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Abstract

It is shown that the quark mass matrices in the Standard

Electroweak Model satisfy the empirical relation

M » M ' t 0(?<*)y. where M(M') refers to the mass matrix

of the charge 2/3(-1/3) quarks normalized to the largest

eigenvalue, m t (n^) , and %m V^ #



1. Introduction

The Standard Electroweak Model is very successful in

accounting for all relevant low energy data. Thanks to it,

the traditional weak interactions are well understood.

Especially now that the mediators W and Z have been

2)
discovered with the expected properties, there is all

reason to believe that the Standard Electroweak Model is

going to stay at least as an effective theory.

The Standard Model is a spontaneously broken theory.

In the minimal version of it a Higgs doublet is responsible

for the spontaneous symmetry breaking. The Higgs produces

a large number of Yukawa type forces within a very wide

range of strengths, viz.,

-10

where v is the scale of the symmetry breaking, 250 Gev,

and m denotes the mass, and we have taken m. ̂  30 Gev.

The most puzzling feature of the Standard Model is just

how does the Higgs doublet manage to generate so many

fundamental Yukawa forces with such vastly different strengths.

In other words, where do the masses and also the quark mixing

parameters come from? Which underlying principles fix the

values of masses and mixings?

The solution of this long-standing mass problem is

generally believed to lie beyond the Standard Model. Candi-

date frameworks for attacking this problem have been grand
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unified theories, horizontal symmetries, composite models,

supersymmetry, etc. The approach has been to assume more or

less specific mass matrices and from them determine the masses

and mixings

In this note we shall take a different approach by asking

the following question: what do the experiments teach us

about the quark mass matrices? Our hope is, of course, that

the answer to this question may serve as a key in unravelling

the mass puzzle. The answer to our question turns out to be

quite remarkable. Experiment is telling us that, assuming the

validity of the Standard Model and the existence of 3 families,

where M(M') is the three by three mass matrix for the

charge 2/3 (-1/3) quarks, taken in the hermitian basis and

normalized to the largest eigenvalue m. (m. ). The quantity

X is the element Vu£. of the Kobayashi-Maskawa ' matrix,

(2)

The quantity X n £ S been employed by Wolfenstein as an

expansion parameter in a lucid and easy to remember para-

metrization of the Kobayashi-Maskawa matrix,

Vet
(3)
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Here A , J> and ir are real numbers, determined from data;

Our result M « M • 0(X ) is crutially based on the

followino facts/observations:

1. In the Standard Model the right-handed fermions being

singlets one may go to a hermitian basis for the mass

matrices without changing the rest of the Lagrangian.

Therefore, without loss of generality, we may take the

mass matrices to be hermitian.

2. The elements of the mixing matrix V are as given in (3).

In particular we depend on V . being of order A •

We also use the fact that the t-quark is not lighter than

30 Gev, i.e., mc/m is at most of order X .

Our result does not depend on the number of Higgses and

their multiplet structure. The result (1) will also be

valid in any other model (not necessarily an extension

of the Standard Model in which the mass matrices happen

to be hermitian, provided that there are only three

families.

In the following sections we first discuss the hermiticity

properties of the mass matrices in the Standard Model and

then derive the relation (1). Finally we conclude by making

some general comments about the implications of our result.
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2. Mass matrices in the Standard Model

In this Section we review those aspects of the Standard

Model which are relevant to our analysis.

In the Standard Model, with three quark families, one

introduces 3 left-handed doublets and six right-handed

singlets, viz.,

with weak hypercharge quantum numbers

(5)

so that correct electric charges, Q = I 3 + Y , are reproduced,

note that we have put hats on the right-handed singlets in

order to emphasize that the left-handed and right-handed

fermions fields, in the Standard Model, are a priori unrelated

to each other. "Who" is the right-handed partner of "who" is

established when the mass matrices are diagonalized whereby

the partners find each other. The quark mass terms are

given by

(6)

where m(m') refers to the mass matrix of the charge

2/3 (-1/3) quarks. In the Standard Model the quantities

m.. and m1.. are coupling constants of the Higgs doublet
jK jK

to the fermion multiplets. For our analysis the origin of



these constants is irrelevant. The essential point is that

the right-handed fields are singlets. Then, given any

arbitrary m and m1 we may choose a suitable basis of

the right-handed quarks such that the resulting mass matrix

;" s hermitian. The polar decomposition theorem assures us

that this is always possible. We put m = H X where H is

hermitian and X is unitary and absorbe the X to redefine

a new set of right-handed fields, i.e.,

fJ (7)

where

(8)

Such a redefinition does not alter the rest of the Lagrangian

by the generalized GIM-mechanism6), XX+ = X+X = 1 .

Therefore, in the following we shall assume that the mass

matrices m and m* are hermitian.

Actually many of the mass matrices invented in the

literature are already hermitian. However, some are not.

A typical example is the Fritzsch type mass matrices

which have been quite popular. The canonical form of the

Fritzsch mass matrix is

(9)
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where A, B and C are real, whereby F = F . However,

the most general Fritzsch type matrix is given by

I 0 As 0

,0 B? Ci*.

We bring this to the Standard form, G , given below, by

factoring out a diagonal phase matrix from the right-hand side,

where Jfa

(10)

Although G is not hermitian it is quite simple to take it

into a hermitian basis by observing that

o Ae o \

o *j"> c )\O
Again absorbing the phase matrix, in (11), into the definition

of the right-handed singlets results in a mass matrix (the

first matrix in the RHS of Eq. (11) which is hermitian.

As another example, we may consider the successful mass

8)
matrices by Stech which lead to masses and mixings in

agreement with data. In this case, as the Stech mass
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matrices are hermitian, our result, eq. (1), which we shall

derive in the next Section^ automatically applies-

3. Restrictions from experiments

Although the mass matrices m and m1 in Eq. (6) are

arbitrary, as far as the Standard Model is concerned, we

know from experiments that they are not completely arbitrary.

They must reproduce the empirical quark masses and mixings.

For instance the mass matrices cannot be multiples of unitary

riiatrices as the eigenvalue are vastly different from each

other (m n> , etc.) .t ^ n>c

Based on the discussion in the previous section we shall

assume, without loss of generality, that m and m' are

hernitian. It is convenient to normalize the mass matrices

such that the largest eigenvalue is unity. Thus we define

(12)

m.

These matrices being hermitian are diagonalized via unitary

trans formations

(13a)

(13b)
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where U and U1 are unitary and the r's denote the

appropriate mass ratios

S
(14)

Although neither U or U1 are known experimentally we

know that the measurable quark mixing matrix, Eq. (3), is

given by

Vm U J'+ (15)

Using this relation we may eliminate, for example U1 , and

express M and M' as function of the matrix U and the

measurable quantities (mass ratios and the elements of the

matrix V ) . The unitary matrix U may be spesified by its

rows,

i
(16)

Substituting relations (15) and (16) into Eqs. (13) gives

(17a)

vr^ivA'>+r»% Ck)

(i7b)

»'»
Note that any choice of the vectors 5 / j=l*2,3 satisfying

the unitarity condition (16) yields successful quark mass

matrices M and M* . Thus the mass matrices are far from

unique. The result
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now simply follows from Eqs. (17) notina that ({^ | <C 1

and using the empirical information on quark masses and the

matrix V , Eq. (3). For the quark masses we use the values

9)
listed in the review by Gasser and Leutwyler supplemented

« 2
of order A and r

with m y 30 Gev. Thus r . is is

at most of the same order. The quantities r . and r,,

are even smaller.

The relation (18) is quite remarkable: every element

in the matrix M equals the corresponding element in the

matrix M' , to order X . The differences appear first in

A.

order ^ '

We hope that relation (18) may provide a significant

clue for further progress in solving the mass puzzle. We

wish to conclude with some comments:

In the case of two families the above analysis would

have given M = M1 + 0(X) Thus the mass matrices are even

more "regular" for the case of three families than for just

two families.

Our analysis has only used the hermiticity of mass

matrices (which is guaranteed in the Standard Model). The

relation (18) is therefore valid in any model which has

hermitian mass matrices. For example in a class of left-right

symmetric models , where the mass matrices are hermitian,

the result (18) holds.

Eq. (18) may be useful in understanding the structure of

some models. For example in the Stech Model

S1 + i A1M • S , M'

where S and S' are real and symmetric and A' is real

and antisymmetric. Here we have normalized to the largest
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eigenvalues (see Eq. (12)). Then from the result (18) it

follows immediately that

s = s1 + 0(Xl) , A' = 00^)

We have not addressed the question of lepton mass matrices

because the amount of relevant experimental information is

meager in the leptonic sector. The neutrino masses and

mixings are topics for the future.

Ultimately, we should understand why the quark mass

matrices are so regular, i.e., why is M = M ' + 0 f X ^ ?

In the Standard Model the probability that the arbitrary

Higgs-Fermion coupling constants (c-k and c
1.. in Eq.(16))

would produce the observed pattern is very small. One

possible explanation could be that there are two Higgs

doublets <p and q> where (y((f) gives mass to the charge

2/3 (-1/3) quarks, viz.,

Thus

Jk (20)

r
where V (V / is the vacuum expectation value of the field

f

dpLy ) Then if some symmetry principle would ensure

C.v»Cj|i we could have M = M' , where M « - and

Mf - ̂ / • The small corrections in Eq. (18) could then,

perhaps, arise from higher order (radiative) effects. We

have not studied any specific models where the above set of
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conditions is satisfied. It is however, interesting to

note that two Hicgs doublets of the type in Eq. (19) are

needed in models where CP-violation is due to Higgs

exchange and in the supersymmetric extension of the

Standard Model. Perhaps the answer to the mass puzzle

lies in SUSY?
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