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INTRODUCTION TO ELECTRONIC EXCITATIONS

S. K. Sinha

Exxon Research and Engineering Company, Annandale, NJ 08801

Abstract

We discuss briefly some of the various techniques which may be

used to 'otudy electronic excitations in condensed matter; and review here

their various strengths and weaknesses in rather general terms.

1. INTRODUCTION

We shall be concerned here with general electronic e/citations in

paramagnetic materials, as opposed to excitations which exist specifically

in magnetically ordered materials and which have been discussed in the

section entitled "Magnetic Excitations" in these proceedings. We ask here

the general question—what can scattering and other spectroscopic tech-

niques tell us about the basic nature of the electronic ground and excited

states in condensed matter? This has both single-particle and many-body

aspects and as such is directly concerned with experimentally obtaining

information which both band theorists and many-body theorists regard as

fundamental to our understanding of condensed matter. Unfortunately, as

will be discussed in the various presentations here, there are some funda-

mental difficulties with regard to obtaining the information required for a

comparison with theory clearly and unambiguously from the experiments. The

techniques which will be discussed here are photoemission, inelastic
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neutron scattering (INS), inelast ic X-ray scattering (IXS), and inelast ic

electron scattering (IES).

2. PHOTOEMISSION

Let us first consider photoemission. A typical expression for

the yield in say a valence-band photoemission experiment is given by the

well-known expression^':

where E Q
N denotes the energy of the N-electron ground state, En

N~* that of

the nth (N-l)-electron excited state end c is an electron annihilation

operator. It is easy to see that py(e) is proportional to Im G(e), the

imaginary part of the one-electron Green's function. The peaks in P V ( E )

thus correspond to the quasi-particle excitations of the true many-body

system, but as is well-known these do not necessarily correspond to the

"excited states" obtained from a band-calculation using density functional

theory. Only the ground state can be shown to be exact from density func-

tional theory^). Thus, the effect of a fairly localized hole left behind

by the photoemitted electron must be taken into account by relaxation

effects on the final state, and the interpretation can become fairly

complicated, although as we shall see in the article by R. D. Parks,^'

some very nice systematics can be obtained and valuable information gained

by careful studies of particular classes of materials, for example, the

so-called Intermediate Valence Materials. The use of higher energy (~100

eV) X-rays for the photoexcitation also removes some of the problems of
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surface-sensitivity and this will certainly be exploited more with the

growing use of synchrotron radiation.

3. SCATTERING TECHNIQUES

An inelastic scattering experiment where the electron does not

leave the system but makes a transition from one state (below Ex) to

another (slightly above Ep), is a gentler spectroscopy, where one may hope

to find some simpler connection with ground-state properties, since the

system is not violently changed during the process. As is well-known, the

scattering function S(Q,E) for momentum transfer Q and energy loss E of a

general probe is given in the Born approximation by

S(Q,E) ~ [V(Q)]2[l-e-eEr1I«nx(Q,E) (2)

* 7 +

where [V(Q)]C represents a Q-dependent interaction of the probe with the

particles of the system, and x(Q»E) is a generalized susceptibility. Eq.

(2) applies for neutrons, high-energy electrons and X-rays. In the first

case, x(Q.E) represents a spin susceptibility, whereas in the latter two

cases it represents a charge susceptibility. In a purely non-interacting

band picture, both are related to a joint density of electronic states from

occupied to unoccupied states across momentum transfer Q and energy E.

Fig. 1 is an attempt to sketch some of the most commonly studied

elementary excitations in condensed matter in energy-wavevector space,

which 1s the appropriate one for a discussion of scattering experiments.

The regions of this space available for study with a given probe depend of

course on the so-called kinematic restrictions available to the probe,
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Schematic Diagram of Energy-Wavenumber space showing typical
elementary excitations studied in scattering experiments, and
the regions accessible to different types of probes. (The very
low energy region is accessible with neutron spin echo at
reactor based sources.)

i.e., the laws governing conservation of energy and momentum in the scat-

tering process. In addition, further restrictions are induced by the

requirement of having a finite scattered intensity to observe, which means
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that for the case of electronic excitations, the wave-vector transfer Q in

the scattering experiment cannot be much larger than ~ 3 A~ , because of

the rapid fall-off of the electronic form factors and other factors in the

cross-section (such as the Q"^ coulomb interaction factor in the case of

IES). This is why in Fig. 1 the electronic excitations are not shown as

repeating throughout the Brillouin zones, since the further ones are inac-

cessible. The finite resolution obtainable with current sources and

techniques also places a lower limit on the excitation energies which can

be studied with a particular probe and this is also indicated in Fig. 1.

From this figure, certain conclusions can be draw. The first is that

conventional INS, as carried out at high-flux reactors (equipped with cold

and hot sources) is well-matched to probing lattice excitations, low-energy

dynamics of molecular and macromolecular systems, light interstitial dif-

fusion, etc., as well as the lower-energy parts of even itinerant electron

spin-wave excitations. INS carried out at spallation sources using both

chopper methods and resonance-detector methods may be useful for probing

higher-energy spin-waves and Stoner excitations, or general interband

electronic excitations, if (a) they are low enough in energy (< 2-3 eV) and

(b) the cross-section is appreciable. These points will be discussed

shortly. The main point to note is the struggle to get at the small Q

region (where the cross-section is not too small) for large energy trans-

fers. This "struggle" is because of the mismatch between the neutron m?ss

and that of the particle it is scattering from, i.e. the electron. As seen

from Fig. 1, electrons and X-rays face no such severe kinematic restric-

tions in the case of electronic spectroscopy. S. Schnatterly'*' discusses

in these proceedings some typical results obtained with IES. The advan-

tages of charged particles as probes is that one can accelerate them to

350



energies large enough so that the Born approximation for scattering is

valid and then decelerate them to energies where reasonable energy resolu-

tion is possible. A severe disadvantage is the need to have extremely thin

samples. To a lesser extent, this disadvantage is also shared by X-rays,

whereas it is not a problem for INS. For IXS, actual experiments carried

out with energy resolution of the order of tens of millivolts have yet to

be demonstrated, while such resolution is obtainable with INS.

We discuss the case of INS in a little more detail. For scatter-

ing of an unpolarized neutron beam by a set of paramagretic electrons, the

partial differential cross-section may be written as' ':

where k,k' &re respectively the incident and scattered neutron wavenumbers;

s

•i +

= (kT)"1; Es is the scattered neutron energy, Q,E are respectively the
-»• .

wave-vector and energy transfer; f(Q) is the magnetic form factor and x

(Q,E) is the spin-flip part of the generalized susceptibility function of

the electrons, Y is the neutron gyromagnetic ratio. f(Q) may be written

as:

f(<5) - f s p i n (<5) • f o r b (<5) (4)

(This separation of the form-factor from x+"(Q»E) is only an approximation

and represents an average over matrix elements. Rigorously speaking, the

whole scattering splits into a spin and an orbital part governed by differ-

ent matrix elements which depends on both initial and final electron

states, as discussed by Cooke and Blackman'6).)
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For simplicity, let us consider the system of electrons to be in

band states and for the moment neglect electron-electron interaction ef-

fects. For such a

= 2(gwB)
2Zk(nk-nk+Q)6(E+Ek - E k + Q) (5)

where nk is the occupation number for electrons in state k (including an

implicit band inddx) with a given spin and with energy Ek, etc.

For _cattenng from a powder sample, Q is averaged over all

directions and thus if the volume over which Q is averaged is large enough

compared to a Brillouin zone (we assume that the form factor f(Q) is slowly

varying so that a finite range of |Q| is also averaged over in the experi-

ment), we may write

Imx
+"($,E) = |

where N is the total number of unit cells in the sample.

It may then easily be shown that

ImX
+-(Q,E) = 2(gnB)

2/[n(e)-n(etE)]g(e)g(e+E)de (7)

where g(e) is the density of electronic states at energy e, and n(e) is the

Fermi function. Thus, in this approximation, a paramagnetic scattering

experiment from a powder sample probes the joint DOS of the electrons, a

quantity which may readily be computed from the predictions of band

theory. The above applies to the case of weakly interacting electrons

where strong exchange and correlation effects are absent. Unfortunately,
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insertion of typical numbers for normal metals into Eqs, (7) and (3) yields

2
miniscule scattering cross-sections, e.g., . .5- comes out to be of the

order of 10"^ barns/steridian/eV> For the case of transition metals, the

number is larger but still only ~ 10"3 barns/steridian/eV. On the other

hand, we note from Eq. (7) that such scattering cross-sections will (for

scattering mainly across the Fermi level) be roughly proportional to

Cg(Ep)]2 so that with the large increase in g(Ef) for the Intermediate

Valence class of materials, enormous gains in scattering cross-section

occur. (In addition, the free-electron g-factor in Eq. (7) has to be

replaced for strongly spin-orbit coupled rare earth ions by gj, the Lande"

g-factor of the rare-earth ion, leading to an even greater increase in

cross-section.) For these reasons, the paramagnetic scattering from these

systems does in fact lend itself to observation more easily than for ordi-

nary metals, and the cross-sections can become almost of the order of

phonon cross-sections in such cases.

Nevertheless, there are severe experimental problems arising from

two main sources: (a) the kinematic restrictions on the INS process (i.e.,

the need to conserve energy and momentum for particles of the neutron mass

in scattering off light particles like the electrons) force one to use

rather large incident neutron energies to stay at reasonably small Q while

still transferring large amounts of energy. (The need to stay at small Q

is dictated by the fact that the form-factor f(Q) drops rapidly with Q,

owing to the spatial distribution of the electron wave functions.) Thus,
-»• i

for example to transfer even 200 meV of energy at a Q of 2.5 A"1, it is

necessary to come in with an incident neutron-energy of more than 1 eV.

This problem can be alleviated by going to spallation sources where large
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Incident fluxes of high energy neutrons are available. The second problem

arises from contamination due to phonon, multiphonon and multiple (i.e.,

Bragg and phonon) scattering. It is usually treated by carrying out a

second experiment on a "blank" sample, where the phonon frequency spectrum

is believed to be the same, but the electronic scattering from the

f-electrons is absent. Thus, La or Y compounds may be substituted for the

corresponding Ce compounds, etc. This procedure is fraught with danger,

however, as the nuclear scattering properties of the "blank" or"pure

phonon" sample may not be the same as that of the IV sample, and thus the

multiple scattering corrections will in general be different. To some

extent this may be circumvented by choosing the "blank" sample so that the

product yt is the same in the two cases, where y is the inverse attenuation

length due to all scattering processes, and t is the thickness of the

sample in the direction of the beam. Significantly different absorption

coefficients, however, can destroy the validity of this result.

For the reasons given above, INS experiments have been carried

out in several Intermediate Valence systems both at conventional reactor

sources (where only energy transfers up to about 50 me/ have been studied)

and at spallation sources (where energy transfers up to 200 meV or greater

have been studied).('"^) y n e paper by Muranv^J j n these proceedings

contains more details of such studies.

At this stage we should mention the many-body aspects of this

problem. Clearly, for Intermediate Valence Systems where electron-

correlation effects play an important role for the f-electrons, the inter-

pretation of Imx(Q,E) in terms of "band transitions" is not obviously

justifiable, and one may also think of the results in terms of fluctuating
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local moments. The situation is somewhat analogous to the case of transi-

tion metals, but the limit here is one of large correlations and relatively

small d-f mixing. The article by Varma'14) discusses the theory of these

systems and we shall not do so in this Introduction. We point out,

however, that these systems offer a particularly appropriate example where

it would be extremely interesting to compare the INS results with IXS

results, when these eventually become available, thereby obtaining informa-

tion on hot*' many-body effects affect the dynamic spin susceptibility as

compared to the dynamic charge susceptibility.

4. CONCLUSION

We have seen that Inelastic Neutron Scattering is a technique

which is necessarily limited as a probe of electronic excitations. The

limitations are primarily due to the kinematic restrictions due to the

large neutron mass/electron mass ratio and the relatively weak dipole-

dipole interaction between the neutron and the electron. For the higher

energy (> 3-5 eV) electronic excitations, we must expect Inelastic Electron

Scattering and Inelastic X-ray Sacttering to be superior, notwithstanding

the necessity of having very thin samples. For lower energy excitations,

such as those in Intermediate Valence or Actinide Systems, INS does provide

a useful complementary technique, and has in fact taken the lead in probing

such excitations. As can be seen from the articles in these proceedings on

the techniques of Inelastic X-ray Scattering, the achievement of comparable

energy resolution to that of INS is a non-trivial problem, even given the

high intensity of synchrotron radiation sources. In addition, because of

the strong interactions, it may reasonably be expected that for both elec-

trons and X-rays, the problems of multiple scattering, and contamination
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due to other processes will be even worse than for neutrons and this may

provide difficulties in interpreting such scattering data.

Nevertheless, one hopes that with a careful and patient exploita-

tion of all the above techniques at the higher intensity neutron and x-ray

sources which are currently or will soon be available, systematic progress

will be forthcoming in this important area of Condensed Matter Physics.
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HEAVY FERMION SOLIDS AND THEIR SUPERCONDUCTIVITY

by
C M . VARMA

AT&T Bel l Labora tor ies , Rm. 1D-365
Murray H i l l , New Jersey 07974

ABSTRACT

Rare earth and actinide materials exhibiting Fermi-liquid
behavior with characteristic effective mass of a few hundred
times the free electron mass have been extensively investigated
in the past decade. Recent discovery of superconductivity in
some of these materials has given added impetus to the field.
The theoretical problems posed by these materials are very in-
teresting and very difficult. I will discuss the principal
results that must be explained by a theory and the necessary
physical ingredients of such a theory. These ingredients are
the spin renormalization of a single localized f-resonance in
a conduction band (the Kondo effect), and the ability of an
electron in such a resonance to convert to a conduction electron
if the resonance is not too far from the Fermi-level and the
consequent formation of a heavy band despite huge bare electron-
electron repulsions.

I will argue that conventional singlet pairing to make a
superconducting state is very unlikely in these materials but
that the interactions favor a triplet superconducting state.
In fact, experiments suggest this fascinating possibility.
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Photoemission Studies of Mixed Valent Systems

R. D. Parks, S. Raaen* and M. L. denBoer
Department of Physics

Polytechnic Institute of New York, Brooklyn, NY 11201

and

G. P. Williams
National Synchrotron Light Source

Brookhaven National Laboratory, Uptor., NY 11973

Abstract

Photoemission spectroscopy has been used to study a number of aspects

of the mixed valent state (corresponding to non-integral 4f occupation) in

rare earth ^items. Deep core photoemission (e.g., from 3d or 4d levels)

allows the measurement of the 4f occupancy and surface valence shifts, and,

as well, the indirect measurement of the effect of solid state environment on

the energy of hybridization between 4f electrons and conduction electrons.

4f-Derived photoemission has been used to study surface valence and chemical

shifts and to infer the nature of the nixed valent ground state. A combina-

tion of 4f-derived photoemission and add-electron spectroscopy provides a

measurement of the 4f Coulomb correlation energy, an important parameter in

the mixed valent problem. A review of these approaches will be presented,

with emphasis on Ce-based systems, whose behavior falls outside the usual

description of 4f-unstable systems.

•Present address: Physics Department, Brookhaven National Laboratory,

Upton, NY 11973
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I. Introduction

The purpose of this contribution is twofold: (1) to present an over-

View of the intriguing phenomenon of mixed valence and (2) to demonstrate

through example that photoemission deserves a prominent place among those

techniques suited to the study of high energy excitations in solids. The

latter is attempted not by enumerating the large number of contexts in which
1 2photoemission has been successfully applied to condensed matter problems, '

but rather, by focussing in greater depth on one problem, yj[z. mixed valence

phenomena, for which the photoemission technique has proved exceedingly

useful. In so doing, both the power and limitations of the technique will

become apparent.

We shall restrict our discussion to metallic systems, to which applies

the rule that the hole produced in the photoemission process is always

locally screened. If the hole is a deep core hole, where by "deep" we refer

to the radial position of the hole, not its energy, this screening takes

place in the Wigner-Seit* cell containing the hole, which requires the

transfer of an electron from the conduction band to the cell. If the hole is

in the conduction band, the screening is by itinerant electrons, and the

resulting screened hole complex is similar to those occurring for thermally

excited holes in the kT tail of the Fermi distribution.

The energy measured in photoemission is the energy required to produce

the exciton-like object consisting of the excited hole together with its

screening electron. The formation of a deep core hole leads obviously to a

strong local disturbance in the system. In many instances this disturbance

might obscure the relevant physics of the problem under study. However, in

mixed valence systems, the exciton-like object produced in 4f-derived photo-

emission, viz., a localized 4f hole together with its screening electron, is
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similar to the types of objects expected in the mixed valent ground state as

discussed below.

II. The Mixed Valence Phenomenon

The instability of 4f electrons, which leads to non-integral 4f

occupancy in certain rare earth systems, results from the fact that the 4f

electrons, although they are deep core electrons in terms of their radial

position in the atom, have very small binding energies ranging from nil to

^ eV. 'For reviews of the mixed valence problem see Refs. 3-7.) Mixed

valence behavior has been observed only in systems containing Ce, Sm, Eu, Tm

or Yb atoms. The wide occurrence of 4f instabilities in Eu- and Yb-based

systems can be understood from Hund's rule correlation effects which strongly

favor a spherical 4f charge distribution, obtained, e.g., by either half-

filling the 4f shell, corresponding to f5 •+ f7 in Eu, or by filling it,

corresponding to f 1 3 -»• f11+ in Yb. The same argument, but with less force,

can be used to explain the affinity for an extra electron in Sm and Tm, where

the nominal f-occupancy is f5 and f12 respectively. Non-integral f-occupancy

(mixed valence) occurs when the atomic forces, which favor fn , and the

solid state forces, which favor fn (where the released electron is used to

increase the hybridization or binding energy), are relatively evenly matched.

Cerium-based systems are distinguished from systems based on the heavier rare

earths, because of the much wider spatial extent of the 4f wavefunctions in

the light rare earths, which leads to strong 4f-conduction electron hybrid-

ization.

The simple promotional model of mixed valence specifies that the mixed

valence state consists of an admixture of ajfncm> and b|fn~ c >, where c

denotes a conduction electron and the ratio of the coefficients a and b
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specify the mixfd valence or (non-integral) f-count. That is to say, the

time the electron spends out of its deep f-orbital, it spends in the conduc-

tion band. The formal mathematical statement of the promotional model is

found in the (single ion) Anderson model Hamiltonian:

H * I Efnf,a + U r W + I £knka + I V<ck+f + h'c'> (1)

The first two terms, which are both atomic in nature, represent respectively

the binding energy of a single f-electron to the nucleus and the Coulomb

interaction between two f-electrons of opposite sign, where U is the Coulomb

correlation energy. The third term is the energy of the conduction electrons

and the last term the (spin conserving) hybridization between the f- and

conduction electrons (the first operation takes an electron from the f shell

and places it in the conduction band and the second operation represents the

reverse process). The generalization of the above Hamiltonian to a lattice

of 4f electrons (Anderson lattice) is obtained by placing site indices on the

f electrons and summing over all sites. The formidable mathematical problem

embodied in either Hamiltonian, which results mainly from the largeness of

the first three terms compared to the fourth, has allowed only approximate

solutions (see, e.g., Ref. 3).

III. Measurement of the Coulomb Correlation Energy U

A particularly straight-forward application of photoemission, in con-

junction with the technique of add-electron spectroscopy, which measures the

energies of unoccupied states above Ep, is the determination of the f-f

Coulomb correlation energy U, which appears in Eq. (1). 4f-derived photo-

emission measures the energy required to remove a 4f electron from the atomic

state 4fn and place it at Ep; whereas, add-electron spectroscopy measures the
/

eneirgy required to remove an electron from Ep and place it in the atomic
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state 4fn . The sum of the two energies represents the (hopping) energy

required to remove a 4f electron from one atom and place it on another, which

is precisely the f-f Coulomb correlation energy U (Hubbard U).

g
Lang et̂  ajL have measured U in the above manner for all of the rare

earth elements (except Pm). Their finding that U is fairly constant across

the rare earth series (U ^ 6 eV) is in excellent agreement with the calcula-

tions of Herbst et_al_., using the renormalized atom schemeswhich assumes that

the main correlation effects in the metal are the same as in the free atom

(see Ref. 9 and references cited therein). This would appear to settle the

question of the degree of localization of the 4f electrons in the rare earths.

They are highly localized as are other deep core electrons; and, f-f hopping

between atoms can be effectively ignored, as is commonly done in most treat-

ments of the Anderson model, which use for convenience the approximation

U - ».3

IV. 4f-Parentage Spectroscopies

The energy of a deep core hole, e.g., 3d or 4d, in rare earth systems

is sensitive to the 4f count in the atom. This results from the strong

Coulomb attraction between the core hole and the f electrons, which also

reside deep in the atom. Since the measuring time (̂  10~16 sec) in x-ray

photoemission (XPS) is extremely short compared to valence fluctuation times

(% 10" n-10~ 1 3 sec), this type of spectroscopy can discern the two compo-

nents of the mixed valence state via the spectral features m*4fn and m*4fn 1,

where m* refers to the excited core hole. For 3d holes the energy separation

of the two states is 11-12 eV, which is large compared to the observed width

of the 3d peaks. Hence, the ratio of the two peaks provides a direct measure

of the (mixed) valence.
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XPS is a highly surface sensitive technique, which probes to a depth of

only 5-10 A. This spoils the technique for valence determination in mixed

valent Sm-, Eu-, Tm- and Yb-based systems, since in all these systems

examined to date the valence of the surface atoms (e.g., the top monolayer)

is drastically different than that of the bulk, frequently being integral

valent when the bulk is strongly mixed valent (see also discussion in Section

V). On the other hand the surface sensitivity of XPS has been exploited to

exhibit surface valence shifts in these systems. Surface valence shifts

appear to be absent or negligibly small in Ce-based systems (see, e.g., Ref.

13); Fuggle et .a].. have determined the (mixed) valence for a number of Ce-

based intermetallics using 3d-XPS.

The validity of the method of 4f-parentage spectroscopies for (mixed)

valence determination rests upon the assumption that final state effects

which alter the 4f count are either absent, or, if present, can be adequately

analyzed. Such final state effects are actually present in 3d-XPS in Ce-

based systems, as well as systems based on the other early rare earths.

These appear as "shake-down satellites" which correspond to final state

screening of the core hole by a 4f rather than conduction electron. Because

of the greater Coulomb efficiency provided by the 4f screening channel, the

shake-down satellite appears at lower binding energy than the primary

feature, the energy separation being about 4 eV. The determination of the

valence in the presence of such final state effects is model-dependent, but
14 15

varies unappreciably whether a rather simple * or a more esoteric calcula-

tion based on the Anderson model is employed.

Although the final state effects discussed above can complicate some-

what the valence determination, they can be used to study the hybridization

between the 4f electrons and conduction electrons. It is the latter quantity
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which determines the probability ':hat a conduction electron will find its way

into an empty 4f level (whose energy is lowered by the presence of the 3d

hole); and, hence, determines the ratio of the intensity of the shakedown

14satellite to that of the primary feature. Making contact with the Anderson

model, we note that the above hybridization, if we ignore geometrical struc-

ture in the 4f-conduction electron interaction, is given by A = p(er)V2,

where pUr) is the density of conduction electrons at Er and V is the

hybridization matrix element appearing in Eq. (1). However, the caveat here

is that in 3d-XPS the presence of the 3d hole may alter the quantity A from

its value in the ground state.

13
From the data of Fuggle et_ aj_. it is clear that the hybridization is

strongly dependent on the nature of the nearest neighbors to Ce in the solid

state matrix. Transition metal nearest neighbors which have unfilled d-

shells appear always to produce large valt-es of A. We show in Fig. 1 our 3d-

XPS data, taken with a conventional spectrometer using MgKa radiation, for

two Ce-based transition metal intermetallics: CePt~, which is trivalent, and

CePd~, which is moderately strongly mixed valent. The portion of the

9 1
spectrum shown embraces the major feature 3dg-24f [c] and i t s shakedown

9 1
satellite 3dr/o4f [4f], where the brackets denote the screening electron.

9 1

Removing the brackets, we may write the final states simply as 3d5,-4f c and

3 d 4 f . The size of the f2 shakedown in both cases is large. It should benoted that the degree of the 4f instability is expected to depend on both the

hybridization and the energy separation e, of the 4f level from e-. The

latter quantity is difficult to determine experimentally; however, the meas-

urement of A and n^ (the f-count) is sufficient to fully determine the

energetics via model solutions of the Anderson Hamiltonian, which connect the

quantities A, n- and E f (see, e.g., Refs. 16 and 17).
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Fig. 1. XPS spectra for CePt2 and CePd_

showing primary 3d,-,,, emission

feature and shake-down

(4f-screened) satellite at lower

binding energy. The solid

curves are Lorentzian fits to

the two features and their sum.

The background due to secondary

electrons has been subtracted.

The nominal binding energy of

the main feature is 884 eV.

20 10 0
BINDING ENERGY (ARBITRARY ZERO)

Returning to the problem of the determination of valence (f-count), we

note that x-ray absorption has been the most widely used technique, in

18 20
particular, the study of 2p (LJJJ) edges. The LJJJ method has the

advantages that (1) it is strictly a bulk technique, because of the high
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energy of the edge 5,000-10,000 eV, (2) it is trivially simple experimentally

if one uses synchrotron radiation and (3) final state effects are extremely

small. It has the disadvantage that the overlap of the two edges 2p 4fn

and 2p 4f limit the accuracy with which they can be deconvoluted.

Only recently, studies have been made of the 3d (M.v or M..) edges, by
21Kaindl ejt a]_. Since the 3d binding energies are relatively small, ranging

from 800 to 1500 eV across the rare earth series,a method other than conven-

tional x-ray absorption must be employed. The method used by Kaindl et ai.

is to excite the sample by synchrotron radiation and observe the relative

intensities of the Fano resonances 3dlo4fn + 3d94fn+1 and 3d l o4f n + 1 +

3d 4fn , by measuring the total electron yield. Hence, it is a photoemis-

sion experiment. The ratio of the intensities of the two resonances,

corrected for the difference in number of available 4f final states, is a

direct measure of the (mixed) valence. There is no multiplicity of final

states for a given initial state, the spectral features are more sharply

defined than in L,JJ absorption, and the technique is only slightly surface

sensitive, in contrast to 3d-XPS.

V. 4f-Derived Photoemission

While the spectroscopies discussed above are useful for determining the

quantities nf and A, which are important parameters in the mixed valence

problem, 4f-derived photoemission studies permit inferences to be made about

the specific nature of the mixed valent groundstate. The promotional model,

which specifies that the groundstate is an admixture of the states 4fncm and

4f n" 1c m + 1, requires that photoemission from the 4fn state should cost no

energy, and, hence, should produce a feature at Ep. This follows because of

the formal identity between the screened photo-excited hole state, 4fn~ cm[c]

= 4f n" 1c m + 1, and the isoenergetic partner of 4fncm in the mixed valent
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ground state. This predicted behavior has been observed in every Sm-, Eu-,

Tm- and Yb-based system studied to date (see, e.g., Refs. 3, 22 and 23). In

these systems the 4fn, as well as the 4fn" , emission exhibits multiplet

structure reflecting the plural occupancy of the 4f level; however, in every

instance, the lowest binding energy feature of the multiplet structure occurs

precisely at Ep, implying that the screening geometry of the photoexcited

hole is the same as that of the holes (4fn*1) in the mixed valent ground-

state. An ancillary feature of these experiments is the exhibition of

surface valence shifts and the measurement of the surface-to-bulk chemical
22 23shift for a given valence state. '

As we shall see below, 4f-derived photoemission in Ce-based systems is

quite anomalous. In numerous respects Ce is an odd actor among the valence-

fluctuating rare earth atoms. Early in the history of the active study of
24

mixed valence phenomena, Johannson, on the basis of cohesive energy argu-

ments, estimated the energy difference between the 4fx5d26s2 and 4f°5d26s2

configurations in metallic cerium to be quite large (2-3 eV), which implies

that at thermal energies there can be negligible occupancy of the 4f°-state.
95

Similar conclusions based on cohesive energy arguments by de Boer et al.
apply to a wide class of Ce-based intermetal'lics. More recently, 3d-XPS

18-20

and Ljjj-absorption edge studies on a large number of Ce-based inter-

metallic compounds, which were formally thought to be tetravalent or nearly

tetravalent on the basis of lattice constant ^a-urements, indicate these

materials have a formal valence in the range of only ^ 3.15-3.25. Recall

that tetravalency in Ce implies the configuration 4f°cl* in the Anderson model

picture.

The results of 4f-derived photoemission in Ce-based systems is no less

anomalous than the above findings. We report below data for a number of Ce-

based, as well as Pr- and Nd-based intermetallics. The experiments were
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performed on Station U14 of the 750 MeV VUV ring at the National Synchrotron

Light Source (NSLS). A plane grating monochromator, together with a double

pass cylindrical mirror analyzer, gave a combined resolution (electrons plus

photons) of 0.4-0.5 eV at 100 eV and 0.5-0,6 eV at 120 eV. Clean sample

surfaces were prepared by fracturing the samples in situ in the measuring

chamber, where the nominal pressure was 1 x 10'10 Torr. In Fig. 2 are shown

the valence band spectra of six Ce-based intermetallic compounds taken at the

giant 4d-4f (Fano) resonance (122 eV), which enhances the 4f emission via the

8 4 0 8
ENERGY BELOW Ep (eV)

Fig. 2. Valence photoemission spectra for six Ce-based intermetallics.

Solid curves: spectra taken at the giant 4d-4f resonance (nw =

122 eV); dashed curves: spectra taken off-resonance (hw = 112 eV).
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Super-Coster-Kronig decay channel 4dlo4f° + 4d94f2 + 4dlo4f°[c],26'27 The

off-resonance (112 eV) spectra, in which the 4f-emission is negligible,

provides a view of the underlying band structure. This resonance can be

observed in the CIS (constant initial states) spectrum in Fig. 3 for the

conduction electrons in LaPd3 via the excitation 4d
104f0 •+ 4d94fx -»• 4dlo4f°c*s
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Fig. 3 Constant initial state (CIS)

spectra exhibiting (4d-4f)

resonant emission of 4f elec-

trons (at 122 eV) in CePd3 and

conduction electrons (at 117 eV)

in LaPd,. The spectrum for CePd-

was taken at the binding energy

E.= 1.5 eV and that for LaPd, at
O 3

E.= 4 eV, a position within the

Pd 4d-band.
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where c* refers to a hole in the conduction band, and for the 4f electrons in

CePd3 via the excitation 4d
104f1 •* 4d94f2 •* 4dlo4f0, where the screening

electron for final state is not included in formulae. The steep photon

energy dependence in the range 95-110 eV reflects the photon energy depen-

dence of the Pd 4d-photo-cross-section. The use of the 4d-4f resonance to

isolate the 4f-derived photoemission from other features in the spectrum is

dramatically illustrated for the case of CeCUgSig. The difference (122-112)

spectrum, shown in Fig. 4, gives a view of the 4f-derived emission, the

latter being completely camouflaged by the 3d-emission from Cu in the 112 eV

spectrum and nearly obscured in the 122 eV spectrum.

To recall the initial discussion in this section, we expect on the

basis of the promotional model a single 4f-derived feature located at Ep in

on

CO

ENERGY BELOW Ep (eV)
0

Fig. 4. 4f-derived photoemission spectrum for CeCupSij. obtained by

subtracting the 112 eV spectrum from the 122 eV spectrum (see Fig.

2) and subtracting the background due to secondary electrons.
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Ce-based systems, if the ground state is an admixture of 4fJ and 4f°c.

However, in Fig. 2, we see that two features are present, one at 2-3 eV

binding energy and one close to Ep (the higher binding energy feature being

barely discernible in PrPtp). Moreover, the spectra in Fig. 2 do not

correlate in any obvious way with the degree of the 4f instability in the six

compounds: CePt2 (trivalent), CeAU and CeCi^Sip (nearly trivalent), CeSip

(slightly mixed valent), CePd, (moderately strongly mixed valent) and CeRu-

13(strongly mixed valent). The spectra for CeAlp, CeSi^, CePdg and CeRu-

28-31appear very much the same as those obtained by other investigators. " The

32spectrum for CeCu2Si2 differs appreciably from that reported earlier, which

we attribute to oxide contamination in the earlier study.

The apparent lack of systematics in the 4f-derived photoemission in Ce-

based systems, and the fact that the bimodal structure is observed even in

integral or nearly integral valent compounds, led us to look at compounds

based on the other early rare earths, viz. Pr- and Nd-based systems. The

results for the REPd3 series are shown in Fig. 5, where it is seen that the

two feature signature persists for the Pr- and Nd-isomorphs. As the f-level

is pulled further from Ep in going from Ce to Pr to Nd, the two features move

together, maintaining a separation of about 2.5 eV, to lower binding

energies. Similar behavior is observed in the RERu2 series, except the

smaller binding energy feature is less articulated, being spread over a much

larger energy range.

33 17

In Kondo and Anderson model approaches to 4f-derived photoemission

in Ce-based systems, it is found that a Kondo-like resonance can produce

intensity at or near Ep. However, these approaches lead to the prediction

that, as the 4f level is moved away from Ep, the feature at Ep remains there

but is weakened in intensity. An approach which appears more reconcilable
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Fig. 5. 4f-derived photoemission

spectra (122-112 eV) for CePd3>

PrPd, and NdPd-, with background

due to secondary electrons

subtracted.

ENERGY BELOW E p ( e V )

with the experimental results in Fig. 5 is based on the idea proposed by Liu

and Ho, that the two features in the 4f spectra differ only in the nature

of the final state screening. They propose that the lower binding energy

feature (i.e., closer to Ep) is a "shake-down" feature resulting from the

screening of the final state 4f hole by a localized rather than itinerant
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electron, whereas the feature at deeper binding energy corresponds to conven-

tional screening. It is the strong Coulomb attraction generated by the 4f

hole which is responsible for the localization of a conduction electron

required for the auxiliary screening channel.

Riseborough* has approached this problem by starting with the Anderson

Hamiltonian (Eq. 1), but modifying it by adding a term which represents the

Coulomb interaction between the 4f and conduction electrons. The resulting

equation is solved in the low density (of conduction electrons) approximation

to obtain the f-spectral weight expected in photoemission. Two spectral

features are obtained as in the Liu-Ho approach; however, the new physics

emerging from the calculation is the finding that hybridization is required

for the 4f-induced localization of a conduction electron. Since this hybrid-

ization is known to decrease rapidly in going from Ce to Pr to Nd, it

explains the similar trend in the spectra of Fig. 5, i.e.,the shrinking of

intensity in the locally screened feature; and the fact that bimodal spectra

are never obtained for the heavier rare earths. Moreover, this approach

predicts a relatively constant energy separation of the two spectral features

as the 4f level is moved with respect to Ep. The next step for the theory is

to realistically model the band structure in these materials and fold this

into the calculation.

The above results and discussion allow us to speculate about the mixed

valent ground state in Ce-based systems. The arguments of Johansson dis-

cussed above can be reconciled with the fact that Ce-based systems can be

mixed valent if we assume that every 4f hole is screwed by a localized

electron in the ground state. The 2 or 3 eV Coulomb energy gained by the

*R. S. Riseborough, private communication.
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localization is sufficient to overcome the energy barrier in the Johansson

argument.

VI- Summary

Through photoemission studies it has been possible to measure two key

parameters, A and n^, which are required in any theory of mixed valence.

Both surface valence and surface chemical shifts have been quantitatively

measured in a large number of systems based on Sm, Eu, Tm and Yb. The mixed

valence ground state in these heavier rare earths appears to be well

described by the promotional (or Anderson) model, on the basis of a variety

of experimental studies, including photoemission. Finally, 4f-derived photo-

emission studies are bringing us very close to understanding the 4f instabil-

ity in Ce-based systems, the major enigma in the mixed valence problem.

We are indebted to Peter Riseborough for communicating his results

prior to communication. The work at Polytechnic was supported in part by the

Department of Energy under Contract No. DE-AC02-81ER10862 and at NSLS

(Brookhaven) by the Department of Energy under Contract No. DE-AC02-76CH00016.
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Inelastic Electron Scattering Spectroscopy: A
Comparison of Absorption and Emission Spectra

S. E. Schnatterly

Jesse Beams Laboratory of Physics
University of Virginia

Charlottesville, VA 22901

The cross section for a fast electron to lose energy fiui when

passing through a thin solid sample is given by: *• '

d2a 4-ft c , .
J—zr?=c = r Sfq.oj)

dOT (aQq2)2

where a = the Bohr radius, q = the momentum transfer and S(q,uj)

is the usual dynamic structure factor. The difference between this

result and the corresponding one for neutrons is in the pre-factor

which is proportional to the fourier transform of the coulomb

interaction between the electron and any fluctuating charges in

the sample. Most work to date has been done on electronic excita-

tions, which I will deal with here. In the past few years however

improved energy resolution has allowed surface phonons to be studied

in a reflection geometry. This field is growing rapidly and is

likely to provide increasing overlap with inelastic neutron

scattering in the future. *• ̂

A typical high energy inelastic electron scattering (IES)

spectrometer operates in the following manner. *• -1 Electrons from

a cathode pass through a monochromator to reduce the energy spread

of the electron beam. The beam is then focussed by a series of

lenses into an accelerator tube and through a thin film sample.

The electrons are then decelerated back to low voltage where their
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energy can be determined by an analyzer. In this way the energy

width of the beam is completely decoupled from the kinetic energy

the electrons have as they pass through the sample. A high beam

energy at the sample is valuable in reducing multiple scattering.

One advantage of this type of spectrometer is that it is

"self calibrating" in that the electron energy loss is determined

by offsetting the potential of one end of the spectrometer relative

to the other. This offset can be provided directly by a commercially

available high precision voltage calibrator with accuracy in the

parts per million range. Here we present some examples which among

other things illustrate the usefulness of this feature. We will

be comparing absorption spectra with an inverse process, in this

case a soft x-ray emission spectrum. Measuring a transition (or

reaction) and its inverse have proved important many times in the

recent history of science.

Consider for example the q = 0 IES (or photon absorption)

spectrum for highly ordered pyrolytic graphite (HOPG) near the

IS core threshold. The IS electron makes a transition into p-like

states centered on the excited atom near threshold. These states

are the v band electrons formed from atomic 2p electrons with

lobes perpendicular to the hexagonal planes. The TT band is a

nearly two dimensional metallic band with density of states increas-

ing from nearly zero at the Fermi energy linearly with energy both

above and below Ep.

An immediate question is what sort of excitonic enhancement

occurs near threshold in absorption? In an insulator a bound state

can occur with continuum strength enhanced well above threshold.
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In a typical three dimensional simple metal absorption near threshold

(41can be enhanced by the MND anomaly. v J Two model calculations have

appeared in the literature dealing with the case of HOPG. Mele and

Ritsko treated the exciton as an impurity in an insulator with a

transfer matrix element to neighboring sites providing the width

of the line. ^ On the other hand, Wertheim derived a form of

continuum excitonic enhancement for a metallic model with density

of states varying as in HOPG which also gave rise to the observed

asymmetric shape of the C IS XPS line.l J In order to fit the

observed absorption shape it was necessary however to convolute

the excitonic shape with a gaussian broadening functic.i. Here

we discuss the physical origin of this broadening.

A careful fit to our measured IES cross section near threshold

has recently been carried out. Wertheim's model was convolufcd

with a gaussian and the parameters adjusted to minimize the x squared.

The parameter values obtained are:

EQ = 285.11 ± .01 eV

cr = 0. 366 ± 0.003 eV
a

a = 3.3 ± 0.3 eV"1

where Eo is the threshold energy for absorption, a the standard
a. 3

deviation of the gaussian and a is a parameter in the model.

A possible physical origin of the gaussian broadening is

coupling of the transition to phonons in graphite. The linear

coupling model, long used for color centers in the visible range,

can account for such a broadening and predicts a relation between
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the absorption broadening, emission broadening and mean energy

difference between absorption and emission, called the Stokes shift. •

For comparison with the absorption spectrum we wish to study

the inverse process in which a photon is emitted as a valence

electron makes a transition into the IS core level in HOPG. This

spectrum has recently been measured with a carefully calibrated

spectrometer. Let us begin by ignoring the effect of the core

on the emission shape. This is consistent with the recently

announced Final State Rule according to which it is the potential

of the final state which is important in developing a one-electron

model of the spectral shape. ' I n that case we use simply

the ground state density of states which varies linearly with E

below the threshold energy E . Convoluting this with a gaussian

and adjusting the parameters to fit the data we find:

E e = 2 8 4.0 ± 0.2 eV

oe = 0.5 8 ± 0.05 eV

c = -0.055 ± 0.002 states/el'""

where a is the gaussian standard deviation seen in emission and

c is the slope of the density of states below E .

The value of c obtained by fitting the data above can be

compared with the calculated value of c= -0.052 states/eV .

This is a remarkable confirmation of the Final State Rule for this

case and is the first quantitative support for this concept outside

the simple metals.

The Stokes shift, Eo - E = 1.1 ± 0.2 eV. In the linear
a e

coupling model this is given by 2S ftco where S is the average number
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of phonons created by the transition and Ha) is the mean phonon energy.

In graphite the in-plane breathing mode phonons which are the ones

likely to couple strongly to the transition have an energy of
(12)

0.21 eV. This yields S = 2.6 ± 0.5. According to this model

the absorption broadening is given by a = S(!$ii>) coth(^-)- This

yields S = 3.04 + 0.06, somewhat larger than but within the

uncertainties of the Stokes shift value.

In the case of color centers, usually o^ = a . If however the
a e

lifetime of the excited state is short enough, a can be larger than

aa as discussed by Mahan and Almbladh. I-
13'1 ' Almbladh finds,

a2 = a2 + A2
 + a

2

e a m

where A is a lifetime-dependent extra broadening and a- is an

instrumental broadening which we estimate to be 0.17 eV. The

parameter that determines A is r- where r is the Auger lifetime

broadening of the excitation and fiw is the relevant phonon energy.

Using McGuire's value of r *• and the above phonon energy we have

J = 0.3. Almbladh's result for A is then 0.43 eV. Our result,

using the above determined parameters is 0.42 ± 0.07 eV in

remarkable agreement with the expected value. According to this

model the Stokes shift should be reduced somewhat by the short

lifetime. Using the absorption value of S and reducing it as

described by Almbladh we find S = 2.7, quite close indeed to the

value obtained from the measured Stokes shift. So we see that

both the Final State Rule and the partial phonon relaxation model

are quantitatively supported by these measurements.
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NEUTRON INELASTIC SCATTERING FROM MIXED VALENCE MATERIALS

5,

A.P. MURANI

Institut Laue-Langevin, J56X, 38042 Grenoble Cedex, France

Paramagnetic scattering from mixed valence materials is reviewed.

Some of the early measurements identified a broad quasielastic spectral

distribution (e.g. a Lorentzian centred on zero energy with large,

practically Q-independent widths (half-width x 5 - 30 meV) which remain

finite as T -•> OK. More recent measurements using high energy neutrons en several

mixed valence systems reveal inelastic peaks superposed on the broad quasi-

elaotic spectrum at low temperatures. These inelastic peaks progressive Iv

melt away with increasing temperature, accompanied possibly by some softening,

and disappear almost completely around the temperature of the maximum in

the susceptibility. Several possible mechanisms could semi-qualitat ivc-1 v

account for the observed spectral response, a .deeper insight into whose origin

would aid in understanding the mixed valence phenomena.

Many rare earths alloys and compounds, particularly those of Ce and Yb,

the elements at the ends of the rare earth series, but also of Sin, tu and

Tm show anomalous physical properties (e.g. magnetic susceptibility, ?ru. ific

heat etc.) often accompanied by anomalies in their lattice constants, or

volume,compared with other rare earth ions in the same series of compounds.

1 2
It is generally believed ' that these peculiar physical properties result
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from the mixed valent character of the rare earth ions in their particular

environments.

Neutron scattering measurenents have been successfully applied to

study the paramagnetic spectral response in several anomalous rar<- •.•arth

systems. Two pioneering examples are measurements on Ce(Th) across the .-a phase

transition by Shapiro et al. (figure 1) and CePd. by Ho 1 land-Moritz et al.

200

0 10 20 30 40 50 60 70

ENERGY (meV)

Fig. 1 : Temperature dependence of the observed imaginary part of the magnetic

susceptibility for Ce~ ^/Zn for various tenroeratures across the

y-a transition (reference 3).
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(figure 2). It should be mentioned at the outset, however, that the exact

nature of the y-a transition, i.e. whether it represents a valence change

or a Kondo volume collapse is still debated and may have implications

on interpretations of anomalous physical properties of many rare earth

systems in terms of Kondo models. In both Y-Ce (Th) and CePd., the

magnetic spectral response was found to consist of a quasi-elastic spectrum,

namely a Lorentzian distribution centred on zero energy of half width

r % 2 0 - 2 5 meV. In the a phase in Ce(Th) (below % 150 K) the magnetic

scattering intensity decreases and the spectral width broadens markedly

( F i, 70 meV). The measurements on CePd. were made in upscattering

(neutron energy gain) with the use of relatively low incident energy

neutrons (E. % 3.5 meV) which restrict the energy- range probed to progressi-

vely smaller values as T + OK. Recent measurements in down scattering (neutron

- to -30
la)

-20 -50
(c)

T=240K

Phon
-2O-2

400

300

200

100

TiUSK

Phon «20~
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-300

-40 -30 -20 -10 -40 -30 -20 -10
ENERGY TRANSFER

3000

2000

ooo

•3000

-2000

-tJOO

-15 -O -5

Fig. 2 : Neutron inelastic scattering cross-section as a function of energy

for the isostructural intennetallic compounds a) YPd- b) CePd, and

c) TbPd-, taken at a scattering angle of 15° (reference 4).
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energy loss) with the use of relatively high energy neutrons reveal a

broad inelastic peak superposed over a quasielastic spectrum at low temperatures

in both CeSn^ and CePd-i , which are closely similar in many of their

physical properties. The anomalous temperature dependence, and possibly

also the Q-dependence of the intensity of the inelastic peak suggest similarities

7 8
with the inelastic excitation in TmSe ' . In addition to th« two compounds

CeSn,. and CePd- we shall discuss in the following some detailed results on

9 10
two Yb based systems namely YbCuAl and YbAl^ which also show melast

magnetic peaks in addition to the usual quasielastic spectal response.

The observation of low temperature form factor anomalies in CeSn..

] J ] 2and CePd., ' may also be a relevant issue regarding mixed valence behaviour.

These measurements reveal an anomalous low temperature increase in the form

factor at small wave-vectors which correlates at least partly with the Curie

Weiss tail in the bulk susceptibility, although the latter is sometimes

2
thought of as an extrinsic impurity effect

We begin with an examination of the data on CeSn, and CePd,.

In figure 3 we show the data for CeSn,, represented as x"(Q»w)> obtained with

the use of neutrons of incident energy 50.4 and 81.8 meV. The filled circles

are the measured data points and the open circles those obtained after phonon

5 6*

subtraction . This involves obtaining a scaling function Cn(w) between

a pair of high and low angle spectra for the nonmagnetic LaSn~ sample

prepared and measured under identical conditions to CeSn_, and using it

to correct for phonons for the corresponding angles in the latter sample.

In both CeSn, and CePd, in addition to the usual quasi-elastic response

we observe a broad inelastic peak well above the phonon energies at low

temperatures, which is not seen in the corresponding La based compounds.
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Fig. 3 : Spectral response x"(0,Cij) for CeSn^ obtained with the use of 50.4

and 81.8 meV neutrons. The data have been corrected for intensity

variation as a function of 0 for fixed scattering angle 2r: with the

use of the Ce form factor dependence. The filled circles Rive the

measured spectra and the open circles are data after phonon subtraction.

The solid curves represent the best fit to the data to the spectral

function given by Eq. (2). Note the different scales in the abscissas

of the two sets of figures (reference 5).

The inelastic, peaks broaden and become weaker in intensity with increasing

temperature, disappearing almost completely around the temperature of the

maximum in the bulk susceptibility.
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We have analysed the data assuming the scattering cross section as for

13 .
an isotropic paramagnet i.e.

1 s(0,co,T) « £1
o o

with x"(Q,^,T) expressed in terms of Lorentzians as

2Z , . I O O r
= F (0)(W—= s + )1

ai(T)r.(T) ai(T)ri(T)
^ T1 £ j -—_ k y \ M T̂

(2)
1 T 1 Trr(T)

where k and k1 are the ingoing and outgoing momentum wave vectors; F(Q) is

the magnetic form factor; a , a. are the amplitudes of the quasi-elastic

and inelastic spectral components with T , T. the corresponding widths

and OJ. the positions of the inelastic peaks. The quantity [J - exp(-u/T)]

is the Bose-Einstein population factor, CJ and T are in units of energy.

We have fitted the CeSn., data to the above functional form assuming a single

inelastic peak at ̂  = 40 meV. The resultant fits are represented by the

continuous curves in figure 3. Although the relative spectral weights of

the inelastic and the quasielastic peaks as well as their temperature

dependence are unusual for any simple crystal field description to be

applicable we note nevertheless that observation of a single inelastic

peak is consistent with a cubic crystal field scheme since both CeSn.,

and CePd- have the same AuCu-. structure. Although several different

mechanisms, discussed below, can account for the inelastic excitations

in these systems, the question regarding a possible crystal field process

becomes even more acute when we consider the data for YbCuAl which has

a hexagonal Fe P structure and which,as discussed below, shows at least

two well defined inelastic peaks at low temperatures superposed, as

usual, on a broad quasi-elastic spectrum. Possibility of an additional
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(i.e. a third) inelastic peak is also incorporated in the final data

analysis. However, as for CeSn_, the relative intensities of the inelastic

and quasielastic spectral components do not appear to follow any simple

crystal field description.

The presence of phonons and hence an adequate correction for them

is, of course, central to any analysis and interpretation of the data.

In the case of CeSn_ and CePd- the inelastic excitation occurs at energies

well above phonon energies hence its magnetic character is established beyond any

reasonable doubt. This is not the case, however, for YbCuAl and YbAl, where

the magnetic excitations occur close to the peaks in phonon structure factors,

so that an adequate phonon analysis is essential. We have followed the same

procedure here as for CeSn_, except that sir;e the phonon peaks in non-

magnetic reference compound YCuAl occur at different energies, compared to

YbCuAl, the scaling function C° (w) between a pair of high and low angle
u

obtained from YCuAl had to be modified a little in order to remove all the

inelastic phonon structure from the (corresponding) low angle data for

YbCuAl at 100 K. It was assumed that the resultant magnetic spectral

function at T = 100 K consists of a broad quasielastic distribution only.
6'

Having thus determined C Q (w) at 10CK, the scaling function was kept fixed

for all temperatures. Thus, we take a high angle (6') data for YbCuAl

which,because of the very small magnitude of the magnetic form factor at large

Q's,contains almost purely phonon scattering.multiply it by the scaling

function Cfl (to) and subtract the result from the low angle (8) data to

obtain the magnetic contribution. The results are shown in figure 4 together

with the fits (continuous curves) to equation 2, where three inelastic

peaks in the 5K spectrum are assumed. The data have been corrected, as usual,
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Fig. 4 The spectral response x"(Q»w) for YbCuAl obtained after phonon correction,

a) Data obtained with neutron of incident energy 12.6 meV and b) data

obtained with E^ = 50.4 meV. The continous curves represent fits to the

data to the spectral function Eq. (2) (reference 9).
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for the Q-variation of intensity using the Yb form factor dependence.

Figure 4a) shows the low energy region up to 8 meV measured using

lower incident energy (12.6 meV) neutrons. The data in fig. 4b have been

obtained with the use of neutrons of incident energy 50.4 meV.

The sudden appearance of inelastic structure in the resultant

(i.e. magnetic) spectrum at 5K is rather dramatic, especially since the

spectrum at 30K is practically smooth. We note that between 30 K and 5 K

the phonon population changes by a negligible amount in the energy range

of interest (i.e. above ^ 5 meV). This is also verified by examining

the high angle data for the two temperatures which appear almost identical.

We note that the maximum in the susceptibility of YbCuAl occurs around 30K.

Hence, the disappearence of the inelastic magnetic peaks around the

temperature of the maximum in x parallels the observed behaviour in CeSn.

and CePd.,. An almost identical situation occurs in YbAl-. (Cubic AuCu

structure) which has a maximum in X around 130-150K. In this case at least

one inelastic magnetic peak has been identified which melts away almost

completely above about 100 K. Although the data have not been adequately

analysed so far, it appears that there may be some softening of the excitation

accompanying its progressive disappearance with increasing temperature.

Returning to the case of YbCuAl, an additional demonstration for the

reality of the magnetic inelastic structure in the low temperature data may

be given in the following way. The phonon scattering may be expressed in an

analogous manner to magnetic scattering as

Sph(Q,U)) - [1 - expC-Uj/T)]'
1 g(Q,«u) (3)
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Hence, in the presence of both phonon and magnetic scattering we have

S(Q,w) [1 - exp(-w/T)] - x"(Q»w) + g(Q.w) • (*)

Looking at the high angle data (phonon scattering) for both

YbCuAl and YCuAl, we observe that g(Q,w) is almost unchanged between

5K and 100K. Hence if we perform a one to one subtraction between the 100K

and a low temperature spectrum (for the same scattering angle), we should

obtain the difference spectrum giving the additional magnetic contribution

over and above that at 100K. In this subtraction the fact that the

susceptibility of YbCuAl at 100K is lower than at 5K or 30K, as well as

the relatively small temperature dependence of the width of the quasi-

elastic component is very useful. The results are shown in figure 5 where

two well defined inelastic peaks are seen in the difference spectrum at

5K whereas they have almost completely disappeared by ^ 30K.

It should be mentioned also that the presence of inelastic magnetic

peaks at low temperatures in YbCuAl yields better agreement with the

27
effective spin-lattice relaxation time T ,, obtained from Al ruar

14
measurements tha/i a simple comparison of the latter with the overall

9
quasielastic width would suggest (figure 6). Also, the appearance of inelastic

peaks in the paramagnetic spectral response below the temperature of the

maximum in susceptibility is strongly correlated with the deviations

of the Al nmr Knight shift as well as muon Knight shift ^ frcn their

linear dependence on the bulk susceptibility below the maximum in the

susceptibility. The latter data clearly suggest an evolution in the wave

function below the susceptibility maximum,of which the neutron data give

direct evidence.
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Fig. 5 : The difference spectra x"(6,w) f°r YbCuAl relative to the 100K spectrum

at 20 = 17°, for two temperatures of 5K and 30K (reference 9).

The anomalous temperature dependence of the magnetic excitations

in the Ce and Yb based compounds considered above bears a marked resemblance

to the observed inelastic peak in TmSe , a mixed valence system from the

middle of the rare earth series. However, unlike the former systems, TmSe

orders magnetically at low temperatures and its quasielastic line width

shows a linear dependence below a. 100 K . Additionally, the Q-dependence

of the intensity of the inelastic peak is also anomalous . In the case

of CeSn., , integrating the scattering over a small energy region centred

on the inelastic hump also suggests an anomalous peaking in the forward
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direction, although the overall Kramers-Kronig energy integral yields

a susceptibility x(Q) which follows the expected behaviour after correction

of the so called low-temperature Curie tail in the bulk susceptibility

(figure 7).

In contrast to YbCuAl, however, in another mixed valence system,

namely YbCu^Si,, well defined crystal field excitations are thought to be

observed at all temperatures up to 300 K, and are interpreted in terms of

a tetragonal crystal field scheme . This is somewhat surprising since

even in integral valent Kondo systems such as CelnAg^ for example,the
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19,20

crystal field excitations tend to disappear at high temperatures. This

problem has been theoretically examined by Becker, Fulde and Keller

with particular reference to CeAl-. We recall that crystal field-like

excitations have also been observed in the alloy system (Ce. La ) QTh

where increasing La concentration stabilizes th«* valence fluctuations

(suggested by the decreasing quasielastic linewidth) until in alloys with

La concentration greater than O.J4 a broad crystal field-like excitation

appears. Even in this case, however, the relative intensities of the inelastic
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and the quasielastic spectral components are anomalous vis-3-vis a simple

crystal field description.

The exact origin of the inelastic peaks observed at low temperatures

in these so called mixed valence systems is not entirely clear. A crystal

1 Q

field description such as that of Becker et al. does not hold at low

temperatures mainly because of the fact that the quasielastic linewidth

remains finite as T + OK, whereas the theory predicts a Korringa law

behaviour. Another objection against a crystal field description may

be that the energies of the excitations are too high compared with

neighbouring or similar rare earth compounds. Taking the specific
21

example of CeSn., and allowing,as suggested by Lethuillier and Chaussy ,

the normal enhancement of the crystal field parameters due to conduction

electron coupling in going from Nd to Pr to Ce within various RX. series, we

expect a crystal field excitation (F - Fg) around ^ 4-5 meV rather

than the observed broad hump around 40 meV. It could4 of course, be

argued that the conduction electron coupling is unusually high in CeSn_

and that may be the reason for the order of magnitude enhancement of the

crystal field parameter.

7 8
We recall that the observed inelastic peak in TmSe ' with its

unusual Q and T dependence has been interpreted by Fedro and Sinha

in terms of excitation across the hybridisation gap in the f band at low

temperatures.The theory qualitatively reproduces both the Q and T dependence

23
observed experimentally. More recently, however, Holland-Moritz and Prager

have observed a single inelastic magnetic peak at a somewhat higher

energy (14 meV compared with JO meV) in a diluted sample of TmSe namely
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Tm_ 5Y g5Se. If this inelastic peak has the same origin as in TmSe

23
the coherent band interpretation would not seem appropriate. The authors

favour the model of a localized excitation between the f-states proposed by

24
Mazzaferro et al.

Another localieed excitation model which may be applicable is that

given by Balseiro and Lopez and Schlottmann who treat the rare

earth ion as an Anderson impurity in the U -*• » limit and obtain an inelastic

hump in the spectral response at low temperature which corresponds to

the excitation of an f-electron to the Fermi sea. With increasing

temperature the inelastic hump melts away, just like in CeSn_, until only

a broad quasi-elastic spectrum remains. In both the hybridization gap

22 ?4 ?S 26

model or the localised f-electron excitation models ' ' , one

could imagine that the several inelastic magnetic peaks, observed in

YbCuAl for example, were associated with the crystal field splitting

of the f-state. Even for the simple case of the Ce ions,, however, we

should then expect to observe two or three peaks, depending on the

crystal field symmetry. Clearly, further theoretical as well as

experimental input is needed for a better understanding of these mixed

valence materials.
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ABSTRACT

The development of high-flux high-energy pulsed-neutron sources

makes it possible to study electronic transitions in solids which are

in the electron volt range. A theoretical study has been carried out

to determine the feasibility of using such sources to obtain infor-

mation about, the band structure of semiconductors. Calculations of

the inelastic neutron scattering cross sections for germanium and

silicon based on <.m empirical pseudopotential description of the

energy bands have been completed. No significant structure associated

with the band gap was found in the calculational results, "he calcu-

lated cross sections also were found to be quite small for realistic

experimental conditions. Measurement of these relatively small cross

sections could, however, provide important information about the band

structure of semiconductors which can not be obtained from most other

experimental techniques.

*Research sponsored by the Division of Materials Sciences, U.S. Department
of Energy under contract W-7405-eng-26 with Union Carbide CorDoration.
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I. INTRODUCTION

The development of high-flux high-energy spallation neutron sources

has opened up a range of energy transfer in neutron scattering experi-

ments which was hitherto inexcessible. This has made it possible to

contemplate a new class of experiments which were impossible to perform

using conventional neutron sources. One such area of interest is the

study of electronic transitions and elementary excitations in metals

and semiconductors which have energies in the eV range. In the past,

neutron scattering experiments have provided invaluable information

about such transitions and excitations for energies below ~ 100 meV.

The use of spallation sources could, in principle, raise this limit

significantly, perhaps into the few-eV range. Some calculations rele-

vant to the spectroscopy of such experiments have been made by Allen

et al.1

If such experiments could be carried out with reasonable resolu-

tion and statistics then one could extend measurements of excitation

spectra, crystal field-like transitions, etc. to provide additional

information about quasiparticles and their interactions in solids.

This would also provide a check on theoretical predictions from models

developed to explain lower energy phenomena.

In addition, inelastic neutron scattering experiments could prove

to be a useful tool in the experimental determination of band structure.

This is because neutrons are scattered by electronic transitions between

occupied and unoccupied states in the solid. Therefore, measurement

of the neutron cross section provides detailed information about unoc-

cupied states which can not be obtained from most other experimental
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techniques. In addition, comparison of photoernission and neutron

scattering data may provide some insight into the complicated many-

body effects which are important in describing the relaxation process

that occurs as a result of electronic transitions.

Because of the potential importance of the technique, we have

initiated a theoretical study of magnetic scattering of neutrons with

energy transfers in the zero to few-eV energy range. The purpose of

this study is to assess the feasibility of obtaining new information

about electronic transitions and elementary excitations in this

expanded energy transfer range. In this paper, we present some

results from an extensive series of calculations of the total magnetic

scattering cross section in the semiconductors silicon and germanium.

These results represent an extension of previous calculations2 to

larger neutron momentum transfer which are more relevant to realistic

experiments. Prior to this work, calculations of the total magnetic

inelastic cross section (spin and orbit) for noninteracting electrons

largely concentrated on the free-electron model3"5 and tight-binding

models of d-band transition metals.6"7

The remainder of this paper will be divided into three parts. In

Sec. II, the formulas for calculating the magnetic inelastic cross

section will be given along with relevant definitions and approxima-

tions which form the basis of the calculation. Numerical results are

presented in Sec. Ill and Sec. IV provides a summary of results and

some general remarks regarding the prospects for experiments.
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I I . THEORY

The general theory of neutron scattering is reviewed extensively

in Ref. 8 and w i l l not be reproduced here. Instead, we begin with the

general expression for the inelast ic magnetic neutron cross-section

expression given in Ref. 2. In the one-electron approximation for a

nonmagnetic system where the energy bands are not spin-dependent the

tota l cross section can be wri t ten as the sum of spin and orbi ta l

terms:

dfidE
d2a d2

(

spin dfldE orbital
(1)

The spin part of the cross-section is given by

d2a
dadE spin r nm

6(E

The spin form factor is

(2)

(3)

where V is the volume of the unit cell, E(nk) is the energy, \[> f(

is the Bloch wave function, and f •»• is the Fermi occupation number.

The corresponding orbital contribution is

orbital

x 6(E + E(nit) -
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The orbital form factor is defined as

.Q) = f QX / d3r ^

The notation IF^0-*!2 represents the scalar product r o ' » P 0 ' . The

symbols n and k are the band and wave vector labels respectively. We

evaluate these expressions for a semiconductor where the Fermi energy

l ies in the band gap. I t is clear from Eqs. (2) and (4) that the i n -

e last ic scattering results ent i re ly from interband t rans i t ions, i . e . ,

from the valence band to the conduction band.

The calculations are based on the empirical pseudopotential method

used by Cohen and Bergstrasser.9 The pseudopotential method is an

extension of the orthogonalized plane wave method where the electronic

wave function has the form

V ( + r ) = •nftf> " I An*(fi) I 4® * ^^ + ]' *eJtf-*£) • (6>
G

where G is a reciprocal lattice vector. The sum on I is over both

unit cells and sites within the unit cell, and 9 (r-R ) is the j-th

core wave function associated with site 1. The coefficient, a^(G),

ensures orthogonalization of ty to the core states and is given by

The "pseudopotential" wave function, <f>nr}-(r), "is given by
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where G = |G|, and a is the lattice parameter. The expansion coefficient,

A
n £ (

G ) . and the electronic energy, E(nk), are obtained by solving the

Schrbdinger-like equation

(9)

VD(r) is the pseudopotential which, in general, can be expanded in

terms of reciprocal lattice vectors

lfG cos 6.T e"
l b* r , (10)

where T = a o(y. ¥. ?).

Numerical calculations of the cross section have shown that the

contributions from the core states in Eq. (6) are small and can, in

practice, be neglected. With this approximation, the matrix elements

in Eqs. (2) and (4) assume the relatively simple form

F,J°;(k,Q) = -2TQ x I (k+G) AnJr(G)Am?+$(G) . (12)

G

One final simplification which is helpful in carrying out the numerical

calculations is to choose a coordinate system so that the two atoms in

each unit cell are located at R ± a,J-k4>4"). where R is an fee lattice

vector. This ensures that the A fr(G), and thus Fv ' and F^ ', are real.
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III. COMPUTATIONAL RESULTS

The numerical evaluation of the neutron scattering cross section

involves the calculation of the band structure (electronic energies

and wave functions), the spin and orbital matrix elements, and the

band and Brillouin zone sums indicated in Eqs. (2) and (4). The band

structure was calculated by solving Eq. (9) with a three parameter

pseudopotential. That is, the sum on G in Eq. (10) was restricted to
->-
G's with magnitude 3, 8, and 11 (in units of 2n/a ). For completeness,

the parameters are given in Table I.

Table 1. Pseudopotential parameters in Ry

as defined in Eq. (10) for silicon and

germanium. Only nonzero terms correspond

to G = 3, 8,

VG

v3

v8

and 11

- 0.

0.

0.

(in units

Si

21

04

08

of 2ir/aQ).

Ge

- 0.23

0.01

0.06

Further details of the calculation are given in Ref. 2. The resulting

electronic density of states for silicon and germanium are given in

Figs. 1 and 2, respectively. These results are very similar and show

the valence and conduction bands separated by the band gap.

The Brillouin zone sums were carried out by using symmetry argu-

ments to reduce the full zone sum to a sum over the irreducible zone

and a corresponding sum over the point group operations. The irredu-
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Fiq. 1. Electronic density of states for silicon. The results are for

four conduction and four valence bands.
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Fig. 2. Electronic density of states for qermanium. The results are for

four conduction and four valence bands.
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cible zone was then subdivided into 1536 tetrahedra. The electronic

energy, wave function expansion coefficients, and subsequently the

spin and orbital matrix elements were determined at the unique corner

points of the tetrahedra mesh. The tetrahedron method10 was then used

to evaluate the Brillouin zone sums.

An extensive series of calculations have been carried out for Q

along the [100], [111], and [110] directions. The results presented

in this paper are based on the use of four valence and four conduction

bands which should ensure reasonable accuracy for neutron energy

transfers of a few eV or less. All factors in the cross section

expressions have been included except for the ratio |l<^|/jk-j, which

can easily be incorporated for particular conditions of an experiment.

As mentioned before, these calculations represent an extension of

earlier work to wave vectors outside the first Brillouin zone which

are more relevant to experiments carried out in the eV range. In the

course of this work an error was detected in the part of the computer

program which manipulated the A £(G). This resulted in some changes

in the overall structure of the cross section. As will be shown, these

changes do not affect significantly the conclusions given in Ref. 2.

In addition, the intensities given in Ref. 2 were actually integrated

intensities over a histogram representation 23 meV wide. This was

done to pick up sharp features in the intensity profile. These points

should be kept in mind when comparing the results presented here to

those given in Ref. 2.

For clarity, only a few representative examples will be presented

and general statements drawn from the totality of the results will be

given where appropriate. First of all, a comparison of the joint den-
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sity of states (JDOS) with the total scattering cross section for ger-

manium with 0 = (0.25, 0.25, 0.25) is shown in Fig. 3. The JDOS is

given by Eq. (2) if P S ' is set equal to a constant. The JOOS has

been scaled to the total scattering intensity to aid in comparison.

This example demonstrates that the band and wave-vector dependence of
+

the matrix elements is important. For some Q's the JDOS was found to

track the total scattering reasonably well but, clearly, one cannot

always rely on this. Another important aspect of Fig. 3 is that there

is no real structure in the total scattering cross section associated

with the band gap (~ 1 eV). This ;s due primarily to the fact that

the density of states for transitions across the band gap (the JDOS)

is relatively small and featureless. This is a general feature of the

calculations.

Intensity profiles for silicon where Q = (0.5,0.5,0.5) and Q = (2.5,

0.5,0.5) are plotted in Figs. (4) and (5). Each Fig. contains the total

and the orbital part of the scattering intensity in millibarns/(sr-eV).

There are several general features of the calculations which are

represented by these intensity profiles. One is that the orbital part

of the scattering intensity dominates at small wave vector but diminishes
•*•

dramatically with increasing |Q|. This behavior is to be expected but
->•

the rate of decrease with |Q| was larger than anticipated from analytic

results obtained from free-electron calculations.3"5 As noted before,

there are no special features associated with the band gap. However,

it is clear that these intensity profiles do have considerable struc-

ture which varies substantially with Q. If these cross sections could

be measured, then the pseudopotentiai parameters could be determined

by using some type of least squares fitting procedure. This approach
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Fig. 3. Comparison of total scatterinq intensity and joint density of

states for germanium with 0 = (0.25,0.25,0.25). Results are

scaled for comparison.

could then be used as an indirect method of determininq the "best" set

of pseudopotential bands. Finally, it should be noted that the total

scattering intensity also drops dramatically with increasing |Q|.
+•

Since it appears unlikely that Q's inside the first Brillouin zone can

be measured1 (for large neutron energy transfer) the results given in

Fig. 5 probably represent a reasonable upper bound for scattering

intensities in a realistic experiment.
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IV. CONCLUSIONS

The results presented in this paper have helped to resolve some

important questions relevant to the feasibility of determining band

structure information from inelastic neutron scattering experiments

performed in the electron volt ranqe. It is clear from the calcula-

tions that the band gap in silicon and germanium, and quite possibly

all semiconductors, can not be determined directly from experiment.

However, theoretical fits to the structure found in the intensity

profiles for different Q's could yield relevant pseudopotential

parameters, thereby, determining indirectly the band structure and

the band gap.

The question of whether experiments can actually detect these

relatively small scatterinq cross sections remains unanswered.

Obviously, experiments should be carried out for as small a Q as

possible. Conversely, 0 must be large enough to satisfy the enerqy

and momentum conservation conditions for experiments where the

neutrons have a large energy transfer. The best compromise for

silicon and germanium appears to be for Q's in the neighborhood of

2-n/a (2,0,0). This, in turn, means that experiments must be able to

detect intensities in the ranqe of tens of millibarns.

It appears, therefore, that the proposed experiments for the

determination of band structure information from neutron scatterinq
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MOMENTUM DISTRIBUTIONS

R. 0. Simmons
Department of Physics and Materials Research Laboratory

University of Illinois at Urbana-Champaign
Urbana, Illinois 61801 U.S.A.

This portion of the Workshop is concerned with momentum distributions.

We will hear from both theorists and experimentalists. Those exotic

substances condensed heliums will be described extensively. I remind you of

the variety of helium systems available: a normal fluid, four superfluids,

one with a Bose condensate and three anisotropic, a Fermi liquid, and four or

more different crystal structures in two different isotopic solids (magnetic and

non-magnetic) and their mixtures. Current knowledge about two condensed heliums

from variational and Green's Function Monte Carlo methods will be summarized by

Paula Whitlock. Eric Svensson will tell us the saga of the Bose condensate in

superfluid ^He. And I will mention some preliminary results from neutron work

in progress at IPNS in the new regime of high energies by an ANL—Illinois

collaboration.

Heliums are not the only substances of interest, however! Andrew Taylor

will tell us about knowledge of other solid systems, again, citing results

obtained in the regime of high energy neutron scattering. Our colleagues who

study momentum distributions to characterize atomic, molecular, and nuclear

structure have had high-energy probes earlier, and there are lessons to be

learned from their work.* As an example, Ian McCarthy will tell us about (e,

2e) scattering from atoms. Finally, or rather in the midst of the other talks,
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George Reiter will talk about inferences to be made from momentum distributions

and about interatomic potentials.

To set the stage, it is useful very briefly to review the conventional

neutron scattering approach to the measurement of momentum distributions in

condensed matter. The differential scattering cross-section is

d2o
.=-1 S(Q,E)

where b is a scattering length, kf and k-[ the final and initial wave vectors of

the neutrons, respectively, and the dynamic scattering factor S(Q,E)

-»-
characterizes the specimen as a function of momentum transfer Q and energy

+

transfer E. For sufficiently large Q and E, one takes the specimen to exhibit

scattering as a collection of scattering events involving N isolated atoms of

mass M. In this case^

S(Q,E) = /n(p)6(E - ̂ 9 - - ̂ ^ p (2)

-•

where n(p) is the momentum distribution of the scatterers and the 6-function

->•

shows that the data collected at a given Q will be centered about an energy

transfer value (call it the recoil value)

E r = >fi
2Q2/2M, (3)

as is also in any case to be expected from the first-moment theorem for a

monatomic system having no velocity-dependent forces.

To emphasize the rather extreme regime represented by Eq. (2), it is

instructive to consider Fig. 1. This figure schematically illustrates the

scattering to be expected from a substance over a very broad range of momentum

->•

transfers. Nnar the origin, S(Q,E) has a very complex character: there is
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S(Q,E)

Q
Er= QV2M

o-QocQ

Fig. 1. Schematic representation of the dynamic scattering factor S(Q,E) as its
character changes. Near the origin S(Q,E) exhibits rich complexity for
neutron energy transfers of a few meV and wave-vector differences below
about 40 nm"S In the new deep inelastic regime, say 100 nm~^ and
above, S(Q,E) gives direct information about single-particle momentum
distributions. At a given Q, the response for particles of two
different mass, M and M', are shown.

quasielastic scattering which has a Lorentzian shape related to diffusion

phenomena; there are phonons, longitudinal in both liquids and solids, and

transverse as well in the latter; there may be internal vibrational modes;

there may be exotic excitations, such as in the superfluid heliums. At some-

what larger Q values, there are additional excitations, such as multiphonons.

These complexities have been studied productively for decades. Much remains to

be done in this regime, where the energy transfers and neutron wavelengths both
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are well-matched to the energies and wave vectors of collective excitations in

condensed matter.

But if one goes out to truly large Q values, the simplification of Eq. (2)

appears. Note that in this regime, atom recoil kinetics determine where the
->•

response S(Q,E) is a maximum; a real kinematic sorting of the scattering from

nuclei of different mass takes place. This has some practical convenience:

for example, condensed He must be pressurized in a container, and the container

scattering is therefore physically separated. One finds some scientific

advantages, too, in the separation of single-particle phenomena in compound

systems of different nuclei.

At intermediate Q,E values, much ingenuity has been exercized, over the

+

years, to relate S(Q,E) to a single-particle momentum distribution. A fine

example is the work on liquid ^He by Martel and coworkers.^ Sears has recently

reviewed and summarized some matters of scaling and of final-state interactions

in the approach to the "deep inelastic" scattering regime. As new neutron

data in this regime accumulate, further developments and discussions are to be

expected.

Helium forms nice systems on which to test ideas about momentum

distributions, for many reasons. 1) The momentum wave functions are expected

to be fairly sharp, corresponding to relatively large mean square amplitudes, u2,

of atomic vibration, 2) Collective excitations are well-damped already at 100

nm"1; single-phonon energy-loss, for example, goes as (Q2/E)exp(-Q2u2), which

peaks down near 20 nnT*. Essentially the entire scattering strength appears as

single-particle scattering. 3) By modest adjustment of P and T, one can study

two different ^He crystal structures, bcc and hep, and both normal and superfluid

liquid. Moreover, pairs of these can be studied at identical number density,

which permits direct comparisons in search of detailed differences and minimizes
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problems from certain effects such as multiple scattering. 4) The interatomic

interaction is well-known, so that direct confrontation between experiment and

sophisticated theory is possible.

Figure 2 schematically shows the pair potential for He, and illustrates that

there is a large hard core, and that moreover properties of the lower density

condensed phases are nontrivial to calculate because the equilibrium

nearest-neighbor distance is at or beyond the inflexion point of the attractive

potential. For example, the kinetic energy as a function of volume is different

20

l 0

O
Q.

0
LU

Potential
Energy

Kinetic
Energy

I I1 I
6 (A)

Fig. 2.

420
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Energy per pair of atoms for condensed He. The "hard core" radius h is
indicated, as well as the equilibrium internuclear separation, e,
typical of the condensed state at lower densities.



from the values given by a naive cell model. Precise measurements of single-

particle kinetic energy from the S(Q,E) second moment sum rule, or otherwise,

then provide a microscopic test of theory which bulk thermodynamic or elastic

measurements cannot. Note that while in this type of experiment the goal for the

final state is essentially a single-particle state, the initial momentum distri-

bution being sampled is that of the full-blown many-body quantum fluid or solid.

An early indication that single-particle neutron scattering should be

observable carae from work of Kitchens and coworkers.^ Already at momentum

transfers in the range 40 to 55 nm~^, their neutron groups showed peak dispersion

which lay only somewhat below the free-atom recoil values of Er = Q
2/2M (Fig. 3).

0 20 40
CHnrrf1)

60

Fig. 3. Early evidence that single-particle excitations are observable in
solid ^He. The dots show observed positions of peaks of neutron
groups (Ref. 5). These lie somewhat below the free-atom recoil
parabola, shown dash-dot, but this is as expected from quantum crystal
theory, solid line (Ref. 6).
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Quantum crystal calculations, such as those of Homer,6 agreed that this was an

appropriate sense for the deviation, as did a moment analysis method

originally developed for liquids.'

As we shall see shortly, the advent of intense pulsed neutron sources has

redefined the "deep inelastic" domain of large E, large Q scattering. Several

examples follow, from recent experience at the Argonne National Laboratory IPNS

by a University of Illinois at Urbana-Champaign—Argonne collaboration.8*9

These workers have collected data on a variety of ^He samples, as shown on a

P-T phase diagram, Fig. 4. Molar volumes cover the range 18 through 27

cm-'/mo1.10 An illustration from work of this collaboration on Bose condensate

fraction in superfluid ^He was presented earlier in this workshop by Price.^

Fig. 4. Schematic P-T diagram of 4He, to show the specimens studied to date by
the University of Illinois—Argonne National Laboratory collaboration
using pulsed neutrons. &, Ref. 8; A, Ref. 9; 0, Refs. 10 and 11.
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First, it has been verified with a chopper spectrometer instrument in this

new regime of Q and E that the peaks of S(Q,E) indeed lie along the recoil

values Q /2M (Fig. 5). Second, in preliminary analysis of data on hep solid,

bec solid, and normal liquid, to present accuracy these all show Gaussian

scattering peaks. If one represents the momentum density by the form

n(p) = C exp (- p2M2A) (4)

and inserts this in Eq. (2), then one finds the dynamic scattering factor to

be

300

2 4
Q2(l04nm'2)

Fig. 5. Verification that chopper spectrometer data can be collected showing
the location of the peak in S(Q,E) to satisfy the first moment theorem.
Data are from Ref. 8, in which 500 meV neutrons were incident on
condensed 4He, of mass M. The small shaded patch near the origin is
the region covered in early work (Ref. 5).
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S(Q,E) = C exp

which itself is a Gaussian having variance

-«- v 2 "I2 J (5)

A/2M • (6)

Third, one test of the data is therefore to check for proportionality between c

and Q. A chopper spectrometer collects data at a range of scattering angles.

<j>. Because corrections must be made for contributions of instrument resolution

to S(Q,i>)12 and from S(Q,<j>) to S(Q,E), these are also part of the check. The

result, for the isotropic scatterer normal liquid ^He, is shown in Fig. 6.

18.20 cm3/mol

50 100 150 200 250

Q(nm-I)
Fig. 6. Check of Eq. (6) for the isotropic scatterer, liquid uHe at 4.0 K,

18.20 cin3/mol. Data are from Ref. 8, which used 500 meV incident
neutrons. The spectrometer resolution, dashed line, was calculated
on Gaussian assumptions (Ref. 12) and also checked versus scattering
by a vanadium sample.
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From such a graph one can extract the value of the width A of the momentum

distribution, Eq. (4). Note that over the range of Q shown, the calculated

instrument resolution changes rapidly as a fraction of the deduced O Q from the

liquid.

Raman spectra from condensed He have been interpreted using momentum

distributions of the form, Eq. (A). 1^ However, the data extended at most up to

frequency shifts of 25 meV and the results are very insensitive to the

particular value of A used in the analysis.

The early neutron work^ suggested that at larger momentum transfers solid

and liquid helium showed similar response. This has now been demonstrated in

considerable detail.8-10 p o r example, Fig. 7 shows data peaks from hep ''He at

1.60 K and liquid 4He at 4,0 K, both at essentially the same molar volume. At

i 0 0 _ . LIQUID ' hep

4.0 K : :: 1.6 K

5̂,

4.0-

2.0

o o - ' - - - ; • - i - M ft--1 - --^ -----I.-
!3C 150 200 250 300 350 100 150 200 250 300 350

r
i _

Fig. 7. Illustration that scattering from liquid and solid HHe specimens is
essentially similar in character at large momentum transfers.
Furthermore, both peaks appear to be Gaussian in shape. Data are from
Ref. 9, for scattering at <P = 96.9°. Data are collected at many
different <J>'s simultaneously with a chopper spectrometer.
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IPNS each data set takes only a couple of days to collect. Channel-by-channel

subtractions of one data set from the other show mean absolute differences well

below 0.1 unit, for peaks which are 12 units high. Another example, not

shown, compares an hep 4He sample at 1.60 K and one at 0.96 K; this shows even

smaller differences which confirms, as expected because the Debye temperature

is much higher than the measurements, that the momentum density measurements

are performed essentially upon the ground state of the system.

When one plots OQ data for some hep 4He samples, a variation from the

smooth behavior of isotropic liquid appears. This variation is shown for two

different hep specimens, at 18.20 and 19.45 cmVmol, respectively, in Fig. 8.

30

^ 2 0
E

hcp4H
1.70 K

^ 18.20 cm3/mol
o 19.45 cmVrnol

100 i50
Q(nm-I)

200 250

Fig. 8. In contrast to smooth Fig. 6, crystalline hep He specimens at 1.70 K
exhibit some variations in the widths of S(Q,E) at different Q values
corresponding to different crystallographic directions. Data are from
Ref. 8: A, 18.20 cm3/mol; 0, 19.45 cm3/mol. An average value of the
Gaussian width parameter, Eq. (6), can nevertheless be precisely
determined.
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Diffraction data taken on the 18.20 cm-Vmol solid revealed that it was not an

isotropic fine-grained polycrystal; rather, it was composed of fairly

large-grained crystallites having some preferred orientation. Without a full

characterization of the preferred orientation of these crystallites one

cannot yet quantify the apparent anisotropy of the momentum density in hep *He,

but a simple model based upon a picture of atomic constraint inside an

appropriate Wigner-Seitz cell accounts qualitatively for the variations.

Evidently, this anisotropy merits furthe;r investigation and eventual

microscopic comparison with theoretical models.

Finally, one is interested in comparing both the magnitude and volume

dependence of deduced kinetic energy values with theory. For a Gaussian

distribution like Eq. (4), the kinetic energy is

(7)

Figure 9 shows such a comparison with a Green's Function Monte Carlo fee model

using a Lennard-Jones potential.^ One sees that at the present stage of data

analysis, the volume dependencies agree but that the magnitudes differ. This

workshop comes at an opportune time to provoke dialogue about possible sources

of the difference.
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30
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^Liquid
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per

Fig. 9. Direct experimental values of the single-particle kinetic energies in
condensed helium, from Eq. (7), compared with values from GFMC
calculations, Ref. 14. The differences appear to lie outside the sum
of the respective estimated errors.
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One-body density matrix and the momentum density in

4He and 3He

P.A. Whitlock and R.M. Panoff

Courant Institute of Mathematical Sciences

New York University, New York, New York 10012

The one-body density matrix and the momentum density for liquid

and solid He, determined from Green's Function Monte Carlo

calculations using the HFDHE2 pair potential, are described. Values

for the condensate fraction and the kinetic energy deri-ed from these

calculations are given and compared to recent experimental results.

Preliminary results from variational Monte Carlo calculations on n(r)

and n(k) for liquid ^He ai.o also reported.

Theorists have been studying ground-state properties of quantum

many-body systems for some time. With the advent of better

representations of the ground-state wave function and more

sophisticated numerical techniques it has become possible to

investigate these systems in more detail and compare the predictions



with experiment. We will report on our investigations into the

momentum density in the ground states of He and ^He.

In our calculations, we simulate the quantum many-body system by

either variational Monte Carlo^ or Green's Function Monte Carlo '

(GFMC) techniques. The GFMC method numerically integrates the

Schrodinger Equation to obtain energy values which are exact within

statistical errors for a finite system with periodic boundary

conditions. The Bose sysuera, He, has been studied both by variational

and GFMC calculations ' . However, the Fermi system, He, has been

most extensively studied by variational methods » . The antisymmetric

property of the -"He wave function makes GFMC simulations much more

difficult than for a boson system and such results will not be reported

here .

The recent paper of Kalos, Lee, Whitlock and Chester^ showed that

the HFDHE2 two-body potential of Aziz and co-workers^ produced a much

better equation of state in the GFMC calculation than the Lennard-Jones

potential did for He. The equations of state for liquid He with the

two potentials are contrasted in Figure 1. A similar comparison has

been carried out with variational calculations for -̂ He and is shown in

Figure 2. The difference is smaller in the equation of state for the

•̂ He system. However all our data reported in this paper are the

results of calculations using the HFDHE2 potential.
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1. Equation of state of liquid He. The solid line is
experiment as fitted by P.R. Roach, J.B. Ketterson and C.W. Woo, Phys.
Rev. A 2^, 543 (1970). The circles with error bars are GFMC
calculations with the HFDHE2 potential of reference 5. The dashed line
is a fit to this i>ta. The asterisks with error bars are GFMC
calculations with the Lennard-Jones potential from reference 4.

II. Methods

A. Variational Methods

Variational methods have been used for many years to study the

properties of quantum fluids at zero temperature. To perform such

calculations, an appropriate trial function for the N particle system

is chosen which contains arbitrary parameters which may be varied. In

boson systems (B) the trial function is generally of the form
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2. Equation of state of liquid He. The dashed line is
experiment as fitted by R.A. Aziz and P.K. Pathria, Phys. Rev. A 7_,
829 (1972). The circles with error bars are fermion variational
calculations with the HFDHE2 potential from reference 6. The asterisks
are variatlonal calculations with the Lennard-Jones potential from
reference 6.

+TB(R) exp - ^ u2(r1:j) - u 3(r t, r j ,rk)+. • • J (2.1)

where U2 and uo are two- and three-body functions, respectively. Most

often only two-body correlations are used. The trial function for a

fermion system (F) must satisfy the requirement of antisymmetry and

this is accomplished by introducing a determinant in the trial function

in addition to the symmetric product (Jastrow) part,

iJ>TB(R) D (2.2)

D is a product of Slater determinants of orbitals, usually plane waves,

one for each spin state. More generally, state dependent correlations,

including those which incorporate the effects of backflow, may be

included in Eq.(2.2) by modifying the orbitals in D. For crystal
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phases, the trial functions in (2.1) and (2.2) are multiplied by a

one-body Gaussian n <j>(rm—Sm) which localizes the particles on the

lattice sites, S . Variational estimates of the energy are obtained by

evaluating the equation

Y |T dR
E « (2

/

"Y = F or B

where the true ground state eigenvalue is EQ < E^y- The functional

form and parameters in U2, uo, <f> an<l D are varied to minimize the

energies. Expectation values are calculated using that i|j_ which

yields the lowest energy, E_ .

To evaluate the energy, Eq.(2.3), we have to perform certain

integrals in configuration space. Two approaches have been used. The

first, which is essentially exact for the variational energy, uses

Monte Carlo techniques to carry out the required integrations. During

the past two decades sufficient experience*»' has been gained that one

now has considerable confidence in the method. The statistical errors,

which are inherent in the method, are usually in tiie range of one or

two percent. The second method is not exact, but is nevertheless a

useful approximation. It is based on the hypernetted chain (HNC)

equation or some variant thereof. The main advantage is that it

requires significantly less computing time than the Monte Carlo method.

In addition, it yields a more analytical theory in which the energy can

be minimized approximately with respect to the correlation functions.
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The integrals in Eq.(2.3) can be reduced to integrations over the pair

distribution function or higher order distributions. The HNC equations

can be readily solved for these functions and the energy evaluated.

Somewhat more elaborate equations have been devised for Fermi systems.

The simple HNC equation does not yield accurate values of the energy,

although higher order approximations may yield energies close to exact

Monte Carlo results. The convergence of such approximations remains to

oc shown. Three points are worth emphasising. First, the use of these

approximate equations may destroy the important upper bound property of

the Rayleigh-Schrodinger estimate. Second, these approximations are

difficult to control and can in many cases be checked only by Monte

Carlo computations. Finally, it is difficult to estimate the

reliability of quantities other than the energy, when computed using

HNC or similar approximations. Most of the work we report in this

paper is based on Monte Carlo computations. We will, where

appropriate, make comparisons with HNC results.

B. Green's Function Monte Carlo Methods

In the GFMC method, the Schrodinger Equation is transformed into

an integral equation by a Green's function for the Hamiltonian with a

shifted energy scale,

V0(R) = ( E o + V / G(R.R') \f>0(R') dR' (2.A)
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The inteo*-al equation is solved by a Neumann series,

*0B(R) *TB(R) dR

• (Et+VQ) / G(R.R') *
n(R') dR' (2.5)

where E^ t8 a trial eigenvalue. The iterations of Eq.(2.5) are carried

out by random walk, methods, starting with a trial wave function,

Eq.(2.1), which has been optimized in some way. An asymptotically

unbiased estimator for the energy is given by

( 2 6)

Except for sampling and convergence errors, Eq.(2.6) gives the exact

energy on the average. "Mixed" expectations for other physical

quantities are defined as

(2 7)

for operator F. To extract the exact result, we assume that the trial

function <|;TB is close to <J>0B

m J * 0 B(R) i|>TB(R) dR

(2.8

A linear extrapolation is used to obtain an estimate of the exact

expectation,

<F>exact " 2<F>m " <F>T (2.9)
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where <F>m is given by Eq.(2.7) and <F>T is the expectation value

computed with i|>T8. The extrapolation in Eq.(2.9) will give <F>eKact
 t o

order 6 . The errors involved in the extrapolation process are

discussed in detail in reference 4 and have been shown to be small. In

particular, n(k) was shown to be independent of the tf'mg(R) used in the

calculation.

A glance at the equations of state in Figs. (1) and (2) should

emphasize why we have confidence in the results of the Monte Carlo

variational and GFMC methods. The GFMC calculations give excellent

agreement with experiment for other properties of the quantum system,

as well. For example< the structure function derived from a GFMC

computation with the HFDHE2 potential represents very well what is

observed experimentally. The overall agreement with experiment,

together with the intrinsic consistency mentioned in the last paragraph

gives us confidence in our calculations of the momentum density as

well.

C. Computation of n(r) and n(k)

The result of either the variational or GFMC calculations is a

wave function represented as an ensemble of configurations of particle

positions. These configurations can be used to computa various

properties of the system.

The momentum density n(k) may be computed from its Fourier

transform n(r), the one-body density matrix
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n(r) = / e i k* r n(k) dk (2.10)

which is a measure of the change in the wavefunction <p for a given

displacement r. The expectation value in Eq.(2.10) is evaluated by

moving particle i by an amount r and averaging the ratio of wave

functions over an ensemble of configurations. The original particle

positions are contained in the configurations and the vector r can be

chosen randomly or systematically.

The fraction of particles in the zero-momentum state of He is

given by the asymptotic limit of n(r)j

nn = lim n(r) . (2.11)

There is no momentum condensate in systems obeying Fermi statistics;

He is a prime example. This results from the Pauli exclusion

principle and the fact that lim n(r)Fermi *-s identically zero. A

second distinguishing feature for 4He and ^He is that n(r) remains

everywhere positive for He, while n(r) for the Fermi system He can be

negative. In both cases, the magnitude of n(r) must be less than or

equal to unity.

The momentum density is obtained in two ways in our analysis. For

the individual wave vectors contained within our simulation box we can

compute n(ki) directly,

n(k) = <elKL ^ri"f"r^(ri+r)/^(ri)> . (2.12)
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-»•

For the continuous function n(k), we fourier transform n(r)

-ik«rn(k) = nQ6(k) + 2v /e"
llc*r (n(r) - nQ) dr . (2.13)

Both n(r) and n(k) can be used to find the kinetic energy of the

liquid. Starting with Eq.(2.10) for n(r), we rewrite it in terms of

sin(kr)/kr

n(r) = 2n / fi"(kr) n(k) k2 dk; (2.14)
kr

and we expand sin(kr)/kr to yield an expression to second order in kr.

Then

d 2n(r) -2it roo 4 , .

dr2 3

o io k^ n^k^ dk

<k2> = 1^__ ; (2.15)Jo k n(k) dk

thus

< t 2 > - - ^ ) - ^ r.o
 (2"16>

and

<KE> = _ <k2>
2ra

This procedure requires very precise values of n(r) near r=0.
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An alternative (but related) method of extracting the kinetic

energy is to perform the k integrals in the definition of <k^>,

Eq.(2.15). Since the limits of integration are [0,<»), the large k.

behavior of n(k) must be accurately determined.

Values of the kinetic energy obtained by either of the methods

above can be compared with expectation values derived from the GFMC or

variational calculations directly. The discrepancy between the values

is a measure of the error in the procedure for calculating n(r).

Ill. One-body density matrix and momenturn distribution for ^He

A. Liquid 4He

In previous work , the one-body density matrix and the momentum

density were computed for a He system interacting by a Lennard-Jones

potential. Subsequent GFMC calculations5 with the HFDHE2 potential

yielded an n(k) at saturation density which was quite similar to that

cerived from the Lennard-Jones calculations. Both were in satisfactory

agreement with experiment.

Here we would like to report much more extensive calculations on

the one body density matrix at the saturation density, p * 0.0218 A

and at the additional density of p = 0.0240 A~ . The system analysed

comprised 64 particles interacting via the HFDHE2 pair potential in a

periodic box. Several thousand configurations each representing 64

particles generated in a GFMC calculation were analysed. In Figure 3,
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3. One-body density matrix for liquid ^He from GFMC
calculations. n(r) at p =• 0.0218 A~3 is shovm by a solid line. The
dashed line is n(r) at p = 0.0240 A~3. The asterisks show n(r) at
saturation density computed by HNC/4 methods in reference 10 with the
Lennard-Jones potential.

n(r) is shown for the saturation density by a solid line. The

asymptotic behavior of n(r) yields a value for nQ of 0.0924 ± 0.0013.

Also shown by a dashed line is n(r) at p - 0.0240 A~3. At this

density, nQ is 0.0523 ± 0.0012. The asterisks represent n(r) computed

by integral equations methods, HNC/4, by Ristig . The pair potential

used by Ristig, however, was the Lennard-Jones potential. The wave

funtion used only two-body correlations with an optimized

pseudo-potential ^ ( r ) . The value of ng is sensitive to the pair

potential used in the calculation. GFMC computations with the
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Lennard-Jones potential led to values of 0.113 ± 0.002 and

0.085 ± 0.002 for p = 0.0218 A"3 and p = 0.0240 A"3, respectively.

The one-body density matrix can be fourier transformed using

Eq.(2.13) to yield the momentum distribution, n(k). The momentum

distribution at the saturation density is shown as kn(k) vs k by a

solid line in Fig. 4. The points with error bars are the values of

n(k) computed directly from Eq.(2.12). They represent a conservative

measure of the error in n(k). The dashed line in Fig. 4 represents

the neutron scattering data of Woods and Sears . Also shown by

asterisks are the results of Ristig's calculations using integral

equation methods. These calculations were done on a He system

represented by a Lennard-Jones pair potential.

0.08

0.06

0.04

c

0.02

k (A"1)

4 + Momentum density for liquid ^He. n(k) is normalized such
that jn(k) dk => 1.0. The solid line represents kn(k) from GFMC
calculations at the saturation density. The circles with error bars
were computed from Eq(2.12). The dashed line is experiment from
reference 11. The asterisks are from HNC/0 calculations with the
Lennard-Jones potential as reported in reference 10.
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To illustrate the large k behavior of n(k), log(n(k)) vs k^ is

shown in Fig. 5. Gaussian behavior is represented by a straight line

and is apparent at small values of k. The momentum distribution

deviates quite strongly from a Gaussian functional form at large k.

Similar behavior was observed in the neutron scattering n(k) , here

shown by asterisks. The tail of the n(k) distribution can be fit by an

exponential and this used to extrapolate to

The kinetic energy was first computed by evaluating the integrals

in Eq.(2.15). A numerical procedure was used to integrate from (0,k ),

where k is the largest value of the data. An exponential fit was used

beyond k . The variation in the kinetic energy obtained by different

exponential fits was used to estimate errors in the kinetic energy. At

log(n(k))

-6

O»

0 2 4 6 8 10 12

k2 (A"2)

5. The log of the momentum density as a function of k^. The
circles are the GFMC results at saturation density. The asterisks are
experiment from reference 11.
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p = 0.0218 A"3 a value of 14.3 ± 0.7 K was found (see Table 1). This

compares favorably with the value derived from the GFMC energy

eigenvalue of 14.47 ± 0.09 K. A recent experimental estimate^ from

neutron scattering experiments is 14.00 K. The agreement between theory

Table I. Kinetic Energies for liquid and solid 4He. Temperature units

(K) are quoted.

liquid 4He

(A"3> <KE>1 <KE>2 exp't.

0.0218 14.47±O.O9 14.3 ± 0.7 14.0

solid 4He

0.0315 28.28±O.14 23.7±1.4 31.1±0.9*

1. Derived from the energy eigenvalue in the GFMC calculation.

2. Computed by evaluating the integrals in Eq.(2.15).

3. reference 12

4. reference 17, at T = 1.70 K and p = 0.03097 A~3.
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and experiment is satisfactory. There is a noticeable influence of the

form of the two-body potential on the kinetic energy. Use of the

Lennard-Jones potential in the GFMC computations leads to kinetic

energies 0.7 K lower than reported here.

The calculation of the kinetic energy from Eq.(2.16) proved to be

very sensitive to the errors In the data near the origin. Second

derivatives calculated from a least squares fit to an even power series

(shown in Figure 6) lead to a value of 12.8 K at saturation density.

Small variations of the data within their error bars lead to kinetic

energies differing by 3 K. Considerably more accurata and more

detailed values of n(r) are needed near the origin to make accurate use

of Eq.(2.16).

n(r)o.

6. One-body density matrix near the origin. The circles with
error bars are the points derived from GFMC calculations. The solid
line is a least squares fit to the data.
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There is continuing interest in the condensate fraction in liquid

^He. Experimentalists in neutron diffraction*3'* and x-ray

scattering*-* have interpreted their data to obtain estimates of ng.

Surface tension data has also been analysed for an estimate of HQ.

Experimentally1^, the value of nQ changes little below 1.1 K; therefore

low temperature values can be compared with calculations done at

absolute zero. In Table II, experimental values for nQ are compared

with the GFMC estimates. The theoretical values are somewhat below the

Table II. Condensate fraction, n^, in liquid He.

p (A~3) GFMC expt.

0.0218 .OgZiO.OOl1 .146±.O352

.105±.O2O3

0.134

0.0240 .O52±.OO1 ~0.065

1. This is in agreement with the value of .O9O±.OO3 reported in
reference 5.

2. reference 13 extrapolated to T = 0 K.

3. reference 14 at T = 0.47 K.

4. reference 16 extrapolated to T = 0 K.

5. preliminary values at T = 1.5 K, p = 0.0234 A~3 from reference 14.
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experimental ones. As mentioned earlier, the condensate fraction

derived from GFMC calculations is sensitive to the pair potential.

B. Solid 4He

The one-body density matrix was computed for the fee solid at

p = 0.0315 A~3. This density is well above the melting density which

was calculated to be at p = 0.0294 A"3 from the results of the GFMC

simulations. n(r) for the solid is shown in Figure 7. The asymptotic

value for n(r) is 0.0 to within 10~6.

1.2 r

n r

0.8

0.6

0.4

0.2

-0.2
0 2 4 6 8 10 12 14

r (A)

7. One-body density matrix for fee solid ^He at p = 0.0315 A~

Upon fourier transforming, the momentum density shown in Figure 8

is obtained. As can be seen from the figure, n(k) is gaussian until
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8. The log of the momentum density as a function of kr for fee
solid He at p 0.0315 A . The behavior is gaussian for most values of
k.

large values of k where errors in n(k) become significant. If we

assume that the behavior is gaussian for all k, then we can evaluate

the integrals in Eq.(2.15) to yield a value for the kinetic energy of

23.7±1.4K. This is considerably less than the estimate obtained from

the GFMC energy eigenvalue (see Table I) and outside their respective

errors. The procedure for extracting <KE> form the momentum density is
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straightforward but sensitive to variations in the data. Again, the

GFMC kinetic energy calculated with the HFDHE2 potential is greater, by

1.6 K, than that computed with the Lennard-Jones potential.

IV. One-body density matrix and momentum distribution for ^He

Using the HFDHE2 pair potential, which was shown to be very

accurate for ^He, a system of 54 -*He atoms was studied in a periodic

box at the experimental equilibrium density p - 0.0165 A~*. Two

different trial wavefunctions were employed, the first having only

state-independent two-body correlations, and the second incorporating

explicit three-particle correlations and backflow. In both cases, the

optimal pair pseudo-potential u2(r4A) c a n be determined by solving the

variational problem of minimizing the energy expectation value (2.3)

B- 0 . (4.1)
6u

A reasonably good approximation to the optimal u(r) is provided by

solution of the FHNC/C approximation1** to the Euler equation (4.1).

Use of this improved pair correlation function, along with

appropriately modified triplet and backflow correlations, lowers the

variational upper bound by some 0.2 K to -2.15 ± 0.05 K, removing

nearly 40 percent of the difference between the previous best

variational estimate of the ground-state energy, shown in Figure 2, and

the experimental value."
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The one-body density matrix, for JHe is shown in Figure 9. The

dashed line represents computations with the wavefunction having only

pair correlations. This curve does not correspond exactly with Figure

2.c of Ceperley et al 19 since the latter was computed at a lower

n(r)

0.8 •

0.6

0.4

0.2

9. One-body density matrix for liquid JHe from variational
Monte Carlo calculations at equilibrium density po"-3 = 0.277,
0 = 2.556 A. The dashed line is n(r) with only two-body correlations
in the wavefunction. The solid line is n(r) with three-body
correlations included in the Jastrow factor, and backflow correlations
in the determinant.
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density and used the Lennard-Jones pair potential. Nevertheless, the

zeroes of n(r) are seen to be closer to the origin, which ia consistent

with the higher density and slightly stronger potential. Future

computations which will allow a direct comparison are planned; no large

difference due to the potential alone is expected, however.

Preliminary results for n(r) including three-particle and backflow

correlations are are shown by the solid line in Figure 9.

Since the one-body density matrix does not reach Its asymptotic

value inside the simulation cube, the momentum distribution is

calculated directly using Eq. (2.12). The values of n(k) for the k

vectors inside the simulation box at the experimental density are shown

in Figure 10, along with the momentum distribution of the

non-interacting Fermi gas.

A sharp discontinuity in the mome.tum density for He occurs at

the Fermi surface. The magnitude of this discontinuity yields the

residue zk at the quasiparticle pole. The quantity (1-*^ ) is

indicative of the strength of the particle interactions. A small

discontinuity implies a strong interactions that is, one more able to

deplete the Fermi sea by exciting particles from just below to just

above the Fermi surface. Of special note Is the fact that, as seen in

Figure 10, the depletion of the Fermi sea is large and extends all the

way to the lowest momentum state. It is Interesting to compare these

results for JHe with other fermion studies that have been carried out,

for example, symmetric nuclear matter^>21, in which the discontinuity

at the Fermi surface is relatively large. This is another indication
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1Q. Momentum density for liquid 3He. n(k) is normalized such
that /n(k) dk - 1.0. The solid line represents n(k) for the
non-interacting Fermi gas at the same density, pa"3 = 0.277. The
circles with error bars are from variational Monte Carlo calculations
with the two-body correlations alone. The asterisks with error bars
are variational calculations with the full wavefunction.

that He is a very strongly interacting system; cluster approximations

and integral equation methods, at least in their simplest realizations,

are less likely, therefore, to be applied with confidence in He than

in other, effectively more dilute, systems.

V. Conclusions

The one-body density matrix was computed for liquid *He at two

densities and for one density of the fee solid using the HFDHE2
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potential. The asymptotic behavior of n(r) gives the condensate

fraction and was found to be about 9% at the saturation density and

about 5% at p * 0.024 A"' in the liquid phase. No condensate fraction

was observed in the solid. A significant potential effect is present

since nQ from calculations with the Lennard-Jones potential are higher,

11% and 8%, at the two liquid densities. Fourier transforming n(r)

yields the momentum density n(k). The kinetic energy per atom can be

computed from the expectation value of k^ with respect to n(k). Since

the kinetic energy can also be obtained from the energy eigenvalue in a

GFMC calculation, we have an internal consistency check on the results.

2
The computation of the kinetic energy from <k > was found to be very

sensitive to small variations in the data. In the best case, at

saturation density, the kinetic energy from the momentum density agrees

with that from the GFMC energy eigenvalue. In the solid, the two

estimates differed significantly,

In liquid He, we have computed n(r) and n(k) by fermion

variational Monte Carlo. Results for two different wave functions are

compared, the first having only a two-body Jastrow factor times a

Slater determinant of plane wave orbitals, the second incorporating

explicit three-particle correlations in the Jastrow factor and

state-dependent correlations in the determinant. The one-body density

matrix oscillates with a shorter period with the improved wave function

than with two-body correlations alone.
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The Bose Condensate in He II

E.C. Svensson

Atomic Energy of Canada Limited

Chalk River, Ontario, KOJ 1J0, Canada

Abstract

The Condensate Saga, now halfway through its fifth decade, is

reviewed with particular emphasis on the recent neutron-scattering work

which has at last convincingly established that there is indeed a Bose

Condensate in He II.

Introduction

In the atmosphere of puzzlement and speculation about the nature of

the A transition .in liquid helium that followed the discoveries in the

1930's of the "super properties"1 of He II (T < T A), Fritz London

proposed2 that this transition was the analogue, for a real liquid, of the

phenomenon of Bose-Einstein condensation for an ideal Bose gas. Thus

began the Condensate Saga, a drama that is almost certainly without equal

in condensed-matter physics, and perhaps in all of physics, as regards

long-term continuous interest by a large audience - the scientific

equivalent of Agatha Christie's "The Mousetrap".
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London's Intriguing idea was at first strongly disputed, with the

chief opponent being Landau who steadfastly rejected it. Gradually,

however, the idea gained widespread acceptance although still lacking

experimental confirmation. To confirm it of course requires a direct

experimental demonstration that a finite fraction of the atoms in He II

(superfluid He) are indeed condensed into the zero-momentum state. This

has turned out to be a very difficult task, which, after numerous

inconclusive attempts, was only finally achieved 44 years after London's

original proposal and 28 years after his unfortunate early death-

Experimental Studies and Results

In 1950, Goldstein et al.4 proposed that effects of the Bose-

Einstein statistics might be expected to be evident in the neutron scat-

tering by liquid 4He. Subsequent measurements at Los Alamos Scientific

Laboratory by Goldstein et al. and at Harwell by Egelstaff and H. London

(Fritz's brother), however, gave no evidence for either the expected

effects or for any significant changes on passing through the X point.

The very earliest neutron measurements on liquid ^He (the material that has

been studied by far the most extensively by neutron scattering) were thus,

in effect, the first in a long series of failures to determine the elusive

condensate fraction. The battlefields of the Condensate Saga are in fact

strewn with incorrect conclusions and inconclusive results. These I

largely intend to ignore, concentrating rather on those results that still

seem to be at least plausible.

In 1966, Hohenberg and Platzman pointed out that it ought to be

possible to determine the condensate fraction, ng, from neutron-scattering

measurements at large momentum transfer, Q, where the dynamic structure

factor, S(Q,u>) should directly reflect the momentum distribution, n(p), of
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the He atoms. This proposal stimulated several experimental studies

which, however, gave conflicting results (inferred values of n 0 ranging

from 0.02 to 0.17) leading to confusion and a belief, at least in some

12
circles , that ng probably was negligibly small. With the work of Martel

et al. l3 in 1976, it became clear that these discrepancies were largely

attributable to inadequacies in analysis, in particular to the failure to

appreciate the importance of the distortions caused by final-state

interactions and interference effects which have the consequence that the

impulse approximation is not strictly valid in the Q range of the existing

neutron measurements. Martel et al. also proposed a method for

extracting more reliable values of n(p) from neutron measurements in the

readily accessible region of Q. Woods and Sears14 subsequently applied

Q

this method to the earlier results of Cowley and Woods and found that the

difference between n(p) at 1.1 K and n(p) at 4.2 K exhibited a peak centred

on p = 0 which they interpreted as arising from the condensate. From the

area of this peak they estimated no(l.l K) = 0.069 ± 0.008t. There was

still, however, considerable worry that some effect other than the

appearance of condensate atoms below T^ could be responsible for the

change in n(p) since the higher (reference) temperature was twice as far

above the X point as the lower temperature was below. This was where we

stood in 1977 - we knew that most of the existing estimates of no were

essentially meaningless because of inadequacies in analysis and we could

still not be confident that the condensate even existed.

t This value has since been revised to 0.109 ± 0.027 by application of an

improved analysis procedure to the same results.
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The next flurry of activity in the Condensate Saga commenced in

1979 and was centred around the possibility of determining no from pair

correlations functions g(r) via the relationship

g(r) - 1 = (1 - n 0 )
2 [g*(r) - 1] (1)

which had been proposed by Hyland et al. in 1970. Here g*(r) is the

pair correlation function for the non-condensate atoms, which, in prac-

tice, is taken to be g(r) at a temperature T* just above T^. Early

attempts15'15 to use (1) had given inconclusive results largely because

the then existing values of g(r) were not sufficiently accurate and

complete. The first values sufficiently accurate and complete for a

critical test and application of (1) were those of Svensson et al. . The

temperature variations of several of the features of the pair correlation

functions obtained by these authors are shown in Fig. 1. Note that the

amplitudes of the oscillations of g(r), which are a direct measure of the

correlations between the atoms, exhibit the normal increase with

decreasing temperature above T^, but then at the X point there is a

sudden reversal and the amplitudes decrease steadily with decreasing

temperature in the superfluid phase. This anomalous behavior, which is

unique to superfluid ''He, is, according to Hyland et al. lS, a direct

consequence of atoms entering the zero-momentum condensate state where

they effectively no longer contribute to the correlations between the

atoms which give rise to the oscillations in g(r). [Note, however, that

an alternative explanation, in which this anomalous behavior is attributed

simply to the changing thermal population of rotons, has been proposed by

Reatto and coworkers18, and their predictions are foundi7~19 to also be in

reasonably good agreement with experiment.]

459



6.14-

2 3 4 5 0 1 2 3 4 5

TEMPERATURE(K)

Fig. 1. g(r) for liquid He at 1.00 K and the temperature dependence of

the positions of the first three nodes of g(r) - 1 and the heights of the

first three extrema (from Ref. 21). All results are for saturated vapor

pressure.

Equation (1) is only applicable in the region r > r0, where r0 is

the value above which the one-particle density matrix effectively attains

its asymptotic limit, n0, and, to be physically meaningful, it must give

values of no which are independent of r in this region. This implies

stringent limitations on the behavior of g(r). For example, the positions

of the nodes of g(r) - 1 mut»t be independent of temperature for T £ T*.
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From Fig. 1 (and from the more extensive results given in Table I of Ref.

20) one can see that this is indeed the case. The finite variation above

T^ is attributable to the substantial change in density (« 17%) in this

region, but below T^, where the density only changes by 0.7%, the

variations appear to be random and are easily attributable to residual

experimental error. The behavior of g(r) implied by (1) appears in fact

to be entirely consistent with the highly accurate experimental results

(For further details see Refs. 20-22.)

or o i

The values of ng(T) obtained by Sears and Svensson ' by appli-

cation of (1) to the g(r) values of Svensson et al. are shown by open

circles in Fig. 2. Open triangles23 and the open square24 show other

results obtained by the same method- These results clearly show a

temperature variation of the expected type, and they are obviously in

excellent agreement with the othe" results shown in Fig. 2 which will be
22 25

discussed below. There has, however, been considerable controversy '

regarding the method of Hyland et al. , and hence, although (1) certainly

has a lot of intuitive appeal and experimental support at least as an

empirical relationship , it is still not clear what significance one can

ascribe to values of ng obtained via this method. The method is certainly

very indirect - one infers the existence of the condensate through the

absence of a "signal" (corresponding to a stronger spatial correlation

between the He atoms) that would be there if there were no condensate.

The method can thus not give a direct demonstration of the existence of a

finite fraction of zero-momentum atoms. Nevertheless, if the results in

Fig. 2 are basically correct, as now seems most probable, then, with hind-

sight, we have to conclude that the method of Hyland et al. actually

gave the first reliable values20'2*4 of no(T).
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Fig. 2. Experimentally based results for the condensate fraction in

superfluid He at saturated vapor pressure from Ref. 3 (solid circles and

square, and solid curve), Ref. 20 (open circles), Ref* 23 (open

triangles), Ref. 24 (open square), and Ref. 33 (solid triangles). The *'s

are from theoretical calculations for T = 0: upper (Refs. 34 and 35),

lower (Ref. 36).

At this point in the Condensate Saga we were strongly encouraged by

the results obtained by application of the method of Hyland et al., but we

were still faced with the uncertainty surrounding the values of DQ

obtained by this method as well as those8"llf *** from the earlier

inelastic-scattering studies. We also knew, from the work of Refs. 13 and

14, what sort of new neutron-inelastic-scattering study was required to

establish unambiguously the existence of the condensate if it really was

of substantial magnitude, and v»e decided to proceed with such a study.
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In this study , the resolution-broadened dynamic structure factor,

SJJ(Q,O)), was determined with high accuracy, under conditions of high

experimental resolution, for seven equally spaced values of Q in the range

4.0 <_ Q <_ 7.0 A"1. Measurements were carried out at 1.00, 2.12, 2«27 and

4.27 K. The symmetrization and averaging procedures described in Refs<> 13

and 14 where then applied to the results for 5.0 < Q < 7.0 f to

obtain" the values of n(p) shown in Fig. 3. The range 5.0 <_ Q <̂  7.0 A"

corresponds very closely to a half period of oscillation of the **He- He

27
total atomic scattering cross section , a, the quantity which governs the

final-state interactions13. Averaging over such a range is necessary to

minimize the distortions that still remain even after the SR(Q,w) are

symmetrized about the recoil frequencies 'KQ /2m.

From Fig. 3 we see that there is essentially no change in n(p)

between 4.27 K and 2.27 K, but that on further cooling to below T^ there

is a very marked increase in n(p) at low p which, as we shall see, is

directly attributable to a finite condensate fraction. The fact that the

increase at low p observed at 2.12 K (just 0.05 K below T^) is already

at least half as large as the increase observed at 1.00 K is at first

sight rather surprising, but this has a ready explanation and, once under-

stood, is in fact conclusive evidence for a substantial condensate

fraction.

Following the analysis procedure of Sears et al.3, we first note

that

n(p) = n0 «(p) + (1 - nO)n*(p), (2)

where n*(p) is the momentum distribution for the non-condensate atoms.

(The experimental n(p) shown in Fig. 3 are of course broadened both by

instrumental resolution and the effects of final-state interactions.)
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Fig. 3. n(p) for liquid ^He at four temperatures. The horizontal bar

shows the resolution HWHM. (From Ref. 3.)

From (2) it appears to follow that

n0 = - 6), (3)

where e and 3 are obtained by integrating, respectively, n(p) - n*(p) and

n*(p) out to the cutoff momentum of the broadened condensate peak. Here

we have taken n*(p) to be n(p) for 2.27 K which seems reasonable in view

of the fact that there is no significant change in n(p) above T, and one
A

would expect the effect on n*(p) of thermal excitation and thermal

expansion to be even less below T,. We have, however, neglected the fact
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that, below T., n*(p) is known28 to be singular with the p •»• 0 behavior
A

described byt

(1 - no)n*(p) = no{ap"
2 + bp"1 + }, (4)

where a = mkBT/8ir -n pn and b = mc/16ir-fip (c is the sound velocity and
o S

n the superfluid fraction, pip). This singular behavior of n*(p), which
s s

only occurs if n0 is finite, enhances the apparent value of nj as given by

(3), and the enhancement is particularly large near T^ where ns is

small. This is the explanation of why n(p) for 2.12 K exhibits an

increase at small p which is at least half as large as that observed for

1.00 K, Conversely, the observation (Fig. 3) of the large increase at

2.12 K expected because of (4) is a conclusive experimental demonstration

that there really is a substantial Bose condensate in He II.

It is clear that it was extremely important to carry out measurements just

above and, especially, just below T^. The marked change in n(p) at low

p on crossing T^ (Fig. 3), coupled with the understanding provided by

(4), finally gave^ the long-sought convincing experimental evidence that

2
London's proposal of 44 years earlier really was correct.

To correct for the enhancement caused by (4), one must replace (3)

by

n0 = e/(l - 0 + T) (5)

Sears et al.3 have estimated that y * 3 at 2.12 K but only » 0.03 at

1.00 K and., by applying the analysis procedure outlined above to the n(p)

values of Fig. 3 as well as to the earlier values of Woods and Sears* ,

t The factor (l-n0) on the left-hand side of (4) was inadvertently

omitted in Eq. (5) of Ref. 3 and also in Eq. (4) of Ref. 29.
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have obtained the ng values shown by solid circles and a solid square in

Fig. 2. This was where we stood in the middle of 1982. We were at last

sure that the condensate really existed and we had numerical values from

two completely different routes (different analysis procedures applied to

different types of measurements) that were in very good agreement with

each other and indicated that IIQ " 0.13 at T » 1 K while also giving

(solid curve in Fig. 2) a fairly good picture of the temperature depen-

dence of nQ. A rather gratifying position after so many years of trying.

A great deal has been added to the Condensate Saga since 1982,

largely serving to shore up our position even more firmly. First,

Campbell30, realizing that there must be a contribution to the surface

tension arising from the requirement that the order parameter, AIQ, for

superfluid ^He change from its full value in the bulk to zero at the

surface, developed a procedure for obtaining ng from the experimental

results for the surface tension. His latest results31 (dashed curve in

Fig. 2) are clearly in excellent agreement with the earlier results.

32
In the next development, Sears pointed out that npfT) could also be

determined from the average kinetic energy per atom, K(T), via the

relationship

no(T) = 1 - K(T)/K*(T), (6)

where K*(T) refers to the non-condensate atoms. K(T) can, as Sears also

pointed oui:, be determined from three different kinds of neutron

measurements: inelastic scattering, diffraction and transmission. In

32
obtaining the numerical values indicated by +'s and x's in Fig. 2, Sears

has assumed that K*(T) = K(T^). Strictly speaking, this approximation

gives an upper limit for ng(T), and there is indeed some indication that

these values are systematically high relative to the best fit (solid curve)
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to the earlier results3'20'2l1 23t 2l* (open circles, triangles and square, and

solid circles and square).

Mook33 has also recently carried out a new neutron-inelastic-

scattering study very similar to the one of Sears et al. Results for the

range 2 _< Q _< 7 A~ were obtained by using a time-of-flight spectrometer

with a cross-correlation technique in contrast to the triple-axis

spectrometer and constant-Q technique of Sears et al. Mook then analysed

his results for the range 5 to 7 A~ (the same range used by Sears et al.)

using the method of Sears et al. described above to obtain momentum

distributions and values of the condensate fraction. Although the variation

with temperature of his n(p) at low p does not appear to be in very good

agreement with that shown in Fig. 3 (Mook. finds changes between 0.47 K and

2.30 K and between 1.50 K and 2.30 K that are, respectively, about 5 and 4

times as large as the change between 2.12 K and 2.30 K), the inferred values of

nQ (solid triangles in Fig. 2) are in substantial agreement wi£h the earlier

results. Although it was expected that there would be no significant increase

in no below about 1 K, as suggested by the solid and dashed curves in Fig. 2, it

is very nice to have the experimental confirmation provided by Mook's value at

0.47 K.

There have of course been a large numbert of theoretical estimates of no(0),

with most values falling in the range 0.08 to 0.13. Probably the most reliable

values are34'35 0.113 and36 0.090 which are shown by *'s in Fig. 2. The

difference between these two theoretical values is characteristic of the

difference that can be produced by ch&.igss in the interatomic potential that are

within the present uncertainties. There is, I believe, no significant

discrepancy between the best theoretical values and those fron the experiments.

t For an extensive listing see Table IV of Kef. 32.

467



In Fig. 2 we thus have theoretical values as well as experimentally-based

values obtained from numerous different sets of experimental results (from

neutron, x-ray and surface-tension measurements) by five different methods

(Campbell's30'31 surface-tension method and the first four of the five methods

indicated in Fig. 1 of Ref. 32). It seems inconceivable that we could have

arrived via so many completely different routes at the same wrong answer.

Hence, in addition to being sure that the condensate really exists, I feel that

we can now also be quite confident about its magnitude. The results very

strongly indicate that, for T < 1 K, no a 0.13 with an uncertainty that

is probably not larger than 0.02 or 0.03. This value has thus not changed since

the work of Sears and Svensson^" in 1979, but our confidence in it has increased

greatly over the intervening years.

We have clearly reached the point in the Condensate Saga where we can

justify raising a Rune Stone. A preliminary design, which I prepared for

my presentation29 at the 75th Jubilee Conference on Helium-4 in

St. Andrews, 1-5 August 1983, is shown in Fig. 4. The inscription under-

neath is meant to go on a brass plaque for the tourists. You will note

that I have left plenty of space for the engraving of future achievements

since the Condensate Saga is by no means at an end.

Future Work and Conclusions

There is still a great deal that needs to be done. We need higher

accuracy, which entails both better experiments and better analysis proce-

dures. Since /no is the order parameter for superfluid He, it is very

important to determine the critical exponent , 2 3, for no» 2 3 can of

course be expressed as a combination of other exponents, and from the cur-

rent values of these exponents one can infer that 2 3 = 0.70, but one would

very much like to be able to make a direct determination. Unfortunately,
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TO COMMEMORATE THE GREAT FRITZ LONDON

THIS RUNE STONE WAS RAISED

BY THE HELIUM COMMUNITY

ON THE OCCASION OF THE EXPERIMENTAL

VERIFICATION OF HIS INTRIGUING PROPOSAL

WHICH STARTED THE CONOENSATE SAGA

Fig. 4. A suggestion for the Condensate Rune Stone. Note the A.

the present results for nQ near T^ are too inaccurate, and also probably

too far from the true critical region, to draw any very meaningful con-

32
elusions. Sears has estimated that 26= 0.5 ±0.2 by fitting to all of

the results in Fig. 2 for T >_ 1.80 K except for the solid triangle. This

value may, however, be somewhat too low if the UQ values (+ and x in Fig.

2) obtained by Sears^2 are systematically high as is to be expected

because of the assumption K*(T) = K(T^) and indeed appears to be the

case (see earlier discussion). It is perhaps worth pointing out that

Campbell's best results l (dashed curve in Fig. 2) do give 2g = 0.71.

We also of course need to determine nQ(T) for higher densities and

establish, if possible, how ng + 0 at the superfluid-solid interface

(assuming, as seems most probable, that there is no condensate in the
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solid). Wirth et al.38 have found that application of (1) to their g(r)

results from x-ray diffraction measurements suggests little variation of

nQ with density. On the other hand, Mook33 finds that n(p) at 1.5 K

varies quite rapidly with density and, although he has not determined n(p)

at a temperature just above T^ at each density and hence cannot give

estimates of no, this behavior suggests that ng is a strong function of

density. More work is clearly needed. It would also be very interesting

3 4 39
to determine ng for He- He mixtures. One would expect ng to increase,

3 h

at least initially, as He is added to He because the decreased density

will lessen the interactions between the atoms which cause the depletion

of the condensate.

For final discussion, I have saved the item that has been our

ultimate aim ever since Hohenberg and Platzman' made their proposal,

namely to see a separate sharp condensate component directly in the

dynamic structure factor S(Q,o)). Hopefully the new spallation sources

will enable us to make this aim a reality, and I believe that they will,

but even with their ability to reach much larger Q values it is not going

to be easy. To further elucidate the difficulties involved, lets first

consider Fig. 5. This figure shows a comparison of n(p) for 1.00 K with

the quantity (1 - no)n*(p) which represents the non-condensate component

of n(p) at 1.00 K. [no is taken as the value3 for 1.00 K while the n*(p)

is n(p) for 2.27 K. No explicit allowance has been made for the effect of

the singular behavior (4) of n*(p) since this is relatively unimportant at

1.00 K - see Ref. 3 and earlier discussion.] We also show (solid

curve) the n(p) for T = 0 obtained by Whitlock et al. from a Monte

Carlo calculation 'ogether with the "ideal" 6-function condensate
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Fig. 5. A comparison of n(p) (solid circles) and the quantity

(l-n(j)n*(p) (open circles) for 1.00 K. The horizontal bar shows the

resolution FWHM. The solid curve is the calculated n(p) of Whitlock et

al. (Ref. 34) for T = 0. (Figure from Ref. 3.)

component sitting on top of it. The calculated curve appears to be

slightly broader than our "experimental" non-condensate component.

The difference between the solid and open circles in Fig. 5 thus

represents the broadened condensate component - broadened by both

instrumental resolution (indicated on the figure) and the effect of

final-state interactions. If the latter is describable7'x3 as a simple

lifetime effect, then the intrinsic lineshape should be Lorentzian and

have a momentum width (FWHM) Ap = pa. Assuming that this is the case, we

can unfold the experimental resolution and obtain Ap = 0.68 ± 0.21 A~

2
giving a = 31 ± 10 A . If instead we assume a Gaussian intrinsic

lineshape, we find3 Ap = 0.97 ± 0.18 A"1 and a = 44 ± 8 A"2. Both of

these values of a are in good agreement with the value 35 ± 2 A for the
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range of Q of the neutron measurements known from the atomic-beam

measurements of Feltgen et al.27 This good agreement is strong support

for the procedure of Sears et al. for extracting the condensate component

from the n(p).

Although the condensate component is readily identified in a

combination plot like Fig. 5, it cannot be identified as a separate

component simply by looking at the n(p) for 1.00 K or at the S(Q,w) from

which this n(p) is obtained. This is because of the large broadening

caused by final-state interactions (a much larger contribution than the

3 33
experimental resolution in the measurements of Sears et al. and Mook )•

Since the quantity a which governs this broadening only decreases '

very slowly with increasing Q, one must go to much larger Q to gain a

significant advantage. Let's estimate just how large a Q we need.

Again assuming a simple lifetime broadening of the condensate

component, one finds that the ratio of the width, FC(Q), of the

condensate component in S(Q,co) to that, % ( Q ) , of the doppler-broadened

non-condensate component is given by

2
where o(Q) is in units of A . In order to obtain a rough estimate of what

ratio we need in order to "see" a separate condensate component, we can

construct sums of Gaussians such as shown in Fig. 6. Here we have put 10%

of the intensity in the narrower component, and we see that this component

stands out very clearly at a width ratio of 10:1, but there is no indica-

tion of it at a ratio of 3:1. A ratio of at least 5:1 (middle curve) is

clearly required to "see" that we have a two-component lineshape. Even

that value might not be large enough when the effects of counting
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Fig. 6. Sums of two Gaussians having different width ratios. In all

three cases, 10% of the intensity is in the narrower component.

statistics and instrumental resolution are considered. Assuming that a

o

ratio of 5:1 will do, we see from (7) that we need a(Q) £ 20 A • The

2 _1

results shown in Fig. 4 of Ref. 40 indicate that a « 23 A at Q » 100 A

(the limiL of the measurements) so a Q value >̂  100 A~ would appear to be

required. Earlier estimates7'***•'42, some of which gave values as low as

20 A~ , were not reliable because the values of a(Q) used in making these

estimates were not true total atomic scattering cross sections (see

Ref. 13 for further discussion).
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We may be fortunate and find that the situation is not as bad as

the above calculations suggest. The condensate fraction is probably

slightly larger (Fig. 2) than the 10% we have used, and the condensate

13 4 3
lineshape will almost certainly be different ' from the simple Gaussian

we have used in constructing Fig. 6 and may possibly have1*3 a FWHM

substantially less than the value, 2 F(Q) = p(-fi"Q/m) <J(Q), we have used

assuming simple lifetime broadening. These potential advantages are,

however, offset by the facts that a width ratio of 5:1 may not be high

2
enough in practice and a is still not quite down to the value 20 A at

Q « 100 A~ . The estimate Q » 100 A" thus seems realistic at present.

For this Q, the free-particle recoil energy is = 5 eV, and hence incident

neutrons of energy « 10 eV are required to carry out an inelastic-

scattering measurement. Such a measurement can only conceivably be carried

out with the high fluxes of high-energy neutrons available from spallation

sources. Brugger et al. have already measured the inelastic scattering

from liquid He at Q = 83 A~ using a filtered-beam spectrometer. The

resolution in their study was not sufficiently high to observe a separate

condensate component even if this Q were large enough. However, if identi-
ty i+

fied and feasible improvements are made, such are shortening the proton

pulse and using inverted geometry (resonance filter in the scattered rather

than the incident beam), then measurements can be carried out at Q «

140 A~ under conditions of sufficiently high resolution that there would

appear to be a reasonably good possibility of observing the condensate

component directly in S(Q,w). We shall undoubtedly see several attempts to

observe the condensate directly by such methods over the next few years

and, hopefully, several of them will be successful.
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Stimulated by the achievements of the last few years, interest in

the Condensate Saga, now in its 46th year, is at an all-time high. Spurred

on by the confidence that the" condensate really exists and is in fact of

substantial magnitude, we can now launch confident attacks on the even more

difficult problems outlined above. The spallation sources give us new

"heavy artillery" to use in these attacks and, hopefully, we will win

enough battles to give cause for much more engraving on the Rune Stone.
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(e,2e) REACTIONS ON ATOMS AND MOLECULES

I.E. McCarthy

Institute for Atomic Studies

The Flinders University of South Australia,
Bedford Park, S.A. 5042, Australia

At high enough incident energy and for high enough momentum

transfer an incident electron interacts with a single electron of

a target atom or molecule, cleanly removing it and leaving the

1 2
residual ion in one of its spectrum of quantum states.' Under these

conditions the dynamics of the reaction simply involves a two-electron

collision, the target electron having a momentum given by the structure

of the target and ion, and equal and opposite to the recoil momentum

of the ion. Since two-electron collisions are well understood (Mott

scattering) the reaction is the basis of the understanding of the energy

and momentum structure of the target and ion known as electron momentum

spectroscopy.

In an experiment the momenta (and therefore of course the kinetic

energies) of the incident (0) and both final state (A,B) electrons are measured.

Observation of a large number of events yields the energy spectrum of

the ion. Since the recoil momentum for each event is known by subtraction

a recoil momentum profile for each ion state is obtained by varying the

detector angles. In practice maximum momentum transfer is ensured by

keeping the polar angles of both outgoing electrons, measured from the
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incident direction, at 45 . The recoil momentum profiles are obtained by

varying the azimuthal angle <f of one of the detectors out of the collision

plane of the other detector and the incident beam. In this way recoil

momentum :is scanned from essentially zero to several atomic units. This

geometry is called noncoplanar symmetric geometry.

The question of whether the collision conditions are in the range

or" validity of the simple impulsive description has an experimental

answer. The description is valid if the structure information determined

from it is true structure information, i.e. if it is independent of the

collision conditions, particularly the incident energy. In fact this

test of validity is satisfied by incident energies in the ikeV range.

At such energies valence electronic states of the ion separated by more

than about leV can be resolved. I want to emphasize that the unique

utility of the reaction is twofold:

1) the clean and certain determination of structure information due

to the simple collision dynamics,

2) the completeness of the structure information; namely the ion

spectrum and momentum intensity profiles for each state over the

low-momentum (chemically-interesting) range.

Absolute cross sections are not generally measured but all intensities

are known relative to one intensity.

At this point a brief comparison is in order of electron momentum

spectroscopy with photoelectron spectroscopy (and its kinematic analogue,

dipole (e,2e) spectrosccpy). Both spectroscopies measure ion energy

spectra. Higher energy resolution is obtainable in photoelectron

spectroscopy where cross sections are larger by several orders of magnitude.

The basic difference is in the reaction kinematics. For phot©electron
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spectroscopy the two-body final state gives a one to one correspondence

between electron energy and recoil momentum. Low (chemically-interesting)

momenta can only be studied at low electron energy, where simple impulsive

dynamics is not valid. In electron momentum spectroscopy the three-body

final state allows the observation of low (from zero) recoil momentum

with arbitrarily-high electron energies. The study of the photoelectTon

reaction and the electron-impact ionization reaction with lower electron

energies leads to interesting and complex problems, in which the dynamics

of course depends on the structure. However, only electron momentum

spectroscopy has sufficiently simple dynamics at low momenta for the clean

and certain determination of structure information.

The nature of the structure information is seen by considering the

impulsive reaction theory (plane-wave impulse approximation)

fee(k\k) |dp|<£f|g>|
2, (1)

da

VB

P

k

k

dEA

= k
—<

' 1
= 2

1
2

= (2TT)4

) -A —B

k
o

k A k B

(2)

The electron collision factor f is the (half-off-shell) Mott

scattering cross section

2.-2 2-nT)
T }= (27T

exp(2irn

J 1 A 1
)-l V lii -jil \K +

We use atomic units throughout (in=m=e=l). In noncoplanar symmetric

geometry f is very nearly constant for a variation of <j> from 0 to 20 .
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The reaction directly observes the spherically-averaged square of

the momentum-space overlap function <£f|g>, where g is the target ground

state and f is the observed ion state. The simplest case is atomic

hydrogen, where the overlap function is just the ground state OTbital.

<pf|g>=<J>0(p) = 2 3 / V 1

The momentum profile for atomic hydrogen is shown in fig. 1. It is

independent of total energy.

(4)
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Fig. 1. Electron momentum distribution for the ground state of hydrogen5

at the indicated total energies, compared with the square of the

ground state wave function.
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Many-electron targets are described by the interaction of con-

figurations |ot>, which are determinants of Hartree-Fock orbitals.

|g> = V a | a > • {5)

We consider the corresponding ion configurations as target

configurations | 3> coupled to a single hole orbital <f-(pj)- The ion

configurations have total angular momentum J in the case of atoms, or

a quantum number J describing the appropriate irreducible representation

of the point group for a molecular system.

<pf! = Z J R t ^ C.JB*.(E) <6| . C6)

The Clebsch-Gordan coefficients C.TD (sums over vector indices are
j Jp

implied) describe the coupling. They are unity if |B> is the closed-shell

Hartree-Fock configuration |0>. Antisymmetrization is implied.

The overlap function is a linear combination o^ orbitals (J).(p).

The factor N. "', where N. is the electron multiplicity, is introduced

by antisymmetry.

4 5
The next simple case to be considered is helium ' . Here the ion

is hydrogenic, so it has no electron correlations. The reaction

therefore observes the ground state CI coefficients a . Fig. 2 shows that

the reaction leading to the ion ground state, Is, is well described by

the helium Hartree-Fock orbital, independently of total energy. Excitation

of ion states with n=2 or higher are forbidden if the helium ground state

is just a product of hydrogenic orbitals. Thus cross sections are of the

order of 1% of the Is cross section. Fig. 3 shows that different CI
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Fig. 2. Electron moinentum profile for helium with the ion in the Is

2
state at the indicated total energies, compared with the

Hartree-Fock orbital.

wave functions for the helium ground state give very different momentum

profiles for the n=2 states, even if they are very accurate from the

point of view of correlation energy. The functions of Joachain and

Vanderpoorten fJV) and Nesbet and Watson7 fNW) each given 98% of

the correlation energy. The function of Taylor and Parr8 (TP) gives 85%

Electron momentum spectroscopy is a very sensitive probe for ground

state configuration interaction in this case.

A very common case is that of closed-shell targets in which the

Hartree-Fock configuration has 90% or more of the strength (a2>.90).

Here we neglect target configurations a/0. The coefficient a2 is a
o

constant factor (which is not observed) in the cross sections for
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Fig. 3. The ratio of n=2 to n=l cross section for helium at 1200eV.

Theoretical curves are the plane-wave impulse approximation

using the correlated wave functions given in the text.

different ion states. The reaction now probes CI for the ion, since the

overlap function is now
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The sum over orbitals <t>-(p) has been condensed into a characteristic

orbital <J>.(pJ), defined by the reaction. In most cases the corresponding

momentum profile is indistinguishable from a Hartree-Fock profile.

If all the approximations are valid the cross section for the

ion state f is proportional to

CE)!2, (9)

where the spectroscopic factors

sm-ctmr-

obey the sum rule for each orbital i

y c(f) - 7 fill
^f lO ~ l J

Fig. 4 shows the 15.76eV state of the argon ion. It is the only

observable state with the 3p Hartree-Fock momentum profile and therefore

corresponds (within 10% experimental error) to 100% of the 3p strength.

The sensitivity of the momentum probe is shown by the fact that the

profile easily distinguishes between Hartree-Fock and less-detailed

calculations.

Fig. 5 shows states of the argon ion, which each have the 3s

Hartree-Fock profile, independently of total energy, thus confirming

all the approximations of the impulsive interpretation of the reaction.

The 3s one-hole configuration is split among these states by configuration

interaction. The summed cross-section for all of them gives the

total 3s orbital momentum profile. Absolute spectroscopic factors are

given by the cross section ratios and the sum rule (11).
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0.5" 1.0 1.5 2.0 2.5* 3.0

Fig. 4. Electron momentum profile for the 15.76eV state of the argon

ion compared with 3p DWIA profiles for Hartree-Fock (solid

line), Hartree-Fock-Slater (dashed line) and a variational

hydrogenic orbital (short-dashed line).

A similar analysis is done for molecules, wnere there are sometimes

several valence orbitals. The inner valence orbital is severely split

as it is for argon. The summed momentum profiles correspond closely

in all cases to the Hartree-Fock momentum profiles. Figs.6 and 7 show the

examples water and ethane.

The lone pair 1b orbital of water is interesting. Here Hartree-Fock

theory underestimates low-momentum components, since the variational

energy is insensitive to the wave function at large distances. This

orbital extends much further in space than Hartree-Fock theory predicts.

Detailed examination of momentum profiles reveals that there is

some sensitivity to reaction details for r. > la.u. To describe this it

has been sufficient in the case of atoms to represent the continuum
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Fig. 5. Electron momentum profiles for the indicated bound (£<43.6eV)

and continuum states of the argon ion compared with the 3s

PWIA Hartree-Fock profiles.

electron wave functions by elastic scattering wave functions calculated

in the static potential of the residual system (first-order distorted-

wave impulse approximation). Fig. 8 shows that this theory correctly

describes the high-momentum cross section for helium.
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10Fig. 6. Electron momentum profiles for water compared with DWIA

profile from Hartree-Fock theory.

Recent work in xenon has been particularly interesting, since it

confirms the Dirac-Fock description of the 5p and 5p orbitals, for

which relativistic effects result in slightly different profiles. This

is illustrated in figs. 9 and 10.
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Fig. 7. Electron momentum profiles for ethane compared with DWIA

profiles for Hartree-Fock orbitals.
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Fig. 8. Electron momentum profile for helium (Is ion state) at 1200eV

compared with the PWIA and DWIA.
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Fig. 10. Branching ratio 5p3 .^ : Spj for xenon , compared with the

Dirac Fock theory.

The experiments described here have all been due to Erich Weigold

and his co-workers in our laboratory at Flinders. Together with

extensive work on similar lines by Giardini-Guidoni, Stefani, Camilloni
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and others in Rome, Brion and co-workers at UBC and Coplan and Moore at

Maryland, they have shown that electron momentum spectroscopy is an

accurate and sensitive probe for both nonrelativistic and relativistic

orbitals, and for electron correlations in ground states and ions. We

are looking foward to '.he application of the technique to thin solid

films, where similar experimental success would reveal details of

electron band dispersion curves and corresponding probability profiles.
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THE MEASUREMENT OF MOMENTUM DISTRIBUTIONS IN SOLIDS
USING DEEP INELASTIC NEUTRON SCATTERING

George Reiter
University of Houston

Houston, TX

ABSTRACT

We show that the impulse approximation limit
is well obtained for scattering from solids at
energies presently available in pulsed neutron
sources, and we present some results on the effect
of hard cores in the approach to the impulse
approximation in the fluid. A method of inverting
the Radon transform that relates S(q,w) to the
momentum distribution in this limit is given that
is well suited to the physical situation in solids.
When the scattering is from light ions in a heavy
lattice, it is possible to obtain a direct
measurement of the potential surface of the light
ion.

I. INTRODUCTION

The development of pulse neutron sources has made possible

measurements of S(q,u), the density-correlation function, at transferred

energies on the order of 10 eV. We will show that at these energies,

S(q,w) is well described by the impulse approximation limit

S(q-,u>) =/.(.- U)

where f($) is the momentum distribution. In the case of a light particle

in a heavy matrix, and sufficiently low temperature, the momentum
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distribution is described by the single particle wave function, \i>(p)\ ,

obtained by solving the Schroedinger equation in the effective potential
(Bom-Oppenheimer potential) V(x). Although it might appear from (1)

that S(q,u>) is an average over |#(p)| , and hence contains less

information, in fact, as first shown by Radon, ' one can invert the

formula, and obtain |0(p)| from S(q,w). We will show here a method of

doing this that is particularly well suited to the physical situation we

are considering. Assuming that that can be done, it becomes possible to

directly measure |#(p)| . With a simple choice of sign in the event

that |#(p)| vanishes at some point, one can obtain 0(p), and from the
Schroedinger equation

/

ipV.% / r ifj.xip\x"
. ^ / /

= E - V(S) (2)

reconstruct V(x). In situations where it is not appropriate to describe

the scattering particle by a one body potential, one may still extract

useful information from the momentum distribution.

There is a long history of attempts to extract the condensate
4 7fraction in liquid helium, ' and of calculations of the corrections to

8 9

Eq. (1) for large but finite q. Most recently, the suggestion has

been made that Eq. (1) does not even describe the Helium cross section in

the limit of infinite q, as a result of the hard core in the Helium

potential. We show that the difficulties encountered in liquid Helium

are not present for measurements in solids, and the program outlined

above is practical at the moment. A quasiclassical approximation that we

introduce has been used to obtain the scattering cross section for large

momentum transfer in a hard sphere fluid, and we find that the impulse

approximation is indeed not valid in this situation. The corrections are

of the forr

difference.

2
of the form suggested by Hohenberg and Platzman, with an interesting

II. On the Validity of the Impulse Approximation

The limits of validity of the impulse approximation can be made clear

using a quasiclassical approximation. The scattering function, S(q,<o),
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can be expressed in terms of an average of the Wigner operator

f(x,p) = 1 /"etf't ̂
(2«fi)3 J

(3)

where 'i'(t) is the second quantized field operator for the particle being

scattered from. The quasiclassical approximation is to assume that the

initial value of <fs(x,p)> is given by the correct quantum mechanical

expression, but its evolution in time is determined by the classical

equation of motion. The result is that. S(q,u) is given by the Fourier

transform of

t t1

Tin mj z J J m
o o (4)

where $ (t) is a classical trajectory that begins at x with momentum

-p + 1\ql2. The result has been given for a single particle in a potential,

, as we wish to consider first the case of a lighter particle

in a heavy lattice, but is easily extended to the many particle situation.

If we neglect the forces, S(q,t) will decay to zero by phase mixing

in a time t = m/q&p, where Ap is the width of the momentum

distribution in the q direction. We assume for simplicity that this is

essentially the same in all directions, so there is only one

characteristic time. As q approaches infinity, t approaches zero.

The force integral involves two integrations over time, and hence for
2

small times, is proportional to t . The contribution to the phase in
the exponent in (4) coming from the free particle motion is proportional

to t. Therefore, as t approaches zero, one may always neglect the
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force term. This is the basis of the impulse approximation. A problem

arises in that the approximation is not uniform in time. Indeed, for an

unbounded potential such as a harmonic oscillator5 where all the orbits

are periodic, the particle will eventually return to its initial

position. The phase mixing is undone, and S(q,t) returns to a large

value, determined by the variation of the oscillation frequency with

initial momentum. In a strict sense, the impulse approximation cannot be

valid for such potentials. This may also be seen from the fact that the

spectrum for such a potential is discreet, and the exact representation

of the density correlation function in terms of energy eigenfunctions

shows that S(q,w) is a set of delta functions at the excitations

energies, whereas Eq. (1) gives a function that is continuous in CD. The

resolution of this difficulty is that the impulse approximation gives the

amplitude of the delta functions, that is, the envelope of the spectrum.

To see this, consider first the harmonic oscillator of frequency ID. The

quasiclassical approximation is exact in the case. A straightforward

calculation from (4) shows that, at T = 0.

s r [(1 -cos uo t } + i sin u o t ] • (5)

S(q,t) = e °

S(q,t) is clearly periodic for any q, and can be written as

S(q,t) = ^ An(q)e"
inuot . (6)

n = -oo

The coefficients An(q) are given by

: / u o

/

• x.

e "° S(q,t)dt . (7)

- I T

uo
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In the present case, r = l~-j q . Defining the dimensioniess time

t1 = t/T , and the wavevector ĉ= "T-; "R, so that W Q T = q /q, we can

rewrite Eq. (7) as

r
c

J - cos -^ V

(8)

csin — t1

The integral can be evaluated by breaking it up into two parts t1 < t0,

and t' > t , where t is some large but fixed value. In the limit that

q/q * oo, one may evaluate the first part by replacing the sine and cosine

in the exponential in Eq. (8) by the leading terms in their Taylor series

expansion. The second part may be shown to give a contribution that can

be made arbitrarily small by choosing t sufficiently large. We obtain,

therefore,

I • I -t. <-\*. t Q Tloj
I i i riw — Tiq it — c

f ° Tin/ 4m

J e / e
dt (9)

Since the momentum distribution in this case is just

f(p) (10)
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we have

A (q) = u I 6 ! ^r1- ~ ~-i^(p)dP • « = no> (11)

where Ap = - y ^ • Equation (11) is precisely the impulse approximation

result. The factor of u gives the spacing between the levels. For a

more general potential, we would expect that

2 \
S(q,o>)do> = An(q) = A<on j 6 (^ - j}i- - 5£Jf(p)dp (12)n(q) = A<on j 6 (^ j}

where Aw is the spacing between levels in the vicinity of the nth
level.

The approach to the limit is determined by the quantity wQr , and
we expect the impulse approximation to hold when u> T « 1 , or
q/q »/l. To see this, observe that the impulse approximation
replaces the exact dynamics by those of a free particle. It is valid
when the deviations from a free particle trajectory are small during an
interval t . The deviations will not be small if the particle has time
to return to its initial position, and hence the criterion above. The
transferred momentum in the scattering experiment must be considerably
larger than q if the scattering cross section is to be describable by
the impulse approximation. The intensities of the delta functions in
S(q,u>) are then given by the coefficients A n(q). We show in Fig. (1)
the approach to the impulse approximation for several values of q/q .
Only the envelope is being plotted.

The harmonic oscillator is unique in that the period is independent
of the initial momentum. If we associate a period with the initial
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1. The envelope of the intensities of the lines for a simple harmonic
oscillator. The scaled frequency is (a>-1iq/2m)*tc, where

and

momentum 1iq/2, u(q), then one would expect the criterion for the validity

of the impulse approximation, for an arbitrary potential, to be

w(q)rc « | . If the potential increases faster than x , u>(q) will

increase with increasing q, making it more difficult to satisfy the

inequality. In fact, if we consider the extreme case of the infinite

square well potential of width L, u(q) is just j-Ĵ p . Using the

uncertainty principle, we conclude that u(q)r c=| for any q. We would,
therefore, not expect a priori that the impulse approximation would be
correct in the limit of large q. Nevertheless, a direct calculation
shows that it is.
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The exact expression fo r A (q) f o r the square wel l is

A (q) = % (1 + cos sqi)

- (n 2 + 1) v

~2~nT/T L 2

-2

(13)

where 6q = q - nTr/L, -TT/L < «q < TT/L whi le the impulse approximation gives

S q ,
2mL2 / q U f l cos

L

(14)

-2

7
One sees that the two results agree in the limit that q •><». The prefactor

2
— ^ j " is the expected level separation.
L rn

We conclude that the impulse approximation is valid for an arbitrary

unbounded potential in the limit q/q •> oo, in the sense mentioned

earlier, that it gives the envelope of the scattering function. The

important question is whether or not the approach is fast enough so that

S(q,w) is well approximated at the momenta available on existing

machines. We see that for the harmonic oscillator, the limit is

essentially attained when q/qc > 8. The square well requires that

qlh > 20. The frequency of localized modes for hydrogen, which is the

fir^t candidate for the experiments we are suggesting, is typically 100
meV, corresponding to q for the oscillator of about 10A~ . If we
identify 100 meV with the energy difference between the lowest level and
the first excited level in the square well, we find that we need energies
on the order of 13 eV. Usable intensities are available up to energies
of at least 40 eV, corresponding to q's of about 150A . The
potentials that one is likely to find will be much closer to the
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oscillator than the square well, and we conclude that existing machines

can easily operate in the region for which the impulse approximation is

valid. The filter difference method, which at the moment is the

primary means of doing measurements at these energies has a resolution of

about 100 meV. It would be incapable of resolving the individual lines

in the spectrum of a localized oscillator, and one would observe the

envelope broadened by the resolution function. It is worthwhile noting

that if one makes the realistic assumption that force constants do not
-1/2vary much when one changes the localized ion, so that u> ~ m ,

1/4then q ~ m . Measurements of heavier ions than hydrogen are also

quite feasible, up to at least oxygen.
If one wishes to include the many body effects in the analysis, then

Eq. (4) is replaced by

iq\[x\(t) " x\]
. l 1 f(x\,p\) dx\dp\ , (15)

where x(t) is implicitly a function of all the other coordinates. The
result is again exact for harmonic interactions, and may be calculated
explicitly. If we denote the set of normal coordinates by u , then

A

h = MU2 X
where s-i(x) are the eigenvectors. A straightforward calculation shows that

— [(1 - cos a) t)coth -*— + i sin u t]_0J I U A c A
A X

I

S(q,t) = e X (17)

where we have included also the effects of finite temperature. The u
are the normal mode frequencies. In the present case, the integrals in
the exponential will generally vanish as t » » , and the original
statement of the impulse approximation limit, Eq. (1), holds. Q in

Km

this case is determined by the frequency of the largest normal mode, as a
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conservative estimate, although in practice it would be determined by the

frequency of the modes contributing significantly to the integral in Eq.

(17). As before, for q/q »/, one need only keep the leading terms in

the Taylor series expansion of the sine and cosine in Eq. (17), and one

obtains

XS(q,t) = e e X (18)

which can be written as

S(q,t) = e
m \ — " )

(19)

This is the impulse approximation result, appropriate to the harmonic

lattice. The results just derived may be used either for a pure crystal

or for a crystal with an impurity. An interesting case occurs for a heavy

impurity in a light lattice. If the highest frequency in the lattice is

much larger than the effective width of the resonance associated with the

vibrations of the heavy impurity, one can be in a regime for which the

width of S(q,(o) scales as q, and the shape remains invariant, but the

shape is not given by the impulse approximation limit. In the event that

the spectral density of the modes is such that the heavy particle behaves

as a damped harmonic oscillator, as in the model of Ford, Kac, and

Mazur, for instance, one can explicitly evaluate the integrals in Eq.

(17). In the limit of small damping, the results agree with those derived
1 ?

by Dattagupta and the author for a model in which the damping is

produced by a series of random impulses. We found for that model of a

damped harmonic oscillator that
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fiq2 coth 'S)\l- e"xt (cos ;ot + ±- sin

S(q,t) = e ° L V %

(20)

? ? 1/?
where the damping is determined by x and u = (w - x ). One can show

that the value of S(q,<o) for large q is given by

CO

1 I
•5T / f(P) —o : -o dP

where W
P
 = h q2 + F and Yp = S 1 = 7 c4tH fieu ' x/% «'• The 1

approximation does not hold in this case, although the scattering function
does scale with q. In Fig. (2), we show S(q,<o) for several values of
q/q , and a small value, of the damping. In this case, one could
distinguish the true impulse approximation limit from the scaling limit by
the asymmetry of the line and the shift from the free particle behaviour.

The failure to reach the impulse approximation limit is due to the
fact that there is the possibility of deviation from free particle
behaviour on any time scale, no matter how short, in the two models. In
the Ford, Kac, Mazur model, this is due to the upper limit on the
frequency of the phonons of the lattice being much larger than 1/t . In
the random impulse model, the interactions are explicitly assumed to lead
to instantaneous changes in the momentum of the particle. This is
reminiscent of the question of the scattering off a hard sphere fluid. To
investigate this question Becher and I have calculated S(q,u) for a
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2. S(q,w) for the damped harmonic oscillator model of Dattagupta and
Reiter. The normalizations are as in Fig. 1.

hard sphere fluid using the quasiclassical approximation. That is, the

initial condition for the Wigner function is the correct quantum

mechanical result, corresponding to the equilibrium distribution shifted

by-fiq/2, but the time evolution is that for classical hard particles. Two

calculations have been done. We have used the exactly known solutions to

the one dimensional hard plate problem to obtain an exact solution to the

quasiclassical problem posed, and evaluated this in the limit of large q.

We have also solved the three dimensional problem using the hard sphere

kinetic theory, which is exact at short times. Both methods give the same

qualitative results. S(q,<o) has the form as Eq (21), with the damping

independent of p and proportional to q. The damping frequency is the

collision frequency for a particle of momentum f>q!2 in both cases. For

the three dimensional problem, this is

Y = 2m (22)

where n is the particle density, and a the particle diameter. The result
is the same as the suggested by Hohenberg and Platzman, except that the
particle momentum is hq/2, not hq. The impulse approximation limit is
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never reached because the hard sphere cross section does not fall off with
q. This is again a reflection of the fact that the particles are never
free, on any time scale. The factor of 2 is correct. The same factor for

q

the damping was obtained by Gersch and Rodriguez, although with an

additional, and apparently spurious real shift. Without it, the Hohenberg

Platzman form will not fit the data at all using the measured values for

the Helium-Helium cross section, and it has in fact, been empirically
4

included in attempts to do that.

III. Extracting the Momentum Distribution

We turn now to the second main point of the paper. In the case of an

harmonic crystal, both the momentum distribution and the scattering

function in the impulse approximation limit are gaussians, and are simply

related to one another. For anharmonic potentials, one is faced with the

problem of extracting the momentum distribution from the scattering

function. This is the problem of inverting the Radon transform. It

appears in tomography, and in precisely the same mathematical form, in

X-ray Compton scattering, positron annihilation and NMR zeugmatography.

The problem is, given limited data, with some noise, to find an algorithm

that gives an approximate inversion that is useful for the purposes

intended, and does not require an unacceptable number of data points to

work. These criterion are clearly not precise mathematical requirements.

They can, nevertheless, be met in our case, by a procedure that was

originally developed

mathematical interest.

, y p

originally developed by Oavison, Grunbaum, and Louis for its

If we express the frequency in terms of the dimensionless s = («o - -$—)T

T
c = m/qAp, the momentum in terms of p1 = p/ip, and the direction of q* by

the unit vector 1$, then our problem is, given S(^,s) to find f(j5). Davison's

solution may be expressed as follows. Expand the observed function in Hermite

Hermits polynomials, Hn(s), and spherical harmonics, Yjm(q). That is,

determine the coefficients A ni m such that
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«*•«>-2>»* ̂ w > v (23)

Then the function that gives the observed Radon transform is

_ 2

f(rf) '^Jnm^n p£Lf1/2(p2) Y^ffi). Bn£m = 22n+£ni(-DnAn£m

njyn *

o+ I/?
where L are Laguerre polynomials. The normalizations and definitions

are as in Magnus and Oberhettinger. The implication is, that in order

to invert the transform, one need only find the coefficients A in Eq.

(23), use the calculated Bn , and one has the original function in the

representation in Eq. (24).

Davisons proof is indirect, but the result may be shown by direct

calculation. Using a fourier series for the delta function in the

definition of the Radon transform, and the standard expansion of a plane

wave in spherical harmonics, we find for any particular term in the series

in Eq. (23),

(25)

18The integral over p can be done explicitly, as can the fourier

transform that results, and we find that the integral in Eq. (25) is

demonstrating the theorem. Jn(x) is the Bessel function of order n.
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The implication is, that in order to invert the transform, one need

only find the coefficients A - in Eq. (23) from the data, use the

calculated B
n£m>

 and one has the original function in the

representation in Eq. (24). In our case, S(q,s) is S(q,a)), properly

rescaled, and the theorem says that to obtain the momentum distribution,

also rescaled, one finds the series of the form in Eq. (23) that best

represents the data, and the momentum distribution is then giver? in the

form in Eq. (24).

What makes this a methoo of inversion particularly well suited to the

problem of measuring momentum distributions in solids is that the series

expansion can be expected to have a small number of terms. In fact, if

the potential is harmonic, there will be only one term, and for weakly

anharmonic crystals, the coefficients A . can be related directly to

the anharmonic terms in a Taylor series expansion of the potential. It

is an apparently fortuitous fact that the eigenfunctions of an isotropic

harmonic oscillator, in any dimension, are also the product of guassians,

Laguerre polynomials and spherical harmonics. As a consequence, if the

anharmonic and anisotropic terms in the potential are represented as

n£m

then the coefficients in the expansion in Eq. (23) of S(q,w) are, to first
order,

1/2

One can measure small anharmonicity directly by an accurate measure
of S(q,u). Even for strongly anharmonic double well potentials, however,
S(q,u)) will be a well localized function with a few wiggles, and can be
reasonably well represented by a series such as in Eq. (23) with a few
terms. We suggest then the following procedure for analyzing the data to
extract the momentum distribution. After deconvolving the instrumental
resolution function, the data is least squares fit to the form in Eq.
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(23), or alternatively, the form in Eq. (23) is convolved with the

instumental resolution and fit to the data. The measured A n£ m then

determine the momentum distribution through Eq. (24).

IV. Oetermini_ng_ Potentials in Solids

An interesting problem, in which the anharmonicities are not small,
is the determination of the potential well for hydrogen in hydrogen

bonds. There has been a great deal of theoretical and experimental work
19devoted to this question. Deep inelastic neutron scattering (DINS)

has significantly different characteristics from neutron spectroscopy of

crystallography, techniques that have been used in these studies, and

should provide complementary information. For instance, one of the

issues in the hydrogen bond problem that should be resolvable by DINS is

the question of whether observed bimodal distributions of hydrogen in the

bond are the result of a ground state wavefunction in whic'i the hydrogen

is in both sites, or a statistical mixture of bonds in which the hydrogen

is in one site or the other. The DINS scattering functions are very

different for the two cases, containing oscillations at a wave vector

proportional to the inverse of the distance between the centers for the

two sites in the bond in the first case (see Fig. 4), and no oscillations

in the second case. The maps determined from crystallography are

identical. Furthermore, if a system can be found in which the hydrogen

self traps in one well or the other at low temperatures, as demonstrated

in various theoretical calculations performed recently,^ one could

perhaps observe a cross over from one type of behaviour to the other as

the time scale for tunneling increased.

As an illustration of the practicality of the inversion method, and

its stability to noise, we have calculated the potential for a simple

model of a hydrogen bond from simulated data. If we make the assumption,

that transverse to the direction of the bond the potential is harmonic,

with a force constant independent of the distance along the bond, the

problem separates into three one-dimensional problems. The scattering

function for momentum transfer along the bond is just the momentum

distribution itself, rescaled by q. There is then no need to do an

inversion, but to test the method, we have fit the data to a series of
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the form in Eq. (21) and used the series to calculate the potential from
Eq. (2). The wave function was assumed to be two unit width gaussians,
displaced from the origin by a distance twice their variance. The
potential that would produce this wave function is essentially two
coupled harmonic wells. The momentum distribution was calculated, and
'experimental' S(q,u)'s were generated by adding gaussian noise of
varying intensities. This is the sort of noise that would be appropriate
to the filter difference method, since the signal is obtained as the
difference of two counting rates. The intrinsic Poisson statistics of
an ordinary spectrometer would be considerably more favorable, for the
same peak counting rates. The fitted 'data' is shown in Fig. (3). Fifty

4% NOISE

0.0
-4 - 3 - 2 - 1 0 1 2

NORMALIZED FREQUENCY

3. Synthetic data for the S(q,w) appropriate to the double well
potential shown in Fig. 4, obtained by the filter difference method,
with a counting rate such that the rms noise level is 4% of the
peak count. The data has been fit to the form in Eq. (23) using
eight terms in the expansion.

data points were used throughout. The results for the reconstructed

potential are shown in Fig. 4. Note that even for the largest noise

level, a clear picture of the double well potential emerges. The

smallest noise level corresponds to a maximum total counts of 10, which

is qu'te practical, on existing machines, for scattering from hydrogen.

It is interesting to note that the inversion breaks down first at large
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4. The potential reconstructed from the synthetic data shown in Fig. 3,
using Eq. (2) and the fit to the data of the form in Eq. (23), for
two values of the noise level.

distances. This is what one would expect from the quasiclassical

approximation, since the proton must have a high momentum to penetrate a

large distance into the barrier, and the noise occludes the high momentum

information first.
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ABSTRACT

The development of deep inelastic neutron scattering, where neutrons of

one eV or more are used to achieve momentum transfers in the impulse

limit, is outlined. Scattering data from light atoms at high momentum

transfers are presented and the results discussed.

I INTRODUCTION

The useful epithermal neutron flux produced by the current generation

of medium intensity pulsed neutron sources is more intense than has ever

been available from steady state sources. Such neutrons of one eV rr more

in energy may be scattered at momentum transfers which allow the impulse
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approximation limit to be approached. In a previous paper [l], Reiter has

shown that in this limit, the scattering function is simply related to the

momentum distribution of the struck particle. A measurement of the

momentum distribution gives insight into the form of the potential binding

the atom in the solid. This paper discusses the development of inelastic

neutron scattering spectrometers which operate in this regime and presents

experimental data on high momentum transfer scattering from light atoms.

II METHOD

To define the scattering event, the wavevector of the incident and

scattered neutron must be determined. This is achieved on a pulsed source

by using an energy .nonochromator or analyser in conjunction with the total

time-of-flight of the neutron. The traditional methods of energy

determination, velocity selection by a phased mechanical chopper or

wavevector selection by Bragg reflection from a crystal, become

inefficient at energies above a few hundred meV, and so limit the momentum

transfers which may be attained to a few tens of A~l [2,3]. Reiter's

analysis [l] shows that to be free from final state interaction effects,

momentum transfers are required which are significantly in excess of this.

To achieve such values of momentum transfer, energy analysers capable of

working in the eV region are required. Two such analyser systems are

being developed, based on resonances in the neutron—nuclear cross-section

where the probability of interaction is orders of magnitude greater over a

narrow range in energy. In the filtered beam technique measurements are

made without and with a resonance filter in the beam, and the difference

taken. This method may be used as an effective monochromator (direct
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geometry) or analyser (inverse geometry) system. The resonance detector

method uses the gamma ray resulting from an (n,y) reaction associated with

a specific nuclear resonance. It can only be used in an inverse geometry

mode. Such spectrometers have been described in these proceedings by

Brugger [4] and Watanabe [5].

Although the ultimate goal of developing eV spectrometers is directed

towards elementary excitations at high energy transfer and low momentum

transfer such as magnetic and electronic transitions [6,7], their major

sucess to date has- been from high momentum transfer work. This has been

due to considerations of signal, background and resolution.

For recoil scattering the total cross-section of the atom contributes

to the signal, compared with only a tiny fraction of the cross-section in

the low Q inelastic case. Because of the large cross-sections available,

the inherent limitation of the filter-beam method (that its signal is a

difference between two large numbers) is not a problem. Scattering is not

restricted to very low scattering angles. Indeed for materials other than

hydrogen scattering at 90° and above is preferable. Shielding of the

detector is facilitated and its environment is removed from the fast

neutron and gasuna ray background associated with the main beam and the

halo of neutrons produced by scattering from the primary beam collimators.

Even the poor resolution of these spectrometers, which is dominated by the

intrinsic width of the resonance, is unimportant .if the measurements are

limited to recoil scattering from light atoms. The recoil line is

generally broad and its width is proportional to the momentum transfer.
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For these reasons, recoil scattering has been the appropriate field to

study during the development of eV spectrometers.

Ill KINEMATICS

The kinematic space accessible is determined by the energy of the

resonance and whether it is used as a monochromator or analyser. Figure 1

illustrates the region of Q-E space covered by the resonances listed in

Table I. In direct geometry, the upper bound to the energy transfer scale

is given by the resonance energy itself; in inverse geometry no such

restriction exists. A further constraint applies to recoil scattering

from protons. Since the mass of the proton and the mass of the neutron

are equal, and scattering in the centre of mass frame is isotropic,

scattering from hydrogen is restricted to angles of 90° or less in the

laboratory frame.

Reiter [l] has shown that in the impulse approximation S(^, e) is

related to n(£), the momentum distribution of the struck particle by

* 2Q 2 £.£_
/ 6 (e — ) n(£) dp_ (1)

2M M

and has given an algorithm in terms of the Radon transform to extract n(p)

and hence the momentum-space wavefunction from a measurement of the

dynamical structure factor S(Q,e). We shall limit our discussion of

S(Q,e) to the gaussian form
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Ta Au U
Momentum transfer, A"1

Figure 1 The region of Q-e space available to raonochromators (upper

half) and analysers (lower half) based on the resonances of

Table I.

S(Q,e) -i exp {(e-eR))2/(4eRkTeff) (2)

The peak in this function is characterised by the quadratic dispersion

relation
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TABLE I

RESONANCE

240Pu

181Ta

197Au

2 3 8U

2 3 8u

ENERGY (eV)

1.054

4.28

4.906

6.674

20.9

WIDTH (meV)

48

96

180

78

128

2M

and the width which is proportional to Q, is given by

(3)

kTeff
(

M
(4)

In these equations, M is the mass of the target nucleus and Teff an

effective temperature parameterising the width of the distribution. This

form is exact for an ideal gas. In a solid, the effective temperature is

related to the density of states g(e) thus:
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eff l/"de g(e) coth (e/2kT) (5)

The dispersion relation, equation (3), is superimposed on the Q-e

plane of figure 1 for both the direct and inverse geometry cases. The

kinematic constraint for M«l particles manifests itself as an asymptotic

approach to the 90° cut for the inverse case and an intersection with thp

90° cut at the resonance energy for the direct case.

In time-of-flight experiments, data are taken at constant scattering

angle and not at constant Q. A model for the scattering law must

therefore be evaluated, folded with the resolution of the spectrometer,

along a constant angle locus. A fit is then made to the measured data

using M and Teff as parameters. Such an approach has been used with

success to describe recoil scattering from light atoms, ranging from

studies on pyrolytic graphite, helium, light and heavy water and hydrogen

bound by various potentials.

IV EXPERIMENTAL RESULTS

(a) Pyrolytic Graphite [8,9]

Pyrolytic graphite is an extremely anisotropic crystal with the forces

operating between basal planes very much weiker than the bonds within the

hexagonal planes themselves. Although ordered along the weak c-direction,

this form of graphite exhibits disorder of one hexagonal plane with

respect to another. The phonon dispersion curves have been measured by
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neutron scattering up to 60 meV [10] and the density of states, which

extends to 200 meV, inferred from these and long wavelength data.

A direct geometry filtered beam spectrometer [8], figure 2a, was used

to measure the inelastic spectrum of pyrolytic graphite with Q parallel to

the hexagonal planes (solid line orientation, figure 2b) and with j£

perpendicular to these planes (dashed line orientation, figure 2b). The

time-of-flight cut taken by the 1.054 eV resonance in the 2l*°Pu

monochromator at 60° is shown in figure 2c. The diffraction signal in the

latter case (measured when the 2"*°Pu filter is removed) shows little

Detector

*
Moderator

Filter
,60c

Sample

Figure 2a Figure 2b

Figure 2a A schematic layout of the spectrometer used in the study of

pyrolytic graphite. The moderator-si pie distance and the

sample-detector distance were both approximately 6 m.

Ideally the primary flight path should be short, but it was

constrained by the biological shield (dashed line)

Figure 2b The scattering triangle with the graphite crystal planes

parallel to Q (solid lines) and perpendicular to Q (dashed

lines).
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€
eV

20 40 60 80

Figure 2c The cuts taken through the te=12 dispersion curve by the

240pu resonance monochromator at 60° and by the 240pu aruj

18lTa analysers at 90°.

structure beyond the (0 0 18) reflection which occurs at 0.6 eV and a

satisfactory fit to the inelastic data is obtained with the carbon atoms

recoiling with M-12 and an effective temperature of 500K. The diffraction

data with Ĵ  In the plane still showed considerable structure at the energy

of the 2**°Pu resonance and a fit to the inelastic spectrum, shown in

figure 3, required scattering from infinite mass as well as M=12

particles. The effective temperature of the M=12 scattering was HOOK.

One third of the scattering was recoilless. Clearly the impulse condition

is not satisfied in the strong direction at a Q of 22 A~*. In figure 3

there is some evidence of multiple scattering on the long-time side of the

peak. To check that this did not account for the observed anisotropy, an

experiment was carried out with a sample of normal graphite identical in
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c

0

Pyrolytic Graphite
Q in C-plane

700

Figure 3

800 900 1000
Time

1100 1200

Scattering from pyrolytic graphite as measured with Q in

the c-plane. The dashed curves are a fit to the recoilless

component and the M=12 recoiling component.

shape to the pyrolytic graphite crystal. Inelastic scattering from the

two perpendicular orientations of the normal graphite was identical, to

within the statistics of the measurements.

A subsequent experiment was performed in inverse geometry using both a

2lt0Pu analyser at 1.054 eV and a 181Ta analyser at 4.28 eV. Tha

appropriate Q-e cuts are shown in figure 2c at the diffraction

measurement, for the case of Ĵ  in the c-plane, is shown in figure 4.

In the strong direction, coherent effects are still clear at Q*33A~^,
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c

Figure 4

100 5-03-0
Energy • eV

1-0 0-5

To (90°)
4-28eV

Pu (90°)
IO54eV

200 400
Time

600 800 1000

Diffraction from pyrolytic graphite indicating where the

240pu and 181xa analysers would operate.

corresponding to the 2u0Pu analyser. Again this is reflected as infinite

mass scattering in the inelastic signal. At a Q of 67 A"1, corresponding

to the *81Ta analyser all coherent effects have disappeared from the

diffraction pattern and the inelastic data may be described simply in

terms of MK12 recoil scattering. Similar measurements using 181Ta in a

resonance detector spectrometer at an angle of 100° have been reported by

Rauh [9]. The effective temperatures for both directions in pyrolytic

graphite found by the WNR experiment and the KENS experiment s and a

comparison with a calculation based on equation (5) are given in Table II.
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TABLE II

WNR

KENS

YK*

Q In Plane

1100 ± 100

1050 ± 80

770

EFFECTIVE

Q

TEMPERATURE (K)

Perpendicular to Plane

500 ± 100

550 ± 30

545

* Yoshimori and Kitano Model [llj

For the soft mode the agreement between the two sets of experiments and

the calculation is excellent. However in the high frequency direction,

although the experiments agree well with each other, there i6 considerable

discrepancy with the calculation which is based on the Yoshimori and

Kitano model [ll] . It would be interesting to have the phonon

measurements extended over a larger range of energy transfer rather than

relying on long wavelength data to constrain the high energy component of

the density of states.

(b) Helium

Recoil scattering from liquid helium above and below the lambda point

has been the subject of many studies on reactors and now on pulsed
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sources. The current state of the art has been ably covered in this

session in the overview by Simmons [2] and by Svensson [3].

It is worth noting that a direct measurement of the condensate state

may be possible by scattering at very high values of momentum transfer.

The resolution of resonance based analysers, although intrinsically poor,

is only weakly dependent on scattering angle, whereas the momentum

transfer, and hence the widths of distributions involved, increases

strongly with angle. Brugger et al [12] have suggested that a 30m

spectrometer on a pulsed source, analysing with the 6.67 eV resonance in

2 3 8U in backscattering geometry (150°) may achieve the condition that the

resolution is comparable to the width of the condensate fraction and three

times the width of the non-condensate distribution. By analysing with

foils of two different thicknesses a difference may be taken [l3] which

suppresses the wings of the resolution function and narrows the

distribution. Using such a technique on a powerful pulsed source,

Svensson*s condition that the resolution be five times narrower than the

\
normal distribution may be approached and a definitive measurement

obtained.

(c) Heavy and Light Water [14]

To investigate possible deep inelastic effects in water, the General

Purpose Diff ractometer at WNR which had been used by Soper for his

measurement of the pair-correlation function in water [l5] was converted

into an inverse geometry filtered-beam spectrometer. The 4.906 eV

resonance in 197Au was used as an analyser.
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The detectors at 40°, 90° and 150° were rearranged, see figure 5a, so

that in each hank all detectors were at the same scattering angle. Each

detector was individually time sorted, and the data combined in software.

The Q-e relationship for the three scattering angles and the dispersion

for the three nuclei of interest is given in figure 5b. Only the 40° cut

intersects all three dispersion curves, again reflecting the kinematic

restriction confining scattering from hydrogen to angles less than 90°.

100

90°

150

-X-
Moderator Ar ^ F i l t e r

40°

GPD

— 10m —
Sample

Figure 5a

Figure 5a A schematic layout of the conversion of the GPD to an eV

spectrometer.

Figure 5b The loci in Q-e space taken by the three detector arrays of

figure 5a when *''Au is the analyser. The dispersion

curves for the recoil of oxygen, deuterium and hydrogen are

also shown.
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The Inelastic data, plotted on a wavelength scale and normalised against

vanadium, is shown in figure 6 for D2O at the three scattering angles.

The rapid dispersion of the deuterium peak and the slower dispersion of

oxygen with increasing angle is easily seen. The gaussian model of

equation (2), evaluated along the appropriate time-cf-flight locus, is

0 05 0 1

c

c

0

0

D20
90°

i

o-

05

/
/

05

0

f]

\
\

i

o-

1

1

JV
i

015

1

015

015

Figure 6

Wavelength A

Recoil scattering from D2o measured at 40°, 90° and 150° on

the GPD with a 197Au analyser.
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fitted to these data. Figure 7 illustrates this fit for the 90° D2O data.

Oxygen is found to behave with M=16, deuterium with M=2 and hydrogen with

M=l, and a consistent value of Teff found at all scattering angles. Table

III summarises these data and compares them with calculations by Soper

based on a free molecule and a librating molecule model. Agreement

between the H2O data and the more sophisticated model is reasonable, but

the deuterium behaviour is totally inconsistent. Although the deuterium

005 01
Wavelength

0 05 01 015

Wavelength

Figure 7 A fit of the gaussian model to the deuterium and oxygen

peaks in D o at 90°.
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TABLE III

Free Molecule

Librating Molecule

Experiment

H

854

1012

1200

EFFECTIVE TEMPERATURE

D

707

775

± 100 1200 ± 100

(K)

0

433

449

500 ± 100

recoils with M=2, the width of the scattering is more consistent with M=l.

These results are discussed more fully elsewhere in these proceedings

[16].

(d) Hydrogen Bound in Various Potentials

The determiration of the momentum distribution of hydrogen bound in a

potential well is perhaps the most interesting new area opened up by eV

neutron inelastic spectrometers, as it gives access to information,

especially for double welled potentials, that is not available from

diffraction studies. Experimentally hydrogen is the easiest atom to study

since the low mass gives rise to broad distributions making resolution not

a problem.

The spectrometer used to study hydrogen in various environments is

shown in figure 8a and the Q-e cut made by the 4.906 eV resonance in 197Au

shown in figure 8b. Although the gold resonance is intrinsically broad,

the resolution is ample for the present study. At 60° the value of
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Direct Geometry

Moderator

Filter.

Detector
0

60e

Sample

Figure 8a A schematic layout of the spectrometer used to study

hydrogenous systems. It is identical to that of figure 2a

but uses *"Au as a monochromator.

€
eV

20 40 O60 80

Figure 8b The cut through Q-E space taken by the spectrometer of

figure 8a, together, with the dispersion relation for M=l.

momentum transfer is sufficient to satisfy the impulse approximation and

to separate completely the scattering from the heavier nuclei present from

the line of interest. A typical spectrum, that of the metal hydride ZrH2
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is shown in figure 9. The solid line is the model calculation for

scattering from a simple harmonic oscillator evaluated along the constant

6 locus in Q-e space. The horizontal bar is the response of the

spectrometer to a delta function recoiling with W=l. The broadening due

to the intrinsic momentum distribution of the bound hydrogen is seen to be

far in excess of the instrumental resolution. The best fit was found with

Teff corresponding to an oscillator frequency of 133 ± 8 meV, in good

agreement with the known dynamics of ZrH».

The results of such a fit to data taken on the strong hydrogen bonded

system KHF2, covalently bonded C1QKg and the double well system CrOOH are

CO

UJ

1

•

1

I .

1 '—

1 1

V
>

1 1

1 1

ZrH2

—

_

i i

Figure 9

300 400 500 600 700

TIME

800 900 1000

A model fit to ZrH» data taken with the spectrometer of

figure 8a. The horizontal bar is a measure of the

spectrometer's resolution.
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summarised in Table IV. The variation in effective temperatures is

consistent with other spectroscopic measurements. It is surprising that

the gaussian model gives such a good cescription of the double well system

CrOOH (see figure 10). Clearly these data have no need of higher order

terms in the Radon transform. However it must be remembered that these

results were obtained on a powder sample and orientational averaging will

tend to wash out the structure leaving an effective gaussian shape. To

probe the potential more exactly requires vector Q experiments on single

crystal samples. Two problems are the production of larger single

crystals of oriented hydrogen bonds which are likely to have a double-well

character and the extraction of vector Q data from a time-of-flight

experiment.

The production of single crystals of CrOOH large enough for this

purpose has not proved to be practical. However large single crystals of

para-toluic acid, where the hydrogen bonds are aligned and there is

evidence from NMR that the protons dynamically tunnel from one site to

TABLE IV

ZrH2

KHF2

C1OH8

CrOOH

EFFECTIVE

Teff

800 ±

975 ±

1000 +

1000 ±

(K)

50

50

50

100

TEMPERATURE

hub (meV)

133 ± 8

162 ± 8

167 ± 8

167 ± 17
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300

Figure 10

500 700 900
Time

A similar fit to CrOOH data showing that a gaussian model

is still adequate.

another, have been grown. The problem of how to do the measurement is

discussed in the next section.

V IMPROVEMENTS

A major limitation in the technique as developed so far is the need to

have a model for S(Q,e) and fit to the data rather than extract S(Q,e)

from the data. The single crystal experiment on pyrolytic graphite was

performed, with the aid of a model, because the recoil scattering for M=12

nuclei is limited to a rather narrow region of Q-E space and over this

region the constant 8 cuts could approximate to a constant Q cut (see
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figure 2c). In the case of hydrogen, the distribution is broad and such

an approximation inapplicable.

A solution is to measure the scattering over a large region of Q-e

space with many constant 8 loci, normalise each set of data and

interpolate. A multidetector experiment is therefore called for. A

multidetector array is impracticable both in the case of the resonance

detector method (because of the cost of detectors and the gamma ray cross-

talk betwesn detectors) and the direct geometry version of the filtered

beam spectrometer (because a large angular array of 6 m secondary flight

paths is impracticable). There are no such problems with an inverse

geometry filtered beam spectrometer. Figure lla shows an inverse geometry

spectrometer with 25 detectors covering an angular range of 35° to 75° and

using the 4.906 eV resonance in 197Au as an analyser. The region of Q-e

space covered by this spectrometer is shown in figure lib together with

the dispersion relation for M=l. Scattering at 55° from ZrH- is shown in

Inverse Geometry

25 Detectors

* -
Moderator " Sample

Figure lla A schematic layout of an inverse geometry spectrometer

having 25 individual detectors and using 197Au as an

analyser. The moderator sample distance is approximately

6m and the sample detector distance 0.5m.
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0 20 40 100 120 140 160

F i g u r e l i b

60 80
Q •• I'1

The cut through Q-e space taken by 5 of the 25 detectors of

figure lla. The dispersion relation for M=l is also shown.

figure 12. Although each angular cut intersects the dispersion relation

at a very defocused angle (e.g. at 55° scattering extends between 5 eV and

15 eV) the data from all angles may be combined to give a contour map in

the Q-e plane [17] . Figure 13 shows such a set of (unnormalised) data

taken on Zrt^. Further analysis such as interpolating into Q,e bins is in

progress giving a model independent description of S(Q,e) from which the

momentum distribution n(p) may be obtained.

If such a procedure were to prove successful with these isotropic

measurements, the next stage would be a study of an aligned system of

hydrogen bonds such as para-toluic acid. By such a method it may be

possible to observe deviations from gaussian behaviour and so gain insight

into the shape of the potential binding the hydrogen atom.
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Figure 12 A model fit to ZrH2 data taken with the 55° detector of the

spectrometer of figure lla

45° 55° 65°
Angle, 8 —•*•

75"

Figure 13 An intensity contour map of the ZrH data taken with all 25

detectors of the spectrometer of figure lla.
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HIGH ENERGY PHONONS: OVERVIEW

by

J. Eckert
Los Alamos National Laboratory
Los Alamos, New Mexico 87545

Workshop on "High Energy Excitations in Condensed Matter"
Los Alamos, New Mexico, February 13-15, 1984

I. INTRODUCTION:

The measurement and interpretation of phonon dispersion relations in
solids has been one of the major successes of neutron scattering.
While some other techniques, such as Brillouin scattering, can provide
important information on the lattice dynamics of solids, they are
invariably quite limited (viz., essentially zero wave vector in this
example). The ability to determine the lattice excitation spectrum in
condensed matter for a large range of wave vectors is in fact unique to
neutron scattering. Thus interatomic forces can often be probed over a
large range of distances when dispersion curves are interpreted by
appropriate lattice dynamical models. Particularly in simple solids such

measurements have often represented a critical test in the development of
p

accurate interatomic potentials, as was the case for solid Ar and the
so-called Barker potential.

Phonon measurements by neutron scottering have also generated

significant advances in the understanding of lattice dynamics. Solid

helium at normal densities for example has imaginary phonon frequencies

in a classical description, and it required the development of

self-consistent phonon theories to explain the lattice dynamics of

quantum crystals. Since that time such theories have been developed to

the point where frequencies and phonon lineshapes of extremely anharmonic

solids can be very well described.
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Other areas of condensed matter physics where the study of phorion
measurements has made crucial contributions are lower-dimensional
physics, phase transitions, electron-phonon interaction and
superconductivity. These, however, do not have an obvious counterpart in
the work on high energy phonons to be described in the remainder of this
article. Instead, we will now consider what types of question one might
expect to be able to answer by extending phonon measurements to high
energies, and follow this by giving appropriate examples and introduce
the other contributions to this topic.

Phonon frequencies will be large when the forces between the atoms in
question are strong and/or their masses are small. In these cases
interactions may often be described in terms of nearest neighbor forces
only and the corresponding optic; vibration therefore as a local mode.
Internal modes of small molecules fall into this category as do
vibrations of hydrogen in metals or in strong hydrogen bonds, for
example. Thus much of the interest in high energy "phonon" measurements
is in the area of vibrational spectroscopy, which utilizes the incoherent
scattering properties of the atoms of groups of atoms. Longer range
interactions manifest themselves then in a broadening of the incoherent
inelastic line spectrum, i.e., the resulting dispersion in the optic
branches is sampled at many points in reciprocal space simultaneously in
these measurements. Since incoherent inelastic neutron scattering (IINS)
spectra may, however, be broadened by other factors as well, as will be
discussed below, the study of possible dispersion in high frequency
internal modes is potentially &n extremely important new application of
coherent inelastic neutron scattering at high energies.

Thus the first type of study concerns dispersion in phonon
frequencies similarly to low energy work, except that it is applied to
different systems, and that the questions may be asked differently, e.g.,
coupling between different internal modes. However, because of the
complexity of phonon dispersion relation measurements in molecular
crystals and sample size requirements, IINS spectroscopy, which usually
employs powder samples, is likely to be of much wider use in the study of
high energy vibrational modes. While part of the application of IINS

primarily concerns the nature of interatomic forces, many of these
measurements are used in fact to obtain structural information. The
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reason for this is as follows: Because of the large incoherent
scattering cross section for hydrogen, IINS spectra mainly reflect modes
involving motion of hydrogen atoms. Particularly for local modes the
degree of degeneracy of a mode can then be interpreted in terms of the
type and symmetry of the hydrogen (or hydrocarbon molecule) site.
Furthermore, since the neutron scattering cross sections are known
exactly (unlike, e.g., IR absorption or Raman scattering) intensities of
IINS spectra can in principle be utilized as well. This allows, for
example, the determination of relative site occupancies on a surface or
in a crystal. Hydrogen is thus used as a probe atom in materials to
learn about local arrangements of atoms.

II. PHONON DISPERSION RELATIONS

While the dispersion relations of diamond, which extend to about 170
meV, were determined nearly 20 years ago, this type of work has usually
focussed on energies much less than 100 meV for both scientific (most
collective modes fall into that energy range) and technical (neutron
energy range of sources and spectrometers) reasons. With the advent of
hot moderators at reactors, and more recently, spallation neutron sources
with high epithermal neutron fluxes such work can be extended to higher
energies. The question of the range of hydrogen-hydrogen interactions in
metal hydrides could only be answered by studying the optic branches in
some deuterated single crystals (which, incidentally, are very difficult
to obtain). While both PdDg gg and CeO2 -^2 snowecl strong dispersion
in the optic branches, which required first and second neighbor D-D
forces to fit, NbDQ 75 was found to have flat optic branches, which
indicates that D (or H) atoms in the latter material are sensitive mainly

A

to their nearest neighbor metal atoms. The local mode description is
therefore taken as valid for the bcc hydrides, even at high
concentrations of H. IINS data in these systems can then be directly
inter, iJ9d of terms of hydrogen-metal potentials as is reviewed by 0.
Richter in these proceedings.

i fforts to look for dispersion in internal modes in molecular
crystals are likely to take on considerable significance. While a recent
study of C-D stretching modes in ice did not appear to show
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dispersion, a large number of cases have been found in solid state
spectroscopic work where dispersion, or mode coupling is indicated as an
explanation for line widths or shifts. A few hydrogen bonded systems,
where dispersion relation measurements are envisaged, are discussed by J.
Howard below. Much spectroscopic work on this type of question has been
performed by S. F. A. Kettle and collaborators using isotopic labeling
to pinpoint such interactions. These studies could yield much more
detailed results if they could be supplemented by selected phonon
dispersion measurements. Determination of the complete dispersion
relations in these systems is probably too complex a task to be used on a
routine basis, however.

III. IINS SPECTROSCOPY

Unlike the determination of phonon dispersion relations vibrational
spectroscopy with IINS is far from unique. In fact, HNS is not (and not
likely to be in the near future) directly competitive with such easily
available and high intensity probes as Raman, IR adsorption and electron
energy loss spectroscopies for those particular reasons. However, as is
discussed elsewhere in these proceedings, there are a large number of
cases where neutron vibrational spectroscopy is a crucial complement to
the above techniques, or in fact still unique. The work on metal
hydrides falls in the latter category, i.e., hydrogen modes in metals
have not been observed by any other method.

An example of the complementarity of IINS is the fact that many times
such data forces significant changes in the assignments of vibrational
bands arrived at by IR and Raman work. This is possible because IINS is
most sensitive to large amplitude hydrogen motions (different selection
rules) and also because IINS intensities can in principle be calculated
exactly. This, however, has not always been done correctly as is pointed
out in recent work by Howard, et al. Assignment difficulties in
optical work can occur for various reasons. In the study of hydrogen
bonded systems, for example, certain modes of the hydrogen atom are taken
as a measure of the strength of these bonds, most notably the 0-H stretch
(in an O-H-0 bond). For very short H bonds, this mode becomes too broad
(presumably because of mode mixing) to be used for this purpose. The
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OUt-Of-pTane bend, y(OHO), 1S also taken as an indicator- of bond

Strength, but it is found to be hard to assign for the very short, nearly

symmetrical H bonds. This mode, however, has a very strong neutron cross
section, and can easily be detected, particularly with the use of

isotopic substitution. In a series of experiments carried out at Los

Alamos, J. Howard et a?, were thus able to document a reversal of the

expected correlation (i.e., increase in Y(OHO) as 0-0 decreases) when the

H bonds become shorter than about 2.45/3.

The new high intensity pulsed neutron sources with high epithermal

neutron fluxes should make this type of work much more generally

possible, particularly as required sample sizes may be expected to

decrease to the point where many new materials can be studied by IINS as

well as optical techniques.

IV. HYDROGEN AS A STRUCTURAL PROBE

Above I briefly discussed how the details of the vibrational spectrum

of a hydrogen atom in or on a solid may be interpreted in terms of the

type of site (i.e., number and types of neighbors, symmetry). Thus, for
Q

example, extensive work by D. Richter, J. J. Rush and others has

yielded information on trapping sites for hydrogen in metals. -Relative

occupation of different sites may also be determined by analyzing

intensities of the vibrational spectra. Thus in the rare earth

dihydrides hydrogen begins to occupy octahedral sites before all of the

more favorable tetrahedral sites are filled. A study of the temperature

dependence of the relative occupancy of the two sites could be carried

out by IINS with better precision than accompanying diffraction

studies. It revealed a decrease in octahedral site occupation at high

temperatures, which may be understood in terms of increasing H-H

repulsion because of increased vibrational amplitudes.

Amorphous materials have also been successfully studied by the use of

H as structural probes. In this case, however, the spectrum resembles an

average over site geometries. Nevertheless, octahedral-Tike and

tetrahedral-like interstitial sites, for example, in a given structure

are typically of sufficiently different sizes such that vibrational

frequencies of H atoms occupying these sites also differ markedly. Thus
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in the metallic glass Zr^Pd H is found primarily on tetrahedral
sites. The vib"ational spectrum of the hydride shows a broad Gaussian,
centered approximately at the frequency characteristic of H in the
crystalline material.

While metal hydrides have not been successfully investigated by light
scattering techniques, non-metallic amorphous glasses of course have.

The importance of IINS as a complementary tool has, however, recently
12again been convincingly demonstrated in a study of a-SiHg ,~.

Here, IR work showed a strong peak at about 112 meV, which is essentially
absent in the IINS. This peak is known to corresoond to a bending mode
of ^ i ^ groups. Because IINS cross sections are known, one can,
therefore, interpret this finding to indicate that there are probably few
Sif^ groups in this material, and that this mode apparently has a high
cross section for IR absorption. Thus, the IINS spectra give direct
information on the coordination and numbers thereof of H in amorphous Si.

Finally, a most promising application of IINS is the study of
surfaces using spectra of absorbed H or hydrocarbon molecules. Neutrons
are, of course, not an obvious choice for surface studies, both because
of intensity limitations and the fact that they are not a surface
specific probe, such as electrons or helium atoms, for example. With
these techniques one can usually investigate single crystal surfaces,
while neutrons can only be used in conjunction with high surface area
powders or exfoliated graphite. An example of the power of electron
energy loss spectroscopy is given elsewhere in these proceedings by J. L.
Erskine, who was able to determine two-dimensional dispersion curves of 0
absorbed on a Ni (100) surface.

Much progress has been made, however, identifying adsorption sites by
IINS in materials of importance for catalysis, such as Raney Ni, Pt black
and zeolites. Neutrons can be made at least indirectly surface-specific
by absorbing a layer of strong scatterers (hydrogen) on the substrate-
Calculations as well as comparisons with model hydridocarbonyls (where
the structures are known) have aided in the analysis of the adsorbate
spectra. Most of the surface of Raney Ni is now known to consist 3-fold
(or (lll)-like) absorption sites. In one of the most recent stuaies of
this system Cavanagh et al. utilized the peak positions of the two
modes characteristic of this 3-fold site in simple model calculation to
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determine the Ni-H bond length and force constant. Some ambiguity
remains, however, in the understanding of Raney Ni, in that usually other
peaks are observed. These are thought to arise either from the presence
of some four-fold (or (lOO)-like) sites or from impurities. Experiments
are in progress at Los Alamos to answer this question.

A final example to be mentioned in this context demonstrates the
potential of IINS to perhaps provide details on the steps a catalytic
reaction takes. Ethylene is known to dissociate near room temperature on
Pt, and with the addition of H9 form ethane. Some evidence has been

1/1

provided by EELS studying single crystal surfaces, i.e., Pt (111),
that the principal intermediate species formed in the reaction is
ethylidyne (CHg-C^). However the assignments of the lines in the EELS
spectra are still not complete. In the IINS the CIU torsion and
CJ-L-wag are expected to be very intense, and therefore easily

1C

identifiable. The neutron work was carried out on Pt black, and the

change in the spectra upon dissociation of the ethylene molecules was

found to be consistent with the ethylidyne species. Comparisons with a

model compound (CH3CCo3(CO)9) further reinforce this conclusion.

It may be anticipated that IINS will play an important role in surface

science because of the sensitivity of neutrons to hydrogeneous materials,

the penetrating power of neutrons and the relative ease in calculating

IINS spectra.
V. CONCLUSION

It should become obvious from the discussion given above and the
following articles that the interest in "phonons" does NOT go down as
their energy goes up. Rather, the interest shifts somewhat towards
chemistry. A new, high intensity neutron source would do much to exploit
the full possibilities in this area.

REFERENCES

1. See, for example H. Bilz and W. Kress, Phonon Pispersion Reiatioris
in Insulators, Springer Series in Solid-State Sciences, V"oT. W
(Springer, Berlin, 1979).

546



2. Y. Fujii, N. A. Lurie, R. Pynn and G. Shirane, Phys. Rev. B 10, 3647
(1974). ~

3. For various reviews see Rare Gas Solids, edited by M. L. Klein and
J. A. Venables (Academic Press, London, 1976).

4. For a recent review see T. Springer in Hydrogen in Metals I, Vol. 28
of Topics in Applied Physics, edited by G. Alefeld and J. Volki
(Springer, Berlin, 1978).

5. C. Andreani, P. Bosi, E. Mazzega, F. Sacchetti, and C. G. Windsor,
J. Phys. C: Solid State Phys., 16, 3055 (1983).

6. See, for example, U. A. Jayasooria, G. J. Kearley, S. F. A. Kettle
and H. J. Lauter, Phys. Stat. Sol. a 63, 169 (1981).

7. J. Howard, J. M. Nicol, B. C. Boland, J. Tomkinson, J. Eckert, J. A.
Goldstone, and A. D. Taylor, Mol. Phys. (to be published).

8. J. Howard, J. Tomkinson, J. Eckert, J. A. Goldstone, and A. D.
Taylor, J. Chem. Phys. 78, 3150 (1983).

9. A. Magerl, J. J. Rush, J. M. Rowe, 0. Richter, and H. Wipf, Phys.
Rev. B 27 927 (1983).

10. J. A. Goldstone, J. Eckert, P. M. Richards, and E. L. Venturini,
Solid State Comm. 49, 475 (1984).

11. A. Williams, J. Eckert, X. L. Yen, M. Atzmon, and K. Samwer, J.
Non-Crystalline Sol. j>l and 62, 643 (1984).

12. W. A. Kamitakahara, H. R. Shanes, J. F. McClelland, U. Buchenau, F.
Compf and L. Pintschovius, Phys'. Rev. Lett. _52, 644 (1984).

13. R. R. Cavanagh, R. D. Kelley, and J. J. Rush, J. Chem. Phys. 77,
1540 (1982). —

14. A. M. Baro and H. lbach, J. Chem. Phys. 74, 4194 (1981).

15. R. R. Cavanagh, J. J. Rush, R. D. Kelley, and T. J. Udovic, J. Chem.
Phys. (to be published).

547



INTERNAL VIBRATIONS IN MOLECULAR CRYSTALS
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Abstract

Recent developments in the understanding of the relative intensities

of INS bands (polycrystalline samples) are described together with the

observation of a fundamental transition at ca 38O meV (C-H stretching

mode) uncontaminated by overtone or combination bands. Recent work

( >1OO meV) on strongly hydrogen bonded complexes (CrOHO and MFHP ) which,

have high energy modes exhibiting significant dispersion, is also discussed.

INTRODUCTION

In the field of molecular spectroscopy there should be no competition

between inelastic neutron scattering (INS) on the one hand and infrared

and Raman spectroscopy on the other. The convenience of the latter

techniques ensures that neutron scattering measurements are only made

when the optical measurements cannot yield the required data. There are,

however, many situations in which this arises including (see other papers

in this conference proceedings for additional applications e.g. to surfaces

etc.):

(A) the observations of transitions forbidden by electromagnetic

selection rules;

(ii) highly fluorescing samples;

(iii) "metallic" systems;

(iv) normal modes hidden by more intense optical bands;

(v) dispersive modes where "q" data is required;

(vi) transitions for which the optical bands are associated with

complex phenomena e.g. Evans holes, restrahlen effects etc.
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The highest energy transfer of interest for fundamental transitions

is £a 550 meV. Above £a 250 meV almost all of Che modes involve

hydrogen, which is particularly fortunate since H has such a large

incoherent cross section for neutrons. The moderate fluxes currently

available over the required energy range (say >100 meV for the purposes

of this conference) have, in general, necessitated the use of large samples
2

(beam areas typically 3-4 in ) and so most work has been done on poly-

crystalline materials. The sample sizes required have been decreasing

progressively and as the new and projected pulsed sources achieve their

design specifications, samples of less than 1 g will undoubtedly be

routinely used.

Since the frequency of a transition affects not only the position

but also the intensity of an INS band the simulation of an INS spectrum

is an extremely sensitive test of a force field. In principle JNS

band intensities are simpler to calculate than those in IR or Raman

spectra. The intensity (I(v)) of an INS band due to a normal mode

v is given for a single crystal by [ l ] :

I(v) a (Q.u(v))2 exp(-2W)

where joj is the momentum transfer, |JJ(V) J is the root mean square amplitude

of vibration of the scattering atom in the normal mode v and exp(-2Wj is

the Debye-Waller factor. Orientational averaging of this expression is

required for a polycrystalline sample. An analytical expression for

this average in the case of an oscillator with just three modes orthogonal

in cartesian co-ordinates has been recently derived [2]. This enables

the anisotropy of the IWF to be easily allowed for and demonstrates the

errors inherent in contemporary approaches in which the EWF is either

(a) set to unity or (b) assumed to be isotropic.

FUNDAMENTALS AT ENERGy TRANSFERS ABOVE 300 meV

There are severa l l i t e r a t u r e r epor t s of the observat ion of fundamental

t rans ions above 350 meV using beryll ium f i l t e r de tec to r spec t rometers .

For some of these , fu l l normal co-ordinate analyses have been performed

and the experimental data compared with the ca lcu la ted spec t r a . We

consider t h a t , because the anisotropy of the DKF has been ignored, the

apparently good f i t at higher energy transfers is fortuitous. This arises
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because the calculations underestimate at high energy transfer the contrib-

ution of overtone/combination bands and overestimate fundamental band

intensit ies. This is indicated in a recent INS study of HC(Co)3(CO)g

[3]. The INS spectrum (figure 1) of this sample shows the carbon-

hydrogen bending mode {6(C-H)} at 106.5 meV (1 meV = 8.07 cm ) and i t s

f i rs t overtone at 212 meV. The second overtone i s extremely weak and

the inportant fact to note is that the fundamental of the carbon-

hydrogen stretch (v(C-H)} (expected at 377 meV from optical data) is

not observed. The low relative intensity of v(C-H) with respect to

6 (C-H) is consistent with the high Q value at v(C-H) {M.4 &~ } reducing the

anisotropic DWF to a very small value. I t has proved possible to observe

v(C-H), and a very much smaller intensity ratio of 6(C-H)/v(C-H), using a

low angle detector bank (7°) on a chopper spectrometer (figure 2). In this

case the Q value at v(C-H) i s much smaller (^8 2~ ) . The calculated intens-

xties are in good agreement with theory.

800

Figure 1.

1600 2400
Neutron energy transfer (cm'1)

3200

INS spectrum (15 K) of HC(Co)3<CO) obtained using the
Los Alamos filter difference spectrometer. [3]
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Figure 2. INS spectrum (90 K) of HC(Co) (CO) obtained using the AERE
Harwell inelastic rotor spectrometer (7° scattering angle).[3]

These results indicate

(1) that the observation of very high energy transfer fundamentals

in complex molecules i s likely to be difficult using f i l t e r

detector techniques because of the associated high Q values

and the inportant contribution from overtones/combination

bands;

(.21 because the anisotropy of the DWF has been ignored in theor-

etical calculations of the INS spectra of molecular polycrystals

the spectral calculations available are open to significant

criticisms;

(3) that the setting of the EWF equal to unity is an unacceptably

poor approximation and

(4) recent developments in our understanding of the EWF indicate

that good quality spectral calculations are now possible.

551



HYDROGEN BONDED SAMPLES

Many INS s t u d i e s of hydrogen bonded sys tems have been r e p o r t e d [4]

however, the data in several of the earlier ones has been subject to

reinterpretation sinoe i t has become possible routinely to measure at

higher energy transfers (>150 neV) .

(a) KH(CO2CF3)2

As a straightforward example of the way in which INS can contribute

to research into hydrogen bonds we consider KHfOO-CF-J- which contains

an 0 H 0 bond [5] . There were two very different sets of assignments

of the normal modes of this moiety in the literature [6,7]. Some of

these assignments are given in table 1 and the spectrum is shown in

figure 3.

Clearly the assignments of Miller are inconsistent with the INS data in

tha-. for example the intense INS band expected at ca 13O meV from his

assignments is not observed. This spectrum also i l lustrates a second

point. Hadzi was unable to assign an optical band to y(OHO) because

the intense CF, absorptions occur in the same region (14O-»-155 meV) -

This problem does not arise in the INS spectrum and y(OHO) i s easily

observed at 147.7 meV.

(b) CrOHO

This is an example of an O-—H 0 hydrogen bond in whicii the oxygens

are strongly bonded to a metal ion. I t has also been the subject of some

Mode

v (OHO)
s

v (OHO)

6 (OHO)

Y(OHO)

Hadzi [6]

1 6 . 1

9 9 . 1

183.4

-

Miller [7]

98.1

-

129.0

119.0

INS [5]

-

99.1

189.8

147.7

Table 1 Assignments of some of the normal modes of KH{O0.,CF_) (meV)
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Figure 3. INS spectra (77 K) of (a) KH(CO2CF3)2 and (b) KH(CO2CC13)2- [5]

detailed theoretical work. In view of the unusual changes which occur in

the infrared spectra of CrOHO on deuterating the hydogen bond and because

the band associated with the antisymmetric stretch is so broad te2OO meY) ,

there have been several structural and spectroscopic studies of CrOHO

and CrODO [8-11]. Starting from an early hypothesis that the hydogen

bond can be represented by a symmetric double well potential an attempt

has recently been made to unify the available data [12] using back-to-back

Morse potentials (figure 4). The spectroscopic assignments, together with

the observed oaygen-oa^gen distances, were used to obtain the parameters
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Figure 4. Calculated double Morse potential for CrOHO. [12]

of the potential. The equations only yielded solutions for an O-D bond

length in the range 0.93-O.96 A, which enabled a choice to be made between

the two different structure determinations [9,1O]. Unfortunately i t is

also not clear that, in view of i t s considerable width, the centre of the

i r band assigned to v (OHO) actually corresponds with the transition
clS

frequency.

The INS spectrum of CrOHO is shown in figure 5. The intense band

at 151 meV has been assigned previously in the i r [1] and also in an

early INS study. I t is the doubly degenerate bending mode, Y(OHO).

I ts intensity and sharpness are comparable with those observed for

similar hydrogen bonded compounds. I t is especially comparable to that

of, the isomorphous, sodium bifluoride, NaFHF [13).

If we assume that the correlations of the frequency of Y(OHO) against

O3jygen-O3«ygen separation (R(00)) e.g. [14] can be applied in this case

then a value of R(OO) of 2.47 A is obtained. This compares with the

measured value of 2.49 %. [10). The correspondence i s surprisingly good,

since the original correlations are dominated by data from the dicarboxylic

acids- we were principally interested in the region above y (OHO) and

data were collected to ca 625 meV. We observe (figure 5) a weak band
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Energy transfer/cm"1

Figure 5. INS spectrum (15 K) of Cr(OHO). The lines broken represent
the fitted cuives (Gaussians convoluted with the instrument
resolution function) to the data points and the solid line
is their sum. [18]

at ca 178.5 meV, the overtone of y (OHO) at 322 meV and a broad feature

centred at ^a 254 meV.

It i s immediately apparent that the centre of the broad i r feature

at 205 meV corresponds to a minimum in the INS spectrum. We asscciate

the broad feature (INS) at £a. 254 meV with v ^ (OHO) {|O>+j2>, |l>-*|2>}.

Our results are therefore different from those obtained in the i r studies.

In the i r , the band associated with v (OHO) {|l>+|2>} i s even broader,
aS

starting at about 125 meV. A similar situation occurs in the ir spectra
v (JBF) band s tar t s at 1300 and extends uptoasof NaHFH. Here the

2O0O cm" (there i s also some structure due to combinations of the type

v + nv , n = 1,2 . . . ) . The INS spectrum of NaFHF shows a much narrower
35 S

as
(FHP) (full width half height £a. 18.5 meV) , and no combinations [133.

I t has already been suggested that the great width of the i r bands in the
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isomorphous COOHO, and NaFHF, are partly due to strong reflection processes

[15] associated with dispersed modes. Our spectrum leads us to believe

that this is probably the case for CrOHO, and only that part of the i r

band above 200 meV is due to a true absorption process.

This has immediate implications for the work of Lawrence et al [5]

since i t imples that the value of v (OHO) {|l>-|2>J used by them in their

calculations (2O5 meV) was too low. These authors state that their model

for calculating i r bandwidths is very sensitive to the value of this

parameter. I t is also conceivable that using higher value for v (OHO)
3S

a rather different range of solutions for the O-H(D) distance would be

obtained.

The observed width of the INS band centred at £a 254 meV may

be due to one or more of the following:

(i) the band is composed of unresolved components arising from

|O>—|2> and |l>-|2> transitions. The levels |o> and |l>

are separated by ca_ 25 meV [12]. I t has been suggested

that the population of level |l> i s maintained at low

temperature by strong proton-proton interactions 112];

(ii) v (OHO) is probably dispersed;

(i i i) v (OHO) may be kinematically coupled to v (OCrO). Thisas s

involves the change in the separation of the energy levels

as the oxygen-oxygen distance changes. In view of the

harmonic nature of the well in NaFHF this coupling does

not occur in this compound.

A plot of 0-H stretching frequency versus oa^gen-hydrogen distance, for

a range of hydrogen bonded complexes, has been given by Novak [16J. The

data point for CrOHO is far from the given straight line. Novak used

values of 1650 cm and 1.24 A (half R(00) distance) for the parameters.

Using our value of £a 2050 cm for v (OHO) and the measured O-H

distance of 1.16 X [9] better agreement with the correlation is obtained.

If the 0-H distance predicted by Lawrence et al [12] (O.97 %) i s used

then once again the agreement is very poor.
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Because of the extreme difficulty in obtaining single crystals of

CrODO more detailed work on high energy transfer dispersed modes in this

material is unlikely. However NaFHF is isomorphous to i t and also shows

indications of dispersion.

NaFHF

NaFHF and KFHF have been ex tens ive ly s t ud i ed and although they are

often quoted as being examples of the s imples t form of hydrogen bonded

systems there are s t i l l a number of unexplained fundamental f ea tu res of

t h e i r s p e c t r a and p r o p e r t i e s . The large width of v (FHF) 175 meV has
as

been discussed in terms of (a) e l e c t r i c a l anharmonicity and (b) mechanical

anharmonicity and (c) r e f l e c t i o n p r o c e s s e s . Molecular dynamics s imul-

a t ions have been performed using Lippincot t -Schroeder and model

anhannonic p o t e n t i a l s . The ca l cu la t ed S(Q,W) shows considerable s t r u c t u r e ,

however, there is relatively l i t t l e data available against which to test

them.

Previous work [17] has shown that in the INS spectrum (polycrystalline

sample) the band-shape of v (OHO) in NaFHF is markedly asymmetric, which
as

indicates that the dispersion curve of this mode is not flat. I t is

intriguing to note that the INS spectra of NaFHF and KFHF are identical

but that their structures are very different ^^A an<^ D4h r e s P e c t i v e l y ) '

In view of this i t appears that the coupling mechanism is the same for

both samples and consequently dipolar coupling on i t s own cannot explain

the observations.

Clearly in order to fully understand the coupling mechanism in these

materials more information on the dispersion of v (OHO) must be obtained.
as

We are planning to make these measurements on the constant Q spectrometer

at Los Alamos in the near future.CONCLUSION

Even with the l im i t ed f a c i l i t i e s ava i l ab le t he re have been a number

of successful molecular spectroscopic studies on polycrystalline samples

at high energy transfers (>1OO meV). Significant progress has been made

towards a quantitative understanding of the correct form of Debye Waller
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i
isomorphous CoOHO, and NaFHF, are partly due to strong reflection processes

[15] associated with dispersed modes. Our spectrum leads us to believe

that this is probably the case for CrOHO, and only that part of the i r

band above 2OO meV is due to a true absorption process.

This has immediate implications for the work of Lawrence et al [5]

since i t imples that the value of v (OHO) {|l>-|2>} used by them in their

calculations {2O5 meV) was too low. These authors state that their model

for calculating i r bandwidths is very sensitive to the value of this

parameter. I t is also conceivable that using higher value for v (OHO)

a rather different range of solutions for the O-H(D) distance would be

obtained.

The observed width of the INS band centred at j;a 254 meV may

be due to one or more of the following:

(i) the band is composed of unresolved components arising from

|O>—]2> and |l>-|2> transitions. The levels |o> and jl>

are separated by ca_ 25 meV [12]. I t has been suggested

that the population of level |l> is maintained at low

temperature by strong proton-proton interactions [12];

(ii) v (OHO) is probably dispersed;

(iii) v (OHO) may be kinematically coupled to v (OCrO). Thisas s

involves the change in the separation of the energy levels

as the oxygen-oxygen distance changes. In view of the

harmonic nature of the well in NaFHF this coupling does

not occur in this compound.

A plot of 0-H stretching frequency versus oxygen-hydrogen distance, for

a range of hydrogen bonded complexes, has been given by Novak 116]. The

data point for CrOHO is far from the given straight line. Novak used

values of 1650 cm and 1.24 A (half R(00) distance) for the parameters.

Using our value of ^a 2050 cm for vgs(OHO) and the measured O-H

distance of 1.16 A [9] better agreement with the correlation is obtained.

If the O-H distance predicted by Lawrence et al [12] (O.97 A) i s used

then once again the agreement is very poor.
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Because of the extreme difficulty in obtaining single crystals of

CrODO more detailed work on high energy transfer dispersed modes in this

material is unlikely. However NaFHF is isomorphous to i t and also shows

indications of dispersion.

NaFHF

NaFHF and KFHF have been extensively s tud ied and although they are

often quoted as being examples of the simplest form of hydrogen bonded

systems there are s t i l l a number of unexplained fundamental features of

t h e i r spec t ra and p r o p e r t i e s . The large width of v (FHF) 175 xneV has
as

been discussed i n terms of (a) e l e c t r i c a l anharmonicity and (b) mechanical

anharmonicity and (c) r e f l e c t i o n p rocesses . Molecular dynamics simul-

a t ions have been performed using Lippincott-Schroeder and model

anharreonic p o t e n t i a l s . 3he ca lcu la ted S(C,W) shows considerable s t r u c t u r e ,

however, there is relatively l i t t l e data available against which to test

them.

Previous work [17] has shown that in the INS spectrum (polycrystalline

sample) the band-shape of v (OHO) in NaFHF is markedly asymmetric, which
as ,

indicates that the dispersion curve o±" this mode is not flat. I t is
intriguing to note that the INS spectra of NaFHF and KFHF are identical

5 18

but that their structures are very ciifferent (D-j, and D.u respectively):

In view of this i t appears that the coupling mechanism is the same for

both samples and consequently dipolar coupling on i t s own cannot explain

the observations.

Clearly in order to fully understand the coupling mechanism in these

materials more information on the dispersion of v (OHO) must be obtained.

We are planning to make these measurements on the constant Q spectrometer

at IJOS Alamos in the near future.
CONCLUSION

Even with the limited facilities available there have been a number

of successful molecular spectroscopic studies on polycrystalline samples

at high energy transfers (>100 meV). Significant progress has been made

towards a quantitative understanding of the correct form of Debye Waller
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factor to be used in normal mode calculations. Newer facilities and

spectrometers will significantly enlarge the scope of possible measure-

ments and in particular more single crystal work on high energy dispersive

modes is to be expected.
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Abs tract

New experimental results on local H-vibrations in transi-
tion metals are examined selecting three examples: (i) High
resolution measurements of the fundamental vibrations of the
H-isotopes are reviewed. In combination with the also ob-
served higher harmonics they led to an evaluation of the
anharmonic H-potential in Nb and Ta. Its knowledge is of
particular importance in connection with the fast
H-diffusion mechanism in these metals, (ii) Spectroscopic
observations of H-trapping are surveyed. The measurements
revealed detailed microscopic information, e.g. on the symmetry
of the trapping sites and their degree of disturbance. Inter-
stitial oxygen and nitrogen impurities as well as substitution-
al titanium in Nb were found to be strong traps which suppress
the precipitation of hydride phases at low temperature, whereas
Cr is a shallow trap which cannot prevent phase separation,
(iii) Recent results on the higher harmonics and the isotope
shifts of the H-vibrations in PdHx are discussed in view of
the anomalous isotope effect of the superconducting transition
temperature Tc in Pd-hydride. These measurements revealed an
anharmonic buf identical potential for H and D and show that
anharmonicity and not an isotope dependent electronic environ-
ment causes the T -anomaly i .PdH(D).

I. INTRODUCTION

Hydrogen dissolved into a metalic matrix occupies interstitial

sites. As a consequence of the light mass, the H-vibrations generally occur

at frequencies well above the metal phonons. At low H concentrations, in

the dilute a-phases, where H-H interactions are unimportant, the H performs
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localized vibrations against the slowly oscillating metal neighbours. In

bcc transition metals this situation also helds for the hydride phases,

since interaction effects between the H-isotopes appear to be negligible.

In all these cases H can be regarded as an independent three-dimensional

Einstein oscillator. A determination of its vibrational frequencies bears

information on the H-metal forces and therewith on the H-potential.

Accurate knowledge of the H-potential is of particular importance in

view of the possible quantum mechanical origin of fast H-diffusion in

bcc transition metals and can be achieved from accurate measurements of

the higher harmonics and the isotope shifts of the vibrational frequencies.

We survey recent investigations in bcc refractory metals which yielded

detailed,information on the H-potential in these materials.

;The point symmetry of the hydrogen site determines the degeneracy

of the local hydrogen modes: e.g. two different fundamentals with an in-

versed sequence of degeneracy exist for H on tetrahedral (T) or octahedral

(0) sites in bcc structures. This relation between point symmetry and

local vibrations has been used in order to obtain information on H-sites

by inelastic neutron scattering, where diffractrometry was not sensitive

enough. We examine successfull applications in the field of H trapping.

Finally we survey recent investigations on the anharmonicity of the

H-vibrations in PdH by a measurement of higher harmonics which may help

to settle the long-standing controversy about the origin of the anomalous

isotope effect in the superconducting transition temperature T .

II. LOCALIZED HYDROGEN VIBRATIONS AND HYDROGEN POTENTIAL

In dilute metal-H systems and even in concentrated bcc transition

metal hydrides, the H isotopes vibrate nearly independently and as pointed

out already, are described well by the picture of a 3-dimensional Einstein
1 2 3

oscillator with frequencies to , w , and to . In pure Nb and Ta, H occupies.
2 3

tetrahedral sites with tetragonal symmetry and u and w are degenrate.

The double-differential neutron cross-section, 3 a/dwBQ for an harmonic

3d-oscillator can be given analytically and has the form /!/
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tot k,.

£ f p_2

n = -oo

m = — «>
0 a= —03

with y. = "p1 csch (ytfw.B)
i

o is the total cross-section; M is the H(D) mass, B = 1/k^T; and I (y)
tot o n

is the modified Bessel function of the first kind.

Now we consider small anharmonic disturbances of the H potential.

The possible cubic and quartic anharmonic terms for a hydrogen on a site
2

with tetragonal symmetry (point group D ; x = y 4 z) can be found by group

theory /2/ and have the form

9 9 A L A 9 0 9 9 9

Hj = ez(x -y^) + c4zZ^ + c4x(x^+y^) + fx y + gzZ(xZ+yZ) (2)

The vibrational corrections due to the third and fourth order terms are

calculated in second and first order perturbation theory, respectively,

and yield excitacion energies e, = E, - E-^, where En is the
b lmn Iran 000 lmn

perturbed energy of the vibrational level corresponding to the l,m,n

harmonic state. The detailed results are lengthy expressions and are given

in ref. /2/. Here we remark on the essential features: (i) the anharmonicity

of the z-vibration c. and the corresponding harmonic frequency -4fo) can

be extracted directly from the data

_
~ e200 2 e2 ~ e200 2 e100

z

e100 + e010 ' e200 " ell0

(ii) The strength of the anharmonic coupling between z and x,y vibrations

is measured by
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i00
(5)

(iii) Since the harmonic frequencies scale with the reciprocal square root

of the isotope mass, while the corrections are scaling with the reciprocal

mass itself, the anharmonicity parameters also cause deviations from the

harmonic isotope effect. For the z-vibration it is described by the expression

"100
D(T)
'100

1 +
(6)

(i.v) Deviations from cubic symmetry due to hydride formations have to be

considered carefully. In the case of the orthorhombic B-phase equs. (3)

and (4) are still exact if e 0 ] 0 and e J 1 0 are replaced by average values

of the then split x,y frequencies, while equ. (5) is valid only approxi-

mately.

800
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1'
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fibfc
i . 1

T=IOK

i

i . i

60 80 100 120 140
ENERGY (meV)

160 180

Figure 1. Inelastic spectrum obtained on NbDQ%85 at JO K. The bars give the
resolution width for each peak, the arrow 2o)j shows the position
of the second harmonic for a harmonic potential (Richter, Shapiro /3/),

Figure 1 presents the spectrum obtained from NbDfi -^ by Richter

& Shapiro /3/ which for the first time showed the existence of a higher
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harmonic in a bcc-hydride. In addition to the two peaks corresponding to

the two fundamentals under tetragonal symmetry a third peak evolves at

170 meV. 7 meV below twice the frequency of the lower fundamental -ttcOj.

Rush et al. / 4 / investigated the isotope shifts of the local H-vibrations

in Nb. Their results for H, D and T in Nb (G-phase) are shown in 7ig. 2.

Using neutrons from spallation sources allowed an observation of H exci-

tations at much higher energies /2,5/. Recent results on NbHQ>g5 in the

region above 200 meV are shown in Fig. 3. The peak at 231 (2) meV results

from the 0-2 transition of the singlet, the feature at 280 (4) meV stems

from a simultaneous excitation of singlet and doublet. Its shift from the

harmonic position allows the determination of the anharmonic coupling

between these two modes. Above 300 meV further structure appears which

results from both the 0-3 singlet transition and the 0-2 excitation of

the doublet. Its statistics, however, are not sufficient in order to ex-

tract qualitative information.

Figure 2. Inelastic spectra for
(Rush et al. /4/).

^t N^>Do.72 an<* Ni}Ho.32 at 295 K
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Figure 3. Higher harmonics for NbHO-95 at 15 K. Solid line represents a
fit through e200. Dashed line is a guide to the eye for the broad
band consisting of e110, e020 and e300 (Eckert et al. /2/).

Table I summarizes the recently accumulated data for Nb and Ta.

In addition according to equs. (3) to (5), the anharmonicity parameters

13 and E, and the harmonic values for the singlet -fiw are given. We note that
z

the data from different groups agree very well, and that in all cases

S and E, are negative. Thus, compared to a parabolic shape the potential

is widened trumpet like.

With the help of the anharmonicity parameters obtained from B-NbH

at room temperature, equ. (6) allows a prediction of the isotope shifts.

We arrive at frequencies of 87 meV for B-NbD and 72 meV for B-NbT in

x x

excellent agreement with the observed values. We note that a measurement

of e._Q and e-jQQ a l ° n e i-s n o t sufficient to predict the isotope effect

if anharmonic coupling between singlet and doublet is important. The

consistency of the anharmonicity parameters derived from hydrides and

deuterides as well as the precise prediciton of the isotope effects de-

monstrate the success of the anharmonic oscillator model. They also show

that within the accuracy of present experiment no isotope effect in the

H potential itself is observed. In order to allow also an evaluation of
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T a : : - e l - Vibrational excitations of the H isotopesin Nb and Ta. 6 and C are the anharnionicity parameters
according to equs. (3) to (5). -fcu2 is the "harmonic" frequency in z-direct ion. The hydride phases
are narked according to KrJbler and Welcer /&/.
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the anharmonicity of the doublet as well as to increase the accuracy,

measurements at even higher energy transfers with better statistics are

desirable. They can be expected when more powerful spallation sources will

go into operation.

The local vibrations of the H isotopes in V are less well investi-

gated. Two measurements both on VHQ , where below 172 C H precipitates

into the B-phase occupying octahedral sites have been reported /5,8/.

The observed peak positions are displayed in Table II. As a consequence

of the O-site in bet 8-VH0 the local vibrations are split extremely

and the anharmonicity of the lower mode is very strong. In contrast to Nb

and Ta, !i is positive (tendency to a square well like potential) and

amounts to about 30 % of 4fw.. Therefore, we cannot expect that the per-

turbation theoretical approach of equs. (2) to (6) is still valid: For

fc'VDg.S *wi w a s observed at 47 meV /9/ yielding an isotope shift of ].19

while from the large positive 8 a shift towards values well above Jl is

anticipated. This strong discrepancy may be either due to a potential with

a shape completely different from a single well (or) and due to the close-
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TABLE II
Vibrational Frequencies in V-Hydride

2
substance phase -fiô  lico- 'hw ^Ki/? ® reference

125 13 Klauder et al. /8/

V Ho.
V Ho.

51

51

51

32

295 K

495

498

30

R

e

a

IS

52.

51

56

5

113

112.5

57

221

210

180

220 130 22 Ikeda et al. /5/

ness of the acoustic host vibrations which may cause hybridisation

effects.

The observation of three distinctly different fundamentals in the

e-phase excludes 0- or T-site occupation. Klauder et al. /8/ propose an

off-center position in between 0 and T sites which could account for

the smaller tetragonality of the e-phase compared to the B-phase and for

the local mode frequencies. In the a-phase, the observed frequencies are

consistent with a T-site occupation.

Concerning the theoretical interpretation of these data only semi-

empirical calculations based on Born Mayer potentials exist so far /10-12/.

They are able to describe the vibrational properties of H in bcc transi-

tion metals with some success. Calculations which consider the electronic

structure of the metal-H complex on a more principle level and could lead

to a deeper understanding of the metal-H forces are still missing. We

hope that the large body of precise experimental data will encourage future

theoretical efforts.

Finally, we comment on the implications of the local mode measure-

ments for the diffusion mechanism of H in bcc transition metals: The

very high self-diffusion coefficients for H in those metals are essentially

a result of the very small activation energies E* (̂  100 meV and below)

for diffusion. We note that E* is generally smaller than the lowest



vibrational energy in the local modes and drastically lower than the

energies of the hight r harmonics which range to energies well above

300 meV. Thus, E* cannot be the height of the potential well in which the

proton is bound. Diffusion rather occurs by lattice activation where the

phonons of the host lattice "open the door" for H-jumps between intersti-

tial sites. Furthermore, at least for low temperatures the high diffusivity

is also caused by tunneling, where the proton penetrates the barrier /13/.

III. LOCAL VIBRATIONS AND H-TRAPPING

Interstitial impurities such as oxygen or nitrogen in Nb act as

trapping centers for dissolved H. A large amount of experimental work

has been performed in order to obtain microscopic information on the

trapping process and the local dynamics of H in the trapped state. The

effects of substitutional impurities on H in Nb have been investigated

to a lesser extent and generally were found to be much weaker than those

of 0 or N. Recent internal friction measurements, however, have indicated

that the Ti-H interaction in Nb may be strong enough to prevent H from

precipitating at low T /14/.

The interpretation of these results depends sensitively on the po-

tential and the local strain field experienced by the hydrogen atom which

can be probed uniquely by inelastic neutron scattering. The positions of

the vibrational frequencies yield information on the vibrational potential;

their degeneracy is related to the point symmetry of the interstitial

site and allows an assignment of the trapping position. Finally the binding

energy at a trap can be determined from the temperature-dependent intensity

of spectral components associated with it.

III.1 Interstitial impurities

Figure 4 presents spectra from H in NbN0 o o i
H
o 00-> at various

temperatures /15/. Though the fraction of trapped protons changes

drastically between 295 K and 10 K /16/, the observed peak positions

remain practically unchanged and at low T are distinctly different from what
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Figure 4. Spectra from NLNQ^QQ^Q^QQ^. Dashed curve represents e-phase
results (Magerl et al. /15/).

is expected from precipitated H (dashed line). Similar results have also

been obtained on NbO E and demonstrate that N and 0 in Nb are

strong traps which surpress hydride phase separation.

Furthermore, the local vibrations of H trapped at 0- or N-impurities

in Nb are very similar to the frequencies of H in the dilute a-phase and

prove that the protons occupy T-sites in the trapped state as well. In

view of the short range metal-H potential, the nearest neighbour Nb-atoms

can only be weakly displaced from their regular positions. Otherwise,

the frequencies would be changed strongly and the degeneracy of the upper

mode would be lifted. In particular there is no evidence for a direct

(electronic) force between impurity and H which would affect the tetra-

gonal symmetry of the force field seen by the H.
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The observed T-site occupation disagrees with the suggestion of

tunneling states involving tetrahedral and triangular sites proposed on

the basis of internal friction measurements /17/. It also disapproves

the idea of a socalled 4 T configuration suggested by Sugimoto and Fukai

/18/ on the basis of calculations. In such a 4 T state the protcn is

spread over the tetrahedral sites on the face of the cube forming a common

self-trapping distortion with the symmetry of an O-site. Finally, the

channeling result of a deuterium position between 0 and T sites found on

TaN D /19/ is not valid for the system NbN H and thus may be question-
x y x y J

able in general.

Magerl et al. /15/ tried to assign the pair configuration taking

into account (i) the very short-range Nb-H interaction potential, and

(ii) the requirement of at least two crystallographically equivalent nearest

neighbour H-sites in order to allow for a tunnel split ground state /20/.

Condition (i) excludes all H-sites surrounded by Nb-atoms which are nearest

neighbours to the N-atom; condition (ii) suggests the 5th nearest neighbour

dumbell configuration in (1,1,1) direction. The resulting H-N distance

of about one lattice spacing agrees with recent diffuse X-ray scattering

results /21/.

At such large distances it is reasonable that direct electronic forces

are of no importance and trapping is governed by elastic interaction. Re-

cently on the basis of lattice elasticity theory Shirley et al. /22/ calcu-

lated binding energies for various O(N)-H pair configurations in Nb, Ta and V.

Assuming electronic repulsion, their most probable pair is a third nearest

neighbour configuration in (lOO)-direction. The calculated binding energies of

120 meV (OH) or 100 meV (NH) are in good agreement with experimental values

and the position is compatible with the local mode experiments. However,

it does not allow for a tunnel-split ground state. On the other hand,

the 5th neighbour position proposed above leads to a binding energy of only

25 meV much too small to account for the experiments.
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Figure 5. Inelastic spectra obtained from NbTio.o1^0.009 a^ three temperatures.
The arrows indicate the peak positions in the hydride phase (Rich-
ter et al. /23/).

III.2 Substitutional impurities

Figure 5 presents first spectroscopic results on H trapping at a

substitutional Ti impurity in Nb /23/. The lower fundamental stiffens

slightly with decreasing temperature. The higher fundamental which is

only vaguely defined at room temperature sharpens considerably with

decreasing T and is shifted by 10 meV below the corresponding a-phase

value. The complete absence of any peaks at the positions of the Nb-hydride

phase shows that Ti is a strong trap with a binding energy larger than

the enthalpy of formation of the hydride phase (120 meV). Again, the

vibrational frequencies immediately show that the protons tripped at Ti

impurities occupy sites with a symmetry very close to that of a tetrahedral

site in Nb. The large linewidth of the upper fundamental even at 10 K

suggests a non-resolved splitting of the doublet. This would be indicative



for deviations from tetragonality as expected for a Ti-nearest neighbour

which also could be the origin of the large frequency shift of the upper

mode. A nearest neighbour H-position should be contrasted to the large

H-impurity distance inferred for interstitial impurities. While trapping

at interstitial impurities is almost certainly straing-related, for Ti

the H association is presumably the result of its large H-affinity or a

consequence of electronic forces. In particular this follows from the ob-

servation that the elastic deformations induced by Ti are small (Aa/Ac =

-0.32 • 10 %./at%) compared to those caused by 0 or N (Aa/Ac = 6.0 * 10

% for N).

If the vibrational frequencies in the cx-phase and in the trapped

state are different, the transfer of protons from the free to the bound

state can be observed directly by inelastic neutron scattering. Since the

peak intensities are directly proportional to the fraction of protons in

the respective states, a measurement of its temperature dependence reveals

the binding energy at the trap. Figure 6 presents the outcome of such

an experiment on NbCr~ _, H_ „ and shows the gradual intensity transfer

from a high temperature peak around 106 meV to a higher energy peak at lower

w

Figure 6. Temperature dependence of the intensity distribution in the re-
gion of the lower fundamental vibration in NbCrp.ol HO.OO9'
The upper solid line represents the result of a fit with the
combined trapping and precipitation model. The broken line re-
presents the a-phase contribution, the dashed line the intensity
from protons in the hydride phase, while the lower solid line
displays the intensity originating from protons in the trap.
Finally, the dot-dashed line shows the background level (Rich-
ter et al. /23/).
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temperatures. A second peak develops near 123 meV and grows with decreasing

temperature. At 210 K separate peaks are no more distinguishable. Below

210 a new center of vibrational intensity develops around 117 meV which

takes up all intensity at low T.

A careful analysis of the data showed that in NbCrH both trapping

and precipitation of the hydride phase takes place; i.e. the binding

energy AE at the trap is smaller than the enthalpie of the precipitate AH.

A model which considers competing trapping and precipitation processes

was fitted to the data (solid lines in Fig. 6) and yielded a binding energy

of AE = 105 +_ 10 meV which is smaller than the enthalpie of the hydride

phase AH = 120 meV. The vibrational energy of the trapping peak amounts

to>fiw = 123 (1) meV. Its shift from the a-phase value of 14 % is the

largest observed so far in the context of H-trapping in Nb and indicates

a severely stiffened potential. Though a shallow-trap like Cr does not

prevent precipitation at low T, it shifts the phase boundary toward lower

values. Such a shift of the phase boundary has also been observed for

000^0 005 /'-*/ anc* m o s t probably can be explained in the same way.

IV. H-VIBRATIONS AND SUPERCONDUCTIVITY

One of the most exciting results in the field of H in metals was

the observation of an increased transition temperature to superconductivity

T in Pd upon hydrogenation /24/ and the associated inverse isotope effect of T

/25/. As a unique feature superconducitivity in PdH (D) arises from strong

electron phonon coupling to the optic, H-vibrations, whereas normally it

originates from coupling to acoustic phonons.

For a superconductor T is given by the McMillan formula which in a

simplified form can be written as /26/

T = <w> exp (- j) (7)

where <w> is an average phonon frequency. The electron phonon coupling
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2
parameter A = n/M<w > is mainly influenced by an electronic contribution

2
hidden in n and by the average force constant M<u >. Since in general A

should be isotope independent, the normal isotope effect is T ^ <to> ̂  \l-ftH..

The explanation of the anomalous isotope effect observed in Pd (T = 9 K,

T = 11 K) remains controversial. Essentially two different mechanisms

were proposed: (i) Anharmonic optic H(D) phonons 111 I and (ii) different

electronic structures around the two isotopes which would result in

isotope dependent potentials /28/. Various experimental results were

put forward in order to support either of the two explanations, but no

decision was achieved.

In order to clarify the situation, Rush et al. /29/ performed a

measurement of the local H vibrations in a-PdH including isotope shifts

and higher harmonics. As discussed in Section II such a measurement directly

yields the H-potential and allows to decide between purely anharmonic or

also isotope dependent potentials.

For H on an O-site in Pd the anharmonic potential of equ. (2) simpli-

fies considerably and wa have only two independent anharmonicity parameters.

u / 4 A
 4o. ̂  . ff 2 2 2 2 ^ 2 2 . ,o.

Hj = c^(x +y +z ) : f(x y + x z + y z ). (8)

There are two second harmonic excitations and one first excitated state:

e100 = ftu+/ * l; ell0 = 2 6100 + Y'' 6200 = 2 ei00 + B W i t h R f r o ( 3 )

and Y = fn /Mw . According to equ. (1) the intensities of e and

should scale as 2:1 in a Be-filter experiment.

Figure 7 presents the spectrum observed on PdHn _.,. Besides the

fundamental at 69 +_ 0.5 meV there is a double peak structure at 137 +_ 2 meV

and 156 +_ 3 meV. The intensity of the lower peak is roughly twice as high

as that of the second peak. For the anharmonicity parameters follows:

Y = 0 +_ 2 meV and B = 18 +_ 4 meV. With the help of 15 and y an isotope shift

of 1.53 +_ 0.04 is predicted. It is in good agreement with the value of

1.49 +_ 0.02 obtained from a measurement of the deuterium excitation. Thus

the observed isotope shift for a-PdH can be explained well by the an-

harmonicity of the H-potential. Comparing the a-phase measurement with

data obtained from the B-phase the authors show that in both phases the
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Figure 7. Inelastic spectrum from PdHQ^Qi4. G^QQ, ̂ 200 an<^ eHO assi<3n

the fundamental and the first two higher harmonics (Rush et al.

same isotope shift is observed. Estimates on the basis of a Born Bayer

potential further show that the metal-H potential in a- and 6-phase are

identical.

Thus, a detailed study of the local vibrations of H in Pd was able to

contribute significantly in order to settle the old controversy around the

origin of the T anomaly in PdH(D). It shows that there is no evidence

for an isotope dependent potential or for different electronic structures

around H and D in Pd.

V. CONCLUSION AND OUTLOOK

In this review we demonstrated the unique capabilities of neutron

spectroscopy in determining the H-potential and the H-site symmetry in a

metal. Three aspects should be emphasized: (i) Neutron spectroscopy facili-

tates an accurate evaluation of the effective H single particle potential

in a metal. Its knowledge leads to a deeper understanding of the metal

hydrogen forces. In the case of PdH , e.g., such a measurement yielded
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an anharmonic but isotope-independent effective potential and allowed

a decision of the old. controversy around the origin of the anomalous

isotope effect of T „ However, unfortunately there exist no ab initio

interpetations of the observed H-potentials in terras of electronic properties

of the hydrides. Therefore future experiments should be backed by more theore-

tical efforts, (ii) The symmetry of an H-site can be inferred from the

degeneracy of the local vibrations. For dilute H-concentrations neutron

spectroscopy appears to be more sensitive than diffractrometry and allows

assignments of interstitial sites. For H impurity pairs in Nb, where the

trapped proton was found to occupy tetrahedral sites, this has been

demonstrated successfully and future applications are anticipated, (iii) Due

to the generally short range metal-H interaction, the H is very susceptible

to distortions of its neighbourhood and thus constitutes a sensitive

local probe in order to study changes in the proton environment. In the

case of H-trapping neutron spectroscopy revealed the surprising result of

only weakly deformed Nb-tetrahedrons for protons trapped at interstitial

impurities, while close to substitutional impurities much larger changes

are observed. In amorphous metals such experiments immediately falsified

the znicrocluster model and in addition showed that in the amorphous state

similar polyhedral sites are occupied as in the crystalline counterpart

/30/. Future extensions of this approach, e.g. in order to study the

H-decoration of dislocations or prestages of embrictlement are imaginable.

For all these experiments higher resolution which could be achieved

by filter difference methods is desirable. It requires higher intensity of

epithermal neutron than presently available and would allow to study the

fine structure of the spectral lines and strengthen the use of protons

as local probes. Furthermore, the possibility of q-dependent measurements

will allow access to important long standing problems such as the origin

of the local mode, linewidths which have been associated with many

speculations including excited state tunneling /15/ or proton band

states /31/, the existence of which would change our understanding of

the transport mechanisms of light interstitials.
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SURFACE VIBRATIONAL SPECTROSCOPY
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ABSTRACT
A brief review of recent studies which combine measurements of

surface vibrational energies with lattice dynamical calculations is
presented. These results suggest that surface vibrational
spectroscopy offers interesting prospects for use as a
molecular-level probe of surface geometry, adsorbate bond distances
and molecular orientations.

I. Introduction

High-resolution electron energy loss spectroscopy (EELS) is rapidly being

developed into one of the most useful techniques for probing physical and

chemical phenomena at surfaces. EELS is based on detection of quantum energy

losses (or gains) in a monoenergetic electron beam scattered from a surface.

Due to the short mean free path of low-energy electrons in solids, the quantum

energy losses result primarily from intrinsic surface vibrations (surface

phonons) or vibrations of adsorbed surface atoms or molecules. The technique

offers high surface sensitivity (.001 monolayer in ideal cases) with a broad

spectral range (good spectrometers can detect losses below 20 meV).

Recent work which combines vibrational energies determined using EELS with

lattice dynamical calculations has suggested that surface vibrational

spectroscopy offers interesting prospects for testing surface structural models.

EELS studies of 0/AH111)1 combined with lattice dynamical calculations have

shown that surface complexes consisting of both overlayer and underlayer

chemisorbed species can be investigated using inelastic electron scattering.

Similar investigations of 0/Ni(100)3-6 have shown that EELS can be used to test
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structural models and adsorbate bond distances. This paper briefly reviews the

pertinent studies which combine EELS and lattice dynamical calculations to

address issues related to the structure and bond distances at surfaces.

II. Electron Scattering at Surfaces

A single spectroscopic technique dominates studies of the bulk vibrational

properties of solids (neutron scattering) and of gas-phase molecules (optical

methods), however, a broad range of experimental techniques can be used to probe

vibrations at surfaces. Methods based on electron scattering (EELS), neutral

atom scattering, infrared reflectance, Raman spectroscopy and inelastic

tunneling are in widespread use. Each of these techniques has limitations and

assets which have been discussed in various review papers. »° Here, we will be

concerned with the application of electron scattering to study surface

vibrations.

It is now well-established that two distinct scattering regimes are

required to account for experimental observations of vibrational losses measured

by inelastic electron scattering from surfaces. The basic difference between

these two regimes is that one is based on long-range dipolar fields which

produce small-angle (forward) inelastic scattering, and the other is based on

short-range atomic-like fields which produce large-angle (diffuse) inelastic

scattering.

Vibrational losses observed using specular geometry (equal incident and

scattering angles) generally result from the "dipole" scattering mechanism.^ in

this scattering regime, the process is viewed as a combination of inelastic

forward scattering by dipolar fields followed or preceded by elastic

backscattering (reflection) from the surface. Dipole scattering is therefore

characterized by a narrow spread around the specular scattering angle.

A second and distinctly different scattering regime termed "impact"
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scattering is associated with short-ranged atomic-like potentials. Electrons

scattered by vibrational excitations in this regime exhibit a much more

isotropic angular spread. In addition, the cross-section energy dependence is

no longer a simple decreasing monotonic function of Ej, as is the case for

dipole scattering, and in fact contains structure which is related to bond

distances and other geometrical parameters.10 The most striking difference

between these two scattering mechanisms from an experimental point of view is

the relative magnitude of the differential scattering cross sections. The total

scattering cross section for impact scattering is comparable to (or larger than)

dipole cross sections. However, under typical experimental conditions, when the

energy analyzer defines a small acceptance cone (typically AQ is 1° or less),

the actual counting rate associated with the two scattering mechanisms is vastly

different. For example, with a clean, well-ordered crystal, state-of-the-art

EELS spectrometers operating at 5meV resolution yield elastic peak counting

rates in specular geometry of about 10^ Hz. A dipole loss feature of monolayer

coverages will yield typical counting rates, under the same conditions, of a few

hundred Hz, and an impact loss peak, observed under corresponding conditions,

will yield a counting rate of the order of 1 Hz or less.

The extremely low counting rates encountered in studying vibrational losses

using the impact scattering regime help explain the fact that very few EELS

experiments have been conducted using off-specular scattering geometry. New

instrumentation is currently being developed which should improve the counting

rates by a factor of approximately 100. There are several good reasons for

attempting to achieve a major improvement in the capability of EELS

spectrometers to determine impact scattering cross sections. Some of these will

be clear from the following discussion.
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Energy and momentum conservation laws associated with the excitation of a

phonon of energy Wu by an electron require

E s + Kw (1)

(2)

where G,, is a two-dimensional lattice vector (usually 0) and (tyf the momentum

transfer parallel to the surface, is restricted to the first Brillouin zone.

These equations show that electron scattering from a surface can be regarded as

the two-dimensional analog of the well-known thermal neutron studies of bulk

phonons. The impact scattering mechanism allows losses to be detected when

eo*9,- (i.e. in off-specular scattering geometry) and the q*.. dependence of the
ox n

loss can be determined by solving Eq. (2):

2m. ^
|q\ ! = __f J /E, sine, - A -flu sine,,! (3)

Evaluation of Eq. 3 for a few relevant values of q.. (1-2A~ ) shows that in order

to cover the two-dimensional Brillouin zone, incident energies of the order of

250 eV are required. Impact energies in the 200-300 eV range are also

convenient for another reason: dipole scattering cross-sections decrease with

increasing impact energy and higher impact energies help discriminate against

dipole losses when working near the specular direction.

III. Experimental Results

Having briefly described some features of electron scattering from surfaces

which have bearing on the study of surface vibrations, we now consider two

580



examples where such studies have yielded new insight into the surface structure

and properties. Both examples are based on combining the results of EELS

measurements with lattice dynamical calculations to address issues related to

molecular level surface geometry,

a) 0/AK111)

Our study of the initial stage of oxide formation on A H 111) was stimulated

by the apparent confusion regarding 0-A1 bond distances and the location of

oxygen atoms at low coverages, (1x1)0/Al(111), as determined by low-energy

1 ? 1?

electron diffraction (LEED) and other structural techniques. ' Workfunction

and photoemission" measurements had also suggested an instability in the

surface complex which formed at room temperature, and EELS appeared to offer a

new and independent method for studying the systems.

Figure 1 displays EELS spectra for (1x1)0/Al(111) for several doses before

and after annealing the sample. These spectra immediately accounted for a major

part of the problems encountered in LEED studies which had attempted to

determine the 0-A1 bond distance. The EELS spectra indicate that a mixed phase

forms which consists of both underlayer and overlayer sites of the Al lattice

being occupied by oxygen atoms. The instability of the oxygen overlayer, as

indicated by previous workfunction^ and photoemission1^ results was also

apparent from the time-dependent change in EELS loss peak intensities which

occurred at room temperature and from the accelerated changes which occurred at

higher temperatures.

Assignment of the loss peaks to phonon modes involving both overlayer and

underlayer oxygen atoms in various high-symmetry configurations of the Al(111)

lattice (refer to the inset of Fig. 1) were verified using lattice dynamical

calculations. In these calculations, the Al lattice wais modeled using central

forces based on Lennard-Jones potentials and 0-0 and 0-A1 interactions were also
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Figure 1 EELS spectra for 2, 20, and 200 L (1L = \0~° Torr sec) Op on
Al(111) before and after annealing. The 80-meV peak corresponds to surface
oxygen and the 105-meV peak corresponds to subsurface oxygen, and the 105
meV peak results from coupling of first and second Al layers through the
subsurface oxygen. Inset: lattice model for the Al(111) surface showing
possible positions for overlayer (B and C) and underlayer (tB, t.A and Oc)
oxygen atoms.
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treated using central force constant parameters. Based on the established

lattice symmetry, six distinct configurations of surface and subsurface oxygen

atoms at the AK111) surface were allowed (by the (1x1) LEED patterns observed

for this system) and the lattice dynamical models were able to eliminate all

possibilities except two. Overlayer/underlayer configurations yielding

vibrational modes which could not be reconciled with energies and polarization

of the three vibrational bands determined experimentally were rejected as

possible configurations. The lattice calculation predicted that the underlayer

oxygen occupies the tB site, and that the over layer oxygen occupied the C site

illustrated in the inset of Fig. 1.

This study represents one of the first direct applications of EELS combined

with lattice dynamical calculations to investigate a structural property of a

surface adsorbate complex.

b) 0/Ni(100)

We have also investigated the vibrational properties of clean Ni(100), and

two ordered overlayer systems (p(2x2) and c(2x2)) of 0 on Ni(100). The

0/Ni(100) system is particularly interesting because of the large number of

investigations which have been carried out, and although many of the

uncertainties which have arisen from these studies now seem to have been

settled, there remain a few questions to be addressed. It would be very

difficult to consider all of the work on this system within the context of the

present discussion, which is concerned with how EELS can be used to address

structural questions, and therefore, only a carefully selected subset of related

work is described in the following brief historical account.

The binding distance of 0 on Ni(100) has been one of the more controversial

issues in the field of surface crystallography. LEED studies1-* have determined
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that c(2x2) and p(2x?) chalcogens (including oxygen) bind at the four-fold

hollow site, and for both c(2x2) and p(2x2) over layers of Te, Se, and S, the

LEED determined d^ spacings have been well-oorroborated by other spectroscopic

techniques and by ab initio calculations. This is not the case for c(2x2) and

p(2x2) 0 overlayers.

While the original d± value for p(2x2) 0/Ni(100) determined by LEED

(d^=O.9,A) appears to have held up, the corresponding result for c(2x2) (which

is also dj^O.gA) has been challenged by subsequent studies16 (including LEED),

17 ?D 17

and corroborated by others.''~cu One of the more recent LEED papers ' summarizes

the conclusions drawn by investigators using a number of techniques which

include ion scattering1^ (d.=o.9A), photoelectron diffraction20 (d =0.9A or 0.0A

depending on coverage), and lattice dynamical calculations" (d=0.27A) which

were based on cluster calculation derived potential energy curves. ^ The LEED

paper ' reports that there is no improved agreement between calculated I-V

curves and extensive experimental data for any value of d, other than the

original value of 0.9A, however, d. values < 0.1A exhibit roughly the same fit.

The most recent LEED paper on the subject suggests that d,=0.80A and that the

oxygen atom is displaced 0.30A from the fourfold hollow position along a <110>

direction. The new structure is called a pseudo-bridge bond which corresponds

to Cgy symmetry and yields two inequivalent nearest-neighbor Ni-0 bond distances

of 1.75 A and 2.14 A. The remainder of this paper discusses some of our efforts

to resolve these discrepancies using EELS and lattice dynamical calculations.

Figure 2 illustrates a particular calculation of surface phonon bands along

the r-X direction of the two-dimensional Brillouin zone of c(2x2)G/Ni(100).25

The calculation is based on a 13-layer face-centered-cubic slab with (100)

orientation of the surface planes.2 All force constants in the model are assumed
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to be described by central pair potentials of the Lennard-Jones type:

r r

The parameters we have used to obtain the particular phonon bands in Fig. 2 are

listed in Table 1.

We have performed many similar calculations in which the parameters g, a

and the height d, have been varied. The objective of these calculations is to
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e a
Bulk Nickel 1.375 0.8909
Layer 1 - Layer 1 1.553 0.8909
Layer 1 - Layer 2 0.375 0.9143
Layer 1 - Layer 2 2.192 0.7134
Oxygen - Oxygen 0.555 1.2599

Table 1 Lennard-Jones parameters for best fit to EELS data (at k ^ = 0.3A"1 and
0.8A"1) for c(2x2) oxygen on Ni(100). The d± value for oxygen is 0.922A. This
model assumes only nearest-neighbor interactions, with no anglebending forces
and a 5.2% relaxation of the first Ni layer.

determine the influence of parameter variations on the phonon bands in relation

to experimental results. Also shown in Fig. 2 are results of our EELS

measurements, and measurements by others, which establish the vibrational

energies of adsorbate and substrate phonon bands.

We find that d, values of approximately 0.9A yield the best fit with

experimental phonon energies throughout the two-dimensional Brillouin zone, and

that there does not appear to be a range of d. values in the range of 0.0A to

0.2A which yields an acceptable fit to data.

Finally, we have also investigated the effect of introducing a

pseudo-bridge site oxygen with parameters as determined by the most recent LEED

results, namely, d. = 0.08A and d ^ = 0.3A from the four-fold location. The

effect of this geometry is to remove the degeneracy of the parallel modes (x and

y directions are no longer equivalent). The splitting of the x- and y modes

predicted by the calculation (using a and e parameters which yield good fits for

the fourfold site) is approximately 4 meV. This splitting could be detected by

EELS using scattering selectron rules provided that a single chemisorbed domain

of C£V symmetry were formed on the surface. If patches of two different domains

form, the x and y modes could not be separated using scattering selectron rules,

and the observed result would be a broadening of the spectral features. It

would be difficult to characterize the broadening well enough to imply a

pseudo-bridge geometry for the c(2x2) 0/Ni(100) system.
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IV. Summary

From these two examples, it appears that surface vibrational properties can

be used to obtain information about surface geometry. The technique needs to be

tested using several cases where geometry is already well-established by LEED,

photoelectron diffraction and other structural probes. The two cases discussed

here represent situations where LEED alone appears to have, been inadequate for

surface structure determination, and combined use of LEED, lattice dynamical

models and vibrational spectroscopy has been necessary to arrive at the correct

structural model.

Additional applications of the EELS technique to surface geometry have been

suggested by recent theoretical studies which show that multiple-scattering

enters into the description of the energy and angle dependent inelastic cross

sections. The development of new EELS instruments will soon permit more rapid

and accurate measurements of impact scattering cross-sections. These

instruments will permit detailed studies of energy and angle dependencies in

inelastic electron scattering cross-sections in the impact scattering

regime.10>2° Selection rules'0 related to surface geometry can be tested and

measured cross-sections can be compared with calculations to determine the

extent EELS can be used as a direct structural probe analogous to LEED. The

advanced spectrometers may also permit dynamical (time-dependent) processes to

be studied by analysis of the time evolution of vibrational bands of surface

intermediates. Surface vibrational spectroscopy using electron scattering has

come a long way since the pioneering work of Propst and Piper,2^ but it appears

that there are many challenges remaining for instrument development, new

applications and advancing our basic understanding of the phenomena.

Acknowledgment: This work was sponsored by the Air Force Office of Scientific

Research, Grant No. AFOSR-83-0131.
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Abstract

The lowest lying eigenmodes of a classical fluid have been

approximately determined for a wide range of densities and wavenumbers. The

most important eigenmodes are direct extensions of the three hydrodynamic

heat and sound modes to much larger wavenumbers. A new and consistent

interpretation of neutron spectra and related molecular dynamics simulations

in terms of these modes is made. Also experimental predictions are
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discussed, some of which seem particularly suitable for investigating with

spallation machines.

1. Introduction

We have studied the most important—lowest lying—eigenmodes of a hard

sphere fluid as a function of density on the basis of kinetic theory. These

eigenmodes allow us to obtain information about all correlation functions of

the fluid, in particular S(k,w). The study of the behavior of these

eigenmodes as a function of k, the comparison of the theoretical S(k,a)) and

related functions with computer results for various interparticle

potentials, as well as with experimental data for liquid Ar, He, Rb, H?,

etc., has lead to a new interpretation of many aspects of the neutron

spectra of fluids. In particular, it allows one, in principle, to follow in

detail the change in S(k,w) from a function dominated by collective

eigenmodes for small k and w to one dominated by individual particle modes

for large k and u>. It has also led to a number of predictions aoout S(k,w)

of real fluids, some of wnich have already been confirmed experimentally,

and it has raised a number of questions that could be answered in part by

experiments with the new spallation machines.

Of all the correlation functions of the fluid, we will restrict

.ourselves here to the density-density correlation function or its Fourier

transform, the intermediate scattering function F(k,t) or its double Fourier

transform, the dynamic structure factor SCk.w).

2. Kinetic Theory

Our starting point is an approximate linear kinetic operator that

determines the time evolution of all the correlation functions in the fluid,

in particular the S(k,w). This operator is a generalization to high
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densities of the linearized Boltzmann operator in the spirit of one made

many years ago by Enskog. It is only applicable to a fluid of hard spheres,

since the collisions are supposed to be instantaneous. For hard spheres of

diameter a this (inhomogeneous generalized) Enskog operator L(k) is a sum of

three terms: a free-streaming term, a collision term and a mean field term:

L(k) = -ik«v + ng(o)Aj+ + nA+. (1)

Here k is a wave vector, v the velocity, g(o) the radial distribution

function of two spheres at contact, n the number density, A+ is a binary

collision operator defined on a function h(v) by:

Ajh(v) = -o JdS Jdv' iji(v')g-3 6(g-3

[h(v) - h(v*) + e~ik'0{h(v') - h(v*)}] (2)

while the mean field operator Aj+, which contains the static correlations in

the fluid through the static structure factor S(k), is defined by:

A£h(v) = [c(k) - g(a)C()(k)]Jdv'^(v
I)ik'Vlh(v') (3)

In (2) and (3) 6 is a unit vector ia-oa), g=v-v', e(x) the unit step

function, v =v-g»oo and v' =v'<-g'oo are the velocities of the restituting

collision, the direct correlation function C(k)=n [i-1/S(k)], CQ(k) is its
-5 I ry Q

low density limit and >Jj(v)̂ (gm/2iT) D exp(-6mv /2), where m is the mass of a

hard sphere and B=l/kDT with T the temperature and kD Boltzmann's constant.
D D

The application of L(k) is through a spectral decomposition in

eigenmodes:

L(k) = - I |Y.(k\v)>z.(k)<<t>.(k,v)
j J J J



where each z.(k) denotes an eigenvalue of -Lik) and ¥. and $. are the
J J J

corresponding right and left eigenfunctions respectively. The bracket

notation in (4) refers to the inner product <f|g>=<f g>= Jdvi|;(v)f (v)p(v),

With the eqs. (1)-(4) one has:

i 1 1 Vk)

S(kto>) = - S(k) Re < !—- > = ^ S(k) Re I J , . (5)
iu-L(k) " j Xu> V

where A.(k) = <y . (k,v)><$. (k,v)>. The first equality in (5) suggests that
J J J

S(k,w) can be determined directly from L(k), the second equality gives a

representation of S(k,u) as an infinite sum of Lorentzians.

To determine the z.(k) explicitly, Aj in (1), (2) is approximated by

operators Aj+ labeled by an integer M and defined by:

where {<j>.} is a complete set of suitably chosen orthonormal polynomials in

•+ *

v, P projects on $ . . . <(> and fi. (k)=<(J>. A+Q .>. By choosing M=7,...,11

convergent results have been obtained for the first six eigenmodes.

The time evolution of the self-correlation functions in the fluid are

governed by the Lorentz-Enskog operator L (k) defined by:

LS(k) = -ik«v + ng(c)A (7)

where A = lira A-*, i.e., A is given by (2) without the last two terms on
« K-+00 1< to

the right hand side. The spectral decomposition of Ls(k) can be made in a

-> •+ s -•

completely similar manner as for L(k) and since L(k) tends to L (k) for
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large k (lim A+ = 0), the eigenmodes of L(k) will tend to those of L (k).

For all k the eigenmodes of L(k) can be divided into two classes: the five

extended hydrodynamic modes and the kinetic modes; the first are those that

go to zero for k •* 0 and are generalizations to large k of the well-known

hydrodynamics modes of hydrodynamics. The kinetic modes all approach non-

zero positive values for k -+ 0. We are interested here mainly in the heat

mode j=h and the two sound modes j=±. For L (k) there is only one

hydrodynamic mode: a self-diffusion mode j=D. Important is that the

eigenvalue z (k) of L(k) tends to the self-diffusion eigenvalue z (k) of

L (k), which for small k, in the hydrodynamical regime, are given by

2 2z (k)=a k and z (k)=D k , where a and D are the thermal diffusivity and
IT. £j LJ CJ CJ ill

the self-diffusion coefficient given by the Enskog transport theory. The

half width u>u(k) of S(k,u), defined in general by:n

S(k,wu(k)) = \ S(k,O) (8)
n d

can be computed directly for the hard sphere fluid using (5) and (8).

Similar considerations hold for S (k,w), given by:

S (k.w) = - Re < — — > (9)
S w iu.-LS(k)

3- Eigenvalues for a hard shere fluid

2)The lowest six eigenmodes have been studied for a range of densities

varying from V /V=0.05 to 0.650, where V =Na //? is the volume of close

packing. The three extended hydrodynamic modes describe S(k,o)) well up to

k££ *= 0.6 where the mean free path Z^o/H-n (V/VQ)g(o), i.e., for V /V=0.3 up

to ka=2 and for VQ/V=0.625 up to ka=12. With three more (kinetic) modes, a

good description of S(k,w) is obtained up to k)L.=1.5, i.e., for Vn/V=0.3 up
ii u
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to ka=5 and for V /V=0.625 up to ka=30. In the region where the three

extended hydrodynamic modes suffice, a Landau-Placzek-like description of

S(k,«o) is possible, as a sum of three Lorentzians, or equivalently, a

generalized hydrodynamic description obtains with k-dependent thermodynamic

and transport coefficients, as discussed by Alder c.s. 'f The eigenvalues

z.(k) behave, as a function of k, quite differently from what one would
J

expect from a simple generalization of their hydrodynamic equivalents, which

2
are ~k for their real (damping) parts and -k for their imaginary

(propagating) parts.

* On comparing a real fluid with a hard sphere fluid, a choice of an

effective diameter for the hard sphere fluid has to be made. At a given

temperature the effective diameter was determined as the average of those

values of a for which respectively the location and the height of the first-

maximum of S(k) of both fluids coincide. Then o=3-i»A and for most

experiments VQ/V = 0.52-0.65.

Our study of the eigenmodes reveals the following.

a) Heat mode The extended heat mode eigenvalue z. (k), is always

real, and £ 0, i.e., the heat mode is always purely damped. Moreover, it is

the most important of all the eigenmodes. It determines the height S(k,O)

and the halfwidth wu(k) of S(k,oj), as well as the long time behavior of
— — n

F(k,t) since it is the lowest lying mode. z
h(

k) is sketched in fig. 1 for

V./V=0.25, and 0.50 and together with OJU for Vn/V=0.625 in fig. 2. Like all

other modes, z. (k) exhibits an oscillatory behavior as a function of k

around an eigenmode (in this case z (.k)) of LS(k). The oscillations in
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Fig. 1. Reduced heat mode z t_(«
n E

) and sound damping z t_ ( ) as a
s b

function of the reduced wave number kS, for the densities Vr,/V=0.25 (a) and

0.50 (b). The heat mode and the sound damping oscillate around the self

diffusion mode zDtE ( ) and a kinetic mode ( ) of LS(k),

respectively. Here tgUg) are the Enskog mean free time (path).

596

-ik'cr .zh(k) are generated by S(k) as well as by the factor e in A->.

For VQ/V>0.30 a minimum in zh(k) as a function of k occurs that

becomes more and more pronounced with increasing density. For the same



Fig. 2. Reduced heat mode z.t (—-), sound damping z t ( ) and half
—— no so
width w.,t (- • -) as a function of ko for V /V=0.625. The sound damping is

nO U
double-valued where the sound dispersion exhibits a gap (cf. fig. 5e). Also

shown are the self diffusion mode z_(k)t ( ) and a kinetic mode
D 0

( ) of L . Here t =(gm) o/2.
o

densities a minimum in wu(k) occurs, the de Gennes minimum. We shall discuss
n

the behavior of z, (k) and its connection with u)u(k) in detail for Vn/V=0.625h H u

but the arguments are valid for all VQ/V>0.30.

The minimum of z. (k) and aju(k) both occur at k=k such that k o=2ir (or
h H u u

X=o). An approximate expression for z (k) for 0<kS. <0.6 or 0<ka<12, can be

2)
obtained by perturbation theory and reads:

2
D E k 4

zh(k) vsfkTd(k) + 0 ( ( k V )-
(10)

Here d(k)=<<j> Aj+ <\>2>/<4>2hx <t>2> (wi th (J>2=(Bm) R-v) i s independent of t h e

d e n s i t y and c h a r a c t e r i z e s t h e o s c i l l a t i o n s of Aj* around A^. Eq. (10)
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implies that while z»(k) oscillates around z (k)=Dpk , S(!<) causes a sharp

minimum in z^(k) at k=kG=k , where k~ is that k where S(k) has a maximum.

However, the oscillations due to S(k) alone are too large and are

considerably corrected by the dynamic factor d(k). We note that with
2

increasing k, k /S(k) gets increasingly out of phase with z (k), which is

corrected by d(k) (cf. fig. 3).

Fig. 3- Reduced heat mode z.t
h c

(- - -) and d(k)/S(k) (-o

) and the approximations D^k t /S(k)
t, a

-) as a function of the reduced

wavenumber ka for Vn/V=0.625.

While for ko£12, S(k) dominates and co-determines the minimum of

zh(k), for kai30, Aĵ  dominates. For intermediate values of ka (12<£ka<30) a

(destructive) interference between the oscillations of S(k) and A£ occurs.

As a consequence, for k̂ k , the oscillations of z. (k) around z_(k)—and to a

G n D
g

lesser extent those of uH(k) around u (k)—decrease and then increase again

(cf. fig. 2). The approach of the heat mode to the self-diffusion mode., for

k£k (cf. fig. 2), can physically be understood as a consequence of the

disappearance at these and larger values of k (i.e., for A£o) of four of the

five local conservation laws and the (approximate) validity of only one

conservation law still, namely that of the conservation of mass.598



Since—like in hydrodynamics—S(k,0) is inversely proportional to

a)u(k), the qualitative features discussed here for u)u(k) also hold forn n

S(k,0). In particular, S(k,0) exhibits a very sharp maximum at k=k .

We remark that with decreasing density the difference jk -k | grows

(cf. fig. 4), the De Gennes minimum flattens out and disappears Tor

V./V=0.30. We also note that z. (k.) is remarkably linear as a function ofu n u

the density (cf. fig. U) even up to Vn/V=0.7i where the hard sphere fluid is

undercooled.

The long time behavior of the intermediate scattering function F(k,t)

-zh(k)t
is given entirely by the heat mode, i.e., then F(k,t)-e . Corrections

due to other modes become increasingly important with decreasing values of t

and increasing values of k (see below sub c).

b) Sound modes The extended sound mode eigenvalues are each other's

complex conjugate: z =+iio +z . They are in general propagating modes,
x S S

i.e., a) *0, that are damped, i.e., z SO. However, they are not always
s s

visible in S(k,w) as separate maxima, as they are in the hydrodynamic

regime, where they appear as separate lines. This does not mean that they

are absent, but only that their contribution is not directly observable.

For a hard sphere fluid they are visible as separate maxima for kj£0.5. The

* We note that the z^CO for liquid argon at 120K for five densities,

as well as that of other substances, all lie on the same straight line, when

appropriately reduced. This line extrapolates to a reduced density of

V /V=0.7it5, close to the reduced melting densities of Ar and hard spheres of

V_/V=0.735. This raises the question whether the vanishing of z, (kn) isu n u

connected with the disappearance of an undercooled fluid state.
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0.7

Fig- 1*. Density dependence of (a) zn(><G) (~) and to (k ) (- • - ) , where

z^Ck) and <*)„(!<) have their (de Gennes) minimum at k=k and (b) difference

between k a and k o, where S(k) has its first maximum at k=k,,. Experimental

values for zh(kG> of Ar (0) at 120K, a=3.
i»3A, to=1.O3 ps

5 > 9 ); and for u (k )

of Ar ( O ) at 85K, a=3-I»6A, t -1.30 ps i 8 ); Rb ( & ) at 315K; o=n.i|iJA,

ta=1.27 ps
1 0 ; Kr ( V ) at 297K; o=3.59A, ta=1.05 ps

1 9 ) and He ( O ) at

^.ZK, o=2.92A, t =1.56 ps are also inserted. The bars indicate estimated
o

uncertainties. In (2), the reduced solidification (x) and melting (•)

densities for a hard sphere fluid and for Ar at 120K, which coincide, are

also indicated.

most interesting behavior again occurs at high (liquid) densities. Starting

at Vn/Vi0.52, the two sound modes show a propagation gap for certain values
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Fi8> 5. Reduced sound dispersion u t as a function of k!> for V^/V=0.10
S a E 0

(a); 0.45 (b); 0.525 (c); 0.575 (d); 0.625 (e) and 0.650 (f). One or more

propagation gaps appear for VQ/V>0.52. In (f) a kinetic mode a£ of L(k)

with a propagation gap is also plotted.

of k, where to =0 and the modes do not propagate (fig. 5). In such a region

there are two purely damped (non-propagating) modes that oscillate around a

kinetic mode of LS (cf. fig. 2). The location of this region is around

ka=2iT, i.e., A=o, and the existence of the gap and the behavior of w around
s

the gap are both very little dependent on S(k).

* In general, the behavior of the sound modes—both the real (damping)

part and the imaginary (propagatir?s'> part depend weakly on S(k), this

contrary to the behavior of the heat mode.
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Physically, the appearance of a gap is caused by a competition between

elastic (restoring) and dissipative forces, which for sufficiently small k

(for instance, in the hydrodynamic regime, where the former are -ko and the

2
latter ~(ka) ) are always won by the elastic forces, so that propagation of

sound occurs. For larger k, however, the dissipative forces prevail for

certain ranges of k-values, so that no propagation is possible. The

disappearance of the gap for still larger k-values is due to the free

streaming term -ik»v, which represents free propagation. This limits the

number of propagation gaps to one (0.52<:V0/V<.0.55 and 0.6255V0/Vi0.680) or

two (0.55iVQ/V<0.625 and 0.68<VQ/ViO.7O) at most. With decreasing density,

the gap disappears below VQ/V=0.52, when, first, a Landau-like dispersion

curve appears for 0.50iV /ViO.40, till finally for V./V<0.20 a monotonically

rising line with very slowly changing slope appears (cf. fig. 5). Like the

heat mode minima, so does the propagation gap manifest itself in the form of

S(k,w) as a function of k, albeit in a more subtle way. For k-values

corresponding to the gap, the contributions to S(k,u>) will shift from the

shoulders to the center, there being three real (damped) modes now. Thus,

for liquid densities, where both phenomena occur around kc=2ir, not only a

narrow but also a relatively sleek line will appear for such k-values.

c) Kinetic modes All the eigenvalues of the kinetic modes in this

theory are positive for k->0, i.e., damped and non-propagating. Of the

lowest three, one is always real the other two are almost degenerate at k=0

and become complex, i.e., propagating already for kl >0.005. At very high

densities (VQ/Vi0.650) the dispersion curve of these propagating kinetic

modes also exhibits a propagation gap, just as occurred for the sound

modes2) (fig. 5f).
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The kinetic modes are important for a proper description of F(k,t) at

short times or S(k,w) for large w, especially at large k. For instance, for

VQ/V=0.625, our F(k,t), determined from the Enskog theory and that of Alder

c.s. determined from MD are both well described with the three extended

hydrodynamic modes alone for all t as long as ko£1.0. For Kko<9, these

same three modes describe F(k,t) well for t/t.^2, while for 9iko£30, this

2)
only obtains for t/t ;>3.5. With six modes a good description is obtained

for all t up until ka=30.

H. Real fluids

a) Present experiments The results for hard sphere fluids suggest a

new way of interpreting neutron spectra of real fluids, viz. in terms of the

eigenmodes of the fluids. In general, although there are quantitative

differences in certain cases, the qualitative picture seems to remain valid.

Molecular dynamics (MD) calculations of S(k,<j>) and a decomposition of S(k,to)

in three Lorentzians (cf. eq. (5)) support the idea that the quantitative

differences that do occur between hard sphere and real fluids, are mainly

due to the difference in interparticle potential but not due to physically

different processes. Thus, by making for the S(k,tu) of liquid Argon such a

decomposition in three Lorentz lines —which suffices for the accuracy with

which any S(k,u>) has been obtained so far, either experimentally or by MD—

the extended heat mode and sound modes can be determined for kail*! (cf.

figs. 6, 7). Then one finds that the extended heat mode of liquid Ar

determines S(k,0) and in particular the halfwidth w completely, '

resembles very much that derived from a MD-calculation for a 12-6 Lennard-

Jones fluid and is also close to that of an "equivalent" hard sphere

1 y)
gas. ' An exception is the region ko^, where the hard sphere results

differ considerably both in magnitude and in shape. A MD-calculation with a
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Fig. 6. Reduced heat mode z t for liquid Ar at 120K and 115 bar (x); for a

comparable Lennard-Jones (LJ) fluid (0); for a repulsive Lennard-Jones

(RLJ) fluid at the same temperature ( D ) and for hard spheres according to

the generalized Enskog theory ( — ) as a function of ka. Also, the reduced

halfwidths u^t^ (- • -) and uHto (----) and the reduced self diffusion

mode z t ( ) are plotted as a function of ko. The arrow points to that

value of ka where ki =1. In all cases, V /V=0.53.

steep purely repulsive (RLJ)—but not hard sphere—potential (see ref. 6)

shows agreement with the wH(k) of the hard sphere fluid. These differences

in o)t. can be understood on the basis of eq. (10) and the difference in S(k)

for the two fluids, which is due to their different interparticle potentials

(cf. fig. 6). A similar comparison of w,.(k) of liquid helium at i1.20°K wit.,

the heat mode of an equivalent hard sphere gas (VQ/V=0.33; a= 2.92A) also

shows good agreement between the two. '

Like for hard spheres, one finds for liquid Argon at 120K and 20, 115,

270 and 400 bar, a large, slightly density dependent sound propagation gap

5,9)
around ka=2ir." The magnitude and shape of the dispersion curves are very
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g- 7- (a) Reduced sound frequency oi t as a function of ka for liquid Ar

at T20K and 115 bar (•) and a comparable LJ system (o) with kDT7e=0.97. The

dashed curve represents <u =ck with o=715ms~1. (b) The same for a LJ (o)

and a RLJ ( • ) system at kBT/e=0.97 and a RLJ (x) system at k T/e=3.90.

Note the propagation gap around ko=2ir where to =0.
s

similar to those determined by MD for a 12-6 Lennard-Jones fluid (cf. fig.

7) but are quite different from that of an equivalent hard sphere fluid.

However, again, a MD-calculation with a RLJ potential suggests that this

difference is due to the difference in interparticle potential (cf. fig.

7). The k-values for which separate sound peaks become visible in various
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liquids depends on the interparticle potential. For liquid Ar it is for

kail , while for liquid Rb already for kai^ peaks are distinguishable.

b) WNR and Experiments WNR experiments performed at larger values

of k and w than hitherto available, could check to what extend the hard

sphere results also carry over to the regime kS, >1 or approximately kc^10
fcj

for real fluids.

1) In general, with decreasing density the importance of individual

particle effects, due to ik»v, will increase at the expense of collective

effects that are due to A? and A+. In fact, the smaller the density, the

smaller the value of ko for which kS, >1 . Consequently, the effects

discussed in the following two points can be studied much better at low than

at high densities and the WNR could perhaps be used to particular advantage.

2) Thus, one could wonder whether also six Lorentzians (three

extended hydrodynamical modes and three kinetic modes (one with real and two

with complex conjugate eigenvalues)) would suffice to describe S(k,a))

consistently as a function of w for KkX, <2. One would expect that as long

as u<t , where t is an average time to traverse the steep part of the
5 S *

interparticle potential, the behavior would qualitatively resemble that

of a hard sphere fluid, but that for w>t differences would occur. This
s

seems to be borne out by experiments on liquid Ar and liquid H?.

3) The transition to ideal gas behavior, i.e., where S(k,w) becomes a

Gaussian in w with width -k, is unclear, even for hard spheres. Whether
this change takes place via the incoherent scattering function S (k,w) or

s

that both functions approach ideal gas behavior simultaneously, and how—if

at all--the (infinite) sum of Lorentaians on the right hand side of (5)

approaches a Gaussian, are all open questions. Thus, the transition from

collective to individual particle behavior is not clear at present. It
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should be remarked that the first correction to the Gaussian form of S(k,u)),

has been computed exactly for a hard sphere fluid . Approximate

calculations of this correction have also been made for a 12-6 Lennard-Jones

fluid.12'13)

4) It would be interesting to investigate the universality of a

propagation gap for fluids at sufficiently high densities and the occurrence

of a Landau-like dispersion curve at lower fluid densities. Thus liquid Ar

at appropriate lower densities than hitherto considered should exhibit a

Landau-like dispersion curve, while at sufficiently high densities—outside

the temperature and density region usually considered in low temperature

14)
physics—helium should exhibit a propagation gap. One can also ask

whether the propagation gap is unique for fluids. Since such a gap also

appears in a continuum model of a fluid based on the Navier-Stokes

equations, it appears that the fluidity or diffusivity of a fluid as

opposed to the rigidity of a glass or a solid might be essential.

5) For liquid Argon, the approach of the dispersion curve to the

hydrodynamic regime, i.e., to ck, (c is the velocity of sound) is from

above, i.e., there is positive anomalous dispersion for liquid Argon, (cf.

5 9)
fig. 8). ' The behavior of this anomalous dispersion is very well

described numerically by mode-coupling theory:

a) (k) = ck[i + ak 3 / 2], (11)
s

when the constant a is computed using the experimental values for

thermodynamic and transport properties of Argon. Why the mode-coupling

theory should be applicable to ko=3 is an open question. A similar positive
17)

dispersion has been observed for liquid helium at 1.2K (fig. 'it. In that
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Fig. 8. Positive anomalous sound dispersion of w (in ps ) as a function k
s

(in A ) for liquid Ar at 120K and three pressures; (a): 20 bar, c=6i3ms~1,

a=1.04A3/2; (b): 115 bar, c=715 ms~1, a=0.36A3/2; (c): *»00 bar, c=898ms"1,

3/2
a=0.105A , compared with ws=ck (dashed line) and mode coupling theory

=ck[1+ak3/2] (solid line).U)
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200
0.4 0.8

Fig. 9. Positive anomalous phase velocity c(k)=w /k (in ms ) as a function
s

of k (in A ) for liquid helium at 1 .2K and saturated vapor pressure (a )

compared with the velocity of sound c=238ms (dashed line) and with mode

coupling theory for a classical hard sphere fluid with o=3A and a=0.i8A

(solid line).

•3/2
case, a classical hard sphere calculation with o=3A yields a=0.i8A and

gives a perfect fit. The physical significance of this—if any--is unclear

at present.
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1) Introduction

In a recent experiment to determine the structure of liquid

water the time-of-f1ight neutron diffraction cross sections

for light and heavy water were measured at neutron energies up to

10-OeV, and at three scattering angles, i.e. 40°, 90° and 150°.

Examples of these data are shown in figure 1. At energies below

1 eV the curves for heavy water show the usual series of

interference oscillations arising from inter-atomic correlations.

The same oscillations are not apparent in light water because of

the large proton incoherent cross section for neutrons. Plotted

in this way (instead of the usual plot versus Q, the momentum

transfer) the data reveal other features which have not been
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1) Di-f-f erent i al cross sections -for heavy and light water at

90° scattering angle, as a -function o-f incident neutron energy.

These data are -from the earlier di-f-fract i on work. * The dashed

linss correspond to scattering from a stationary -free particle

assuming a 1/E neutron spectrum, as would be seen by a "black"

(constant e-f-f i c i ency) detector and a "l/v" detector respectively.
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reported before. In particular -for neutron energies in the range

0.2 - 1.0 eV the cross sections show a distinct bulge,

particularly at the larger scattering angles. The neutron energy

•for the onset o-f this feature is the same at all angles, although

the size of the bulge is angle dependent. There is a similar

feature in the neutron energy region of 1 - ~5G eU. Subsequently

the data fall with increasing energy. Although the behaviour- of

the cross sections with neutron energy is not fully understood at

present, detailed computer simulations with a simple harmonic

oscillator model scattering law indicate that the bulge starting

at ~0.2eU is caused in part by the onset of vibrational

excitation of the molecule - a consequence of the complicated

kinematic relationships involved in a t ime-of-f 1 i gi"it experiment.

Using the bulge at 0.2eU as a parallel it was speculated

that the bulge beginning in the region of ~1~2 eK> might be

associated with a higher energy excitation taking place in the

liquid, such as molecular dissociation or a chemical reaction of

< 2)
some-- kind. In order to investigate this possibility in more

detail we have measured the energy distribution of the scattered

neutrons in the large energy limit, the so-called "impulse"

regime, using the resonance difference method of Brugger et

al . As will be seen below we observe rignificant 1y broader

distributions th^.i expected from the known vibrational

frequencies in liquid water. In another paper Egelstaff *"" shows

that this extra width could be explained by assuming that ~10% of

the dynamic scattering law comes from neutron excitations
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involving energy transfers on the order of 2.5 eV. At the end

suggestions for further work are proposed.

2) Experimental

The general technique of e1ectron-volt neutron spectroscopy

by the resonance -filter method has been described by Brugger et

(3)

al . ' The present experiment used a 0.025mm gold foil in the

"inverted" geometry, i.e. the filter was placed in the scattered

neutron beam. Gold has a resonance at 4906 mev with full width

half maximum <FWHM> for this thickness of 380 meV. The incident

flight path was 10.125m and the scattered flight path ~im. Data

were recorded at scattering angles of 40.03°, 88.55° and 147.24°.

A bank of 16 12.?mm lOatm He detectors was placed at each angle,

with the detectors in each bank one behind the other to increase

the counting efficiency. Each detector therefore had a slightly

different distance from the sample, and this was incorporated

into the data analysis. The samples were held in flat plate
<2)

containers described in our earlier diffraction experiment,

and thicknesses were 0.4mm for H^O and 3.4mm for D^O, chosen to

optimize the single scattered intensity. Two sets of data were

taken for each sample, one with the filter and one without, and

the data were corrected for absorption, multiple scattering

(assuming elastic scattering) and can scattering in the manner

described previously. The data were normalized to scatteriing

from a vanadium slab which is believed to have a nearly isotropic

scattering cross section at neutron energies up to ~100eV. The

transmission function of the filter and the cross section of the
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vanadium were carefully measured in the range 1 - 100-OeV in a

separate transmission experiment.

In the course of the measurements we became aware of a

pioneering study of light water, almost identical to the present

< 4)one, that had been performed previously in the USSR. However

the present data represent a significant improvement over the

earlier work because they have better counting statistics,

because they are measured over a wide range of scattering angles,

and because both heavy and light water have been measured. Heavy

water is particularly interesting because the recoil peak can be

observed at all scattering angles.

The differential scattering cross section measured in a

time-of-f1 ight (TOF) experiment is a rather complex integral of

the dynamic scattering law, S<Q,£), with factors involving the

incident spectrum and detector efficiency. When a resonance

filter is place in front of the detector it effectively modifies

the detector efficiency. In practice the differential cross

sections with and without filter Are observed to be identical,

except in the region of the resonance energy. The energy

distributions are therefore obtained by subtracting the two

datasets. This difference is represented by

A (X) = £
/\ i

SCQ, e> T* K k i) E 0*) (l - T (k,

where /\ is the elastic wavelength of a particular TOF channel, btf
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is the scattering length o-f t h e V - t h nucleus and the summation is

over the atoms in the molecule; E(k,) and I(k.) are the detector

ef f i c i ency and incident neutron intensity, normalized to their

values at the elastic energy, and T<k,> is the -filter

transmission -function. The difference /\ is further convoluted

with the neutron pulse width since the finite width of the

neutron pulse has a significant effect on the resolution of the

measured spectra. Fortunately however- all the factors except

S<Q,£> are known quite accurately, so that if we have a model for

S<Q,£) we can compare it fairly easily with the data. The

inverse process of generating S(Q,£) from the data is not so

s t r a i gh t f orwar d.

3) Results

Our measurements of & for H^O and D«0 are shown in figures 2

and 3. The data for H?0 are shown only at 40.03 , since there is

no recoil scattering at angles near 90° and greater. For D20 two

peaks Are discerned, one due to D the other due to 0 since they

have different recoil energies but comparable cross sections.

For HUO only the proton peak is seen because of the large

incoherent proton cross section.

We have analysed the results using two models for S(0,£).

The first uses the isotropic harmonic oscillator model used by

Brugger et al. In this case S(Q,£) has a Gaussian form with an

effective temperature (which controls the width) to represent the
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2) Filter difference spectrum for light water at 40 scattering

angle. The bottom scale is in neutron wavelengths. The

continuous line is the fit using the Gaussian line shape model.

initial nuclear momentum distribution. Examples of the fit to

the data using this model are shown in figures 2 and 3.

Generally an effective tenmperature of ~1200 ± 100 °K was

appropriate for both hydrogen and deuterium and 500 + 100 °K for

oxygen. The error bars here represent the range of temperatures

over which no significant deviation from the experiment occured.

The spectra also suggest that S<Q,£) is not a true Gaussian, so

that assigning T ,, is somewhat arbitrary. We have tried to

ensure the model has the same FWHM as the data.
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Of course the nuclear m o t i o n s are highly anisotropic in the

water m o l e c u l e , there being large zero point e n e r g i e s parallel to

the 0-H b o n d s , but much smaller e n e r g i e s perpendicular to the

plane of the m o l e c u l e . T h i s case w a s dealt with by Ivanov and

S a y a s o v . " Their result can be derived directly as an

a s s y m p t o t i c limit of the e x p r e s s i o n s oJf Zemach and Glauber -for

a v i b r a t i n g m o l e c u l e . The result is

cuvd
n is the unit vector c h a r a c t e r i z i n g the orientation o+" the

m o l e c u l e with respect to Q; Cy are the normal mode vibrational

c o o r d i n a t e s , ClAthe energy o-f the A " t h m o d e , T the t e m p e r a t u r e ,

M the m o l e c u l a r m a s s and (M». ) the Sachs-Teller inverse m a s s

tensor -for the V ~th n u c l e u s . '' Equation (§) s e p a r a t e s into a

linear sum of c o n t r i b u t i o n s from v i b r a t i o n a l , translational and

rotational m o t i o n s . The derivation of equation (2L> a s s u m e s the

neutron energy is much higher than the highest vibrational energy

of the m o l e c u l e - the so-called "impulse a p p r o x i m a t i o n " . For a

given m o l e c u l a r orientation the scattered neutron distribution is

G a u s s i a n , but the distribution resulting from the ori?ntational

average in equation (JL) will not be G a u s s i a n . We have c a l c u l a t e d

this average for the free m o l e c u l e using the known m o l e c u l a r
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c o n s t a n t s , and also -for a librating molecule using the

librationai energies -found in the liquid.' ' The results -for the

librating molecule -for H ? 0 and D^O are shown in -figure 4, The

non-Gausiian part is manifested in broader tails than for a true

Gauss i an.

OOif
H i« H a0

- 1012 K

4) Comparison o-f equation <2> <so!id line) with a simple

Gaussian (dashed line) chosen to have the same full width at half

m a x i m u m as equation ( 2 ) . Clearly the Gaussian is a good

approximation to the scattering, except in the tails.
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A l t h o u g h direct comparison o-f equation (2) with the data w a s

not m a d e , it can be seen that the d i s t r i b u t i o n s are almost

Gaussian in the region o-f the p e a k , and since the exp e r i m e n t is

most s e n s i t i v e in this r e g i o n , we have c h a r a c t e r i z e d the

si m u l a t e d d i s t r i b u t i o n s with the effec t i v e temperature o-f an

isotropic o s c i l l a t o r Gaussian which has the same FWHM as the

ca l c u l a t e d -function. The r e s u l t s are shown in table I. It is

seen that even when li brat ions are included the effec t i v e

t e m p e r a t u r e s are below what we have o b s e r v e d , p a r t i c u l a r l y for

d e u t e r o n s . The result -for D in D~0 however a p p e a r s to be too -far-

above the e x p e c t e d result to be caus e d by any simple e r r o r . In

•fact we note that T ,4 is ~°(2 times the expect e d result -for D.

The d e u t e r o n s appear to recoil like a M = 2 p a r t i c l e , but have an

ener g y d i s t r i b u t i o n o-f a M=i p a r t i c l e ! At present there is n o

ex p l a n a t i o n of this s u r p r i s i n g r e s u l t .

Table I

T"e.fr *• K) *
o r * n e calculated momentum distributions

for a water molecule at 300°K.

Free Molecule Librating

Mo1e c u1e

H in H,0 854 1012

D in D2G 707 775

0 i n D_0 433 449
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One possible explanation of the excessive width is that the

constants used in the simulation -for instrumental resolution

-functions are wrong. The major sources o-f error in this

experiment are the proton pulse width, A * > and the gold

resonance width, A E R . Brugger et al . gave -formulae to calculate

the instrumental resolution. We have used these formulae to

predict what At and A E D would have to be if the neutron

distributions had their expected Gaussian widths. The results,

Table II, are inconsistent with one another and with the known

parameters of the experiment, since obviously £ t and A E p should

be unrelated to scattering angle. The fact that a single

Table II

S t a n d a r d d e v i a t i o n s in p u l s e w i d t h s , A t , and r e s o n a n c e

w i d t h s , A E R , needed t o g i v e measu red w i d t h s i n

s i m u l a t e d n e u t r o n d i s t r i b u t i o n s , -for D i n D_0.

S c a t t e r i n g A t A E D
K

angle (xtSec) (meV)

40.03 5.8 258

38.55 4.7 437

147.24 2.9 414

measured
2.2 180

values
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m e a s u r e d value o-f each gave the same e-f-fective t e m p e r a t u r e at all

a n g l e s for D ? 0 s t r o n g l y s u g g e s t s that the a n o m a l o u s w i d t h is

i n d e e d c o r r e c t .

4) Conclusion

Anomalous widths o-f the kind seen here have also been

reported -for graphite. In that case the width -for scattering

parallel to the crystal c-axis was as expected, but for

scattering perpendicular to that axis the width was anomalously

large. In this experiment we have shown that even with existing

pulsed neutron sources reliable di -f -f eren t i al cross section data

can be easily obtained in s.n energy trans-fer range which hitherto

has remained largely unexplored. So -far the results are

interesting but need to be con-firmed by -further work. As regards

the present experiment several aspects o-f the experiment should

be followed up. Ideally the experiment should be repeated by

independent workers to confirm the results, since the model

analysis requires evaluation of a fairly complicated integral of

the model scattering law, which is therefore a potential source

of errors. More important, if the anomalous widths really are

due to higher energy excitations then they would presumably be

state dependent. Hence the widths for the dilute gas should be

much closer to those of the harmonic oscillator. Furthermore if

chemical reactions are taking place then photons must be emitted

simultaneously with the pulse of neutrons. So far theoretical

work has given little insight into a possible mechanism for such

excitations, and it is therefore imperative that some idea of the

final states of the system be determined. The spectrum of
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e m i t t e d p h o t o n s as -function of incident neutron energy w o u l d be a

signature of those final s t a t e s . Finally it should be noted that

for the harmonic oscillator model the line w i d t h s are quite

strongly dependent on mo'ecular o r i e n t a t i o n . Therefore by

m a p p i n g the 1 ine width as a function of sample orientation we

could in principle establish the molecular orientation relative

to crystal 1ographic a x e s . The m e t h o d is particularly well suited

to h y d r o g e n , which scatters x-rays w e a k l y and scatters n e u t r o n s

incoherently. All of these s u g g e s t i o n s certainly are not

r e s t r i c t e d to w a t e r , and it seems to us that since they can be

done on existing e q u i p m e n t , e x p e r i m e n t s like them should be

tackled w i t h o u t further delay.
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Neutron Scattering, Electronic Excitations and Chemical Reactions

P.A. Egelstaff

Physics Department, University of Guelph

Abstract

Recent experiments1 have suggested that the scattering of

neutrons in the 1 - 10 eV range by heavy water yield data which are

anomalous relative to theoretical results based on the short collision

time approximation for free, harmonically vibrating molecules. It is

pointed out here that these data may be explained if the spectral

density function has about 10% of its area in 1 - 2 eV range. This

observation suggests that these data are sensitive to electronic

excitations and/or chemical reactions in liquid water, which are

promoted by the neutron scattering event and therefore may be studied

through detailed S(q,uO measurements.

Introduction

Recent experiments on the scattering of energetic neutrons

(~10 eV) by heavy water1 at room temperature have produced evidence

for some anomalous effects, if the analysis is based on the dynamics of

the free molecule. First in a resonance detector inelastic experiment

the width of the deuterium recoil peak for the scattering of 14 eV

neutrons at 90 was found to be anomalous. Secondly in a time-of—

flight diffraction experiment1 with the detector at 90°, the intensity

was measured while the incident neutron energy was varied over the same
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range. Data were reported also at other angles for both experiments

and qualitativeiy similar effects observed, but the 90° data are the

most satisfactory set and so they will be considered here. In addition

for energies above 1 eV, the total scattering cross section for D2O has

been reported in neutron cross section tabulations as nearly constant

at 10.5 barns.

The free molecule treatment of the data is conventional and is

sometimes justified by a "short collision time" argument; namely in

both cases the momentum transfer is large (aboutlOO A i in the first

case and 50 A * in the second) so that the scattering process samples

the short time part of the van Hove self correlation function which

depends primarily on the initial movement of the deuteron from its

origin. Generally this initial movement will be in the interior of one

molecule which would be similar to that in the free molecule.

Calculations are based on a harmonic oscillator model of molecular

vibations. However this argument ignores the influence of high energy

transfer processes, the most obvious of which is the promotion of

electronic excitations and chemical reactions by the neutron scattering

event. An 8 eV neutron, for example, is travelling at 4 A/10 *** sec

and has a wavelength of 0.1 A. A deuteron will recoil in a time short

relative to the period (2 x lO"14 sec) of the stretching mode in heavy

water. On the other hand electron velocities are much higher than

either the neutrons or the deuterons' velocity and the Born-Oppenheimer

aproximation will hold throughout the collision. Thus a deuteron is

suddenly accelerated in an arbitrary direction and the molecule tries to

accommodate through rapid electronic rearrangements. Low lying

molecular electronic levels may be excited and the molecule may break
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*
up. In either case there will be an interaction with neighbouring

molecules, especially ones to which a deuteron is hydrogen bended

leading to further possibilities. For example a deuteron may be

knocked from one molecule to the next so promoting the reaction:

2D2O + D 30
+ + 0D~ (1)

with the possibility that some components are in excited electronic

states. This reaction requires a few eV, and in the liquid environment

a number of similar reactions could take place with neutron energy

losses in the range 1 - 5 eV. The question arises whether these final

molecular or electronic states affect the data in some way?

Experiments with eV neutrons have a long history in neutron

physics. In 1939 Lamb2 discussed the shape of neutron resonance lines

in terms of the dynamics of the target material. He introduced the

effective temperature gas model based on the "impulse approximation".

If we apply this model to a target treated as an Einstein oscillator,

the van Hove scattering function becomes:

„ . -(ot-B);:/2 3 a
S(q,u>) = -jL i e ° (2)

where T is the target temperature, B = 15a)/kT, w^ is the Einstein

frequency, a = K2q2/2MkT and 0 = na>/kT. The momentum and energy

transfer to the target are Kq and Kio respectively and M is the mass of

a target atom. Lamb2 also introduced models for arbitrary frequency

* A free diatomic molecule can break up with the molecule and the

atoms in their ground electronic states. It Is not clear that this

could happen in liquid water.
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distributions, and showed that the observable line shape was given by a

convolution of the van Hove scattering function with the Breit-Wigner

resonance shape formula. The effects predicted by Lamb were examined

in detail in several experiments in the 60's. For example Egelstaff

and Holt3 measured resonance line shapes for metals and their oxides

and compared the two lineshapes. For resonances in the few eV energy

range, the (usual) harmonic theory of lattice vibrations with frequency

distributions based on specific heat data, did not fit the metal/metal

oxide comparisons. Their results suggested that for the metals (Ta, Hf

and U) the frequency distribution included components at higher

energies than expected.

A theoretical treatment of S(q,a>) for high energy and momentum

transfers was made by Egelstaff and Schofield1*, in connection with a

study of the thermalisation of fast neutrons in reactor moderating

materials (including D 20). They based their treatment on de Gennes
5

approximation that the van Hove function G (r,t) was a gaussian

function of r. The starting point for their treatment of S (q,w) is

the generalised frequency distribution6 or spectral density of the

velocity correlation function. Because the momentum transfer is large

a quantum mechanical treatment of the target is needed, and therefore

the velocity correlation will be a complex function. However its real

and imaginary parts can be related through the principle of detailed

balance7, and therefore this was built into Egelstaff and Schofield's

method. In particular they suggested replacing the impulse

approximation by the method of steepest descents> and so gave a new

formulation of Sg(q,u>) to replace equation (2). They also pointed out

that the generalised frequency distribution, p(u>), could extend over a
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very wide range of tn and therefore proposed breaking it into low and

high frequency parts for which separate calculations of S_(q,u) were
s

performed. The final S_(q,w) is obtained by a convolution of the

partial functions in accordance with the gaussian approximation for

G(r,t). The usefulness of p(ui) is extended from low momentum transfer

to all values by this approximation.

If strongly anharmonic effects, such as molecular breakup, are

required in the calculation of S(q,u>) at high momenta, it seems likely

that there will be a very high energy part to p(w). A 'bunching'

together of energy levels for excitations near the molecular binding

energy might be one example for which additional levels are needed

compared to the harmonic oscillator approximation to molecular

vibrations. At least in the gaussian approximation to G(r,t) these

matters are related. Anharmonic effects will introduce non-gaussian

terms into van Hove's function, and when they are important these non-

gaussian effects have been accommodated8 by modifications to p(w).

That is the p(to) is chosen to fit the experimental data in the region

of interest. Nevertheless some authors have argued that non-gaussian

terms vanish in the short collision time approximation, although it is

not clear whether this would be so in the present case. In what

follows the possibility of explaining the heavy water experiments

through a very high frequency component in p(u) will be examined. It

is evident that such a component is related to high energy transfer

processes, but the question of whether part of it has been forced into

p(w) by the gaussian approximation will be left unanswered.
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2. Steepest Descents Solution1* to the Short Collision Time
Approximation

In the gaussian approximation the scattering function is given

by:

S s ( q > w ) = 2ikT~ / e e d t

where w(t) is de Gennes' width function. The time t will be replaced

by the complex time t + ii, because the saddle point of the function

w(T) is on the imaginary axis, and the path of steepest descent is

parallel to the real axis. The shift T is chosen so that the first

derivative of the integrand with respect to t will vanish at t=0. This

gives an equation for T which may be written in terms of the spectral

density, p(g),:

«>

Then w(t + IT) is Taylor expanded as far as t2, and the Fourier

transform in equation (3) is carried out to give:

K e6/
Se(q,u>) = exp-[gT - afo(x] (5)

where f (T) = /
p(B)[CoshBx -

o o e SinhB/2
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At this point the Einstein oscillator approximation to p(0) is

made, i.e. p(g) = 6(3 - 3Q) with / 6(3 - 3o)d3 = 1. Also at large

momentum transfer S (q,w) will peak for T = 1/2, i.e. at 3 = a
s

corresponding to the recoil momentum. In practical cases 3 > 3 » 1,

and so 2SinhB/2 = 2Coshg/2 = e^2 and 2Sinh3T = 2Coshgx = e^. Thus

equation (4) becomes:

and equation (5):

Ss(q,u>) * « exp - [J- £n i + °~1] (7)

^ ° °

[The higher order terms given in reference A are negligible in this

case.] This expression replaces equation (2). By expanding £n3/a about

3 = a, it is easy to show that the exponent becomes (a - 3)2/2a3 + 0(a - B) 3,

in agreement with equation (2). Figure 1 shows a comparison of

equations (2) and (7) for a = 250 (-9 eV incident energy in the D_o

experiments). The difference is not large enough to alter the

conclusions of Soper and Taylor1, and so their theoretical

qualifications need not be discussed further.

If p(3) is separated into components it will be desirable to

use equation (7) for a component having area a < 1. In this case it is

easy to show that equation (7) may be used with a replaced by act.

3. Large Momentum Transfer Form of Scattering Function

The spectral density function for liquid D20 has been

presented by Egelstaff and Poole8 (their appendix II). It includes low
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energy translational modes, accoustic modes, librational modes and

molecular bending and stretching modes. All these terms have been

considered in the model used by Soper and Taylor1 and they fitted their

result to equation (2) with the parameter 3Q = 5 (i.e. T g f f = 750 K and

T,ff/T = 3/2.) An energy transfer of 5 kT is small on the scale of

energy transfers considered here, and this justifies lumping the whole

spectral density listed in reference 8 into one 6-function at &Q = 5.

In addition to this part, a new part is added at gj ~ 50. If the area

of the former part is a, the c*w part will have area 1-a. It is

expected from the introductory discussion that this part may be spread

out over a few eV, but to simplify the calculation it will be treated

633



as a 6-function term at 3 * 3. . This avoids additional fitting

parameters and provides a minimum starting point.

The division of p(3) into two parts leads to the division of

w(t) - equation (3) - into two parts, and so the factor e~
aw^t^ may be

written as a product and S(q,<u) as a convolution of two partial

—«w(t}
functions. Upon expanding the part of e associated with 3 , it

may be Fourier transformed term by term.1* Thus the convolution is

carried out readily and S(q,co) becomes:

y. - 6 <*> , n aorp+n3, p-ng. p-np\ -i
S s ( q ,w ) _• _ _ ^ _ _ _ _ _ exp - [ _ _ + _ in - _ j

o ' 1

(8)

where <5 = a(l-a)/0, . Inspection of this expression shows 6 < 1 to

generate curves differing from the previous examples, since if 6 is

large (-10) the shape is not changed because a large number of terms

contribute to the sum and then S_(q,o>) is equivalent to a convolution
s

of two expressions such as equation (7). If a and 3i are given the

size of 6 is controlled by the magnitude of a. Starting with a=l,

S(q,aj) has the shape given in figure 1 then, with decreasing magnitude

of a, 6 increases and the peak moves to lower values of 3 and the

height is slightly increased. Subsequent increase of 6 to the point

where many terms enter the sum returns the peak position to its

its original point and increases the width by a factor/a + (l-a)3,/p. This formula contains qualitatively the effects seen

experimentally, although precise comparison with experiment requires

the inclusion of the resolution function, counter efficiency and other

experimental factors.
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4. Resonance Detector Experiment

Soper and Taylor1 fitted equation (2) to their data using an

expression which included all the experimental factors. They found

that 3 Q a 8 (i.e. T g f f = 1200 K) was required to obtain a fit, and

they set the peak position at g=a. They contrasted this observation to

a prediction (discussed in the introduction) for which 3 = 5 .

In order to restrict the size of 1-a (which on general grounds

should be « 1 ) while choosing 6 = 1, the value of (3. was chosen to be

40 (40 kT = 1 eV) and ct = 375 (in this experiment q ~ 100 A" 1). This

gave a = .89. If 6 = 1 in equation (8), the n=0 term has a peak at 6 =

or3, the n=l term at $ - a, and due to the relative size of the n=0

term the total peaks at a point 3 < a. However the reduction in

intensity indicated by the factor e is compensated by the

contribution of the n>l terms. These points are illustrated in figure

2, where this case is compared to a calculation for 6 = 0.5 (a = .944)

and to the (deduced) experimental result. It is clear that the

quantitative effects are contained by this model and that detailed

fitting to the data would be justified. To allow for the width of the

peak at 3 = 3, in the spectral density p(3), the predicted curve should

be narrower than the measured one. This means that 'a' probably lies

between the examples quoted above.

The effect of these predictions on the scattering and total cross

sections will be discussed in the following section.

5. Time-of-Flight Diffraction

In this technique the source is pulsed, and neutrons are sorted

according to their time of arrival at a detector. The total path is

635



O.9xl(5z

250 300 450 50C350 400

2. Comparison of equation (8) for 6 = 1 (a = .893) (dashed line) and

S = 0.5 (a = .944) (dotted line), with the experimentally fitted

curve (full line) ie. equation (2) with 6 = 8 . In equation (8)

the parameters were f}Q = 5, g. = 40, a = 375. [The S-axis is

located at B = a.]

divided into an incident path from source to sample and a scattered

r_ from sample to detector. Neutron velocities are different along

the two paths, but only an average velocity is determined.

The cross section observed in a time-of-flight diffraction

o
experiment is:
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where R is the ratio of incident path to scattered path, k and k' are

the neutron wave numbers before and after scattering respectively and K

is a calibration constant. The former quantities are related by:

+ 1
e

where k is the wave number for elastic scattering, and this constraint

leads to the factor in square brackets in equation (9). We call this

the 'sampling factor' as it shows how equation (10) leads to a sampling

of S(q,u>). The factor N[k,k ) is related to the incident neutron

spectrum, the detector efficiency and the kinematic factor k'/k, and for

a dE/E spectrum and a 1/v counter it is unity. The momentum transfer,

Kq , at the energy transfer Ku is related to that for elastic

scattering (q ) by:

(k - k') 2

Mu> k ^ 2(1 - Cos6)

with 2ma)/K = k2 - k'2 and m is the neutron mass. This provides a

further constraint on the results and, to evaluate equation (9), it is

necessary to express k,k' and q^ in terms of u> using equations (10) and

(11). The result is a function of q = 2k Sin8/2 or of the neutron

energy, E = K2q2 /2m, in elastic scattering.

The behaviour of the sampling factor is shown in figure 3a,

and in figure 3b the differential cross section for the excitation of a

single oscillator is given (i.e. the cross section for excitation by

one quantum (Ku) in a massive target). It is evident that un:U :•
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3. (a) Sampling factor for R = 10 (see equation 9).

(b) Example of rise in do/dfi due to rise shown in (a) for E

appropriate conditions 'bumps' due to excitation of energy levels can

appear in the differential cross section as a function of E . They

arise simply because the cross section is small unless the elastic

energy E is greater than the anticipted energy transfer.

A contrasting illustration of the use of equation (9) may be

obtained by choosing S(qtu) • 6(u - Kq
2/2M), the appropriate function

for a stationary free atom of mass M (note: this is equivalent to the
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limit 3Q + 0 in equation (7), and while this seems inconsistent with

the step from equations (5) to (7), it is really equivalent to the

statement 1 « 3Q « 3). Inserting this expression into equation (9)

gives (for a dE/E spectrum):

da
da

la

( 6 )

(e=o)

where A =

i

M/m,

x d Ac o

'A z -Sin z6

x = / I 2

o

r
|_R(A-l)3

--Sin26 +
A + 1

(R +

+ (/i

Cos 6

D(A -

\*— Sin^i

and do

I ) 3

9 - Cos6)3

= (1 + Rx + R}for a

constant efficiency counter and is 1 for a 1/v counter. It can be

seen that this expression is independent of the incident neutron energy

E Q or the elastic energy E , and therefore the observed curve would be

constant. There is a large inelasticity correction however, because

for A -»• « the right hand side of equation (12) approaches 1. The

difference from 1 is the inelasticity correction, and for oxygen

(A -16) at 6 = 90° this is 0.13 if the detector efficiency is constant.

For the same case but using a deuterium sample (A = 2) the correction

is large i.e. 0.72.

For small corrections equation (12) is satisfactory, but for

large corrections the details of the dynamics (e.g. fig. 3) should be

included. A similar calculation may be done with the model of equation

(8) in the same limit (i.e. PQ + 0), which therefore will include only

the modification of the constant level due to the <$(s - B,) term in

p(3). The result is:

do .2 r I nJ x A'(R+1) 1 , ,_.
dfl Jo in L ( 1+A*) - CoselfR+x'3]] n

n
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where dn -= (1 + RxQ)/(l + R) for a black counter and 1 for a 1/v

counter,*x « k'/k, A' = A/a and b is the scattering amplitude. A value

of x = x for any value of n > 0, yields the value of E through the

equation:

_JL_ = \?(R+1A2 . A' i
nKa). L(l+Rx)z A' - 1 + 2xCos6 - x^(l + A') J _ v '

The special value x = x is the solution for 0 < x < 1 of the equation:

A' - 1 + 2x Cos6 - x2(l + A') = 0

and is a limit to x as it corresponds to E + «>. The opposite limit

E + 0 is obtained as x + 0, so that 0 < xn < xQ . Finally the

expressions for 6 are:

. r 1 - 2xCosG + x2

- - 1 +2xCose- » < 1 + A ) _ ,
X "~ X

n

and

This model will give the approximate size of the effect for deuterium

scattering, while equation (12) will be satisfactory for oxygen. The

effect illustrated in figure 3 will be largely smoothed away, if the

recoil effects are large in equation (13).

W generally, dn - £ g \ g : ̂ > f (x^ke), where f(*n,ke) is a

geometrical correction factor for a long detector and u is the detector

absorption coeffecient.
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The total cross section may be obtained by a numerical

integration of da/dfi over ft. It is not expected to agree exactly with

the simple expression derived by Placzek10, i.e.:

where (for this comparison) Placzek's K has been replaced by the

appropriate expression for an oscillator at low temperature. Since

this equation was derived with the approximation that the sampling

factor is unity everywhere, it will not include the effect illustrated

at figure 3. Nevertheless equation (15) implies that these dynamic

effects which alter S(q,oj) do not have a significant effect in oT,

(e.g. at 4 eV the second term in brackets is ~ .007). Thus the

magnitude of the effects shown in figure 3 should not change the

value of Om appreciably in agreement with observation.

6. Diffraction Experiments

In the experiments of Soper and Taylor * the intensity was

measured as a function of E over the range used in the resonance

detector experiments. At 6 = 90 it was found to be a smooth function

for E > 1 eV, increasing slightly from 1-20 eV. There is a

complicated detector correction, however, because a 'long detector' was

used which was 'black' to 1 eV neutrons, but at higher energies (say > 9

eV) was not black and therefore the effective centre was moved further

from the sample with increasing Eg. This effect is most pronounced in

the calibration sample, which scatters nearly elastically (and is

corrected to become the same as data for elastic scattering). In
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addition the departures from a 'black' detector are more pronounced in

the calibration sample than for the D2O due to the large energy losses

in D20. Both these effects cause the observed data to rise towards

higher energies. Probably the theory would be satisfactory if it

produced a smooth nearly constant curve for da/dft v.s. E . Equation

(13) has been evaluated for R « 10 and R •*• °° and a black detector (with

the parameters deduced from the R.D.E.), and it yields a smooth curve de-

creasing slightly with increasing E and constant from 3-10 eV. The effect

shown in figure 3 has been smoothed out for these parameters, although if

a were chosen much larger it might become evident. Although the experiment

shows a rise and the theoretical result a slight fall with increasing E ,

any conclusions should be deferred until after further detector corrections

have been applied. A rough estimate of the magnitude and shape of this

correction has been made, which has shown that this explanation is

reasonable (see figure 4).

7. Future Experiments and Conclusions

To examine the proposed mode at ~ 1 eV in greater detail it would

be useful to repeat the resonance detector experiment with the 1 eV Pu2"0

resonance at 90°. In this case the spectrum for the scattering of - 3 eV

incident neutrons could be observed and the above ideas checked. In

figure 5 the shape of S (q,w) for a = 72 (2.7 eV incident at 90°) is
s

shown. While the n « 0 term is symmetrical the addition of N * 1 and 2

produces an assymetrical curve, and for n - 0 the peak position is shifted

downwards. These terms do not yield a separate peak (as they would at

even lower momentum transfers) because of the broadening due to the lower

frequency modes incorporated into the B terms. Nevertheless this

experiment would be significant if it detected the assymetry, the shift
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Illustration of the effect of detector efficiency corrections.

Dull line - experimental data;

Dashed line - 'black counter1 for R = 10 and dE/ spectrum;
E

Dotted line - detector similar to the one used experimentally, with

R = 10 and dE/ spectrum, from equation 13.
hi

At energies below 1 eV, the experimental data rise due to intra-

molecular modes which are not included in equation 13.

in peak position and checked the magnitude of the constants appearing

in equation 8. Some anomalies1 at E ~ 20 eV may be related to

detector corrections or they may suggest that even higher excitations

are present. Thus higher energy resonance experiments, possibly with

Pt195, may be desirable too.

These experiments on liquid D?0 using eV neutrons may be

explained qualitatively, and even semi-quantitatlvely, If it is assumed
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5. The shape of Sg(q,u)) - equation (8) - for a = 72, a = 0.89, BQ = 5,

(3̂  " 40. This case corresponds to 2.7 eV neutrons scattered at

90°. The dashed line is the n*=0 term and the full line the sum

of n=0,l,2. [The S-axis is located at 0 = o.}

that up to 10% of the spectral density is located at ~1 eV. At first

sight this amplitude seems surprising, but if electronic excitations and

chemical reactions between water molecules can be promoted by the scat-

tering process there should be some intensity in the eV range. The

possibility that it is 10% is surprising, but this magnitude is

required to produce observable effects. It may be that after

anharmonic corrections and the width of the peak in p(£) are included,

the magnitude would be reduced. More detailed measurements of S(q,u>)

are needed to explore these ideas and to discover whether neutron
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scattering is a new and more informative probe of chemical reactions in

liquids and solids, than numerous existing techniques either macro-or

microscopic
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NOTES FROM "IMPRESSIONS" TALK GIVEN AT CLOSING SESSION OF
HIGH ENERGY EXCITATIONS IN CONDENSED MATTER WORKSHOP

by

R. 0. Elliott
University of Oxford

United Kingdom

In the opehing talk "Goals of the Workshop," Dr. Silver suggested

that amongst other things we should:

a) survey the areas of condensed matter physics, which were likely to

benefit from investigation using high energy neutron sources.

b) consider the experimental results already available from past neutron

sources.

<") discuss the actual and projected performance of the instrumentation.

d) look forward to new instruments and new experiments that would be

possible with the next generation of machine.
e) compare the information available via neutron scattering with that

obtained with high energy photons from synchrotron sources.

All of these points were thoroughly aired at the meeting.

Limitations on progress of three general types could be identified:

i) the geometrical effects of the neutrons energy-momentum relation

which restricts the accessible region of E,Q_ space,

ii) the need to develop instrumental technology and (of course)

iii) the limited funds available for the projects in hand.

It seemed unlikely that any qualitatively new phenomena comparable to

the elucidation of magnetic ordering from diffraction experiments, of the

determination of the first io(q) phonon curves from triple axis

experiments, would be obtainable with the new sources. Rather it

appeared that they would extend existing physics into new ranges. It was
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already clear that very important new results would be obtained by this

existence.

Results of this type were reported in the following fields:

A) Atomic Structures

The investigation of liquids, amorphous materials, and defect

structures in solids at high Q where inelastic effects should be much

smaller, were allowing new precision in the determination of such

structures.

Bj A torn i_c_ _Mot_|o_n s

Neutrons are ideally suited to this investigation because of the

direct neutron-nucleus interaction, and because the similarity in mass

means that they can cover roughly the E,Q range of the material. This is

particularly true of high frequency vibrations such as arise for H in

metals, amorphous Si and organic molecules. Results on all of these, up

to 0.2 eV were reported and there seemed no reason why the C-H stretch at

0.37 eV, and the H-H stretch at 0.55 eV should not soon be investigated.

Another area of interest was the high frequency modes in SiO~ and

similar glasses. The "free" atom motions observed at high Q are also

beginning to yield useful information from corrections to the impulse

approximation. The search for the condensed boson fraction in liquid He,

was particularly interesting, but other liquids and unusual solids

involving light atoms would also be of interest.

CJ E_lectronic Motions

Neutrons are not ideal probe for nearly free electron motion, because

of the large mass difference. In fact, it was argued at the meeting that

neutrons were too heavy, and photons were too light, and that electrons

were the most appropriate tool, for electronic studies. However, the

strong coulomb interaction means that they are only effectively useful

for surface studies. Neutrons are best for "heavy" electrons, i.e.,

tightly bound well-localised electrons such as occur in magnetic

systems. New studies had revealed crystal field levels and spin orbit

splitting in rare earth ions approaching 0.3 eV and there were many other

candidates for investigation in this region. Colour centres and excitons
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might also be visible in materials where they exist at low enough
energy. Coherent magnetic excitations (spin waves) are very interesting
in Fe, Ni, and similar materials up to 0.5 eV. In particular, there was

much discussion of their temperature dependence and their interaction

with Stoner excitations. Other candidates for new physics are the
intermediate valence and Kondo systems which occur in the rare earths and

in the actinides. These have flat bands and therefore "heavy" electrons
and strong correlations. Observations of band to band transitions in

semiconductors, look as if they might be very difficult without more

sensitive experimental techniques. The total cross section, where the

orbital interaction is important as well as the spin, is similar to that

of a localised electron, but they are spread over several small eV, and

over Q covering the zone. Cross sections of 10 /ster/eV were quoted.
These estimates increase significantly for narrow correlated bands, such

as occur in magnetic transition metals. There is a further important
geometrical constraint on neutron scattering from electrons, since all

cross-sections involve the atomic form factors. This means that
~1cross-sections fall off very rapidly beyond Q ~ 5A . This means that

if excitations of the order 1 eV are to be investigated with neutrons of

incident energy with several volts, the scattering will be confined

within a few degrees of the forward direction, where contamination from

the incident beam is likely to be significant. The development of

instruments with good resolution at very small angles, would have a

significant effect on this area of research.

D) Comparison with Photon Processes

In some ways, a more natural probe for electron systems are photons.

They interact with the full electron current which includes weaker

magnetic effects. There are several available techniques:

i) Photon absorption in the range 0.1 - 10 eV gives useful information
about the bands on either side of the fermi level.

ii) Core transitions in the KeV range, with variations such as Auger,
EXAFS, etc., also give useful information.
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iii) Photon-emission gives detailed information about the filled bands
and has already been used with angular resolution to plot out E(k)
curves, although the theory of the effect is not completely
satisfactory. It has also, for example, given detailed information
about the 4f bands in intermediate valence systems.

iv) Inelastic scattering of photons is most similar to neutron
experiments. For energy transfers up to 0.1 eV, Raman scattering
of optical photons is well-established both for electronic
transitions and for vibrational motion of the atoms through the
electronic coupling. Excitations up to 10 eV may be explored by

the inelastic scattering of X-rays. Sources of very high
18 ?

intensity, up to 10 photons/sec/mm are presently available,

and this could go to 10 in the next generation. These beams

are also extremely well collimated, but they need to be since very

high relative resolution in both E and Q will be required to give

detailed information. Preliminary results on single excitations

and on collective modes (plasmons) were reported and discussed.
Although there was discussion at the meeting of the areas where the

techniques overlap, it is clear that they are in many ways complimentary,
and that a full investigation of atomic and electronic motion in
condensed matter in an extended E,Q range will require both high energy
neutron sources of the SNS and WNR/PSR type, and also synchrotron
radiation sources.
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