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UN MODÈLE DE CROISSANCE DES PARTICULES DE LA PHASE BETA

DANS DU ZIRCOmUM-2,5% NIOBIUM AU POIDS

par

C.K. Chow, Y. Liner et G.L. Rigby

RESUME

On étudie la cinétique du changement de la phase <x*ß dans le maté-

riau Zr-2,5% Nb au poids d'un tube de force à une température constante. Ta

partie volume du changement de la phase ß due à la diffusion dans une matr_ ••

ce de phase a infinie a été prise en considération et on a mis au point un

modèle mathématique avec solution numérique pour prédire la croissance sphë-

rique transitoire de la phase ß. On a appliqué ce modèle au Zr-2,5% Nb au

poids et on a comparé les résultats calculés à ceux de l'expérience.
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ABSTRACT

The kinetics of the o-*p phase change in ZT-2.5% Nb pressure-tube

material at constant temperature have been studied. The volume-fraction

change of the p phase due to diffusion in an infinite orphase matrix was

considered, and a mathematical aodel with a numerical solution was developed

to predict the transient spherical growth of the {J-phase region. This model

has been applied to Zr-2.5% Nb, and the calculated results compared to

experiment.
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NOMENCLATURE

a - radius of growing sphere

[A] - matrix of coefficients In set of ordinary differential
equations

a}J+1 N + 1 - N+l, N+l t h entry In [A] matrix

b - n unknown coefficient in approximate solution
n

C - overall niobium concentration

C - niobium concentration in the a-phase

C. - niobium concentration in the 8-phase
8

C - initial value of C a

C. - niobium concentration at the ot-B Interface

{C} - vector of order N+l, defined in numerical time Integration

D - diffusion coefficient

d - m* entry in {F} vector
m

f - volume fraction of the a-phase
a

f - volume fraction of the g-phase
p

{F} - vector of RHS of original set of differential equations

r - vector function representing RHS of set of differential
equations in solution form

h^ - m component of a vector quantity used to describe the [A]
matrix

I - average distance between B-phase particles

L - differential operator, defined for convenience

m - a counter, often a subscript

{M}, {M1} - vector of order N+l, defined in numeriral time integration

n - a counter, often a subscript

N - number of functions used to form approximate solution

{p} - vector of order N+l, defined in numerical time integration



r - radial coordinate

R -- ideal gas constant

r - initial value for radius of spherical particle

S - surface containing volume V

dS - infinitesimal element of area

t. - time

T - temperature in K

V - volume

dV - infinitesimal element of volume

V - m component of a vector quantity used to describe the [A]
m matrix

{Y} - vector of order N+l, containing the unknowns for the
differential equation set

{Y} - time derivative of {Y}

a - phase in alloy, also nondimensional radius of growing
sphere

6 - phase in alloy

e - nondimensional constant equal to C,/C_, also overall strain

E Q - strain in the a-phase

E - strain in the B-phase

I - nondimensional radial coordinate, equal to r/r_

a - overall stress

o - stress in the a-phasea r

a. - stress in the B-phase

2
T - nondimensional time, equal to tD/r0

• - nondimensional concentration, equal to Cg/C_

<t> - trial solution for Galerkin approximation to <t>



Other Notation

[ ] - matrix quantity

{ } - column vector

T
{ } - row vector

- row vector with entries listed

2
V - Laplacian

- normal derivative
on



1. INTRODUCTION

Zirconium-2.5 wt% niobium alloy has been used to make pressure
tubes for CANDU reactors. This material contains at least two phases below
870 C, evident from the phase diagram for Zr-Nb [1] shown in Figure 1. Two
representations of the Zr-rich end of the phase diagram [2,3] are shown in
Figures 2(a) and 2(b). According to Figure 2(a), the niobium content of
the a-phase is 1% between 610 C and 850 C. The value given by Northwood
and Gillies is lower (Figure 2(b))r about 0.6% between 610°C and 800°C.
The Nb content of the 0-phase at 610°C lies between 20% [2] and just above
21% [3].

CANDU Zr-Nb pressure tubes are hot-extruded at about 850°C and
then cold-worked about 20%. Because of the slow reaction rate, the B-phase
does not trans :orm into a-Zr and 0-Nb phases when the tube cools below
600 C, as indicated in the equilibrium phase diagram (Figure 1), but con-
tains about 21% Nb. At 300 C, the reactor operating temperature, the alloy
consists of about 90% a-Zr and 10% B-Zr. In the following, the a-Zr and
fi-Zr phases will be referred to as a- and B-phases, respectively.

Under hypothetical lose-of-coolant-accident (LOCA) conditions, the
pressure-tube temperature may rise above 600°C. Under such conditions, the
volume fractions of the a- and 8-phases will change, affecting the mechan-
ical properties of the alloy.

A brief review of the mechanical properties of duplex material is
desirable. The properties of multiphase alloys are controlled by the prop-
erties of the constitutent phases. For example, the size and shape as well
as the volume fraction of the various phases have an influence on the mech-
anical behaviour. The plasticity and fracture behaviour of two-phase
materials with a coarse microstructure have received considerable attention
in the literature [4,5,6]. However, today most of the theories are qual-
itative.

Two limiting cases exist in deforming two-phase materials with a
coarse microstructure: parallel loading and perpendicular loading (see
Figure 3). If the Interactions at the interfaces are neglected, a stress
applied via parallel loading will produce the same strain in both phases,
and the stress will be distributed volumetrically between the two phases,
i.e.,

where e , a^ and f are the strain, stress and volume fractions of phase i,
respectively, and c and a are the overall strain and stress, respectively.
For perpendicular loading, the following relations apply:

0 - "a " aB ( 3 )
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6 - Va + V B (4>

It has been found that Equations (1) and (2) describe the creep
behaviour of Zircaloy-4 in the two-phase region quite well, In both the
cold-worked [7] and 8-cycled conditions [8J. In general, empirical
"mixture rules" have to be used to describe the properties of a two-phase
material. One such rule has been proposed by Tamura et al. [9]:

• " V. + V B (5)

E " Va + V B (6)

Note that Equations (5) and (6) reduce to Equations (1), (2), (3) and (4)
in the extreme cases of parallel and perpendicular loading. This mixture
rule, although it agrees quite well with the results of some experiments
[9], cannot be derived theoretically.

As stated above, Equations (1) and (2) can be used to describe the
creep behaviour of Zircaloy-4 fuel sheathing in the two-phase region. It
is not known whether these relations can be applied to other zirconium
alloys. However, the volume fraction of the two phases at the time of
plastic deformation is an important parameter in deformation models.

In an attempt to relate the mechanical properties of Zr-2.5% Nb
alloy to its mlcrostructure during a LOCA, an extensive program has been
carried out at WNRE to study the kinetics of microstructural change. One
study concerned the kinetics of phase change at constant temperature, and
some of the results are presented here. We also describe a moving-
boundary mathematical model developed to calculate the volume—fraction
change controlled by diffusion. The model predictions will be compared
with experimental results.

2. EXPERIMENTAL PROCEDURE

Samples about 2 cm x 2 cm were cut from a Zr-2.5% Nb pressure
tube. The samples were vacuum sealed in quartz capsules and heat-treated
in a furnace. For heat-treatment times shorter than 30 min, bare samples
weie immersed in a molten-lead bath. In both cases, the samples were oil
quenched after heat treatment. Typical optical and electron photomicro-
graphs of Zr-2.5% Nb alloys that had been in the two-phase region are shown
in Figure 4. The original B-phase material transformed martensitically
into the hexagonal close-packed a-phase, which is easily recognized under
an optical microscope. In scanning-electron microscopy, the rough surfaces
of these prior B-phase grains emit more secondary electrons and thus become
brighter when secondary electron imaging is used. The volume fractions of
the B- and a-phases were determined either by point count or by an image
analyzer attached to the scanning electron microscope. The results of the
two methods agreed within experimental errors.
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3. MATHEMATICAL MODEL

3.1 PHYSICAL MODEL AND ASSUMPTIONS

A moving-boundary mathematical model was developed to calculate
the growth of a spherical B-phase particle after a sudden temperature rise.
The equilibrium concentration of niobium in the B-phase at the raised
temperature is lower than that at the initial temperature. Therefore,
niobium diffuses out of the initial phase region and the B-phase particle
grows. The following assumptions were used in the model:

(1) The initial niobium concentration in the B-phase is 21%, the
monotectoid concentration.

(2) The a-phase matrix, in which the B-phase particle is embedded,
contains 1% niobium, and this content does not change with temp-
erature. This assumption is justified by the experimental results
of Bethune and Williams [21 (Figure 2(a)), which show that the Nb
concentration of the a-phase remains constant, at least below
850°C.

(3) The niobium concentration at the a-phase/B-phase interface remains
at the equilibrium concentration, C. , at all times.

(4) There are no interactions between B-phase particles of various
radii (i.e., no Ostwald-ripening).

With these assumptions, the mathematical problem is reduced to
calculating the size of a sphere that has a symmetric concentration dis-
tribution and that grows by diffusion. As we assume no Ostwald-ripening,
and no change in the niobium concentration of the a-phase matrix with
temperature, the a-matrix can be taken as infinitely large. The change in
niobium concentration versus the size of a B-phase particle is shown
schematically in Figure 5. Details of the numerical solution are given in
Section 3.2.

Once the radius of the sphere is known the volume fraction of the
8-phase can be calculated, as follows. Assuming that all the B-phase part-
icles have the same radius (r ) initially, and are at a distance !• from
each other, the following equation can be derived from conservation of mass
considerations (see Figure 6):

CB • 7 " o + Ca (*3 - 7 *ro> r (7)
3 = C

where C is the overall niobium concentration (2.5%)
Ca is the niobium concentration of the a-phase (1%)
C is the initial niobium concentration of the B-phase (21%)



Therefore,

I3 55.85 r^ (8)

The volume fraction of the B-phase when the g-phase particle has
radius r follows from consideration of Figure 6:

f - - ^ 0.075 (̂ -) (9)

3.2 GOVERNING EQUATIONS AND NUMERICAL SOLUTION

The mathematical problem Is of the Stefan type, i.e., a spherical
region growing in an infinite domain.

The niobium concentration, C , within the sphere in the g-phase
obeys Fick's diffusion equation, with diffusion coefficient D:

3t B

The conditions at the moving boundary, a(t), are:

CD(a,t) - C. (lla)

,a 3CCl If + D UT

where Cĵ  is the equilibrium concentration at the interface between the S
and a regions for a given temperature.

The initial conditions are:

C (r,0) = C (12a)
P O

a(0) = r (12b)
o

where r is the radial coordinate
C is the initial concentration of niobium
r° is the initial radius of the sphere

For spherical coordinates and a spherical boundary

'2 i <*2 h^ <")
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an " 3r f r = constant (13b)

The problem is put into non-dimensional form by the following substitu-

tions :

T - 22j (14a)

o

cB
• - / (14c)

o

a - |- (14d)
o

e - -^ (14e)
o

-
o

Equations (10), (11) and (12) are replaced by the following

« (O,T) = e (15b)

e i£ + 1* = 0 (5 = a) (15c)

* (e,0) = 1 (0 < I < 1) (15d)

a (0) - 1 (15e)

For the problem as stated, the amount of the species represented by C
P

within the sphere will be conserved, i.e.,

C.dV = constant (16)
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To show that the constraint given by Equation (16) Is equivalent
to the boundary condition In Equation (15c), we consider Reynold's Trans-
port Theoiem in the following form [10]:

Using Equation (10) we have,

d f v v - £ D ' 2v v + X
'V JV

and using Green's First Identity

3C
5- / C d V » / D —2-
dt Jv B Js 3n

(19)

dS + / C. — dS
/g o" /̂  1 dt

Equations (lib) and (16) are therefore equivalent. The non-dimensional
form of Equation (16) is

* I d5 - j (20)

To obtain the numerical solution we use Galerkin's method. The trial
function is chosen as follows:

• a - e + J j b n ( t ) I s i n ^ i (21)

^'S-Jrlt^S1 (22)

At every instant in time we have

f \r sJ.n 5 ^ (L* ) dV » 0 m =• 1,2, ..., N (23)
Jy * a a

or

/ 5 s in B l i (L<1 ) ? dC - 0 m =- 1,2, . . . . N (24)
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Integrating Equation (24) yields N first-order ordinary differential equa-
tions for b (t). In addition, either Equation (15c) or Equation (20) Is
used so tha? we have N+l equations in fH-1 unknowns. A numerical study,
based on a knowledge of the sphere's radtus at equilibrium, showed that
Equation (20) was superior, in that fewer functions were needed to obtain a
given accuracy. In the following description of the numerical solution,
Equation (20), differentiated with respect to time, will be used. In
detailed form, the system of IH-1 non-linear first-order differential
equations is:

E + I/ X, 2(-l) mn JB\
dt a I n-1 2 2 n 2 /

\, / . m — n /

A 2 2da ID i

dT 2 n

m - 1,2, ...N (25)

N

(-1) n IT - . 2 da ,.
, a dT' 3 (E + T dT=0

n»l a

Hence, the system in Equation (25) can be written in matrix form:

[A] {Y} = {F}

where

1 0 0 ... v,

(26)

[A]

0 1 0 . . . v.

hlh2h3'"" Vfl' IH-1

(27a)

t b2, , a] (27b)

(27c)

(27d)



mm Q -.

{F}T - [d^ d2, ...d^J (27f)

2
(a > m 2 bm 1 i m < N (27g)

- 0 (27h)

Because of the form of the matrix [A], It can be easily Inverted using
Gaussian elimination. The set of non-linear equations takes the following
form:

{Y} - f({Y}) (28)

These equations were Integrated numerically using Hamming's Predictor
Modifier-Corrector technique [11], with variable time steps AT. The
integration scheme proceeds as follows:

Predictor:

{P} .,-{*} , + ̂ r-n+1 n-3 3

Modifier:

, , , 112

{M'}n+1 = f({M}n+1) .(30b)

Corrector:

~ {Y>n-2 + 3AT « » ' U + 2^YIn+l " ̂ >n-!» (31a)

{C>r.rl + TIT
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The subscripts indicate the particular time step. This is a four-step
integration scheme, and if {Y}Q represents the initial values, then an
estimation of {Y}. and {Y}~ will be required to start the integration
process. These starting values were found using the well-known four-point
Runge-Kutta method.

The non-dimensional radius of the growing sphere can be calculated
for the steady state, using the conservation of c , i.e.,

P

roCo " r3(a>)Cl ( 3 2 a )

or

a3(»)e - 1 (32b)

Using data for Zr-2.5% Nb, we have found the solution for a spher-
ical S-phase region growing within an infinite a-phase matrix. In Table 1,
the numerical value for the non-dimensional radius at steady state is com-
pared with the theoretical value. Table la gives the results obtained
using the integral constraint boundary condition, Equation (20). Table lb
gives the results for the case where the boundary condition is written in
terms of the normal derivative, Equation (15c). In both cases the compari-
son is done at four temperatures and for several trial functions• It can
be seen from Table 1 that the Integral boundary condition gives the better
convergence characteristics, and also, for N > 10, that the differential
boundary condition produces unacceptable roundoff errors. The transient
response (using the integral boundary condition) is illustrated in Figure
7.

4. DISCUSSION OF RESULTS

Experimental and calculated volume fractions of the a-phase are
compared in Figure 8. The following initial values were used in the
calculation: overall niobium concentration 2.5%; initial a-phase volume
fraction 92%, the equilibrium monotectoid value; diffusion coefficient of
Nb in the B-phase 2.2 x 10 exp(-33000/RT) [12]; initial radius of the
8-particle 1 ym.

In the theory, the dimegsionless radius ? » r/r is a function of
the dimensionless time T - tD/r at constant temperature. This means that
the reaJ time required to attain a given r/r is proportional to r , the
square of the initial radius. The smaller the initial radius, the shorter
the tiae to obtain the value r/r , or the volume fraction, which is 0.075
(r/rQ) (see Section 3.1).

The initial B-phase grains of cold-worked Zr-2.5% Nb pressure-tube
material are not spherical, but have the following average half dimensions:
0.12 um, 0.07 Mm, and 10 um in the transverse, radial and longitudinal dir-
ections of the tube, respectively. However, the calculated vcluae frac-
tions agree well with the experimental data if the initial radius of the
B-phase grains is assumed to be 1 \im.
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5. CONCLUDING REMARKS

We have developed a mathematical model for the kinetics of phase
change of Zr-2.5% Nb alloy at constant temperature. The resulting moving-
boundary probljm for a growing sphere was solved using Gslerkin's method
and numerical time integration. The transient solution for the growing
sphere is satisfactory in form, and the steady-state volume of the sphere
agrees very well with the theoretical value. Numerically, the integral
constraint boundary condition was found to be superior to the boundary flux
balance, normal derivative form. When the transient volume fraction of the
a-phase is considered, the mathematical model compares favourably with
experimental measurements.
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TABLE 1

STEADY STATE RADII

(a) Convergence of Limiting Radius for Various Temperatures,
Using the Integral Constraint Boundary Condition

T°C

c(»)

N

5
10
20
40
50
60
70

700

1.231

1.201
1.215
1.222
1.225
1.226

800

1.587

850

2.203

Numerical <*(<•>)

1.484
1.531
1.558
1.572
1.573

1.898
2.031
2.111
2.156
2.165
2.170

900

2.371

1.994
2.157
2.255
2.311

2.323

2.336

(b) Convergence of Limiting Radius for Various Temperatures,
Using the Normal Derivative Boundary Condition

T°C

a( B >)

N

5
10
20
40
50

700

1.231

1.223
1.229
1.251
1.400

800

1.587

Numerical a(»)

1.604
1.601
1.609
1.679
1.787

850

2.203

2.378
2.246
2.229
2.313
2.456

900

2.371

2.459
2.420
2.398
2.453
2.522
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FIGURE 1: Zirconium-Niobium Phase Diagram (from Lundin and
Cox [1])
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FIGURE 3: Parallel (a) and Perpendicular (b) Loading of a
Two-Phase Material
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(3)

(b)
FIGURE 4: Typical Optical (a) and Scanning Electron (b)

Photomicrographs of a Two-Phase Zr-2.5% Kb Alloy:
(a) Heat treated at 800°C for 8 h; (b) Heat
treated at 800°C for 0.5 h
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RADIUS OF BETA-PHASE PARTICLE

FIGURE 5: Schematic of the Size Change of a 3-Particle at Constant
Temperature. C is the equilibrium Nb concentration of the
|3-phase particle at temperature T, and r the initial radius.

/

/

/

© ©
/

V
FIGURE 6: Calculation of Volume Fracture of the a-phase. Assumed

configuration of 3-phase particles; radius r, separation X,.
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FIGURE 7: Calculated Transient Response for the Growing Sphere at 900°C
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FIGURE 8: Volume Fractions Versus Time - Comparison of Experiment
(Points) and Calculation (Curves)
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