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Abstract

Recently Alfvén has qualitatively described how a

collisionless plasma drifts in crossed electric and magnetic

fields towards an infinite conducting plate of constant

potential. In the present note we quantitatively study three

models which are closely related to Alfvén's model. It is

found that when the plasma comes sufficiently close to a plane

»?uipotential surface (conducting plate) it is deflected

Approximately along the surface. The deflection is not caused

ry pressure effects but rather by the electric and magnetic

fields. Small fluxes of ions and electrons also cross the

plane equipotential sur.lace. These fluxes account for an

electric current in the plasma which induces s. magnetic field

in the same direction as the total magnetic field assumed to

be homogeneous. It is show», that if the Alfvén number, M . is
A

much smaller than unity in the volume considered the magnetic

field induced by plasma currents is small compared to the

total magnetic field. However, if M is of the order of unity

or larger the total magnetic field is to a substantial degree

generated by plasma currents.
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1• Introduction

In his book "Cosmic Plasma" Alfvén (1981) has qualitatively

described what happens when a collisionless plasma beam,

limited by two equipotential surfaces and penetrated by a

homogeneous magnetic field, drifts towards an infinite

conducting plate of constant potential (see Figure 1). He

finds that when the plasma comes sufficiently close to the

plate it is deflected along the plate. The deflection is not

caused by pressure effects but rather by a perturbation of the

electric field produced by the conducting plate.

In the present note we shall more in detail and quantitatively

study a few models which are similar to the model studied by

Alfvén. In our models, like in Alfvén's model, plasma flows in

planes parallel to the xy-plane. Furthermore there is no

variation with time t and z but only with x and y.

2. The

We consider a collisionless plasma consi. ting of cold ions and

cold electrons drifting in crossed electric and magnetic

fields. It is assumed that the magnetic field is homogeneous,

£ = fiQr and directed in the positive z-direction while the

electric field, £ = -grad V, is described by the potential

distribution

where c.̂  is a constant. As is clear from Equation (1) the

equipotential surfaces are of hyperbolic shape (see Figure 2).

In particular we may notice that the two planes y = x and

y • -x represent equipotential surfaces with the potential

V » 0.
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It should be pointed out that the potential distribution

considered satisfies Laplace's equation. Hence no space

charges are allowed to exist. It can be shown that the

potential distribution can be produced by e.g. four equal

hyperbolic electrodes of potentials +V and -V . As regards
*F o o

the magnetic field, B , we shall for the present assume that

it is generated both by external sources (coils) and by

internal sources (plasma currents).

The electric field consistent with the potential distribution

of Equation (1) is

£ « 2c, (x, - y,0) é ( 2 )

Like the equipotentials the electric field lines are of

hyperbolic shape (see Figure 2).

Motion of particles

In order to obtain as simple conditions as possible we assume

that both ions and electrons move adiabatically in the

electric and magnetic fields with no velocity component along

the magnetic field. The drift of the particles perpendicular

to the magnetic field is then described by the equation

ExB m , du^
(3)

where m is the mass and q is the charge of the particles. The

letter a stands for e or i referring to electrons or ions

respectively. The first term in Equation (3) represents the
2

fixfi/B -drift being equal for the ions and electrons. In a

quasi-neutral plasma this drift does not give rise to any

electric current. The second term in Equation (3) describes

the inertia drift. This drift, which is more pronounced for

the ions than for the electrons, accounts for the current in

the plasma.
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For the adiabatic condition to be fulfilled it can be shown

that the constant in Equation (1) must sati3fy

«1 « T=* t4)

1 ^5T
T

2

This inequality also implies that the £ x fi/B -drift is much

larger than the inertia drift. Hence, in the first order

approximation both ions and electrons drift along the

hyperbolic equipotentials with the velocity
2c1

' - B ~ <*' x' 0) < 5>

(Figure 2). As may be seen from this equation !

proportional to the radius r = Vx +y extending from the

z-axis.

If we want to make a more accurate estimate of the motion of

the particles we must also take the inertia drift into

account. We may then calculate the acceleration from the

velocity of the first approximation (Equation (5)) and obtain

d(u > 4c2

u a l ) i - -jl (x, y, 0). (6)
o

Inserting this acceleration in the second term of the drift

Equation (3) we find the inertia drift to be

-all

As is clear from Equation (7) this drift is circular and

proportional to the radius r. Hence the inertia drift of

Equation (7) represents a rigid rotation of the particles. By
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adding HaX£ a n d -cuLI (Equations (5) and (7)) we obtain

second order approximation of u ..____________________ a^

In a similar way we could proceed calculating ever higher

orders of approximations. However, in the particular case

studied here it is possible to make an exact calculation of

-cU.by P u t t i n g

2c 1 2c1a
r
amw 2c

This equation differs from Equation (8) only by the

dimensionless constant a^ which must have a value close to one

(cf. Equations (8) and (9)). By calculating the inertia drift

from Equations (9) and (3) and identifying it with the inertia

drift component of Equation (9) we find

«5_4° f. i
01 „ 2 _ 2 1

2 4 a ) Ia * - .-_ I - 1 +l 1 + . '. " I I cio)

When the inequality (4) is fulfilled a « 1 as expected.

It can easily be shown that the stream lines of the particles,

as defined by the drift velocity of Equation (9), are of

hyperbolic shape. Unlike the hyperbolas of the equipotentials,

however, the stream line hyperbolas have asymptotes that are

not perpendicular to one another. Examples of stream lines of

the ions and of the electrons are shown in Figure 3.

The drift motion of the plasma may be defined as u , = (m.n u*,
1 i i i J

+ 1W iejL ( inini + V e ' ' F r o m t n i s e<Iuation i t is found that
in the first order approximation the plasma moves along the
equipotentials.
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n«nv«ti-fcv of particles

Op to now we have only discussed the electric and magnetic

fields and the resulting drift velocities of the particles.

Another important parameter of the plasma is the particle

density n a = njx.y).

In order to find the distribution of the density we have to

make use of the equation of continuity for the ions and

electrons

Since we are treating a time-independent model we have

3n /3t = 0. Equations (11) and (9) then yield
a

• grad na = 0. (12)

This equation shows that the denfti,tv flust be constant

all the trajectories of the particles.

From Equation (9) and Figure 3 it is furthermore clear that

the trajectories of the ions and electrons are not identical

but differ slightly since tl e inertia drifts are different.

Combining this fact with the finding above that the density is

constant along the trajectories and also with the condition of

quasi-neutrality, q.n. = -q n , we can conclude that frhe

density of each species of the particles must be constant.

n (x.v) = n , all over the volume,a cxo

From the constancy of the ion and electron densities it is

clear that there can be no space charges present in the

plasma. This is consistent with the potential distribution

assumed (Equation (1)) satisfying Laplace's equation.
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Electric

The electric current in the plasma depends, as mentioned

above, exclusively on the inertia drift. From Equation (9) we

find the current density to be

i = c2 (-y, x, 0) (13)

where

c =

2 2
4c1 ( g i n io IV ge neome ) 4c1nio roi

w
= _ w

Bo Bo

is a constant.

As may be seen from Equation (13) the current, JL, flows in

circles around the z-axis (Figure 2) while being proportional

to the radius r. Consequently the current satisfies the

continuity equation

d i v i + |£ = 0 (15)

with 9p/3t = 0.

Previously we have described the motion of the plasma

particles using the drift equation (3). Equivalently we could,

from a macroscopic point of view, describe the plasma flow by

means of the force equation containing an inertia term and an

i x fi term,
o

Magnetic field

Since the current flows in circles it acts as a series of

concentric coils and hence produces a magnetic field, fi.,

aligned with the z-axis. The direction of J^ is the s*me as

that of the total field fio. Using Maxwell's equation rot

fii - Woi we find that the magnetic field generated by plasma

currents, i, within the radius, r.., is

Bi(r) = ̂ - £ (rif - r 2 ) . (16)
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Boundaries of the model

Up to now nothing has been said about the boundaries of the

model. As Equation (16) reveals the magnetic field on the

z-axis induced by plasma currents, B.(0)r increases

monotonically with r1. If r1 tends to infinity B^O) also

tends to infinity. This is clearly a non-physical property

which is connected with the fact that the drift velocity, ^al,

increases indefinitely with r (cf. Equation (9)).

In order to obtain a physically relevant description of the

plasma drift we must assume that our model is limited in the

x- and y-directions - e.g. out to the radial distance, r.,

from the z-axis. As boundary conditions we prescribe that at

the boundary (thin dashed curve in Figure 2) ions and

electrons are introduced with the same densities and

velocities as in the infinitely extended case. Furthermore the

electric field is also the same whereas the magnetic field

generated by plasma currents is now finite and given by

Equation (16).

Using Equations (16) and (14) we find that the magnetic field

B. on the z-axis is
2 22c, p n. m.r.

B (0) * 1 ° i O x 1 . (17)
Bo

From Equation (9) we further obtain the velocity of the ions

at the boundary r = r1

2c r
u,.(r,) « ' . (18)
ii 1 BQ

Combining this equation with equation (17) we get the ratio

between the magnetic field induced by plasma currents and the

total magnetic field

niomiuii

Bl ( 1 9 )
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where M (r ) is the Alfvén number at the boundary.

If on the one hand M.(r.) << 1 the magnetic field induced by
A 1

the plasma currents, B., is small compared to the total

magnetic field, B (Figure 4a). In this case the homogeneous

field, B , is almost entirely produced by external coils.

If on the other hand M , ^ ) £ 1 the induced field, B^, is

comparable to or larger than B in part of the volume

considered (Figure 4b). We have then to allow for an

artificially induced field, B , such that B. + B = B . It is
£L X cl O

to be noticed that the currents producing B must exist also
Si

in the plasma volume inside the boundary.

3. The second modelAs is clear from Figure 2 the pattern of streaming of the

plasma is practically symmetric with respect to the two planes

y = x and y = -x where the potential is V - 0. If we turn the

figure 3TT/4 counter-clockwise, insert a conducting plate with

the potential V = 0 in the plane y = -\, and only consider the

volume y > -x (see Figure 5) we obtain a pattern of streaming

similar to the one found by Alfvén in his model (cf. Figure

1). The electric current in the plasma now flows in half

circles - out from the plate above the centre and in to the

plate below the centre. The current finally closes through the

plate.

Since the ions and electrons in the plasma do not exactly move

along the equipotential surfaces but deviate slightly due to

the inertia drift (cf. Figure 3) the lower half of the plate

is hit by ions while the upper half is hit by electrons. In

order for the model to be complete the plate must also emit

suitable fluxes of ions and electrons.
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4. The third model

The two models considered above nay both be said to be

homogeneous since they include a constant plasma density and a

constant magnetic field. Starting from the above models we

shall finally discuss a third model which is strongly

inhomogeneous. As earlier we assume that there is a constant

magnetic field, B , and an electric field described by
o

Equation (2). However, contrary to the two models treated

above plasma is now drifting inwards from a limited region at

the boundary, FG, within which the density is constant (see

Figure 6). Outside the plasma stream there is vacuum. It is

supposed that the plasma is so thin that 3pace-charges and

currents in the plasma do not appreciably affect the electric

and magnetic fields imposed.

The ions and electrons must now move along exactly the same

trajectories as in Figures 2 and 5 i.e. as described by

Equation (9). Since the plasma density is constant at FG it

will remain constant in the rest of the plasma stream {just as

in the first and second models). Furthermore the current must

flow along circles within the plasma. A natural question to

ask is then: How does the current close in this model?

In order to answer this question we consider the two drift

components of the particles - the £ x fi/B -drift and the

inertia drift. In the plasma, where neutrality prevails, the

inertia drift accounts for the current as mentioned above. The

inertia drift, however, also causes another effect. As a

result of this drift the ions are displaced somewhat downwards

with respect to the electrons in Figure 6. This implies that

there will be two boundary layers in the plasma. In the lower

layer there are only ions while in the upper layer there are

only electrons. The current in each layer must therefore be

aligned with the total drift velocity of the particles, a .

Hence the circular current in the plasma is closed by a

rightward current along the lower boundary of the plasma

stream and a leftward current along the upper boundary (see

Figure 6). As a comparison of Figure 6 and Figure 5 reveals
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the current system of the inhomogeneous model differs

appreciably from the current system of the homogeneous model.

If the drifting plasma has a sufficiently high density the

positive and negative charges in the boundary layers will

change the electric field. Primarily the electric field will

then get stronger leading to an increased drift velocity of

the particles.

5. Conclusions

The three models studied may serve as examples of how a plasma

drifts close to a plane equipotential surface. From the models

we may drav the following conclusions:

a. The drifting cold plasma is deflected close to the plane

equipotential surface (or conducting plate) exclusively as a

result of the influence of the electric and magnetic fields.

b. In the case the plasma fills up the whole volume considered

(the first model) some of the ions and electrons in the plasma

must penetrate through the plane equipotential surface towards

which they stream. Hence it is clear that plasma can pass such

a surface.

c. If the Alfven number, M , approaches or exceeds unity at

the boundary of the volume considered the electric currents in

the plasma will induce a magnetic field, fi., that constitutes

a substantial fraction of the total field, fiQ. The induced

field is directed in the same way as £ .

From the study performed in this paper it might seem that

calculations on plasma drift towards a conducting obstacle

should generally be very straightforward. This is, however,

not the case. We have here studied a few models comprising

particularly simple conditions. In other cases several

difficulties may enter. If, for instance, we assume that the

external magnetic and electric fields are given (produced by

coils and electrodes) the ions and electrons in the plasma
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will generally drift in such a way that the densities of the

two species of particles tend to be different. This leads to

space-charges which will change the electric field and hence

the drift motion of the particles. Usually there will also be

currents in the plasma which must influence the magnetic

field. The real drifts of the ions and electrons in the plasraa

take place in such a way that quasi-neutrality prevails.

In the three models treated above the artificially induced

magnetic field, B , has for the sake of simplicity been

adapted so that the total field, B , is kept homogeneous. If

instead B_ were homogeneous the total field, B . should change
o. O

(increase) with the currents generated in the plasma. For MA

<< 1 we should certainly expect the flow pattern to be nearly

the same as that described in previous sections. However, for

larger values of M4 exceeding unity collisionless shocks might

appear.

One way to attac such more general plasma flow problems might

be by studying numerically how the constituents of a very thin

ion-electron gas drift in the electromagnetic fields imposed.

The density of the gas should then be successively increased

in small steps while space-charges and currents in the gas

become more and more important in producing additional

electric and magnetic fields. When finally the ion-electron

gas has been transformed into a quasi-neutral plasma a

consistent picture of the plasma flow may be obtained.



Paye 13

Acknowledgements

I wish to thank Professor H. Alfvén for many discussions and

for inspiring this work and Ms K. Forsberg and M. Carlqvist

for appreciated assistance with the figures.

References

Alfvén, H.f Cosmjc Plasma. p.44, D. Reidel Publ. Co.,

Dordrecht, Holland, 1981.



Page 14

Figure captions

Fig.1 Drift of a homogeneous and collisionless plasma bean,

limited by the equipotential surfaces +V and -V ,

towards a conducting plate (Alfvén, 1981). A

homogeneous magnetic field B, perpendicular to the

drift velocity, is present. As the plasma approaches

the plate it is deflected upwards and downwards. In

case of a cold plasma this deflection can not be

effectuated by pressure gradient forces but is rather

caused by a pure drift in the combined electric and

magnetic fields. From a macroscopic point of view the

motion can be explained by inertia currents which

together with the magnetic field decelerate the plasma

at D and D* , deflect it, and accelerate it at A and

A1 .

Fig.2 Picture showing the first model with hyperbolic

equipotentials (thin full curves) and consistent

hyperbolic electric field lines, £ (thick dashed

curves). The magnetic field, fi , is homogeneous and
o

directed parallel to the z-axis. As a result of the

action of the fields cold ions and electrons acquire

drift motions, u.̂  (full thick curves), roughly along

the equipotentials. A small difference of the drifts

of the xons and electrons gives rise to an electric

current of circular shape, i (thick dashed-dotted

curve). The electric ;*ield, the drift speed, and the

current are all proportional to the distance to the

z-axis. The thin dashed circle represents the boundary

of the model.

Fig.3 Detailed picture of the stream-lines of a) the ions

and b) the electrons in the first model. The ions

drift along hyperbolas with asymptotes having a 3lope

(absolute value) less than unity while the electrons

drift along hyperbolas with asymptotes having a slope

(absolute value) larger than unity. For the sake of
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clearness the deviation of the stream-lines from the

hyperbolic equipotentials shown in Figure 2 ha3 been

•uch exaggerated.

Fig.4 The magnetic field caused by plasma currents, B^,

(solid curve) and the applied magnetic field, B ,
2

(dashed curve) shown as functions of r for a) M (r.)
2

»0.1 and b) M. (r.,) = 1. The sum of B^ amd Bft results

in the homogeneous field BQ. When M& <^1)<< 1, B & is

almost homogeneous. When MA (*..)> 1r B^ constitutes a

substantial fra

region studied.

substantial fraction of B in the central parts of the

Fig.5 Drift motion of a plasma (solid curves) in a field

configuration partly resembling that of Figure 2. Only

the volume y £ -x is considered. In the plane y = -x

representing zero potential there is a conducting

plate in which the current closes. The field pattern

is turned 3 IT/4 counter-clockwise as compared to that

of Figure 2. In the volume considered the plasma moves

in exactly the same way as in Figure 2. It is required

that the upper part of the plate (above the centre)

emits ions while the lower part (below the centre)

emits electrons. Ions and electrons also hit the

plate. It should be noticed that this model has many

features in common with Alfven's model depicted in

Figure 1.

Fig.6 Drift motion of an inhomogeneous plasma consisting of

a thin ion gas and a thin electron gas. The plasma is

continuously injected at the boundary (thin dashed

cuxve) between F and G and forms a beam. Outside the

beam thexe is vacuum. The electric and magnetic fields

are the same as those shown in Figure 5. The solid

curves represent the stream-lines at the borders of

the ion and electron gas beams. It is to be noticed

that the stream-lines of the ions differ somewhat from

the stream-lines of the electrons. In the figure this

difference is exaggerated. The dashed-dotted curves
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show the current pattern. Inside the electrically

neutral plasma core of the beam the current flows

along circular paths. These currents close in the

boundary layers of the plasma which are not

electrically neutral.
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