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I. INTRODUCTION

One of the most conspicuous features of heavy-ion

elastic scattering at above-barrier energies is the quarter-

point angle. This angle is defined, through the quarter-point

recipe, as that at which the ratio of the elastic differential

cross section to tht Rutherford cross section attains the value

0.25. At an optical model level, it is also defined as the

angle that is related, through a Coulomb deflection relation,

to an angular momentum at which the transmission coefficient is

0.5 (or the elastic reflection coefficient is /0.5 ) . This

angular momentum is invariably referred to as the grazing or

strong absorption angular momentum, and it represents, using an

optical analogy, the Fresnel diffraction boundary, in angular

momentum space (see Born and Wolf, ref. 1).

The utility of the quarter-point recipe resides in

the immediate, albeit approximate, determination of the total

reaction cross section through the knowledge of 81, as

n>

with

where k is the asymptotic wave number of relative motion and

n is the Sommerfeld parameter. The quarter-point recipe,

first investigated by Blair , has been used extensively in the

analysis of heavy-ion elastic scattering.

Clearly the quarter-point recipe, as desc-ibed by

Eq. (1) and (2), does not Uuce into account any nuclear structure
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effect aside from the over all optical behavior exemplified by

the optical model description.

In this paper, we investigated the effect of

nuclear deformation on the quarter-point angle. We work out

approximate analytic forms for the corrections, arising from

static deformation,to 8y . We consider our treatment based

on the sudden approximation, as approximation to a full coupled

channels calculation, having, as a clear advantage, the closed

forms,which facilitates the understanding of the physics

involved.

In Section II, we present our sudden treatment of

the deformation effects on 9U . Our starting point for the

cross section ratio to Rutherford is the strong absorption

Fresnel model3'.

In Section III, we discuss the two major corrections

to 8j, arising from, what we call, dynamic deformation
In

effects due to Coulomb excitation, and static deformation

effects due to Nuclear excitation, both treated within the

sudden approximation.

In Section IV, we present our numerical results for

several heavy-ion systems. And, finally, in Section V, we

present several concluding remarks.

II. THE SHARP CUT-OFF MODEL OF 0 (9) /qRut.h (8) , AND STATIC

DEFORMATION EFFECTS

Within the sharp cut-off model of heavy-ion elastic

scattering, the ratio to Rutherford is given by
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where the function F is given by

(4)

The Fresnel integrals C(z) and S(z) are given by

(5)

o

Though completely not adequate at 6 > 9^ , owing

to the sharp cut-off approximation, Eq. (3), nevertheless

supplies a reasonable description of the heavy-ion elastic

scattering cross section ratio to Rutherford at 9 £ 6y •

Furthermore, it exhibits explicitly the quarter-point property

of the scattering, namely at e • 917 t —S-— * - , since
. ' h aRuth 4

F(0) =•£.

For further use, we give below the asymptotic

behavior of F(x) . For 6 << 6y , we have, using the asynptotic

forms of C(z) and S(z),
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> (6b)

Equation (6s) shows that the Fresnel oscillations

seen in a/°p t n
 a t s m a 1 1 angles are described by

i (8-ei, )) , i
n =—! — ir f • T n e local period of these oscil-

lations is given by

(7)

clearly, P- increases as 9 approaches 9i. and as n

decreases.

Equation (6b) indicates thav tha cross section

ratio °/<!o th decreases with angle, in the shadow region, as

sin~2(^ (6-ôy )). This is, of course, an artificial feature

associated with the sharp cut-off approximation and is far from

the exponential damping, which results if a smooth absorption

i3 considered. However, since our aim in this work is to

investigate the quarter angle region, which is adequately

described by Eq. (3), we feel quite comfortable in using the

sharp cut-off model.

Before introducing the deformation aspect to the

problem we give below positions of maxima and minima of F(x),

= d,A - * *?}&. • tgs.) *&£*!,. ,.,
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The first major maximum measured from 8T, occurs at

The value of — - — at this angle is
°Ruth

Therefore, in the angle interval 9' ' < 6 < 9i» ,
m a x /ifmax

the cross section ratio changes by - 460% , a rather major

drop. It is in this region that we expect static deformation

to play a major role.

III. STATIC AND DYNAMIC DEFORMATION EFFECTS IN 8^

In several heavy-ion systems, the usual Fresnel

form of the ratio — - — at small angles, come out quite
aRuth

modified. As an example, we show in Fig. 1 , the data on '"Kr

scattered by ZGtPb and 232Th at 500 MeV measured by Colombani

41
et al . In Fig. 2 , we exhibit the elastic data of the system

if 0 + i8i»w a t 9Q M e V m e a g u r e a by Thorn et al '. Clearly,

several specific nuclear structure effects not accounted for

by Eq. {1), are involved in this case.

In particular, the strong Coulomb excitation of

low-lying excited states both target and projectile may have a

major role in bringing in the clear deviation in the data from
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pure Fresnel diffraction. Aside from Coulomb excitation, nuclear

excitation also inflicts several changes in the diffraction

scattering.

In this.chapter, we consider these two effects

separately due to the clear difference in their nature, the Coulomb

effects, represented by an adequate polarization potential, is

of a long range nature both in r and I, whereas the nuclear

excitation is short ranged and can be accounted for approximately,

as we show below, by performing an adequate average over the

orientation angle.

As has been demonstrated in refs. 5-7), the dynamic

deformation effacts arising from the Coulomb excitation of

low-lying collective states can be nicely accounted for quite

adequately by an £ and r dependent polarization potential,

which has the form

where, the I and £ dependent coefficients a* , b. and c»

are given by

9JL " * k L "

where
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a = £L^T = t/k

_!L_

In the above equations, it is assumed that only the

target nucleus (A.jZ.) is deformed and only the 2+ excited

state is considered. Generalization to include multistep

excitation processes (4 , 6+ , ...) and projectile excitation

has been done in ref. 8). For a detailed discussion of

9)

polarization potentials see Hussein et.al .

At fib-barrier energies, where nuclear excitation

and absorption is very small, the cross section ratio to

Rutherford is easily evaluated and comes out to be

The above formula has been applied to several cases

of heavy ion elastic scattering involving deformed targets and

its agreement with the data has been quite satisfactory.

Because of the long range nature of \,o\^
r^ > w e

expect that the damping in — 2 — arising from it and given by
°Ruth

Eq. (14) to be still valid even at above-barrier energies,

where Eq. (14) should be replaced by

(ft)
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To support our claim above, we apply Eq. (15) to
a'»

the data on 1 B0+ lslJW, Fig. 3. We generate —=±— from
aRuth

spherical optical model potential suggested by Love et al .

Fig. 3 summarize our finding. Clearly Eq. (15) is quite

reasonable.

It is important at this point to point out that

is still, in general, not obtainable, in principle, from
aRuth
a straightforward optical model calculation, since at above

barrier energies, the short-ranged nuclear excitations come

into play. We turn in to the calculation of (6) •
°Ruth

Having isolated the long-range Coulomb polarization

°e£ °lt
effect on , we now treat - — — , Eq. (15),as containing

ffRuth aRuth '

only short-range nuclear coupling effect.

He adopt the sudden approximation, which amounts to

neglecting the excitation energies of the excited states. In

this limit the coupled channels problem simplifies significantly.

If all states of the rotor are included, one reduces the problem

to that of an equivalent sphere calculation. Accordingly, one

needs but to evaluate the elastic amplitude for a given value

of the angle x that specifies the orientation of the symmetry

axis with respect to tne line that join the centers of the two

colliding heavy-ions, at asymptotic distances.

Therefore the "elastic" scattering amplitude, that
ae£goes into the calculation of — , is given by

aRuth

f ie,x) = Jjj- (16)

The elastic scattering amplitude f(9) is obtained

from f(e,x) by averaging the latter over all orientations
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SL- lfir

It is easy to recognize that the total nuclear

inelastic cross section is given by

- | < * < » ' * > I* (18)

This is so since

(19)

where the states |IH> are connected with the x-degree of
x

freedom. Adding and subtracting \<m\ f (8,x) ;•>!= i<f(6,x)>n |
2 ,

and using closure on the IM sun, we rscover Eg. (18).

It is important to recognize that one may distinguish,

using the averaging procedure above, between the real elastic

scattering cross section described by <f (6,x)>_ and, what

may be called, the generalized elastic scattering cross section

given by

which, according to Eq. (18), is the sum of the elastic cross

section and all inelastic cross sections.

Therefore the "generalized" total reaction Cross
da

section attached to —j3r^ , given by

(21)
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is different from the total reaction cross section, extracted

from |2 = <f(5,x)>il ;
2 ,

by an amount which corresponds to the total angle-integrated

inelastic cross section

(23)

da
with d R

i n e given by Eq. (19). Obviously a|en < aR .

The above equations, Eqs. (16)-(23), constitute

our sudden approximation to the calculation of .
Ruth

In our application to heavy ion systems we shall

use the above equations both within an optical model description

of the scattering, as well as in the sharp cut-off approximation

exemplified by Eq. (1).

Before presenting our numerical results obtained

within the optical model, we: give below the changes, arising

from static (short-ranged) deformation effects, on the sharp

cut-off cross section, Eq. (1).

In the sharp cut-off limit, equation (16) becomes

e

where l\i (x) is connected with the x-dependent nuclear

radius, through
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(25)

(26)

The barrier radius R(x) is determined from

(r) = o (27)

Simple algebra leads to

where D is the nuclear radius when 8 = 0 .

The expression f(d,x) can be evaluated approximately

using the stationary phase method, to give

r ' l T A r , . ^
(29)

where

i s given by

5llíW i

Therefore, the cross section ratio to Rutherford

../-«*) > .
(30)
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where 9 (x) is defined by

If we perform the average over x on Eq. (28), we

obtain the result of Rowley . Such a calculation would

result in a "generalized" quarter-point angle related to a^en,

Eq. (21).

On the other hand if we average f(6,x) and then

calculate , Eq. (30), we should obtain the genuine elastic
°Ruth

scattering cross section. In the vicinity of the grazing angle

0i, (x) , we may write

I

(32)

where u(8,6i, (x)) is given by

(33)

To second order in 6 , the new, deforma-ion-modified,

quarter-point angle may be obtained simply by setting

(34,
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with a = ——TjTT- , and 8°/ is the quarter-point angle when

el
Solving for 61. , we obtain

9 A (35)

where

where

(37)

Clearly when 6 = 0, we have 6?. = 9j, , as expected.

It is important to recognize that 6?/ is still

not the quarter-point angle since it represent 61, for
°Ruth

The quarter-point angle that should be compared to the data is

obtained by setting

which results in

where
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(40)

-*•}
The exponent in Eq. (18) was obtained by calculating

I
the integral of Eq. (15), with V . (r) given by Eq. (11).

* E

The factor 9 i ( i = i 55I i s a semi-classical energy-loss factor

(gj(0) =1) . Finally 1(6) i s given by8'

ltj I (41)

Our expression for 9i, , Eq. (39) should supply a

reasonable estimate of the total reaction cross section in the

case of scattering of deformed heavy-ions. It is interesting

to observe that the two correction A. . and A . .. are
dynamic static

of same signs: both corrections tend to push 81. to small

values.

In cases where the generalized elastic scattering

differential cross section is considered, e.g., when the

experimental resolution is such as not able to isolate the

elastic peak from the 2* or 4* peaks in the spectrum, this

are antecipate, as Rowley have done several years ago, that the

e?*n is given by

~~ - '' (42)

Where A?®n is different from A_.,. since it involves the
St. SCãt

solution of the equation <F(8i, (x))>_ = -r , and not
"* x

{
Substituting Eqs. 4 and 5 in 17.6, and using
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<«>

a
In Obtaining Eq. (43) , we have used the condition 9 e n (ef,en) =

, °Ruth /<f

= ?'
In contrast to the static deformation correction to

the pure elastic quarter-point angle, Affü* comes out to be
Swot •

negative thus resulting in a larger 9?,en . As was discussed
/ii

by Rowley , this features explains several erroneous

interpretations of experimental data when the quarter-point

recipe is applied directly to deformed systems, such as

*''Kr*2i2Th. One may easily end up with an extracted strong

absorption radius which is much too small. (E.g. at 500 MeV,

it was concluded to Colombini at that the S.A. radius

parameter in Kr+Pb is larger than that in Kr+Th l ).
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IV. NUMERICAL RESULTS

We present in this section the numerical results of

our sudden approximation calculation of A ^ V , A_ . and
StaCi Stall.

A, . The results were obtained both through an optical model

calculation and a subsequent averaging, as well as using the

approximate analytical results of the preceeding section. In

our calculation we take only the target nucleus as deformed.

The quadrupole deformation parameter, 6 , is then related to
11)the experimental 6(E2) values according to

(44)

The nuclear radius, R , and the Coulomb barrier position, 0 ,
li)are taken to be '

ft. =: J2 33 A? - 09^i- A
(45)

To start with, we present in Fig. 4, the result of
a

the equivalent sphere optical model calculation of 9en for
Ruth

the system " 0 + 2iSi at Er „ » 35 MeV , using for the

spherical potential. The E18 complex interaction13', with the

parameters

Although the 1(0-f 2(S1 system is not so strongly

deformed, we have chosen it for our discussion and varied the
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deformation parameter of 28Si arbitrarily. Figure 4 shows

our results for the generalized elastic cross-section ratio to

Rutherford, indicating clearly the shifting to higher values

of 9i, in accordance with our discussion above. In figure
qen.

5 we show 8i. vs. P . Also shown is the result obtained by

Rowley using the sharp cut-off model. At small 8 / both

calculations yield similar By . At larger 8 , however,

significant deviation occur. For qualitative purposes, however,

the Fresnel model should be quite adequate.

In Table 1, we compare our approximate calculation

of 6?fn , Eq. (42), with those of Refs. 14), 15) obtained

from coupled channels calculation, Sj, . The background

spherical 9f, is extracted from optical model calculation.

It is clear that our approximate formula for 6?,en is quite

adequate. In Table 2, we present our results for the genuine

elastic quarter-point, angle 9i, and the extracted spherical

6°, , which comes out very close to the one 9?P ' obtained
A A

from optical model calculation. In our calculation of By we

employed Eq. (39). We note that A „ is intrinsically
Slapositive, in clear contrast to A^®n . Once the value of B{,

is extracted, a deduced value of the strong absorption radius

may then be obtained. We have attempted to extract these

radii for Kr+Pb and Kr+Th using our approximate formulae.

The results~were not. satisfactory owing to the large deformation

effects in Kr+Th scattering. On the other hand the general

trend comes out reasonable.
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V. CONCLUSIONS

In this paper we have investigated the deformation

effects on the heavy-ion quarter-point angle. In cases where

the summed elastic plus inelastic cross section is measured

(for very strongly deformed systems), the generalized quarter-

point angle is obtained in the form

A 3*"

where 6°, corresponds to zero deformation and ASt»4 Is
fn Scot

negative.

When the elastic component is clearly identified

and measured, we have then

\ -

when the corrections A an<3 A<jvn ' w n i c n a r e

positive, arise from static (short-range) and dynamic (long-

range) deformation effects. The above expression can be used

in conjunction with the data to obtain the spherical quarter-

point angle, through which an unambiguous strong absorption

radius may be extracted. Our analyses of several systems

demonstrated the reasonableness of our procedure.

It is obvious that our discussion can be easily

extended to the treatment, within the sudden approximation,

vibrational nuclei. The averaging then corresponds to taking

into account the zero-point motion ' •



.20.

APPENDIX A

In this appendix we present the details of the

calculation of the generalized elastic scattering cross section

in the short cut-off model (Fresnel model) and for small values

of ths deformation parameter.

Using the identity

e

and the approximation \y = %%. in Eq. (31) , we may rewrite

Eq. (28) as 1 0 )

(».3)

we have from (A.2),

(A.4)

We remind the reader that the averages of X and X2 are
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= O
(A.5)

*

Using Egs. (A.4), (20) and (3)f we find for the

generalized elastic scattering cross section in the vicinity

of the quarter-point angle,

I
(A.6)

where

(A.7)

In Eq. (A.6), F' and F" are the first and second derivation

of F at 9$, .
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TABLE CAPTIONS

TABLE 1 : Calculation of e g e n for the systems 1 3"Xe * 1 5 2 S m

and *°Ar + 2 3 8 U (see Ref. 14 and t e x t ) .

TABLE 2 : Calculation of e" from 6 for l 2 C + l81*W and

" 0 + iai>W (see Refs. 5, 6 and t e x t ) .



FIGURE CAPTIONS

Fig. 1 - Elastic scattering angular distributions of 8"*Kr on

208Pb and 232Th at E. . = 500 MeV (from Ref. 4).
Lab.

Fig. 2 - Elastic scattering angular distributions of 1 80 on

2 0 iPb and la*W at ET . = 90 MeV (from Ref. 5).
Lab.

Fig. 3 - Elastic scattering angular distribution of 1 8O on

181>w at E . = 9 0 MeV. The solid curve corresponds

to Eq. (15) (see text) while the dashed curve is

obtained by including the dynamic polarization

potential in a conventional optical model calculation .

Fig. 4 - Generalized elastic scattering angular distribution

for l t O * 2 t S i at E c M • 35 MeV for 3 = 0 (dashed

curve) and 8» 0.3 (solid curve). The equivalent

sphere optical model was employed.

= 35 MeV. The

dashed curve was obtained using the optical model,

whereas the solid curve is based on the Fresnel model.

The equivalent sphere method was employed.



SYSTEM

*°Ar + 2 3 8 U

ELAB

690 MeV

340 MeV

Cl

94

51

.0

.9

G

96

52

V-

.0

.6

°!

95.

52.

r

en

3

4

TABLE 1

:2C

ISQ

SYSTEM

• 18*W

ELA8

70

90

MeV

MeV

0
V

80

84

.5

.0

84.

90.

7

5

0°

84

91

.3

.0

TABLE 2
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