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ABSTRACT

The effective potential of components of the curl of an

antisymmetric tensor coupled to gravity in D dimensions is evaluated

in a " expansion. For large D, only highest-rank propagators

contribute to leading order, while multiloop diagrams are suppressed

by phase-space factors. Divergences are regulated by a cut-off/\r

that we interpret as the mass-breaking scale of a larger theory

that is finite.

As an application we consider the bosonic sector of D = 11,

N = 1 supergravity.If the full theory is finite, then A is m :

the scale below which the fermion sector decouples.

9 1 1
For m ~J —i, (H. : the D = 11 Newton's coupling, a'-O(l) ) the

SUSY a K

11-dimensional symmetric vacuum is unstable under compactification.

9 ^ 1 1

For m * — - j , it is metastable. To leading order in — , all

gauge dependence cancels identically, while ghosts as well as the

graviton decouple.
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1. Motivation.

Compactification, and the resultant breaking of the higher-

dimensional Lorentz invariance, is the Kaluza-Klein fl.2] counterpart

of internal symmetry breakdown in ordinary gauge theories, and likewise

it may take place either classically or as a quantum effect. For a

concise review see [3j . Let us outline the various possibilities:

A. Classically: This is the analogue of the Higgs mechanism.

Compactification is introduced at the Lagrangian level through giving

a suitable set of field components non-vanishing vacuum expectation

values (v.e.v.'s). In particular, in the Freund-Rubin approach [4]

certain components of the curl of an antisymmetric tensor are made

MNP
classically non-vanishing. If the latter is rank-3:A ,as in D=11,N=1

supergravity, then the number of non-compact dimensions can be

preferentially 4. However, in such an approach, compactification is

only an allowed, rather than a necessary state of the vacuum.

MNP
Furthermore, if A belongs to the bosonic sector of a supergravity

theory, then the resultant spacetime is Anti-de Sitter rather than

Minkowski, unless non-preturbative effects should intervene L5j •

B.Through Perturbative Radiative Corrections:

This is the analogue of the Coleman-Weinberg mode of symmetry breakdown

[e]: Given a theory with no compactification at the classical level,

a computation of the effective potential, in a weak-coupling expansion,

may reveal physically-acceptable compactification minima L^J-If tnis is

the case then compactification would be naturally induced. Presently,

this approach runs into a number of technical problems j_S,9j .

These include the gauge dependence of the obtained minima, the appearance

of imaginary contributions to the effective potential,

and the restriction of the applied techniques to one-loop computations

in odd dimensions.Aside from that, computations done so far — including

only fermion and graviton loops — reveal stable M $ B minima only for

oyil, thus excluding interesting supergravity and superstring models

|_10j . Even then, the obtained minima seem to correspond to negative

values of Newton's coupling constant Id .
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C.Through Non-perturbative Quantum Effects:

It is plausible that condensates of the appropriate reduced symmetries

could form at the quantum level and induce coapactification: the analogues

of chiral symmetry breaking condensates in gauge theories [ill- Evidently,

this approach requires non-perturbative techniques to yield concrete

results.

Given the analogy between symmetry breakdown modes in gauge theories

and in Kaluza-Klein, tools introduced to study one,should have a natural

extension to the other. In gauge theories the - -expansion —where N is

the dimensionality of the gauge group — has proven, when applicable, to

be extremely useful in unveiling properties that cannot be seen in

ordinary perturbation theory [l£].These include dynamical symmetry

breaking: in the Gross-Neveu model,and presumably also in QCD, chiral

symmetry is spontaneously broken in leading order in —, though not in

ordinary perturbation theory. In D-Minkowski space the Lorentz group

is SO (D-1,1), thus D is the obvious counterpart to N, and it is enticing

to consider the spontaneous breakdown of D-Lorentz invariance,and the

onset of compactification, in a — expansion. In fact, given that t> is

typically 10 or 11 in certain models of interest, one naively expects

results at least as reliable as those obtained in QCD with N = 3 .

Just as with ~, ~~ series are common in the study of spin systems and
N D

lattice theories [13}, as the large D-limit yields mean field theory:

a good starting point for expansions. Here we adopt a continuum formu-

lation due to Strominger [ 14j, We compute — to leading nontrivial

order in —, but to all orders in the coupling — the effective

potential for field components whose condensates break D-Lorentz symmetry

and thus induce compactification.

In sec.2, the model to which we apply the expansion is described:

the bosonic sector of D = 11, N = 1 supergravity, In sec.3, we outline

the computation and show that compactification does occur dynamically

through quantum effects. Sec,4 contains a discussion and remarks.

2. The Model

For definiteness, we choose to consider the bosonic sector of

D - 11, N = 1 supergravity [is}. Following the notation and conven-

tions of t-16!, the Lagrangian is given by

'8
N" R AB

. MNP

2

_ 1 €.

H *V me"mio

(Conventions directly related to our calculations will be given

explicitly below). If the model desribed by (1) is indeed relevant

then it has to be finite at the quantum level. Let us assume this

to be the case. (The same line of reasoning is applicable to any

higer dimensional theory.)

If supersymmetry remains intact, then the non-renormalization

theorem is expected to prevent us from obtaining a non-trivial effec-

tive potential. Hence we choose to break the supersymmetry. This is

not necessarily an unmotivated choice, since if compactification

occurs in the early universe then supersymmetry would be explicitly

broken by temperature effects £l7]. Furthermore, since at finite

temperature all fermion modes are massive, due to their twisted-

boundary conditions, while there remain massless boson modes, we

choose to break supersymmetry by giving the gravitino a finite nass,

that will be the SUSY-breaking mass scale: m , while keeping the
SUSY

( l)

-h-



graviton and antisymmetric tensor A x •* fields massless L J"

Consequently, as we are interested only in the form of the ground

state, we may retain only the long-wavelength boson degrees of

freedom, wliile the fermions decouple. Thus we are left with the

bosonic sector of {D as our low-energy Lagrangian:

f

e c e
mo.-m,0

m,"rnj mH..m4
A.

This theory is non-renormalizable, however the broken supersym-
2 2

aetry provides a physical cut-off, as for loop momenta p y m

contributions from virtual heavy ferreions should be included. These

cancel the contributions of the light bosons, and the loop momenta
% 2

are effectively cut-off at A ~/ mr.TIffv-
SUSY

From (4) we know that the above theory compactifies, most import—

antly, into [AdsJd<S B? if F^,^ is given a v.e.v. <•*{^ =
 ± £ 0123

f

where f is arbitrary and has to be suitably chosen.

In this paper, we wish to check whether F can spontaneously

acquire a v.e.v. at the quantum level. Thus we consider the effective

potential for f: V . f (
f ) . an'i look for its absolute minima.

Once we have singled out F , then the SO LD-l,lJ Lorentz symmetry

is explicitly broken in our computations. As we are interested only in

the form of the ground state (rather than in calculating e.g. Green's

functions) then this does not matter: we merely wish to test whether

this breaking is energetically favorable or not. A priori it need not

be: if V (f) turns out to have the form

(2)

Fig.l

then a non-vanishing F -condensate raises the energy of the vacuum,

and the symmetry is not spontaneously broken through quantum corrections.

But if it has the form

V (f)
eff

Fig, 2

then the symmetric vacuum is unstable. On the other hand the form

Fig. 3

indicates a metastable symmetric vacuum that should decay through a

first-order phase transition (or the compactification analogue

thereof). Finally, for completeness, we mention that potentials with

relative non-symmetric minima

Fig. 4

- • 5 -
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should also be interesting at the quantum level, as they indicate the

appearance of unstable "bubbles" of the broken-symmetric phase,that

should be included in a quantum treatment of the ground state [lBJ.

Even with the truncated bosonic Lagrangian (2),quantum calcula^

tions , in a perturbative expansion in K are not only complicated

but also problematic: W is an overall multiplicative factor that can

be trivially scaled away. Assigning H a definite value merely sets

the overall energy scale. Furthermore, since the pure matter coupling

—that multiplies the Chern-Simons. term FFA— is -j,, there is no
TV

range of values for which both the gravity-matter and pure matter

couplings are simultaneously small to allow for a meaningful weak

coupling expansion.

These problems are reminiscent of similar ones in gauge theories, that

are resolved through the introduction of the — expansion. In the
1 N

next section we introduce a ~ expansion.

-7-

3. The Expansion

Consider the number of dimensions D as a free parameter. As the

number of graviton degrees of freedom is N - D(D-3)/2 , while that

g
of the antisymmetric tensor A™'m'Jn3 is N = (D-d)(D-3)(D-2)/6 , in

A 1the large D limit H
A

1
N , and to leading order in a — expansion
g D

one need only retain the antisymmetric tensor contributions to the

quantum corrections £F2] . Similarly, to the same order, all con-

tributions from ghosts and their respective ghosts [19] are suppressed

by powers of —, as they also belong to lower representations of the

Lorentz group with respect to A ' * 3.

Furthermore, though the propagators bring in combinatoric factors of

positive powers of D, loop integrals contain phase-space factors of

*/r(D/2.), from the angular part of the integration. At large D these

behave as 1/(^.1) , and higher loop corrections are highly suppressed.

(Thus the leading contributions in the large D limit should be calculable,

in contrast with the situation in QCD as N-pos , where the resultant

planar diagrams have resisted resummation [12] ). This is intuitively

clear as in a large number of dimensions the wave-functions "thin out"

as they spread in all directions, and the probability of their overlap

is low. Thus the weight of multi-loop diagrams, that describe a

sequence of interactions, decreases. For further details regarding

the — expansion, in the form used here, the reader is referred to

Strominger's paper [l4j.

Our Lagrangian now simply is

i_a = _ i. -
ft H8K*

^
a

mo..m3

As in [l6l , the metric is F-++..+ , c="F—^rr , F = 4 }>r A _ .1 J L J [12]4 MNPQ & NP(j]

(Rescaling F-» M. F, it is obvious that there is no small coupling for a

meaningful weak coupling expansion.)

(3) is invariant under the abelian gauge transformations

MNPA' A +3

(3)

(4)

Adding the covariant gauge-fixing term



L (5)
A. The Effective Potential

and inverting terms quadratic in \.p0. we obtain the tree propagator

<

•If, cxn+isum-l j* /p (6)

Since we are interested only in the 1-loop contributions to V (f),
eff

a factor of F from the Chern-Simons term will always be external,

and our one and only vertex will be given, in obvious notation, by

m flrw

AB the momentum factor in (7) may be that of either propagator

attached to the vertex, one can have one such factor attached to each

propagator in our 1-loop diagrams. But the Lorentz index of a

momentum factor is antisymmetric with the rest, and after attaching

a propagator it will be antisymmetric with one set of indices of the

latter. As the antisymmetrization in the gauge-dependent part of the

propagator involves the indices of the commuting momenta, all gauge-

dependence cancels identically. This can be (very crudely) explained

as follows: due to the form of the vertex, the relevant two-point

functions are, in a sense, <FA> rather than<AA> , with the extra

index of the former contracting with an extra index from the vertex.

But F is gauge invariant, and the gauge dependence "fed in at

the A-end of the propagator is not picked up at the F-end".

Now that we have separated the leading contributions in —:1-loop

diagrams of antisymmetric tensor propagators, we may set D = 11,

and proceed with our computation of V (f). As — is a small
eii ll

dimensionless number, we expect the leading contributions to capture

the essential features of the model, including dynamical compacti-

fication, if it occurs. This is the same strategy of the - computations.

-9-

(7)

There are various ways to compute the effective potential[6,21,

22J. Regarded as an infinite sum of Feyraian diagrams with vanishing

external momenta

v
 f f'

f) = tree-approximation •o-:a
|f=0

0. Furthermore, due to the form of thewe learn that V (f
eff

vertex, or equivalently due to the reflection symmetry p -»• -p ,

only diagrams with an even number of vertices are allowed, thus
2

we expect V (f) to be a function of f .

Each diagram in ( 8) stands for the sum of a number of Feynman

integrals, each corresponding to a different choice of the internal

propagators, and the momentum factors at the vertices. The integrand

of a 2n-vertex diagram has the generic form

where p =(-p-t-"-VP + i t ) , while the Lorentz indices in the

numerator run from 4 to 10. The factor (i) comes from the propa-

gators. The indices are paired (to satisfy reflection symmetry),

but are not summed over, thus the integrands are not SO (10,1)

scalars'(recall our earlier remark regarding the explicit breakdown

0123
of SO (10,1) once we single out F ). If we choose m =m , etc.

1 n-t-1
then

t̂ m,,.., am^l = Ci

(9)

(10)

Wick-rotating to euclidean space (but retaining the subscript 0) one has

-10-



2 2
where p = p and one can write

e (p'Y1
_ « 2n r *

where 0^ Q.,nL^'
ri
(i"' nj^ ' • an<3 the factor (i} now comes from

the euclidean vertices with derivative couplings.

Summing the various J.rtn\.£ntl)..(2tluj.ntegrands with all possible index

assignments, one can write

CiV

r

where 0 < A ^ 1 , and C is a combinatoric factor,
2n 2n

The Important point is that, near the origin : f ~ 0, the form

of the potential, and thus the stability of the symmetric vacuum

are controlled by the sign of the coefficient of the lowest power

of f in the series, i.e. by the classical term, which gives a

positive contribution, and the first diagram in (8^ , which is

negative.

Thus depending on the relative values of the parameters one has

the possibility of an unstable symmetric vacuum. However, this

cannot reveal the possibility of a metastable symmetric vacuum.

For that one has to evaluate the full potential.

Though it is possible to sum the infinite series (8^ , with

a suitable estimate for A , this is quite tedious. Realizing the

exact cancellation of the gauge dependence, one can compute V (f )

in a very succinct way (suggested by J.Strathdee). By singling out

F , the euclidean S0(ll) symmetry is broken down to the product

of an external S0(4) and an "internal" S0(7) .(We still have

flat apace). The components of A ftn;£lV-,l0'Vthat circulate
mimlm3

(13)

in the loops will be 30(4) scalars, that transform as a 35 repre-

sentation of 50(7) . Let us label these as (}}' '. V E \_, . • J 3 5 .

However the derivative couplings break this S0(7) down to S0(6)

by selecting a direction in momentum space, and the 35 of 30(7)

decomposes into 15+K)+10 of S0(6).

Thus the two-point function matrix can be written as

= J in
where C stands for contributions independent of f, that will be

fixed later from our knowledge — from the previous calculation —

that V(f )

f£=o
= 0.

Evaluating (l5)exactly is tedious and not illuminating, and we will

be content with approximating it by

where 0 *. L E {H_, • -j\o} j ̂ . ". J t\O _,- • j 3 ̂J and the functional

methods of [2l] can be used to obtain the 1-loop contribution to

the euclidean effective potential

V

where, once again, f™ Af, 0 < A < l } and A c an be estimated:

A~0.2, by direct computation of the first diagram in (8). Evaluating

(16) is now trivial, and one obtains

= L

(14)

(15)

(16)

(17)

-11- -12-



, we obtain

SUSY

9 ^ 1
For m < -

SUSY X art'

where the phase space factor P^, 20 , and C' should be chosen such

that V ^(f i _ = 0 . Let us study the properties of (17).

For f

~ [ X. - o.\C A ~] +

thus the SO(10,1)-symmetric vacuum is unstable for O.l6/\ / -TZT\

i.e. close to the origin it behaves as in Fig,2. Identifying A 52 m
9 v • l

we find instability for m > —~j , a ̂  0.32—0(1) .

the symmetric vacuum is metastable, as

in Fig.3, and one expects it to "decay" through a first order phase

transition, or the compactification analogue thereof. This possibility

should have interesting cosmological implications.
2

On the other hand, for f _> QJ the potential is unbounded from

below. However, it is obvious that one should not trust (17) for

large f, as our computations should break down: our Feynman rules
2

are those of flat spacetime, and should not be valid once f con-

denses beyond a certain limit. As can be seen from(17), the scale

for large f is set by A , and we expect f « A t o be the limit of

validity of our calculation. As the ground state moves away from

the origin, a self-consistent treatment would require redoing the

computation using Feynman rules appropriate for the new vacuum.

Furthermore, though one can say nothing concrete about the shape

of the potential in the presence of a large condensate without

performing the calculation.it is plausible that as f *J J\ there

is sufficient vacuum-energy to create fermion/anti-fermion pairs,

whose quantum effects should tend to cancel those of the anti-

symmetric tensor bosons, and thus may flatten the potential.

Then one may speculate that non-perturbative effects would then

turn the flat potential upwards, thus achieving a suitable minimum.

(IB)

4, Discussion

From the above we have seen that for large D, components of

the field strength of an antisymmetric tensor can acquire a non-

vanishing v.e.v, at the quantum level. Coupled to gravity, this

induces compactification a la Freund-Eubin [4], i.e. as in

scenario A of sec.l. However,compactification here is naturally

induced through radiative corrections, and in this sense it

resembles B, though it is not gauge-dependent,and does not suffer

from imaginary contributions to the potential. Finally, as it is

non-perturbative in K, , it is close in spirit to C, though the

condensates here were not fermion bilinear3.

Of course, it is important to keep in mind that all these

remarks are strictly true only in the limit of very large D.

However, we believe that D = 10, or 11 as in the example discussed

above, is sufficiently large so that the expansion should faith-

fully reproduce the essential physics of the model under consideration.

If our speculation that the potential would turn upwards as
2

F -* *, and thus has the form of Fig.2 or Fig.3, then the negative

vacuum energy due to the condensate may be made to cancel the

positive cosmological constant due to the vacuum-to-vacuum fluctu-

ations (that are non-vanishing in the absence of supersymmetry) and
4 7

one should in principle be able to obtain M 9B . Of course this

will require fine-tuning, which is a chronic problem, hut — at

least to leading order in — — Newton's coupling will remain

positive, as the calculation is independent of VC , and thus does

not impose conditions on its allowed value [9]. To higher orders

in — , we still expect this to be the case, as the effective poten-

tial has more parameters than the Lagrangian: e.g. the cut-off A. >

and thus is more pliable.

An obvious limitation of the above approach, just as in all

discussions of instabilities in field theory, or even in classical

-13-



mechanics, is that one cannot predict new symmetry breaking modes.

One can only test whether a certain proposed mode is energetically

favourable or not. Nevertheless, it may actually be possible to

compare the relative "likelihoods" of two different allowed modes,

by comparing the slopes of the potential in the two different

directions. But then one runs into problems of interpreting such

results, given that different compactifications correspond to

different topologies whose energies cannot be compared. Another

problem is that supersymmetry has to be broken, so that one is

allowed to retain only a subset of the fields. However, it may be

possible to retain supersymmetry, and neglect the contributions

of certain supermultiplets compared to the others. But then D

should range only up to the maximal value allowed by supersymmetry

[23] .

To recapitulate, a — expansion is a natural tool to study

the quantum properties of large D theories. In the limit of large

D antisymmetric tensors dominate the quantum corrections.

Recalling the ubiquitousness of antisymmetric tensors in super-

gravity and superstring theories [24], and their role in explaining

the observed dimensionality of low-energy physics, assuming an

underlying higher dimensionality [25], the result of the above

analysis is encouraging, as it predicts spontaneous compactification

due to quantum effects.
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[Fl] However, this is only a motivation; and our computations will

be performed at zero temperature. It should be interesting to

consider other SUSY-breaking modes.

[F2] Clearly, considering D as an arbitrary parameter while retaining

the rank of A, is not compatible with the form of the Chern-

Simons term in the Lagrangian. One can resolve this, for example,

by extending A '" 3 to A '" 3H, restricting D to the set

D = 9T1+ 2, and considering the limit T\ -*• » . This will not

change our conclusions, as the antisymmetric tensor contributions

will remain dominant. We will not worry about these complications,

aa eventually we set D.= 11.
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