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The Dlrac equation based Distorted Wave Born Approximation (DDWBA),
an analogue of the Schrodlnger equation based Distorted Wave Born Approx-
lnatlon (SDWBA) which Is familiar to nuclear physicists, Is derived and
discussed below.

The usual manner In which SchrOdinger calculations are formulated
is to consider the system to consist of a set of sub-systems, each of
which has it's own Hamlltonian. A total Hamlltonian for the system is
then constructed by adding these Hamlltonians, and then adding to this
sun a set of Interaction potentials:

H - £ H(i) + 2- v(i,j) (1%)
i i<j

where H(i) Is the Hamlltonian for subsystem 1 and v(l,j) is the inter-
action potential between subsystems i and j. In non-relatlvistic quantum
mechanics this prescription guarantees the Galilean lnvarlance of the
theory. In SDWBA, the Interaction terms v(l,j) are now treated in first
order perturbation theory, just as we will do here In the DDWBA.

For the purposes of applying the Dirac equation to nuclear physics
it would be nice if an analogue of the above procedure could be used.
However it turns out that the arguenents that lead to Eq. (1) are not
appropriate in the relativistlc case. Specifically suppose one has the
common nuclear physics situation of two nucleons outside of a closed core .
nucleus. Then the equation one would like to write down Is

H - h(l) + h(2) + v(l,2) (2>

where

-1 ̂  . VA + »tm + Uopt (rp . (3)

This equation, known as the Brelt Equation,1 has been used with some
success in atomic physics. Its application there is discussed in some
detail by Sucher.2 The Brelt equation may be derived from the Bethe
Salpeter equation in the Halt where the potentials Involved are weak and
the velocities of the particles are small.3 The equation Is not
obviously applicable to nuclear physics. Specifically, there are three
problems,

(1) In the absence of external nuclear potentials but with a one
boson exchange nucleon nucleon potential which does a reason-
able job of fitting the nucleon-nucelon elastic scattering
data, the equation exhibits several unphyslcal singularities
at short distances, the outermost singularity being at
1.4 fm."

(ii) Even In the absence of external potentials, the equation is
not Lorentz invariant, which means one gets different answers
for total probabilities depending upon which Lorentz frame one
Is working in. The equation exhibits approximate Lorentz
invarlance In the weak potential limit, but nucleon-nucleon
potentials are hardly weak.

(Ill) In the presence of external potentials, the equation exhibits
what has become known as the Brown-Ravenhall disease.5 Spe-
cifically the Hamiltonians h(l) are unbounded from below.
This means the system tends to collapse, the nucleons
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occupying negative energy states. It turns out that this
problen lb no worse than (1) or (11) since It can be
alleviated by Inserting projection operators which do not
allow the nucleoni to occupy the negative energy states of the
Hanlltonlana h(l).2

The cost severe of these problems appears to be (1). This problem
can be circumvented by considering a systea which contains only one
(interacting) nucleon. The other degrees of freedom in the problem are
taken to be descrlbable by some nuclear Hamiltonian. This is the
approach often used in electron scattering.

For the purposes of illustrating the steps in the calculations, let
us consider the case of one nucleon interacting with an external source
of potentials and creating in the process a boson. Such a physical situ-
ation Is realised in the (p.pX) reaction where the final nucleon may be
in a bound or scattering state and X may be a pioa, photon, phonon, or
kaon. Specifically we are going to discuss the case trfiere X Is a phonon,
and our process Is proton inelastic scattering to a final (collective)
excited state of the nucleus.

In these clrcunstances the Hamlltooian for the system Is taken as a
sum of ;:hree parts

h(l) - -1 a - 7 + 6 • + Uopt(r) (4)

h(2) - £ <hwn) a+ an (5)

*

h(3) - 3C v£nJ(r) at + Hermitlan Conjugate. (6)
n

here a* creates a phonon with quantum numbers n, energy wn> and v[
n'(r)

is the transition density, which In thle case is proportional to the
derivative of the (elastic scattering) optical potential.

The equation taken to describe the notion is now

H * (_r,5) - E * (£.5) (7)

where

H - h(l) + h{2) + h(3) (8)

Now h(2) la assumed to have a complete set of states, |n>, so we may
write

• (£.6) - £ •„ (£) |n> • (9)
n

Substituting this expression Into Eq. (7) we can derive a set of coupled
differential equations for the coefficients, 4n(r), of the kets |n>.
These coefficients are of course going to become the distorted waves in
the problem.

The simplest and most elegant way of obtaining the DDWBA from these
equations is to convert them to a Bet of coupled Integral equations. To
this end a Green function oust be constructed which satisfies:



- Ek) C(£,£') - 6(£ - £') (10)

end exhibits the large r boundary condition:

£ e l k r u(k,8') Fg>(£',fl) . (11)
•' r

Notice the extra feature included In the Dlrac picture which Is absent
from the Schrodinger one, namely the extra freedom in the Green function
to represent outgoing states in either a positive or a negative energy
state. If one wishes to solve the coupled equations fully then decisions
must be made as to whether to allot' propagation through the negative
energy states or not. Use of the above Green function will prevent
negative energy states of the Haallvonlan which Includes the nuclear
potential (h(i)) from being Included in the problem. If one solves the
equations using first order perturbation theory in Vt(r) about the
elastic scattering state (i.e. the usual Born approximation) then such
questions do not arise.

The Green function which satisfies (10) and (11) is given In
Eq. (12) below

G(r.r') - lc(E+M)

i'/r') r V r (12b>

where the f^j(r) are the radial part* of the upper components of the
Dlrac wavefunctions which satisfy Eq. (10) but with zero on the r.h.s.
These wavefunctions are normalised:

(kr - Lir/2 + 6LJ> ....

kr

Observables are extracted In this formalism by applying the free
Dlrac flux operator to the assymptotlc forms of the Incoming and outgoing
wavefunctions, fn(r). Thus the kinematic 'front* factors to include In
the differential cross section are uniquely fixed.

Since for DDWBA one only needs the Green function at large r we can
effectively replace it by it's assymptotlc form to get the usual
(looking) result:

S f



- 5 -

A similar formalism exists for describing the (p,u+) reaction. Here
the boundary conditions on the Green function are slightly different, the
state into which the pion is created is an interacting Btate, and Vt(v)
now becomes a plon distorted wave. Calculations have been carried out6

and the results are in reasonable accord with data provided the final
nuclear state may be described as the Initial nuclear state plus one
nucleon.

We have also carried out DDWBA calculations for the (p,p') reaction
where the final nucleus is left In a collective state which can be
described as the addition of one phonon to the ground state. The
results7 in this case compare very favourably with experimental data,8

both for cro68-sections and analysing powers* This Is not a great
surprise as the simple Schrodlnger Woods-Saxon based calculations also
reproduce these data. In Fig. 1 the comparison with the Inelastic
Q-parameters data for the reaction 't()Ca(p,p') '•"CaCS.?*) is shown. The
Schrodinger calculations shown on the figure should not be taken as a
measure of relativlstic effects since the potentials used to fit the
elastic scattering data are taken to have Woods Saxon shapes which are
known to be Inadequate at this energy.

Q L L 0.0

Fig. 1. The inelastic spin rotation parameters for the reac-
tion fr^Ca • ?'+'«0Ca(3") at Tp-500 MeV. The solid curves are
Dirac calculations, the dashed curves are Woods-Saxon-based
Schrodlnger calcualtions. The symbols QLL, QLS are defined In
the text. The data are from Ref. 8.

The inelastic Q parameter? are defined in analogy with the Q
parameter of elastic scattering. Specifically
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•uj Tr[TT+]

where the co-ordinate system la that of the Incident nucleon and i and j
become L or S depending on whether a 'points' along the beam or to the
left at 90° in the reaction plane.

In Figs. 2 and 3 the DDWBA predications are shown for Inelastic
scattering In lead and calcium leading to the lowest lying 3~ and 5~
states on these nuclei. The agreement with data is quite good, the worst
discrepancy being with the S~ data which may reflect the lack of
collectivity In this state.
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Fig. 2. The inelastic spin
rotation parameters for the
reaction pV»«Ca • ?'+'*0Ca(5")
at Tp-500 MeV. The data are
from Ref. 8.
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Fig. 3. Dlrac calculations
of the inelastic spin rota-
tion parameters for the reac-
tion pV208Pb + jt'+208pb(5-)
at Xp-500 MeV. The data are
froc Ref. 8.

It is interesting to compare the DDWBA formalism and results for
inelastic scattering to those from DDWIA calculations.9 The DDWIA for-
malism for inelastic proton scattering to collective final states
describes the final nuclear state as a quantised oscillation of the
vector and scalar densities, rather than of the potentials themselves.
Nevertheless the structure of the DDWIA t-matrlx element Is extremely
similar to that of the DDWBA, and Indeed the code DRIA10 yields very
similar results to our DDWBA code for Inelastic scattering to collective
states.
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The DDWBA formalism may also be compared to the SDWBA. The
Schrodinger curves shown in Figs. 1 and 2 are not the best Schrodinger
calculations to compare with since the Woods-Saxon potentials used here
are unable to fit the elastic scattering Q-parameter data. One
Schrodinger optical potential which does fit the elastic data Is, of
course, the "Schrodinger equivalent Potential* to the Dlrac optical
potential. If both central and apln-orbit parts of thi* potential are
deformed and (quantised) oscillations allowed, then the inelastic
scattering predictions agree well with the Dlrac calculations and
therefore with all the measured Inelastic scattering observables.** The
agreement between SDWBA and DDWBA calculations is not trivially obvious,
Indeed if the two formalisms are compared analytically using a mapping
procedure,12 one finds several differences between then. Numerically
these differences turn out to be small however.

Suasury

The purpose of thle Investigation Is to Illuminate the assumptions
which are made when one writes down a Dlrac DWBA matrix element. Due to
the strong nature of the nucleon-nucleon potentials It is difficult to
Justify some of the steps Involved In the general caoe; however by
limiting ourselves to situations where only one (interacting) nucleon is
present we can side-step this difficulty. We conclude the excellent
agreement with the experiment Justifies, a postlorl, the procedure,
however we would like to remind the reader that, at least for proton
inelastic scattering to collective states, the same quality of agreement
can be obtained purely within a Schrodinger formalism.
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