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ABSTRACT

jtritical properties of the 3-D

quantum Heisenborg ferx-on-.agnet with random anisotropies;

that is, the coupling between any pair of nearest-neighbouring

spins can be either isotropic (Heisenberg) or anisotropic

(Ising-or XV-likc) at randomr within a Migdal-Kadenoff approxi-

mation «it uLl.iiin the full critical frontier and correlation

length critical exponents^M^Jound that the isotropic Heisenberc

model is unstfiblc (in the context of universality classes) in

the presence of a small concentration of couplings v;ith lower

symmetry. fW

Key-words: Heisenberg ferromagnet; Randorr. anisotropy; Criticality;

Quantum system.
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Antiferromagnetic systems with random anisotropies

have attracted a great number of experimental (Katsumata 1983,

and references therein) and theoretical (Aharony 1983, and

references therein) investigations over recent years. In these

systems the coupling between any pair of neighbouring spins

can have 0(n) symmetry with n being either nj or n 2 at random.

For instance, Fe.,_ .Co Br2 behaves essentially as an Ising

antiferromagnet when p=0, whereas for p=l it behaves as an XY

antiferromagnet (Katsumata et al 1984). On the other hand,

Komoda and Pekalski 1981 considered a ferromagnetic system in

which the magnetic interactions were either Ising - or

Heisenberg - like and obtained the phase diagram (T as a

function of p ,the site concentration) within an effective
s

Hamiltonian method. Furthermore, Pekalski (1977, 1984) and Mariz

and Tr.allis (1984) investigated a generalized model in two-

dimensions by series expansions and by Real-Space Renormaliz-

ation Group (RSRG) methods, respectively.

The purpose ! this letter is to study the critical

properties of a Heisenberg ferromagnet with random anisotropies

in three dimensions, through a Migdal-Kadanoff (MK) approximat-

ion (Migdal 1976, Kadanoff 1976). We consider the following

dimensionless Hamiltonian.
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where K. .=J. ./k̂ TÍJj. is the exchange coupling) is the same

for all bonds, the a's are Pauli spin operators, and the

sum runs over pairs of nearest neighbouring spins on a three

dimensional simple cubic lattice. The anisotropy parameter

A^ is a random variable and the following distribution is

associated with each bond:

6(Aij-&) + (I-PMÍA^OSÍK^-K) (2)

with Ae{j-l,l̂  and K>0; there is no correlation between

anisotropy in different bonds.

Within the MK approximation, adapted to quantum

systems (Suzuki and Takano 1979; Barma et al 1979; Stinchcombe

1979,1981; Takano and Suzuki 1981, Castellani et al 1982,

Tsallis et al 1984) a Renormalization Group transformation is

obtained by first decimating (b-1) spins along each of the d

cartesian directions and then combining them in "parallel".

Thus, for a linear scaling factor b=2, a 3-site chain is

decimated into a 2-site chain by performing a partial trace on

the internal site, in such a way that the partition function

is preserved, that is,

where

e ' = Tr e* (3)
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+ K L ( 1 )° ° +d-A(S))(o o + o o )J (4)
12 O " 1 2 1 2 1 2

where K* is an additive constant which makes possible Eq.

(3); the label s means "series combination" and

r 2 2 2 z x x y y .
= K L ( 1 + A I ) O a +(1+A2)o a +(1-A>) (a a a a '

, U ' 1 3 ' 3 2 1 3 1 3

xx y y -|
+ (l-A?) (a o fO o ) (5)

3 2 3 2 J

where Aj and A2 are distributed according to Eg(2);the fact that K. .=K

has been used explicitly.

The evaluation of the trace in Eq(3) is carried out through

a procedure previously developed (Caride et al 1983, Mari2 et al 1984a) I

The density matrices- are expanded as

XX V V Z Z
e = a + b (oa + o o ' + c a c

12 1 2 1 2 12 1 2
and

X X y y 2 2

where the sum runs over all sites of the 3-site chain.

The parameters K(s^ Kis)and A(s) can be determined
0

analitically (Caride et al 1983; Mari2 et al 1984a) as

functions of afe),b(s) and c(s) . The trace of Eq. (7) yields
12 12

a's'*2a,b -2b !c =2c the remaining terms vanish since
12 12 12 12

they involve a term in o?. The coefficients a, b and c
3 12 12
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are determined numerically as functions of K, L\ and A2, and

finally we obtain the recursion relations K (K,Ai,A2),

K(s)(K,Aj,A2) and A
i s ) (K,A),A2). At this point one should

note that the procedure outlined above to take the partial

trace has been used in the study of the non-random anisotropic

Heisenberg model in 3-D through an appropriate two-terminal

graph (Mariz et al 1984b). Nevertheless, the process of

configurational averaging makes this method inapplicable to

that graph for the present problem in view of very long

computational times involved.

Neglecting commutation aspects in the bond-moving

step of the approximation we get (see Mariz et al 1984a) for

a "parallel" combination of four branches (each of them cons

tituted by two bonds in series)

(8)

(s)
(9)

K

where ! K * 8 ) , A ( S ' J denotes the series result associated with

the r-th parallel branch of the graph (r-1,...,4), which

contains, as a whole, eight bonds identified by JU1,...,8.

Starting from a binary distribution (for each of

these bonds, see Eq.(2)), the transformed distribution

n

will no longer be of binary form.Since, under iteration these
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distributions will evolve to more complicated forms, one has

to resort to further approximations. One of the simplest

approximations, which retains the essential physical features

of the problem, consists in forcing the transformed distri-

bution back into binary form, i.e,

To obtain the three RG equations (p',K',A'), we

choose to match the averages of K , A and (A2) over the

(forced) binary and over the (actual) transformed distribut-

ions, that is,

ij P» " ij p " 1 ' ' i l 2 )

J * p *

tfiere <.....> denotes configurational averages with the subscripts

referred to both distributions .While Rjs. (12) and (13) are the most

natural choices, Eg. (14) has been proposed in order to decouple the randan

variables p and A.

The left-hand-side of Egs. (12)-(14) are easily worked out to cbtain
t

K' - 9i (15)

A' - qi/g2 (16)

P' - g/Af . (17)
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It is worth noting that when p'=0 or A'=0 we

recover the isotropic Heisenberg critical temperature, in

spite of the apparent indeterminacy of Eq. (17).

Solving the recursion relations for critical

fixed points (K*,A*,p*) and eigenvalues (X.), we obtain

Table 1 where the critical exponents, have been calculated

through

where X are relevant eigenvalues (X.>1); T and A respectively

correspond to the thermal and anisotropy correlation length

critical exponents.

One only has relevant fixed points in the plane

p«l, as shown in Table 1 and Fig. 1. For comparison ,

we also quote the results obtained from series expansion (Domb

(1974), Rushbrooke et al (1974), Pfeuty et al (1974), Betts

(1974)). Our p=l results are the same as those previously

obtained by Takano and Suzuki (1981), as expected. The pure

XY fixed point has a residual Ising interaction (A* f -1) and

the low temperature XY region (A<0,p=l) is driven towards the

zero temperature Heisenberg fixed point under iteration of

the RG; this spurious behavior can be attributed to different

ground state properties of the 3-site chain and the renormalized

2-site chain, as pointed out by Castellan! et al (1982).
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In Fig.l we show the critical surface (full lines)

which is the boundary between the ferromagnetic and paramagnetic

phases. One expects that this critical surface is properly

described within the present approach, since the spurious

behaviour for A<0 only dominates the low-temperature region.

In fact, points in the random region (p^l) of the critical

surface are attracted (under RG iterations) to the pure XY

(Ising) fixed point if A<0 (A>0). Thus, three Universality

classes are present, as expected: (i) the ABC and BH critical

lines have Heisenberg model exponents; (ii) the whole surface

with A<0, p>0 belongs to the XY Universality class; (iii) the

whole surface with A>0, p>0 belongs to the Ising Universality

class. This means that a small amount of bonds with lower

symmetry embedded in a majority of Heisenberg-like bonds is

enough to change the 0(3) symmetry.

In Fig.2 we show the critical temperature as a

function of the anisotropy parameter A for several concentrat-

ions (p) of anisotropic bonds. We see that for small p there

is only a small change in the critical temperature as A varies

from 0 to ±1, although there is a change in Universality

classes as mentioned above. A similar behaviour is present in

the plots of the critical temperature as a function of p for

several values of A (Figs. 3 and 4). One should note that the

curves T (p) obtained by Komoda and Pekalski (1981) have
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inflection points which are absent in ours (see Fig.3). This

difference probably comes about because their Hamiltonian

allows for three different couplings as the site concentration

p varies from 0 to 1: Ising (with probability p 2 ) f anisotrooic
s s *•

Heiscnborg (with probability 2p (1-p )) and isotropic Heisenberg

(with probability (1-p ) 2). In our formulation, Ising and
s

anisotropic Heisenberg couplings are treated on equal footing.

We are currently investigating a more complex model, where a

ternary (instead of binary), distribution is introduced for

the couplings: p1 is the bond concentration of Ising or XY interactions

(A..=±l), p is that of anisotropic Heisenberg interactions {£..=Ae[-l,l3)

and. finally p is that of isotropic Heisenberg interactions (A..=0)(p +p +p =1)

The treatment of such a model within the present formalism

(which recovers, for p -0 , that treated here) would allow for

interesting comparisons with the case focused by Komoda and

Pekalski (1981) (which corresponds to p =p*, p =2p (l-p=) and

P 3=(I-P S)
2).

As a final remark, it would be interesting to extend

our analysis to the antiferromagnetic case, in order to study

the intermediate phases present in some antiferromagnets with

random anisotropies (Katsumata (1983)) which come about as a

result of competing interactions together with random field

effects (Aharony 1983).
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To summarize, we studied the finite temperature

critical behaviour of the three-dimensional quantum Heisenberg

ferromagnet with random anisotropy . We found, in accordance

with intuitive expectation, that"the isotropic Heisenberg

critical behaviour is unstable when a small concentration of

couplings with lower symmetry are present.
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TABLB AND FIGURE CAPTIONS

Table 1 - Critical fixed points and correlation length critical

exponents obtained from Migdal-Kadanoff RG; For

comparison series results are also shown. Nimbers

in square brackets for the XY model represent the

intersection of the critical curve with the line L--1.

Figure 1 - The full critical surface (in the p,£, koT/J space)

of the 3-D quantum Heisenberg model with random

anisotropy. The non-trivial Ising (I), Isotropic

Heisenberg (H) and XY fixed points are shown.

Figure 2 - The critical temperature (k Tç/J) as function of the

anisotropy parameter A for several concentrations of

anisotropic bonds (p).

Figure 3 - The critical temperature (kJT /J) as function of the

concentration p for several values of

Figure 4 - The same as Fig.3, but with A<0.
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TABLE 1-
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MODEL

Ising

Isotropic

Heisenberg

XY

CRITICAL FIXED
POINTS AND
EXPONENTS

* Vc

V T

(••••£)
VT

VT

U * / k B T C / J )

VT

MK+

(1,7.66)

1.06

(0,2.91)

1.39

1.56

(-0.88,6.80)

[-1,7.26]

1.16

SERIES

(1)
(1,9.09)

(1)
0.63

(2)
(0,3.33)

(2)
0.72

(3)
1.25

(-l ,8.00) ( 4 )

(4)
0.67

All values reproduce those associated with the pure model
(p=l), firstly obtained by Takano and Suzuki (1981).

(1) Domb (1974)
(2) Rushbrooke et al (1974)
(3) Pfeuty et al (1974)
(4) Betts (1974)



CDPF-NF-003/a5 - 1 2 -

-10 -O.t -Ob -0*1 -Q.I o.o 01 OA Ob O.f i-0 A

Figure 2



CBPF-NF-003/85

- 1 3 -

40 h

00
0.2 0 4 O.fe

Fig-ure 3

8-0

6-0

4-0

i .o

Ol 04 Ob Of 10

Figure 4



CBI'F-NF-OO3/85

- 1 4 -

REFERENCES

Aharony A 1983, J.Mag.Magn.Mat. 31-34, 1432

Barma M, Kumar D and Pandey R B 1979; J.Phys.C: Sol.St.Phys.

12 L909

Betts D D 1974,in "Phase Transitions and Critical Phenomena",

vol 3, C Domb and M S Green, Eds. (Academic Press, London)

Caride A 0, Tsallis C and ZanetteS1983; (a) Phys.Rev.Lett.

51, 145; (b) Phys.Rev.Lett. 51, 616

Castellani C, Di Castro C and Ranninger J 1982, Nucl.Phys.

B200 [FS4"|, 45

Domb C 1974, in "Phase Transitions and Critical Phenomena",

vol.3, C Domb and M S Green, Eds (Academic Press, London)

Kadanoff L P 1976, Ann.Phys. (NY) H>0, 559

Katsumata K 1983, J.Mag.Magn.Mat. 33.-34, 1435

Katsumata K, Tuchendler J and Legrand S 1984, Phys.Rev. 630,1377

Komoda A and Pekalski A 1981, J.Phys.C: Sol.St.Phys. 14, L1067

Mariz A M and Tsallis C 1984, submitted to Phys.Rev.B

Mariz A M, Tsallis C and Caride A 0 1984a, submitted to J.Phys.C

Mariz'A M, Zorzcnon dos Santos R M, Tsallis C and dos Santos R R

1984b,submitted to Phys.Lett.

Migdal A A 1976, Sov.Phys. - JETP 42, 743

Pçkalski A 1977, J.Phys. CIO, 4785



CBPF-NF-003/85

-15-

Pekalski A 1984, "Statistical Critical Phenomena in

Inhoniogcneous Systems" - Lecture Notes in Physics, vol.206,

ed. A Pekalski and J Sznajd, Springer Verlag (1984)

Pfeuty P, Jasnow D and Fisher M E 1974, Phys.Rev. BIO, 2088

Rushbrooke G S, Baker Jr G A and Wood P J 1974, in "Phase

Transitions and Critical Phenomena", vol 3, C. Domb and

M S Green, Eds. (Academic Press, London)

Stinchcombe R B 1979, J.Phys.C: Sol.St.Phys. 12, 4533

Stinchcombe R B 1981, J.Phys.C: Sol.St.Phys. 1±, 397

Suzuki M and Takano H 1979, Phys.Lett. 69A, 426

Takano H and Suzuki M 1981, J.Stat.Phys. 26, 635

• Tsallis C, Stinchcombe R 'B and Buck B 1984, J.Phys.C: Sol.

St.Phys. 17, 301.


