are in fact all based on the more or less detailed

microscopic calculation of the 58Ni and 5'*Fe('pA,p')O+ + 2+ reactions.

The inversion method can also be seen as a legitimate alternative in

cases where such microscopic results are not available. We think of

the case of heavier nuclei with many valence particles outside

closed shells. Such nuclei, however, should not be permanently

deformed in order to allow for one step DWBA calculations. For

these nuclei the excitation of the first 2 + state generally consists

of so many coherent microscopic components that an Interior

structure is not likely to be present in the form factor. Higher

excited positive parity states might show a less coherent form

factor, but the presence of more interfering excitation paths makes

our method much harder to apply, as will be shown in chapter V.

Moreover, the interpretation of these more or less whimsical

structures again asks for shell model calculations.

An interesting alternative might be found in the excitation of

low lying negative parity states such as 3~. In the collective model

they are interpreted as octupole deformations. They are often

described rather well by one step DWBA employing a collective form

factor. On the other hand, the number of contributing single

particle excitations is reduced by the constraint of the parity

change. Therefore, when doing an inversion, we might hope to find

8ome Interior structure. In this section we give a description of
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Fig. IV.19. As in figure IV.18 with a veduaed damping factor.

-114-



the Inversion of the form factor for the reactions ' Cd

(pip'^t* 3" as measured in our Institute by Petit (PET85).

In figure IV.17 and IV.18 we present the cross sections and

analysing powers for 106Cd and 110Cd that resulted from our

Inversions. Again we adopt the convention that the full curve stands

for the corrected result whereas the result from the collective

model calculation is given by the dashed curve. In order to treat

both iaotopes as unbiased as possible, we applied the same damping

strength X (equation III.32) in both cases. A significantly lower x2

for 110Cd, however, could be obtained by applying a smaller damping

strength. This resulted in a small negative swing in the inner

region (fig. IV. 19), but still this is found to be less than the

negative part of the form factor for 106Cd. The relevant x2ls and xz

reduction factors are listed in table IV.5.

table IV.5: x2ls of the inversions for the Cd 3~ states.
1

Isotope
l O 6 c d

need

X

0

0

0

(damping)
.005
.005
.00001

K
96.1
38.2
38.2

X2

x f31

37

11

.3

.7

.7

3

1

3

F

.08

.01

.26

In order to give an estimate of the accuracy we apply the same

method as for the 2+ states in the previous section. Unfortunately

we then observe that the collective nodel form factors fall within

the error bands for both nuclei.

It may nevertheless be interesting to present our ideas on an

interpretation in terms of the shell model. The Cd isotopes consist

of two proton holes in the Z-50 shell and 8 or 12 neutrons outside

the N»50 shell respectively. For simplicity we assume that the

strengths of the iho excitations are the same for both nuclei.

The only difference then consists of the occupation of the 2d5/2,

lg7/2 and possibly the lhll/2 and 3sl/2 neutron states.
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We note that 0++3~ excitations among these states can be

constructed from the following transitions:

J2d5/2>2 + J2d5/2> x

jlg7/2>2 + |lg7/2> x

|3sl/2>

J3sl/2>2 + J3sl/2> x

The Integer numbers at the right hand side denote the number of

nodes in the direct part of the considered transition density,

assuming a sufficiently short ranged nucleon-nucleon Interaction.

Here we exclude both the nodes at the origin and at infinity. Now if

we realize that with an increasing number of neutrons the Fermi

level shifts in the direction from the 2dS/2 to the lg7/2 single

particle state, we indeed may expect the form factor for 106Cd to

possess a more negative/positive structure (cf. 51*Fe 0+ * 2+) than

in the case of 110Cd.
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IV-5 The inversion procedure for Inelastic alpha scattering

The OWBA formalism as presented In section 1-2 is not only

valid for inelastic proton scattering, but also holds for inelastic

alpha scattering. Similarly as in (p,p') reactions, the form factor

for the DUBA T-matrix elements is commonly derived from the

collective model. It is interesting to check whether the form factor

corrections will look similar to those in the proton case.

In this section we study the possibility to apply our

inversion method to the inelastic alpha scattering. We have chosen

as an example the reaction 66Zn(a ,o ')Q+ + 2+ as measured by Maas

(MAA82) at an incident alpha energy of 25 MeV. The theoretical

calculations overestimate the experimental data in the bac' ird

region, the same as in the proton case. Moreover, the oscillatory

structure becomes slightly out of phase with increasing angle.

Before we present the results of the actual Inversion,

however, we must pay some attention to the relevant differences

between proton and alpha scattering. First we have the fact that

within the nucleus the effective wavenumber for alpha's is about 3

to 4 times as large as for protons. At first sight one might be

inclined to conclude from this, that the radial resolution should be

at least as good or even better than for protons. As we observed in

section II1-2, however, it is the mutual Independency of the
*A A r

products of the partial wave functions 5 £ that plays the dominant

role in determining the attainable radial resolution. Now concerning

this aspect, It Is of great importance to note that alpha's are

absorbed much more strongly within the nuclear interior. The

consequence of this is that the amplitude of the alpha wave

functions in the nuclear interior relative to the peripheral region

is much smaller than for protons. If we compare the Inner products

of all pairs of adjacent columns of the matrix K from section III-2

for alpha's and for protons, we can see the effect of the volume

absorption of the alpha particles clearly demonstrated (figure

IV.20). In this figure the dashed curve stands for the protons, the

solid one for the alpha particles.

-117-



y

As explained in section III-l, the inversion procedure

depends strongly on the singular value decomposition i.e. we only

can handle almost singular sets of equations by eliminating the
T

smallest singular values. From inspecting the matrix V from

equation (III.15), we find that the columns corresponding to the

smallest singular values have by far their largest elements for the

amplitudes of the most central splines. Therefore one can say that

these smallest singular values correspond to the splines in the

innermost region. Now let us assume that the near-dependency of the

set (III.14) is entirely due to the near-dependency of the columns

that correspond to the inner splines and their direct neighbours,

that is to the small values of the Inner products in the left-hand

part of figure IV.20. Than we can assign a quantity u to the

singular value method with the following meaning:

1 For radii such that the Inner product between two

neighbouring columns is less than u times the maximal

occurring inner product, the corresponding singular values

have to be eliminated.'

For the given singular value method we do not know, of course, the

numerical value for w. From figure IV.20, however, we can find for

an arbitrary value of u> the minimal radii such that the above

condition is met, in other words: the smallest radii for which we

can expect any detail to occur in the corrected form factor. The

data from table VI.6 can be read from figure IV.20.

Table IV.6: minimal radii as a function of u>.

r (fm) r (fm)
min, protons min,a

6.6

5.5

3.8

1.7
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Fig. IV.20. The inner products of all pairs of adjacent columns of

the matrix K. Dashed: protons, full: alpha's.

Fig. IV.SI. Uncertainty bands fov alpha form factors, corresponding

to 1- to S-spline perturbations.
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When we applied our Inversion procedure to proton scattering,

we found significant effects for radii as small as 2.2 fm which are

believed to be reliable from comparison with microscopic

calculations. If we look at figure 1.4, however, it seems very

unlikely that we can learn anything from radii less than about

1.5 fm. According to the table above, this would correspond for

alpha's to about 5 fm as the minimal radius where significant

effects can be expected to show up.

The above reasoning appears to be rather indirect and at first

sight needlessly complicated, since the accuracy attainable for form

factor inversions can be derived directly from a perturbation

approach as In section 1-3. We are a bit reluctant, however, to use

the x2 criterion according to equation (1.12) because of the

striking difference in structure between the proton and the alpha

cross sections. The latter has a much more oscillatory structure,

which causes small angular shifts to give large contributions to x2 •

As long as the differences between the theoretical curves and

the data manifest themselves as a systematic over- or

underestimating for a larger angular region, we do not have much of

a problem and we can judge the function <t> in equation (III.3) to be

a reliable' penalty function. The procedure of section 1-3 that

consists of making perturbations to the form factor and recording

the x2 differences between the corresponding cross sections, is

likely to yield an uncertainty width that is too narrow because of

the angular shifts. Indeed, if we compute the uncertainty band for

the alpha-reaction applying the method of section 1-3, we end up

with errors in the interior region that are hardly larger than for

the proton case, (figure IV.21).

Finally we present the results for the (a,a') inversion. The

cross section of the collective model, together with the improved

cross section are given in figure IV.22. Here also the real and the

imaginary parts of the form factors are given. The error band is

obtained from figure IV.21 by applying the prescription (IV.22),

but, as stated above, this estimate is probably too optimistic. We

must therefore conclude that, though the cross section is improved

substantially, there is no significant structure in the nuclear

interior which can be thought responsible. On the other hand, it
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seems to be significant that the shape of the form factor should be

narrower than collective model form factor. Now it Is Interesting to

note that studies of proton and neutron densities, such as performed

by Strlngarl (STR82), show that one usually finds the largest

differences between neutron and proton densities at the nuclear

surface. This seems to contradict our findings, since, due to its

isoscalar character, alpha's can excite both neutrons and protons

equally strong. Therefore one would expect a form factor which Is

more or less smeared out towards the central part of the nvcleus.

IV-6 The Inversion of Cp*,d) transition densities

The transition densities as considered up to now all represent

inelastic scattering reactions. The DWBA formalism, however, has

also been applied succeefully to transfer reactions. This means that

our Inversion procedure might also be applicable In these cases. In

this section we consider the one neutron transfer reactions

58Nl(p\d)57Nl (3/2~, 5/2") as measured at E-24.6 MeV by Polane

(POL81).

In the theoretical description of (p̂ .d) reactions, two

assumptions are commonly made. Firstly, the deuteron wave function

Is described as a pure S-state. Secondly, the range of the proton-

neutron force, together with the size of the deuteron Is

sufficiently small compared with the wavelength of the proton- and

deuteron distorted waves to allow for a zero-range approximation.

We then have for the form factor (SAT63):

Here the subscript ZR stands for zero range. The factor t>0#ZR la

chosen such that the volume integrals of V and of the finite
C0 Cl

range form factor are equal, u (r) stands for the radial part of
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the wavefunctlon of the transferred neutron, which in this case of a

0 + target has Ail, As and Aj as quantumnumbers. For the two

transitions considered we have (A£,As,Aj) = (1,1/2,3/2) and

(3,1/2,5/2), corresponding to the two lowest states of 57Ni.

Compared with the transition densities for Inelastic scattering,

this has the following implications:

1) the form factors can be chosen real.

2) we do not expect exchange contributions.

3) DWBA usually appears to suffice whereas for numerous inelastic

excitations the coupled channels method is necessary.

4) no additional core polarization, Coulomb deformation or spin

orbit deformation has to be taken into account.

Apart from these apparent advantages, there are some

circumstances that make it less profitable to apply the inversion

procedure to transfer reactions.

1) Strongly excited Inelastic channels can be important (Folane,

(POL81)).

2) Deuteron break-up should be incorporated explicitly, e.g. by

means of an adiabatic approximation for the deuteron break-up

channel (J0H70).

3) The radial dependence of the fora factor is known in principle

once the angular momentum transfer has been established. In

practice, the missing ingredient therefore is not the shape of the

form factor but rather the spectroscopie amplitude and the latter

can be obtained without an Inversion approach.
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The subsequent results therefore are presented predominantly

to provide an additional exploration of the Inversion method.

First, we performed the usual Inversion calculation using the

experimental pick-up cross sections• As starting form factors we

took the appropriate neutron wave functions. In order to check the

assumption of the reality of the form factors, we allowed also the

imaginary part to vary. The results are depicted in figures IV.23

and IV.24. The corresponding xZ~values are listed in table IV.7.

Concerning the assumption of the reality of the form factor, we

observe that the resulting imaginary part for the 5/2~ state has a

shape more or less similar to the real part. This means that indeed

a phase factor exists such that the form factor can be chosen near

to real. This is not the case, however, for the 3/2" state.

The results from a more severe test of the inversion method

are presented In figures IV.25 and IV.26. Here we dropped the

assumption that the resulting form factor should be related to

either a 2p3/2 or lf5/2 neutron wave function. As a starting form

factor for both reactions, we took as the radial part the average of

the two wave functions. It turned out that in an inversion employing

the experimental cross sections we could not reproduce the correct

fora factors. This appeared to be due to the limited angular

interval of the experimental cross sections. Even when we generated

theoretical cross sections that span the entire range from 0° to

180" and applied these as 'experimental data', we only could manage

to perform inversions with a poorer quality than equivalent (p̂ ,p')

inversions. This Is believed to be due to the following. The

central part of the form factor is sampled by the products of the
X X ' .j,

partial wave functions, ? £ ,. Now in the case of (p,p') scattering

for low Q values (-Q<<E-U) the number of different products is

reduced due to the property:

5i 5i'" 5c'5c' <IV-24>
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A similar relation does not hold for (p^d) reactions.

Moreover, the number of product functions In the latter case Is

larger due to the greater number of (£>s,j) combinations for

deuterons. For these reasons sign-cancellations In the Integrals

(1.9) are more likely to occur for (p'.d) reactions than for Cp*,p')

reactions.

We nay therefore conclude the foll.vjing:

1) If the spectroscopy of a reaction Is known, the Inversion

procedure may be used to find minor corrections to the form

factor. Corrections in the inner part of the form factor should not

be trusted too much.

2) In order to find useful results In case of a completely unknown

form factor, at least a large angular Interval for the cross

section is necessary.

Table IV.7: x2 reductions from (p.,d) inversions.

Final s tate

5 /2-

3/2"

X2
*o

59.0

255

Xf

13.6

76.7

F

4.33

3.33

n

3

3
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IV-A Appendix

For the sake of completeness, we will give here a short survey of

the microscopic DWBA formalism. Extensive literature can be found

e.g. in the paper by Von Geramb (GER71) and references therein.

We start by writing down the DWBA expression of the

antisymmetrized T matrix element:

T - T(direct) + T(exchange)-

m,n
C

(IVA.l)

where it is understood that in the second term not only the spatial

coordinates but also the spin and isospin coordinates are

interchanged. In (IVA.l), S is the amplitude of the contribution to

the excitation by the transition of a particle from state n to state

m. We have introduced the nuclear state: If* xfJ >, which is to be
1 in c

interpreted as a single neutron wave function <j> that occupies an

orbit with j«j , and the wave function of the core, ¥„, coupled

together to a total angular momentum I.

The ingredients for the computation of (IVA.l) are:

- the value of the spectroscopie amplitude S;

- an approximation of the exchange term;

- a suitable nucleon-nucleon force.
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In order to compute Che strength S for each of the transitions

In (IV.22) for the 58Ni case, we apply the general method of

Brussaard and Glaudemans (BRU77). To this aim, the combination of

the nucleon-nucleon force and the distorted waves is seen as an

operator 0 with a multlpolarity A equal to the transferred angular

momentum. We write for this operator (BRU77, 13.24):

0A -I <a|0A|3> a+a. (IVA.2)

where a and a are creation and annihilation operators,

respectively. This matrix element of 0 can be evaluated by means of

the method of second quantization. The states of 58Ni are described

as two neutrons outside a 56Ni core. This means that these states

can be written as state operators working on the 56Ni core, denoted

by the vacuum state \0>:

We can interpret this as a combination of two neutrons,

together forming our states of Interest. The 0 + •*• 2 + excitation is

now described by either recoupling within the same orbit or by

promoting one of the neutrons to a different orbit. We have to deal

therefore with two orbit matrix elements. Such a two orbit matrix

element <O[a.,xa.,]
 f| [ a^a. ] A | [ a*x a* ] *<» is reduced and factorized

"'a Jb p Ja -"b
out as a product of two single orbit matrix elements:

If A I
<0|Z rIF BZ X|

Here x stands for /(2x+l).

(IVA.4)
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The quantities appearing in (IVA.4) have the following meaning:

Z > the state of (IVA.3)

F the total multi-orbit transition operator in second

quantization

N an integer that depends on the occupation numbers

Involved

Y,,,. the total angular momentum after the excitation process

of the particles that occupy the orbit labeled 1(2)

Y ' 2- the total angular momentum before the excitation process

of the particles that occupy the orbit labeled 1(2)

the part of the operator F that works on the particles

in orbit 1(2).

The symmetric expression (IVA.4) reduces considerably because

of I.=»0 and I f
a2. In (BRU77) a classification scheme As presented

for the remaining reduced matrix elements. In our case we have to

consider three different categories, depending on the structure of

the operator f . Evaluation of the relevant expressions yields for

the value of the matrix elements of the a+a. operator from (IVA.2):
ct p

(IVA.5)

Here a and b are the amplitudes of the relevant components in the

wave functions of Interest. The evaluation of <ajo j(3> from (IVA.2)

is just a matter of Racah-algebra. The result is:

«x|oA|p>-(for a 0++A* excitation:)

A part of this expression is already contained In the code CHUCK.

This means that the strength parameters to be provided for are the
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product of expressions (IVA.5) and (IVA.6) divided by the factor in

CHUCK. This factor therefore has to be reconstructed from the

computer code. The final results for the strength parameters have

been listed in section IV-2.

Next we must pay attention to the approximation of the

exchange term in terms of a local form factor. We adopted the

approximation given by Van Hall (HAL73) which is based on the local

energy approximation (LEA) of Perey and Saxon (PER64). The exchange

matrix element then reads:

(IVA.7)

with the exchange correction ?».(£.) as the Fourier transform of the
nucleon-nucleon force that is approximated in LEA. For a Yukawa
shape we get:

(IVA.8)

Here, q2 is the 'local' energy. A manageable approximation to q2

which works well in practice reads:

- - \ (AJ+Af) - i (IVA.9)

The occurring A-operators are evaluated by means of the

corresponding Schrödinger equations. Now the Integral (IVA.7) takes

algebraically the fora of a direct term. For the practical

realization of the above scheme we had to make some additional

changes In the code CHUCK. We started from the zero-range knockout

form factor, which is Just the product of two nuclear wave

functions, and multiplied it by the function F from (IVA.8).

The check of the necessary modifications could only be done in

an indirect way, since most authors use exact finite range

calculations, that yield somewhat different cross sections.

Calculations by van Hall and Meissen (HAL73) however, that also use

this local energy approximation, could be reproduced whereas also

the AL-dependence of the total cross sections as presented by Love

and Satchler (LOV67) resulted correctly from our calculations.
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The final ingredient of the microscopic reaction theory is the

nucleon-nucleon potential. For the several components that occur in

the T-matrix we apply the usual parametrization In terms of singlet

and triplet, even and odd forces. We have for the interactions of

interest (PET70):

Direct, AS-O: V -(v +3v +v +3v )/8
pn se te so to

V -(v +3v )
pp se to

Exchange, AS-0: V -(v +3v -v -3v )/8
* pn se te so to

V (v 3vk )pp se to

Direct, AS»1: V -(-v +v -v +v )/8
pn se te so to

V -(-v +v )
pp se to'

Exchange, AS-lt )/8

V »(-v -v )/4
pp se to'

(IVA.10)

There exists a great variety of interactions, both based on first

principles or on phenomenology. He apply the phenomenological

Pandharipande force (PAN69). He finds for the v ,v ,v and v :

v - 350.9 G(r) (MeV)

where

V te

V

so

Vto

- 526

—438

-o,

ex:

.3

.6

P <

G(r)

G(r)

(MeV)

(MeV)

1.6r
(IVA.ll)
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We see that as far as the proton-neutron force Is concerned,

the AS-1 transitions are negligible compared to those with AS-0.

Moreover, since the proton-proton force only applies to two of the

weaker 5"*Fe transitions, we skipped the AS-1 transitions as a whole.

The Pandharipande force differs from other forces with respect to

the range of the v , which normally is taken much shorter. In that
so

case it Is allowed to neglect the odd components as the direct and

exchange contributions interfere destructively. We decided to do the

same as we had some doubts on the range of this component.

-134-



Chapter V

Up to now we exclusively considered reactions where It was

sufficient to take only one excitation path Into account. This Is,

of course, a very limited class of reactions. The excitation to the

vast majority of nuclear states proceeds by numerous simultaneous

couplings» Fortunately, it is not always necessary to Include all

these in a coupled channels scheme to reproduce the most salient

features of the corresponding cross sections. In section V-l we

will encounter a method to analyse cross sections and analysing

powers in the case of two concurring reaction paths by means of a

DWBA-like procedure. We modified our inversion procedure to be able

to handle these cases. Section V-2 deals with the accuracy of our

method for these more complicated coupling schemes. The inversion

results for the 0+, 2+ and 4+ states of 6 4 » 6 6 ' 6 8
 Z n w l u b e

presented here. Finally, in section V-3 the interpretation of some

features of the resulting form factors for these cases in terms of

electron scattering results and IBM calculations is given.

V-l Second order DWBA

In section 1-2 we showed how a two channel model can be used

to derive a DWBA expression for the T-matrlx elements in the case of

a one step excitation. The restriction for Its validity was, that

the coupling is weak compared to the distortion potential, since it

is only taken into account up to first order. Here we will apply a

three channel model whereas we will derive the T matrix elements for

the third channel upto second order in the coupling strength.
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Analogous to the expressions (I.7a,b) we have:

v~^ .
"0 "0

E tf< ^yec l c l X' c 0 c l c 0

c , t eC2 C2 X' C1C2 C l

x
cv c"

C0C2 C0

(V.I )

These equations correspond to the following coupling scheme for our

channel of Interest c„:

c- (ground state)

Note that strictly speaking we should also incorporate the backward

coupling terms V and V in order to make the entire approach
ClC0 C2C0

correct upto second order in the couplings. The former term,

however, does not influence channel c. more strongly than upto third

order. Moreover the corresponding transition density has been
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calculated In a BWBA context described previously in section IV-3.

Therefore it would be improper to use it in a CC scheme. As to the

neglecting of the backcoupling from c? to c„, we must realize that

in the collective model the strengths of the transitions are related

to the deformation. The c.+c^ and c +c. transition strengths are of

first order whereas the strength of the c + C - transition is of

second order In the deformation. Therefore for not too large

deformations, the latter is about an order of magnitude smaller than

the others. Therefore if we omit all backward couplings, we observe

that the T-matrix for c. can be written as a coherent sum over two

terms. We can immediately write down the term corresponding to the

c+c- coupling (cf. 1.9):

c0C2
(V.2)

The other term can be derived by applying Green's theorem twice.

The result Is

(V.3)

The function G (r,r') is the solution of the Schrödlnger equation
cl

for the second channel where the inhomogeneous part has been

replaced by i(r-r'). Unfortunately, it cannot usefully be factorlzed

out into functions with known asymptotic behaviour 'as is the case

for the one step T-matrix element. This means that it is not

advantageous to apply equation V.3 for practical computation of the

T-matrix elements. Thus they are computed by means of numerically

solving the coupled SchrSdinger-like equations instead. The total T-

matrlx is given by:

\)2 r 101 (V.4)
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As was to be expected, the partial T-matrices still depend linearly

on the form factors V and V
c0c2 C1C2

For the application of the inversion method to the case of

parallel excitation paths, we will confine ourselves to the so-

called two phonon triplet of the ' ' Zn isotopes where

difficulties in the description within the collective model occur

(MOO84). In the collective model, these states are described as two

coupled quadrupole surface oscillation quanta* This can result in a

0+, 2 + or 4+ state. This means that a specific problem arises, as

compared with the one step case. If we consider an excitation from

a 0 + ground state, the multipolarities of the transition densities

V and V are equal to the nuclear spins of the states c and

transition density, however,

c0 c2 c0 cl
c. , respectively. For the V
1 c ^

several multipolarities are allowed, each of them corresponding to

its own form factor. The only exception is the case I »0+ where the
C2

multipolarities of V and V are equal. Now for our inversion
c0 cl C1C2

procedure this means that four form factors would have to be varied

simultaneously, causing the number of variables in (III.14) to

exceed greatly the number of equations. An escape from this problem

is to adopt an additional assumption e.g. one from the

aforementioned harmonic vibrator model. There, the nuclear

excitation operator that corresponds to V is interpreted as a
C1C2

quadrupole phonon creation operator. This means that the matrix

elements of the multipole components, other than A£«2, will vanish.

In case the nucleus under study is not a pure harmonic vibrator the

A*«0,4 or 6 components should also be taken into account, but even

then their contribution in this context is usually an order of

magnitude smaller than the A£«2 term. For the current analysis of

the Zn Isotopes we therefore restrict ourselves to the inclusion of

the AA«2 term only.
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Once the second order DWBA expression for the T-matrix has

been formulated, we readily can generalize the inversion procedure

from chapter III so as to correct both the V and the quadrupole
c0c2

part of the V transition densities. It suffices here to list
C1 C2

merely the differences with the one-step version of the method.

1) The coefficient vector £ from equation III.3 now consists of

the amplitudes of the splines of both form factors. If we use an n-

spline expansion for each of the form factors, a, is organized as

follows:

coefficients 1 n; real parts of the spline amplitudes of V

cQc2

n+1....2n: real parts v
C1C2

2n+1....3n: Imaginary parts v
c0c2

3n+1....4n: imaginary parts • v
C1C2

Ü ) The structure of the matrix J in equation (III.11), including

the physical damping constraint, Is as follows:

spin up

spin down

dnplng
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The square matrix Q corresponds to the penalty function In equation

(III.33). In principle the damping factor X for the several matrices

Q can be chosen independently. In practice we preferred to use the

same value for X for all four cases in order to arrive at a

straightforward algorithm.

ill) In principle, the spline width could also differ for the

two form factors. For V we can immediately use the results of an
c0c2

investigation as in section III-2. This is not the case for V
C1C2

because of the more complicated structure of T .. In practice we

took the spline widths for the two form factors both equal to 1 fra.

This somewhat larger width than used previously reduces the total

number of amplitudes for one form factor In such a way that it is

still significantly less than the number of angles.

Iv) The error width for the two form factors Is obtained in

exactly the same way as for the one step case, that Is by means of

the global method of section 1-3. We performed the error band

calculations for the 0+, 2+ and 4+ states of G6Zn; the values for

the other two isotopes were obtained by scaling with a factor

V(66/A). It turned out that generally the cross sections are much

more sensitive to the details of the V form factor than for
c0 c2

those of the V . This results in relatively narrow error bands
C1 C2

for the former compared with the latter.
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V-2 Results of the two step reactions

1) Error analysis.

Even though formally the Inversion algorithm for two step

reactions does not differ from that for one step reactions, details

of the resulting form factors are likely to be less reliable than

for the one step cases. This is due to the fact that in the matrix J

subtle correlations between columns of the V part and of the
C0C2

V part may exist. On the other hand, to guarantee an unbiased
C1 C2

solution, it Is advisable to apply the singular value analysis to

the matrix J as a whole instead of treating the various oblong

submatrices separately. We can get an idea of the reliability of the

-1.5

rffm)

„58,Wig. V.I. Results from a pseudo-data inversion for Ni(p,p')2 .

The clashed curves stand for the starting form factor ;

the dot-dashed curves depict the form factor by means of

which the pseudo data were generated and the full curves

give the result of the inversion.
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0 2

rffml

Fig. V.2-V.4. Results from pseudo data inversions for Zn(p*,p')O+ ,2+ ,4+ .

The conventions are as in Fig. V.I.

solutions by means of what we shall call the pseudo-data method. It

consists of the following. Suppose that the Inversion procedure

yields form factors V' and V' , starting from the collective
c0c2 C1C2
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66Zn(imag.)
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beta =0.014

0 2

r(fm)

I mi

model form factors V and V , respectively. As a second step
C O C 2 C1 C2

we treat the collective model cross sections as 'experimental' data,

so called pseudo data, and we try to reproduce these by means of the

Inversion procedure applying the primed form factors as a start. If
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0 2

r (fm)

our method were exact, of course the collective model form factors

would come out. Applying this pseudo-data method to one step

reactions, results as in figure V.I typically can be obtained. It is

not surprising that this final error is less as the difference

between the form factors V and V' is smaller.
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We present the results of some pseudo data Inversions In

figures V.2 to V.4. We note that, though the general tendencies are

commonly reproduced, there are still considerable differences at

a number of r values. It Is interesting to note that the

volume Integrals of the form factors are reproduced much better, and

therefore can be used for further investigation. It is with these

results In mind that the actual form factor corrections should be

judged.

ii) Results.

We performed the inversions for the 0+j, 2+j and 4+j states of

' ' Zn. For every 0+2 we applied the same damping; for the 2+2

and 4+j states the damping factors differed, but again were the same

for all isotopes. The resulting xz's are listed in table V.I.

table V.I: x2 results for the two phonon states for ' ' Zn.

isotope

e i <Zn

66 Zn

66 zn

66 Z n

6 8 Zn

68Zn

68 Zn

state

°+2
2+2

0+2

2+2

0+2
2+2

E
exc
1.91

1.80

2.31

2.37

1.87

2.45

1.66

1.88

2.42

All variables have the

X2

*o
113

609

364

224

331

516

130

209

95.2

Y2

Xf
43.6

56.3

17.2

74.5

160

16.6

40.2

92.2

41.1

same meanings as

F

2.59

10.8

21.2

3.00

2.07

31.1

3.23 •

2.67

2.32

in table IV.4.

n

3

3

3

1

4

5

2

3

3

Fig. V.5-V.1S. The results of inversion calculations for
R4- /?/? /?P

the two phonon states of ' ' Zn. The full curves give the

form factors and cross sections and analysing powers

as resulting from the inversion; the dashed curves stand

for the collective model results.
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We observe that the x2 reduction Is of the same order of

magnitude as for the 2Ï states, except for the it and 4+ states of

6"*Zn and the 4+ of 66Zn which are impro ed substantially more. The

results of these inversions are presented in figures V.S to V.13.

In the remainder of this section we give a description of the

salient features of these results.

a) The 0+ states.

Due to experimental circumstances, the cross sections for 0+

excitations are generally harder to measure than those of other

states. This causes the large error flags for these cross sections

and analysing powers as well as the somewhat Incoherent appearance

of the 66Zn data, which, moreover, should be considered as

preliminary (MOO84). The whimsical behaviour of the corrected cross

sections and analysing powers together with the overall reduction of

the cross sections, clearly points towards a delicate negative

interference between the one-step and two-step processes. In the

collective model description this Is much less apparent. We can

understand this difference if we look at the nature of the resulting

form factor. For 66Zn for instance, we see that the correction

essentially consists of reducing the 2* + Ot strength whereas the

Of * Ot form factor is left nearly unaltered. Apparently, in the

collective model description the 2* + 0+ is mainly responsible for

the shape and size of the 0+ cross section, whereas as a result of

the corrected form factors both paths appear to be important. For

6"*Zn a similar mechanism can be observed, although here some

peripheral structure in the 0+ + Ot form factor seems to appear.

The cross section and especially the analysing power of 6I*Zn

are reproduced badly and we doubt the relevance of this feature.

In 68Zn, the collective model DWBA description of the cross

section shows a defect in reproducing the angular phase. It has been

shown by Van Hall (HAL80) that this can be repaired by applying a

more complete coupled channels scheme. This means that our form

factor correction, which also seems to be able to improve the

description of the data Impressively, could simulate the local DWBA
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equivalent of such coupled channels effects. Again this seems to be

effectuated by a shift from the 2+ + 0+ dominated process as

represented by the collective model towards a description In which

both processes are more or less equally Important. In this case,

however, this Is not accomplished mainly by a reduction of the real

part of the 2+ + 0^ form factor but rather by an Increased Imaginary

term In this excitation path.

A general effect observed for all three Isotopes Is that the

Improvement Is manifest predominantly for the cross sections,

although for 61*Zn this Improvement consists of nothing more than an

overall reduction of the cross section without any similarity with

the more detailed structure of the data.

If we compare the results from the 0+ inversions with the

other states, we have here the major advantage that the form factors

are not likely to be polluted by the effects of omitted couplings,

other than backward couplings. When we compare the results from our

method with more fundamental results from nuclear structure

calculations in section V-2, this aspect will receive special

attention.

b) The 2+ states.

Apart from any structural effects, a general tendency of all

collective model descriptions seems to be the overestlmation of the

cross section data, be it somewhat less than for the 0 +
2 states.

The description of the cross section of the 2 +
2 state for

 6"*Zn

Is greatly improved by applying the corrected form factors. The

only remaining major defect is observed at 65° where the data

display a sharp interference-like minimum which is not seen In the

theoretical curve. The analysing power improves less manifestly; an

obvious deterioration takes place round 110°. If we restrict

ourselves to the cross sections, the improvements gradually become

less «hen going from 61|Zn towards 68Zn. Note that this behaviour is

just opposite to the case of the 0+
2 states. Due to the worse fits

to the analysing powers, these tendencies not always reflect

themselves in the x2 reductions.
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Concerning the nature of the form factors, we can observe that

the form factor of the direct excitation Is again very similar to

the collective model prescription. The corrections to the 2^ + 2^

form factors are somewhat less reliable. This Is especially true

for the peripheral structures for 6<lZn and 68Zn. We have suggested

In the case of one step inversion that the occurrence of such a

structure might be due to the omission of some effects that cannot

be expressed in terms of corrections to the form factor. Here, an

omitted effect could be the 2^ + 2^ coupling by means of AJt=»O or

6lmU transitions.

the remaining general tendency is a shift from a 2+ + it

dominated excitation scheme towards a scheme in which the one step

(second order-like) path acquires more -Importance, just as was found

in the case of the 0+ states. These shifts are, however, less

dramatic than in thfp latter case.

c) The 4+ states.

Of all states studied, the 4+ states of 61*Zn and 66Zn are

those that improve most. Here even the analysing powers show an

encouraging improvement. Like for the Zt of 6"*Zn, it Is interesting

to note that again the remaining effect in the cross section

consists of a minimum round 60° in the data which is not well

reproduced. For 66Zn we observe an Impressive improvement of the

cross section. It is amazing that here the corrected form factor

results in a backward-peaked cross section which reminds to

exchange-dominated reactions. For an angular momentum transfer as

high as A4-4, this should not be a priori impossible. The

improvement for the 4+ of 6 8Zn is much less spectacular and it

follows the tendency of the gradually decreasing improvement of the

cross sections of the heavier isotopes as found for the 2+ states.

As to the form factor corrections, we observe that the general

behaviour of the 2+ and 0+ states persists In the sense that the

0+ •+ 4+ form factor is hardly affected by the inversion whereas the
2t * *1 form factor 8nows a clear reduction for r > 4fm.
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We can summarize our findings as follows:

1) The collective model prescription systematically overestimates

the cross sections for all states whereas this overestlnation is

less for the heavier Zn Isotopes.

2) The corrected form factor generally yields a significantly

better description of the cross section whereas the analysing

power is less clearly Improved. Exceptions to this statement are

the 4+ states of 6t>Zn and 6 6Zn. The improvements of the cross

sections are less convincing for the lighter Isotopes in the case of

the 0+ states and for the heavier isotopes in the case of the other

two states.

3) The resulting form factors for the direct excitations are in good

agreement with second order collective model prescriptions, both for

the real and Imaginary parts.

4) The form factors for the 2+ + 1+ (I»02,22 or 4j) generally show a

reduction in the peripheral region. Here the 0+ state of 6**Zn

forms an exception. In some cases one can also observe a small

shift of the maximum of the form factor towards smaller radii.
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V-3 An Interpretation of the results

From a microscopic point of view, the transition densities

for the excitation from 0+j states to 2Ï states are generally

described with the same microscopic components as the excitations to

2+ states. The spectroscopie amplitudes, however, differ In such a

way that the latter transition densities result from a much more

coherent superposition. One would expect this difference to show up

in the 0+ + 2+ and 2+ + 2+ form factors. Although this is, strictly

spoken, not contradicted by our findings, it should be at least

surprising that the radial form of the less coherent superpositions

shows a striking resemblance to the collective model fora factors

for the direct transitions. It is not very likely, on the other

hand, that our method should be unable to produce corrections to the

Of * 2°£ form factors, since the numerical values of both the

elements of the vector £ and the appropriate elements of the matrix

J for the two form factors are of the same order of magnitude. We

find, moreover, that in pseudo data inversions the 0+ + 2Ï form

factors are more accurately reconstructed than the 2+ + 2+ form

factors. In this context It is Interesting to refer to the work of

Neuhausen (NEU77), where in inelastic electron scattering to the 2+

states of ' Zn formfactors have been found that have a rather

collective appearance.

A more general and quantitative way to compare our results

with the results from well established methods can be found in the

Interacting Boson Model (IBA) of Arima and Iachello (ARI76-78). We

will give a very short and simplified pointwise summary of the

crucial ingredients of this model.
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- The physical Idea of the model Is the emphasis on correlated

proton- and neutron pairs. These pairs are assumed to have j-0 or

j"2, loosely speaking about s- and d-boeons. The total number of

proton and neutron bosons is fixed and consists of the valence

particles or holes.

-The nuclear hamiltonian exists of terms in which at most two bosons

Interact.

-As a base for expanding our wavefunctlons we choose a set of state
vectors that a l l have the number of d bosons, n , as a proper

d

quantumnumber. The one- and two phonon states from the harmonic

vibrator model correspond to s t a t e s having n -1 and n - 2 ,
a a

respectively. In a more general context, states can be written as
e. . :

I2V

l2+2> - « J l V ^ + a2lnd*2> + *lK"3> + •••' (V>5)

-The amplitudes oj in (V.5) are obtained by diagonalizlng the

nuclear hamiltonian. The parameters of this hamiltonian usually are

taken from fits to the experimental energy level scheme of the

nucleus of interest.

-Nuclear transition probabilities can be computed analytically once

the amplitudes {a} are known. This is accomplished by expressing the

transition operator In second quantization. It Is assumed then, that

only one-boson operators are involved. We thus have the first order

operators s+d+d+s and d+d. Here the neutron and proton parts can be

weighted differently to express specific properties of the relevant

operator (e.g. electromagnetic, isoscalar).
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In order to compare our results with the IBM, we have to

provide for the following:

1) An IBM hamiltonian, able to reproduce the relevant energy levels

of the Zn Isotopes under study. The parameters of this hamiltonian

have been obtained by Maas (MAA82) by a fitting procedure.

2) The nuclear transition probabilities that result from the IBM are

mere numbers, without any radial dependence. We have to extract

these transition probabilities therefore from our form factors. An

often used approach is to apply the expectation value for the

electromagnetic transition operator for a given charge transition

density P(r):

B(EA) ~ ƒ rAp(r)r2dr (V.6)

Osterfeld (OST79) has studied the correspondence between this

electromagnetic transition operator and the hadronic excitation

operator. From numerical experiments It appeared that fortunately

the charge transition density and the nuclear transition density are

sampled in a more or less comparative way by means of this approach.

The effect of the exchange contribution to the nuclear transition in

this context, however, is not yet completely understood.

For the practical comparison we proceeded as follows. We

computed the Integrals from the right hand part from (V.6) where we

took for p either our corrected form factors or the real parts of

the collective model form factors. We will refer to these Integrals

as C(A). The quotient of C(A), and C(A) ,. Is compared with the
lnv coll

quotient of the B(EA) values as obtained from the IBM and

as obtained with the collective model prescription of Tamura

(TAM6S). Note that In the collective model description of the

harmonic vibrator as in our inversion procedure we only have A-2 for
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the first order transitions. As to the accuracy of the volume

Integrals we can state that we found errors of a few percent with

the exception of the transition from the 2 + state to the Oj and 4+

states, where errors around 30% occur.

The result of these calculations Is given In table V.2.

table V.2: B ( E A > I B j / B < E A ) c o l l
 a n d

Isotope transition |B<KA) I M AB<BA) C O U | | C < A ) 1 W J / C < A ) C O U |

64Zn 0 + i+ 0 +2 °"27 ° ' 2 1

61*Zn 2+!-»-0+2 0.29 2.04 1)
GI*Zn 0 + i + 2 + 2 1 .17 0.89

61|Zn 2 + i * 2 + 2 ° ' 8 2 ° ' 0 8

61fZn 0 + i * 4 + i ° ' 9 0 0 # 3 9

61|Zn 2 + i**+ i 1 - 1 2 °-u

6 6 Zn O+j+0+2 0.24 0.58
6 6 Zn 2+J+0+2 0.32 0.05 ' )
66Zn 0+i+2+2 1.38 0.95

66Zn 2 + i* 2 + 2 ° ' 8 2 ° ' 3 8

6 6 Zn O+j+4+j 0.82 0.86

66zn 2+ +4+, 1.16 0.53 x )

68Zn O+j+0+2 0.26 0.79

68 Z n
 2+i-"-0+

2 0«34 0-*7
68Zn O*!*2^ l ' 7 3 ° ' 9 4

68Zn 2+!+2+2 0.85 1.80
6 8 Zn O+j+4+j 0.87 0.99
68Zn 2+1+4+1 1.19 0.75

1 ) For the 0+ states of 61f2n and 66Zn and the 4+ state of 66zn w e

found a net sign difference between the IBM-matrix elements and the

Inversion results.
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The results In this table are also presented graphically in

figure V.14. As to the accuracy of the above results, we recall that

the C(A) values are essentially better reproduced than the several

details of the form factors themselves when doing a pseudo data

inversion.

From figure V.14 we learn that there is some agreement between

the IBM results and the inversion results for the 0 + + I +

transitions where I - 02, 2-, or 4j. The major discrepancy for the

transitions 2+ + 2+ and, somewhat less, 2+ •»• 4+, might be due to the

neglected 4« - 0, 4 and 6 contributions. Indeed, if we look at the

transitions 2+ •> 0+, we observe for 66Zn and 68Zn a somewhat better

agreement between the two results. Of course this could not be

expected from 61fZn where the theoretical cross section and analysing

power give a very poor description of the data.

i

p*-^_ 1

\

0i-*-02

21"*°2

y- — - > ^ ^

o,-z2

y

21-22 J

1

i

^

i

A

tr= - -•*

21 —*1

i — ,

64 66 68 64 66 68 66 66

Fig. V.14. The results from table V.2. Full curves: inversion results,

dashed curves: IBM results.
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Chapter VI

As far as we know, the only correct way to describe physical

phenomena on the sub-atomic level, is by means of quantum mechanics.

That is why the scattering theory from chapter I and the inversion

procedure from chapter III have been based on the quantummechanical

concept of the expectation value of an operator, i.e. the transition

operator of equation (I.I).

In this chapter we study in how far a classical approximation

of equation (I.I) can teach us something about nuclear transition

densities. There are two motivations for this study:

-we are curious to the merits of the classical approximation in

the case of inelastic scattering. Moreover, it might increase our

general understanding of the scattering process.

-in case the classical approximation would turn out to be

sufficiently accurate, we could replace our non-linear inversion

iv a linear one, because the classical analogue to equation (I.I)

will result in a linear expression.

With respect to the former point, we note the following. It is well

known that the classical approximation to elastic scattering cross

sections is only a very rough one. As is shown in figure VI.1, only

the average value of the cross section is reproduced correctly,

although the general effect of the imaginary part of the potential

corresponds nicely to the quantummechanical case. This is not

surprising if we realize that the interference structure, clearly

visible in the quantummechanical description of the elastic cross

section originates from the fact that the wave functions of the

projectile and ejectlie have the same absolute value of the

wavenumber k: the description of the Interference of two coherent

waves of course needs a wavemechanical approach.

*) Part of this work has been done in collaboration with Mr F. Maas

as an undergraduate research project at our institute.
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Pig. VI. 1.

Classical cross section calcu-

lations for the elastic proton

scattering to Zn at 20.4 MeV.

Left upper: strength of the

imaginary part of the potential

(W) taken in accordance with

the quantwmechanical OMP.

Right upper: imaginary part set

to zero.

Left lower: imaginary strength

twice as large as the OMP value.
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In the case of Inelastic scattering, the wavenumbers of the

projectile and ejectile differ. This decrease of coherence displays

Itself In a much less oscillatory structure of the cross section. We

could hope therefore, that a classical approximation of Inelastic

scattering yields more acceptable results than In the case of

elastic scattering.

In this chapter, the following subjects are dealt with:

-Section VI-1 gives the procedure for the calculation of

trajectories, I.e. the classical picture that Is analogous to

the distorted waves. Moreover, attention Is paid to the

Inclusion of the Imaginary part of the potential .

-Section VI-2 presents the computation of the differential cross

section.

-Section VI-3 deals with the classical Inversion.

VI-1 The computation of classical trajectories

We consider the scattering process in the centre of mass

system. From elementary mechanics we then take the relation

(AL071):

0, - if - 2/ - ^ dr (VI.1)
h

 r r2[2uE-L2/r2-2MV(r)]%

with 6 - the scattering angle for a given angular momentum L;

r » the largest pole of the integrand, I . e . the classical
m

turning point;

V(r)» the real part of the optical model potential.
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The cross section Is given by:

do
2uEsin8

1-1

dL (VI'2>

He account for the absorption, due to the Imaginary part W of

the potential, by multiplying each term In the right hand side of

equation (VI.2) by a reduction factor d . We compute this factor by

applying the quantummechanlcal continuity equation for the

probability density :

The result is:

d, » exp { -ƒ ^ r dr}

m
^ r

•h[2uE-L2/r2-2uV(r)]'

The Integrals (VI.1) and (VI.4) have been computed

numerically* Special care had to be taken in the neighbourhood of

the pole r ; here a Gaussian quadrature formula has been used
m

(HAN65). The deviation function 0 shows a singularity when the

denominator of the Integrand becomes stationary. The L-value where

this happens is called the orbiting angular momentum. The orbiting

does not reflect itself in the cross section since I — I becomes

Infinite too. Moreover, the damping factor d vanishes for the same

value of L.
do

An effect that does show up in the cross section -rrr, is the
ja G"

vanishing of -2—. In the case of elastic scattering we find a
dL*

singularity at the corresponding scattering angle. This effect is

called rainbow scattering. Due to an additional integration in the

case of Inelastic scattering, it Is less manifest there.
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VI-2 The differencial cross section for inelastic scattering

The problem of classical and semi-classical approaches to both

elastic and Inelastic scattering has received ample attention during

the last few decades. The survey of Bernstein (BER79) reveals some

of the techniques currently used in this field. Since our study

bears a preliminar and educational character, we use a very

simplified reaction model here.

We adopt the following assumptions:

1) the excitation is local and takes place in one step,

ii) effects due to the projectile spin can be neglected,

iii) we merely consider excitations with L'»L±I where I equals the

nuclear spin in the excited state.

ad 1) The same assumption underlies the DWBA approach for collective

excitations. In the classical case it has been implemented as

follows. We assume a given set of radii r with corresponding

excitation probabilities a . The latter correspond to the amplitude

vector a_ of chapter III. For each 1 the integrals (VI.1) and (VI.4)

are computed up to r«r.. Here we abruptly change the L and E such as

to account for the transfer of angular momentum and energy. Next we

continue the Integration. Note, however, that the matching of the

two segments of the trajectory is not unique. In fact there exist

four cases for the same L and E leading to different scattering

angles. These are illustrated in figure VI.2. The solid curves

correspond to the ground state trajectory whereas the dashed curves

depict the trajectories after the excitation. Note that the dashed

trajectory has the same shape in all cases; it has merely been

rotated around the scattering centre. We observe that in cases a)
dr

and b) the sign of -rr is conserved, whereas in cases c) and d) the

motion changes Its direction. A Bchematical computation of

reflection and transmission coefficients for the corresponding one-
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Fig. VI.2. Four possible combinations of entrance-exit matching in computing

classical trajectories for inelastic scattering. The full curve

depicts the ground state trajectory and the dashed curve the

one corresponding to the excited state. Arrows denote the entrance-

and exit segments. The excitation is marked by the dot; an excitation

for a given r. can taV.e place on two different locations on the
Is

circle with radius r=r..
2.

dimensional quantummechanlcal scattering problem shows that the

processes c) and d) may be neglected.

ad 11) Preliminary studies have shown that the inclusion of a spin

dependent force for elastic scattering does not Improve the quality

of the classical description. Since its inclusion in the case of

inelastic scattering is rather a problem, we have neglected the

projectile spin.

ad iii) In the quantummechanical description of inelastic

scattering from 0 + to I + by means of DHBA, all dyads of partial

waves {5*,5* } that suffice |fi-l|<*'< |ft+l| contribute to the cross
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Fig. VI.3. Classical inelastic cross sections for the reactions Zn(p,p')2 ,3

section. Their relative weights are essentially given by the square

of the Clebsch-Gordan coefficient (£ I' 0 0 I 0). At first sight,

this seems to be in contrast with the classical case, where we have

L' - L ± I as the only combinations of L and L'. The question arises

which of the two prescriptions should be followed. In the classical

limit we have h+0. In order to have finite angular momenta, It is

therefore necessary that the corresponding quantum numbers become

infinite. Now in the limit for infinitely large L-values It can be

shown that:

(L LAI+2 0 oil 0) « (L Ltl 0 oil 0) (VI.5)

Thus It is justified to limit our calculations to the transitions

L +L' (-UI).
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Including the above Ingredients, we computed the cross sections,

one for each excitation radius r. . If we compare each one of them

with the quantummechanlcal computations for the corresponding

separate transition densities, we do not observe any resemblance

whatsoever. Adding them together, however, weighted with the

amplitudes { a.} corresponding to the collective model, gives a

reasonable similarity with the quantummechanlcal results (figure

VI.3). Three main aspects are reproduced correctly:

1) the absolute magnitude of the cross section without any

additional scaling;

2) the location of the first maximum, both for 1-2 and I»3

excitations;

3) the overall slope.

These results encouraged us to perform an inversion. ,

VI-3 A classical Inversion

Similarly as in the quantuma*chanical case, the inelastic

scattering is described In first order perturbation whereas the

elastic scattering is treated exactly. This causes the inversion

procedure in the inelastic scattering to be essentially less

complicated than In the elastic case. For an introduction to the

inverse scattering problem for classic elastic scattering we refer

to the work of Lazenby (LAZ80).

For our Inelastic scattering problem the expression analogous

to (III.2) reads:
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This set of equations can be solved without additional

linearization by means of the singular value method. As a practical

case we took again the reaction 58Ni(p,p')O+ • 2+. It is interesting

to note that we encounter some problems with the most peripheral

part of the form factor, just as in the quantummechanical case. In

order to arrive at a well-behaved solution we applied the same

physical damping recipe as used in the previous chapters. Unlike the

quantummechanical case, we also found a large amplitude for the most

central a.. The physical requirement that the transition density

should vanish for r + 0 is less stringent than the vanishing outside

the nucleus. Nevertheless, with the classical idea of quadrupole

deformation in mind, one can justify that, if necessary, also a

central damping could be applied. When doing so, the results as

depicted In figure VI.4 show up. This form factor should be compared

with the quantummechanical result also in the figure. A qualitative

resemblance between these is the twin-peaked structure; the

locations of the peaks, however, differ. Since also the

reproduction of the experimental data has not been improved

substantially compared with the collective model description, we

have to conclude that the classical description lacks accuracy for

practical Inversion calculations.
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Concluding remarks

In experimental nuclear physics it has been common practice to

perform a theoretical analysis of the results of Inelastic

scattering experiments by doing model calculations only. In this

work we have developed an alternative method for these analyses

which allows the experimentalist not only to compare experimental

cross sections and analysing powers with theoretical results, but to

perform this comparison also on the level of nuclear transition

densities. This method has been derived in a DWBA context where the

inverse inelastic scattering problem reduces to the solution of a

set of quadratic equations. The latter is accomplished in an

Iterative way by means of a singular value analysis. In order to

guarantee stable solutions, attention had to be paid to the

development of feasible damping devices.

The method has been applied to several 0* 2+ excitations in

the region of A » 54 - 70, as well as to 0+ + 37 excitations for

106Cd and 110Cd. In all cases an improvement of the description of

the data could be attained; the corresponding x2 reduction factor

was typically of the order of 3. The resulting transition densities

have been interpreted In terms of the microscopic model. To this aim

schematic microscopic calculations for the transition densities of

the reactions 5'*Fe(p\p1)2+ and 58Ni(p\p')2+ have been performed. A

satisfying agreement between these and the Inversion results Is

observed.

In order i:o get an idea of the applicability of the method for

other types of reactions, we performed some pilot studies of

Inelastic alpha scattering and one neutron transfer reactions. It

appeared that in both cases the performance of the Inversion method

was somewhat less successful.

Next we generalized the method BO as to deal with second order

DWBA coupling schemes. We performed Inversion calculations for the

2-phonon triplets of ' ' Zn. A general tendency of the resulting

transition densities is, that the 2+ + 1+ (1-0-, 2, or 4.)

transitions are overestimated by the collective model.
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Samenvatting

Het doel van verstrooiingsexperimenten Is het vergroten

van de kennis en het begrip van kernstructuur en reactie-

mechanismen. Het doel van het onderhavige werk in deze context

Is het aandragen van een methode door middel waarvan de

resultaten van een experiment op een zeer directe wijze kunnen

worden geanalyseerd om zo zekere eigenschappen van de beschouwde

kernreactie vast te stellen. Hierbij wordt de aandacht gevestigd

op de zogenaamde overgangsdlchtheld (transition density) van

deze reactie.

De noodzaak van zo'n methode wordt uiteengezet In

hoofdstuk I, samen met de benodigde reactietheorie. Het

hoofdstuk eindigt met een onderzoek naar de gevoeligheid van

bepaalde reacties voor zekere eigenschappen van de

overgangsdlchtheden.

Hoofdstuk II Is gewijd aan de uitbreiding van een

rekenprogramma voor verstrooiingsberekeningen om de spin-baan

koppeling te kunnen verdsisconteren. Dit hoofdstuk kan eventueel

worden overgeslagen In een eerste globale lezing.

De methode als aangekondigd In ho«fdstuk I wordt

gepresenteerd In hoofdstuk III. Er wordt aandacht besteed aan de

relevante mathematische en numerieke eigenschappen van de

methode.

In hoofdstuk IV wordt de methode toegepast op enkele

eenvoudige eenstaps reacties. De resulterende

overgang8dichtheden worden geïnterpreteerd in termen van het

kernfysische schillenmodel.

Voor enkele meer gecompliceerde reacties worden de

procedure en de resultaten gegeven In hoofdstuk V. De geldigheid

van de methode voor deze reacties Is nagegaan met behulp van een

zogenaamde pseudo-data berekening.

Hoofdstuk VI beschrijft een volledig andere benadering van

het probleem van de extractie van overgangsdichtheden uit

experimentele gegevens. Hlèr wordt onderzocht in hoeverre de

klassieke verstrooiingstheorie kan dienen om het probleem op te

lossen.
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