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I. Introduction 

The concept of a toroidal stellarator with a nonplanar magnetic axis origi

nated eariy in the fusion program.1 ,2 The recent favorable outlook for the stel

larator approach3 has led to the exploration of new helical-axis configurations4 

which offer hopes for high-fl confinement. To better understand the confinement 

properties of such devices, methods for analyzing configurations with nonplanar 

axes must be developed. 

The complex topology of stellarator geometries makes theoretical MHD equi

librium analysis complicated. Since there is no ignorable coordinate, it is not 

possible to derive an exact Grad-Shafranov-type equation for the equilibrium.5 

Numerical equilibrium computation using three-dimensional computer codes 

has been successful for both planar and nonplanar devices.a However, three-

dimensional calculations are limited to relatively coarse mesh size by the speed 

and memory of present computers, and in their ability to compute free-boundary 

equilibria. Approximate methods based on an expansion about a prescribed 

magnetic ax is 7 , 8 , 8 have been used for the analysis of nonplanar toroidal sys

tems. These methods are limited by difficulties in the incorporation of bound

ary conditions and by restrictions on the functional form of the assumed current 

and pressure profiles- There has been considerable success in using appropriate 

asymptotic expansions to reduce both the equilibrium and stability problems to 

simpler ones in two dimensions where a generalized partial differential equation 

of the Grad-Sbafranov type can be obtained. For tb; conventional (planar axis) 

stellarator. the stellarator expansion of Greene and johuson 1 0 and its numerical 

implemention for solving free-boundary equilibria" is currently a valuable tool 
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for design of devices and interpretation of experimental results. However, the 

assumptions made in the standard expansion yield a lowest-order configuration 

which has axial symmetry, and limit its applicability to systems with nearly 

planar axes. 

In this paper, we develop an asymptotic model for MHD equilibria of sys

tems with a helical magnetic axis of large radius. We interpret the conplanar 

behavior of the magnetic axis as being associated with an I = I stellarator field, 

and use an ordering which is basically an extension of the standard steliarator 

expansion.10 The majur modification is that the wavelength of the primary he

lical held is treated aa large with respect to the plasma radius, whereas in the 

standard stellarator expansion, these quantities are of the jame order. Follow

ing the introduction of two length scales in the toroidal direction, we transform 

to a characteristic coordinate system based on the lowest-order vacuum field 

lines, which follow a helical path. This enables us to implement the standard 

asymptotic procedure13 of integrating the lowest-order equations and removing 

secular terms in higher order analytically. The equilibrium problem is reduced 

to the solution of a two-dimensional Grad-Shafranov-like equation. The prob

lem is solved using numerical techniques developed for ths standard steJJarator 

expansion. In this paper, we study the equilibrium properties of a large-aspect-

ratio, low-/?, t •= I stellarator, although the formalism can be extended to treat 

systems with mare complicated fields. 

We present the governing equations in Sec. II. In Sec. Ill, we diacoss the 

geometry, the vacuum fields, and the asymptotic ordering. In Sec IV, we intro

duce the characteristic coordinates and reduce the problem to a two-dimensional 
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formulation. Some equilibrium quantities are calculated in Sec. V. The bound

ary conditions are presented in Sec. VI. Applications of the model are given in 

Sec. VII. 

II. Baric Equations 

The static equilibrium configuration is described by the MHD equations, 

W = J x B , (1) 

V B = 0, (2) 

V x B = J. (3) 

.It is convenient to cast these equations into the form of two magnetic differ

ential equations and a vector Poiason equation. We assume the configuration 

has nested topological^ toroidal magnetic surfaces wbich we label as the level 

surfaces of a function 4 , and prescribe a functional dependence for the scalar 

pressure, P = i , ( * ) . (In Section V, • is chosen to be proportional to the 

poloidal flux.) Then Eq. (1) yields 

B • V* = 0. ' (4) 

We write the total magnetic field as 

B = B T m c + B , T + B^, 

where B»« is the vacuum field, and B* and B^ are the fields induced by cur

rents parallel and perpendicular to the field, respectively. Following standard 
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procedure, we split the current deusity into perpendicular and parallel compo

nents, 

J = J x + a B , 

where, from Eq. (l), 
, B x V P 

J J - = — 5 3 — 

and 
J B 

The fields induced by these currents can be divided into components B^ and 

B", with 

V x B" = Jj. 

and 

V x B" = o-B. 

[t is convenient to write B" in terms of a vector potential, 

B" = V x A", 

and, choosing the gauge with V • A" = 0, we have 

V 2 A C T = <rB. (5) 

A magnetic differential equation for <r, 

_ B x V P - V B 3 

BV(T = g ; , (i>) 

is obtained from the condition that J be divergence-free. 

Equations (4), (5), and (6) will be used in conjunction with the expansion 

developed in the next section to form a generalized partial differential equation 

for the lowest-order equilibrium configuration. 
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III. Vacuum Field and Expansion Ordering 

The model geometry is a tube with a helical axis; the helical axis is inscribed 

in a cylinder which is bent into a torus with a large radius of curvature. The 

radius of the cylinder defines the helical radius. The helix is periodic over a 

length 2ir/A. The vacu'im Geld, B , l c , is the superposition of a toroidal field, 

B 0 , which is constant to lowest order, and an I = 1 helical stellarator field, BH-

The toroidal curvature is introduced by solving for the vacuum field potential 

in a pseudc-torjidal coordinate system. This orthogonal coordinate system is 

defined by giving the metric 

dl2 = dr* + r2<k>* ±{\ + ^CQ3u>)2dz1, (7) 

where (r,u,z) is a local cylindrical system centered on the toroidal axis, and 

R is the major radius of the torus. The toroidal field Bo is written in t' rms 

of a scalar potential proportional to z, and curvature terms associated with 

this field enter through expansion of the gradient operator in powers of the 

curvature. The scalar potential for the helical field Bj{ is a solution of Laplace's 

equation in pseudo-toroidal coordinates, which is helically symmetric to lowest 

order. 

The assumptions motivating the ordering are that the magnitude of the 

helical field is small with respect to the toroidal field and that the wavelength 

of the helical field is sufficiently long that the distortion of the magnetic axis 

from being straight (i.e., thehelical radius) is of the same order as the plasma 

radius. This leads to an ordering in which the plasma radius is small with 

respect to the helical wavelength, which in turn is small with respect to the 

toroidal circumference. To incorporate these into the framework of a slsllarator 
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expansion, we introduce two length scales in z, a rapid variation that is periodic 

over one helical period denoted by t, and a slow variation all the way around the 

torus denoted by f. We assume that all physical scalars are periodic functions 

of t as well as c. We introduce dimensionless variables 

i = —coauj. y = — sinu, t = hz, c = — , (8) 
a a a 

where a is the minoi radius of the plasma. Then, standard multiple-scele anal

ysis gives 
3 d d 

where -» = ha •*; 1. 

In what follows, we work in a set of units with lengths normalized to the 

plasma radius a ^nd magnetic fields normalized to the toroidal field strength 

|Bo|- We define a basic expansion parameter i, measuring the relative strength 

of the helical field with respect to the toroidal field. The geometric parameters 

are ordered in terms of 6 as 

where S = |Bn|/ |B 0 j , and c. = a/R is the inverse aspect ratio. Then, the total 

vacuum field B v m c is expressed in terms of a scalar potential, B „ c = V4>, with 

i 3 A 
* = c + -jA(y cos £ - x sin t) H—— ( i 2 + » a)(y cos t - x sin t) 

4 

where A = 6/i = 0{1). The icA term arises from the coupling between helicity 

and toroidicity in solving Laplace's equation for the helical field. The ordering 

of 7 with respect to 6 is chosen to ensure that the cylindrical radius of the helix 
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be of the same order as the plasma radius, and the ordering of e is chosen ao 

that all three parameters enter the expression for the lowest-order flux surfaces. 

The helical nature of the magnetic field lines is best observed by considering 

the field-line equations, 

dz _ dy_ _ dt(l + tx) 

To lowest order, we have 

dx 6 , x 6 , i — = — s i D i , X — XQ (--cost, dt 7 7 7 

dy « , S . , 
-r- = - cos t, y = jfo + - "in t, at 7 -

where the constants io and ya are the intercepts of the Geld lines with the 

( = 0 surface. (In the standard stellarator expansion where 7 ~ 1, the field 

lines follow a circular path around the torus to lowest order.) Carrying the 

integration of these equations for the vacuum field lines to higher order shows 

that the rotational transform is 1 = 6 a /2 per helical period. (Our definition of 

t differs from that of Greene and Johnson10 by a factor of 2rr.) Since the total 

number of helical periods is 7/*, the transform over a complete circuit of the 

torus is of order 6. 

The effects of plasma pressure and current on the equilibrium enter through 

the fields B f l and B" introduced in the previous section. We choose the ordering 

of the pressure so that it affects the lowest-order magnetic surfaces. It will be 

shown in the next section that, given the ordering of the vacuum field parameters 

6, 7, and c, the third-order components of Bj . affect the determination of 4> to 

lowest order through Eq. (4). This fixes the size of B", and we can determine 
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the order of B " from Eq. (6). Th us we take 

i?0 ^0 

This is a maximal balance ordering in the sense that alt the ordered physical 

quantities enter into the determination of the lowest-order magnetic surfaces. 

IV- Integration 

In this section, we use the asymptotic expansion to simplify and integrate 

the equations introduced in Sec. II. Since B is a constant held in the toroidal 

direction in lowest order, we can simplify the lowest-order vector potential to 

one component A" = A[x,y,t)ii . (Here, z is the unit vector in the toroidal 

direction.) Then Eq. (S) reduces to an inhomogeneaus scalar equation 

V±A = tr, (10) 

where V\ = d^/dx1 + d'/dy*. 

The two magnetic differential equations (4) and (6) can be integrated order 

by order. An efficacious transformation to a coordinate system based on the 

characteristics of the operator B - V enables us to formulate the equilibrium 

problem in two dimensions. 

We start with Eq. (4) for the magnetic surfaces and expand 

*(x,y,f,c) = ¥<°> + *(1> + . . . , (11) 

where superscripts denote order with respect to 6. The equation in lowest order 

is 
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and periodicity requires that 

which means * ' 0 ' is allowed to vary in the toroidal direction only over the 

short (helical) period. It can be shown that all ; dependence is similarly elim

inated order by order. The argument follows from Kruskal's theorem of phase 

independence.13 

In the next order, 

r ,„,i a* ( 0> 3* ( 0> 3 * ( 0 ) , „ 

This first-order linear equation is conveniently solved by integrating the char

acteristic equations, 

1 A sin t A cos t 

Solving simultaneously yields the general solution, 

* ( ° ) = 4 « » ( C 1 > C 1 ) , (13) 

wiere 

C\Sx— Acost, C j S j - A s i n t . (14) 

Similarly, in second order, we find 

•( 1 ) = 4,(0(,-„C?). 

The functional form of ¥'°> is determined by the third-order equation, 

L J "i dx t dy 5t 
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where Bx and fl, ' are the third-order components or the full magnetic Geld. 

The general solution for "*f *2' can be obtained by transforming to a characteristic 

coordinate system {Cl,C •}, where (7i aud Cj are given in Eq. (14) and i = t. 

Note that in this coordinate system, the operator £ [•*''] of Eq;. (12) becomes 

3* < 2 V3t . The condition that * ( a ) be periodic over a helical period, 
3* 

/ 
s " % ' = », 

dt 
0 

reduces to a first-order partial differential equation v.'hicb determines the func

tional form of $t°\ namely 

_ . . _ ^ C 2 + _ _ _ _ j - _ I _ _ 6 l + _ _ + - _ _ _ j _ 0. (15) 

Here, barred quantities are averages over the helical period, 

A{Cy,C2) = - 1 - j ' A(CuC^i]dl 
o 

Integration of Eq. (15) shows that t ' a ) is a function of 

We choose it to be a linear function in order that • '"' be proportional to the 

poloidal flux which is calculated in the next section, fn particular, we write 

* < W = l C f + tf?+*C,+i£»+^, (16) 

where 

There ia no loss of generality in choosing •'"' to be praoortioaal to the poloidal 

flux. This1 is just the freedom to label surfaces in a particular way. 

11 



Integration of Eq, (6), the magnetic differential equation for <r, is similarly 

expedited by working in the characteristic coordinate system, since the operator 

B • V is the same in both cases. With VP(*} = F{<!r(°))V<H°) +... ,.Eq. (6) 

becomes 

B • V<r = /"(*(•") {2tScoit + 2e)^c 

Proceeding as before, we find in fourth order 

«T( 3 )= f f W(C,,C 2 ). 

Again, the functional form of a is determined by the periodicity constraint in 

higher order, 

/ di rft = o, 

which yields 

ad 
1 BA 

C j + 7 3^J 3QT 
AV< 3> *?& 5<A3 1 d A 

Integration gives 

»(3» = - ^ P , ( * < 0 ) ) C , + F(*<°)), (17) 

where F is an arbitrary function. The freedom to specify F allows us to calculate 

equilibria with aero not current. 

Finally, we consider Eq. (10) for A. Since to lowest-order IT is a function 

of Ci and Cj inly, we take A ~ A. We express Eq. (!0) in the characteristic 

coordinate system as 

d*A ,d*A__ ( 3 ) 

acf + ac!*" {Cl'Ci)- (18) 
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The coupled set, Eqs. (16), (17), and (IS), can be combined to yield a generalized 

partial differential equation of the Grad-Shafranov type, similar to that obtained 

using the standard stellarator expansion.19 In Sec. VI, we specify the surface 

functions /" ( •Wj and f"(<f<'3') of Eq. (I7j and discus* tie boundary conditions 

fc. the system. 

V. Equilibrium Quantities 

The equilibrium configuration is characterized by the magnetic surface func

tion * , given to lowest order by Eq. (16). In the vacuum limit, we have circular 

flux surfaces with fixed radius *'°J ' , centered on a helical magnetic axis given 

by i = A cost ~ d, and Sf = A suit, where (i , j , t ) are the normalized paeudo-

toroidal coordinates. Toroidal effects enter these lowest-order vacuum surfaces 

since the constant shift d = 5E/2K 3 is proportional to the inverse aspect ra

tio. The effect of current in the plasma enters through the stream function 

A{d,C2). 

It is convenient to calculate equilibrium quantities in a (/>,£,!) coordinate 

system with origin centered on the vacuum magnetic axis, 

p={{C1+df + Ci]i, * = tan-1[C2/(C, +d)), I = t, 

where C\ and C* are denned in Eq. (14). Then, the angular coordinate function 

8 increases by 2ir during one loop around the magnetic axis the short way, and 

the poloidal flux per helical period i s M 

Here, V is the volume enclosed by the surface in question, and the superscript 
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6' -sinfl 
P 

Also, 

on 6 denotes a contravariaat component of the Geld B, namely 

[* - A - i (^ ) ] + ^h + A ' t a l ( i f e ) ] + o ^ 
AT = -pdpdSdi, x = peosf) - A cost - d. 

1 
Evaluating the integral over i and doing some manipulating yields 

where we have retained terms through third order in i. 

The toroidal flux is given b y u 

(1* /-ft*' 0 1,*) 
= / del (l~((pc<*$-d)--,2A'')pdp+0(63). 

Jo Jo 

In lowest order where the toroidal Seld is constant, the toroidal flux is the cross-

sectional area enclosed by a given flux surface 4(°). This can be written in a 

flux coordinate system aa 

where dl2 = dp2 + p*dt2. The rotational transform obtained in this manner, 

~n2 [I |V*|] ' 
agrees in the vacuum limit with the transform obtained by integrating the vac

uum field-line equations, 

J.« = 2 • 
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The volume enclosed by a given flux surface, 

V = i dr = dt dBl />dp(l + £(pcos9-d)) + 0(« 4 ) , 
1J Jo Jo Jo 

can be used to calculate the magnetic well, which provides a stability estimate. 

By adding and subtracting 6'(l + c(pcos$ - d)) from the integrand,10 we can 

write V in terms of the toroidal flux and a flux surface integral; 

V = ^ * t o r + i f d9^f~[2i(p^6-d)+^Ai] +0{64). 

This forn< is useful for computing the well V"(*tor), where the prime denotes 

derivative with respect to the argument, since the potentially stabilizing integral 

term can be computed by numerically integrating terms of finite order. To the 

order of this calculation, V"(^rtor) = 0 in the vacuum limit. We note that due 

to the chosen ordering, this result does not contain a term associated with the 

dlamagnetic currents that maintain the plasma pressure, as was the case in the 

standard 9tellarator expansion.10 

VI. Boundary Conditions and Numerical Solutions 

In this section, we pose two boundary-value problems for Eq. (18). The free-

boundary problem is analogous to those solved by standard iterative stellarator 

equilibrium codes, and we have modified a version of P E S T 1 1 , 1 5 to solve these 

helical-axis equations. The details of these modifications are given elsewhere.16 

A. Free-Boundary Problem 

Consider a plasma surrounded by a vacuum, so that V^J4 = 0 in the vac

uum and V*5_A = a in the plasma. A free-boundary problem is formulated in 
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the following way. 1 1 ' 1 5 Using an initial guess for <r and • '"', we numerically 

determine the Dirichlet condition ^[bounduy of the computational domain by 

integrating the product of u and the free-space Green's function G(rn, |r\p,] for 

the two-dimensional Laplacian operator, 

^aM = - 2 1oB(J^pI), 

over the plasma region. Here, ra is a point on the boundary, and rp is a point 

in the plasma. This is equivalent to the assumption that the plasma itself is the 

only current source, and that the influence of the current source drops to zero 

far from the plasma. We note that it is straightforward to modify the Green's 

function formulation to include the effects of external current sources.10 Given 

ÎbouncUry! we invert Eq. (18) to find A, and calculate ¥<°> from Eq. (16). This 

yields a new value for a from Eq. (17] and the procedure is repeated until a 

self-consistent solution is obtained. 

In general, two surface functions must be given in order to specify the equi

librium completely.w The pressure is prescribed by 

where ^°\im is the value at a limiter which defines the plasiua boundary in the 

vacuum limit and * ( 0 ' m i „ is the minimum value of 9^ on the grid. A common 

choice is k = 2. The free function FftC)) in Eq. (17) is iteratively determined 

such that the pure steilarator condition is satisfied, i.e., no net toroida1 current 

oo each surface. Thus, 
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We note that we can add to this an additional function of *' c* in older to model 

equilibria with net toroidal current. 

B. Fixed-Boundary Problem 

The fixed-boundary problem is equivalent to surrounding the plasma with a 

perfectly conducting shell. (Often, the shape of the shell is chosen to coincide 

with a vacuum surface.) If the conducting shell's cross section is a circle in 

[Cy,Ci) space, it is possible to write thu solution in closed form as an integral 

equation. Hence, we solve V^_J4 = <r with * ' 0 ' = constant at p = 1. The Green's 

function for this problem can be obtained by conformally mapping the relevant 

half-plane Green's function into the unit disk, yielding17 

GMr,s) = - log [T^2fircoa($_t)+/flrl] (P < 1). 

Then, 

*<°>fo6) = / rdrda h (l + ^ ^ ) G(fi,9\r,,) , 

where we have used the relation, 

Va*<°) = 4 + i - V U . 

Again, P(*<°>) is a specified function, and F(*<°>) can be determined iteratively 

to satisfy a condition on the net current. 

VII. Applications 

We use the helical-axis stellarator expansion to model two atellaxators at 

Tohoku University,18'19 Asperators NP-3 and NP-4. Each of these devices has 
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a helical magnetic axis which closes upon itself following one circuit in the 

toroidal direction. The primary magnetic field is produced hy circular solenoids 

centered on a helical axis. This helical field should be adequately modeled using 

the I = 1 potential of the helical-axis stellarato: expansion. Device parameters 

for NP-3 and NP-4, together with the appropriate parameters for the expansion, 

are given in Table I. 1*' 1 9 

The helical-axis stellarator expansion yields flux surfaces which are nested on 

a primarily helical axis. The toroidal dependence of the configuration is depicted 

in Fig. 1(a), which shows the surfaces at three different t-planes for the NP-3 

device v.it'i an average beta (j3) = 34%. The large cross marks the center of 

the pseudo-toroidal coordinates (z,y,t), i.e., the center of the i = 1 field. The 

model predicts a toroidal Shafranov shift, which introduces both shear and a 

magnetic well. The shear is evidenced in Fig. 1(b), since the rotational transform 

is not constant. Figure 1(c) shows the well, since V'(¥tor) is a monotonically 

decreasing function. In the remainder of the plots, the magnetic flux surface; 

are shown at a single value of t with the physical center of the plot coinciding 

with the vacuum-field magnetic axis. In plots of the equilibrium quantities, 

Di = 0 marks the vacuum-field magnetic axis. 

The etfects of changing plasma pressure uo the NP-3 configuration are shown 

in Fig. 2. The vacuum-field magnetic surfaces are given in Fig. 2(a). The 

concentric circles are centered on the vacuum magnetic axis, which is shifted 

towards the curvature center of the torus a distance of 5eo p /27 2 = 0.8 cm 

with respect to the geometric center of the toroidal field coils. The effects of 

increasing the pressure are shown in Fig. 2(b) with (0) = 17 % and in Fig. 2(c) 
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with (/3)=50%. 

The vacuum configuration for NP-4 is given iu Fig. 3(a). The vacuum mag

netic axis is shifted 2.4 cm with respect to the geometric center of the toroidal 

field coils. The effects of pressure on the configuration are shown in Fig. 3(H) 

with (0) = 17% and Fig. 3{c) with (0) =33%. As Ifi) increases, the entire 

plasma shifts away from the center of the torus and the Shafranov shift of the 

innermost surfaces is clearly seen. We note that the plasma can be recentered 

by applying aa external vertical Beld. 

In all the results presented up to this point, the exponent k in the pressure 

function £q. (19) has been set equal to 2.0, corresponding to a parabolic distri

bution in ¥. The effects of varying this exponent are shown in Fig. (4). Figure 

4(a) gives i and V"(*tor) as functions of * p a ) for fc = 1.5 and Fig. 4(b) shows 

these functions for k = 3.0. The average beta is 33% in both cases- The value 

of t and V on axis is the same for both values of lb. For the steeper pressure 

profile, il = 3.0, V decreases rapidly near the axis and then becomes flat near 

the piasma boundary. The shear in this case is strongest near the axis. 

In summary, our vacuum configuration has circular f ux surfaces which are 

rigidly shifted towards the center of the torus due to the toroidal curvature. 

The rotational transform is constant for the vacuum case, with the same value 

i = 0.5 obtained Tor both devices. Funato et ai?° give some numerical and 

experimental results for the vacuum configuration of the NP-4 device. They find 

that the vacuum configuration formed by the circular sotenoidal coils consists of 

nested circles with the magnetic axis shifted by about 1.6 cm from the geometric 

center of the coils towards the center of the torus- An electron beam method 
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is used to measure a mean rotational transfcr'.i per helical period, t = 0 .7 , 2 0 , 2 1 

which La approximately constant across the flux surfaces. Their results are in 

qualitative agreement with those given here. 

The primary effect of pressure on the configuration is to induce a Shafranov 

shift, which produces a magnetic well and creates shear. At very high beta 

values, the entire plasma is shifted away from the center of the tons, and an 

external field is required to keep the pjasma inside tbe vacuum vessel. The model 

predicts that the Asperator configurations are capable of achieving equilibrium 

beta values on the order of (ft) = 50%. For a given beta value, the Shafranov 

shift is significantly less pronounced for NP-3 than for NP-4. Trubniko\ and 

Dobryakov22 investigated plasma equilibrium in a stellarator whose magnetic 

axis is a {helically wrapped) geodesic on a torus, and found Chat if the inverse 

aspect ratio e < Q.l, a substantial decrease in the shift ia obtained when the 

number of helical periods is increased from 8 to 16. This agrees with our findings 

for NP-3 with 16 periods and NP-4 which has 8 helical periods. 

Vlli . Discussion and Conclusions 

The primary focus of this work is on the development of an asymptotic 

technique for reducing the equilibrium problem for a helical-axis stellarator to 

a two-dimensional Grad-Shafranov-type equation. The motivation for seeking 

this reduction is to make use of the variety of analytic and numerical methods 

available for the analysis of two-dimensional MHD equilibria. There include 

efficient free-boundary equilibrium codes and a formalism for stability analysis 

using expansion techniques-23 Jo the case of the conventional stellarator, the 
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inherently three-dimensional equilibrium problem can be expressed to lowest 

order as a two-dimensional problem that has axisymmetry, with toroidal effects 

provided by a self-consistent determination of the Pfirsch-Sehluter currents.10 

At first, it is not obvious that a similar simplification procedure can be developed 

for a helical-axis stellarator. The key to solving the helical-axis problem is the 

introduction of a coordinate system, based on the characteristics of She lowest-

order vacuum field lines. These characteristic coordinates assume the same 

role that the sxiaymine'.ric coordinates assume in the case of the conventional 

stellarator. We note that the results of this study connect smoothly to those 

obtained in the standard stellarator expansion.10 Namely, the expression for the 

vacuum surface function ¥ in the asymptotic limits of small A in the helical-axis 

expansion and small 7 in the standard expansion coincide when vi'. r^'rin both 

zeroth and first-order terms in the latter. 

The helical-axis stellarator expansion provides a useful model of the Asper-

ator NP-3 and NP-4 devices. The vacuum field predictions for the equilibrium 

properties are in qualitative agreement with other analyses. In this paper, we 

are able to estimate the effects of pressure on the equilibrium, while most pre

vious studies concentrated on modeling the vacuum configurations. High-beta 

equilibria with significant shear and a magnetic well are predicted. 

The ordering of the parameters chosen in this paper led to the result that 

the rotational transform over the torus is small, of order 6, rather than finite 

as in the standard stellarator expansion. Because of this, we had to order the 

pressure very small, P ~ 6*. An alternate way to model the configuration would 

have been to increase the major radius as we extend the length of the helical 

21 



period, which leads to the ordering 

S3 ~ -y3 ~ £ ~ p ~ a « 1. 

Then, the transform would be finite. The use of this alternate ordering would 

yield essentially the same results, with the exception that the toroidally inward 

displacement d of Eq. (13) would be absent. Based on previous studies, 2 3 we 

believe that this ordering is the approriate one for stability investigations. 

This study has much in common with the work of Header and Carreras24 who 

also use a atellarator expansion to reduce the helical-axis stellarator equilibrium 

problem to two dimensions. Rather than modeling the helical fields explicitly 

by introducing an I = 1 potential, they use a numerically determined vacuum 

field and work in a vacuum flux coordinate system. They have shown that the 

calculation of the equilibrium properties can be carried further than was done in 

our work, by determining the effects of the helical Pfirsch-Schluter currents as 

well as the toroidal ones. Their approach is particularly appropriate for studies 

where accurate evaluation of the vacuum field has been obtained. Our.i provides 

a useful complement because it enables one to understand the contributions of 

the individual field components to the equilibrium and stability properties of 

the system. 

The introduction of characteristic coordinates may have more general ap

plications. The operator B • V reduces to a single partial derivative in these 

coordinates, and this permits integration of the magnetic differential equations 

which arise in the helical-axis stellarator-expansion formalism. We note that the 

B • V operator appears often in MHD calculations, and other representations 

such as Hamada coordinates which serve to simplify this operator are often 
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useful. A possible extension of this work would be to apply the stellarator-

expansion technique in characteristic coordinates to more complicated vacuum 

field geometries. This can be done even in the case where analytic expressions 

are not available for the characteristic coordinates, provided an equation for 

these coordinates can be integrated numerically. Hendor and Carreras3* have 

successfully implemented this type of numerical technique in a vacuum flux 

coordinate system. 

In summary, in this paper we have used stellarator-expansion techniques to 

provide an asymptotic model of stellaratora with a helical magnetic axis. We 

note that the characteristic coordinates necessary to represent the equilibrium 

solutions properly may have more general uses, since they greatly simplify the 

B - V operator. We have used the helical-axis stellarator expansion in connec

tion with an equilibrium computer code to estimate the equilibrium properties of 

two steUarators. The basic expansion seems useful in this context, and modifica

tions of the basic expansion for the modeling of systems with more complicated 

vacuum fields should be possible. 
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TABLE I. Parameters for tbe Asperator NP Devices 

Parameter NP-3 NP-4 

Average major radius (A) 80cm 152.4cm 

Minor radius (a) 3.5 cm 13.3 cm 

Bore radius of limiter (a p) 3.0 cm 9.5 cm 

Number of periods (JV) 16 8 

Helical radius (ro) 5.0 cm 19.05 cm 

A = r„/ap 1.67 2.01 

t = flp/R 0.038 0.062 

-» = eW 0.60 0.50 
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FIGURES 

FIG. 1. Model equilibrium configuration of NP-3 for {0) = 34 %. (a) Magnetic 

flux surfaces at t = 0, IT/2, and ir. (b)i versus * p o | . Dashed line is vacuum 

value, (c) l " ( * t o r ) versus •,»!• Dashed line is vacuum value. 

FIG. 2. Effect of pressure variation on the equilibrium properties of NP-3: 

flux surfaces, rotational transform i, and V(*tor) with (a) (/3) = 0 % , (b) 

0?) = 17%,and(c) </?} = 50%. 

FIG. 3. Effect of pressure variation oa the equilibrium properties of NP-4 witb 

(a) 03) = 0%, (b) (/J) = 17%, and (c) (0) = 49%. 

FIG. 4. Equilibrium properties for NP-4 using different pressure function ex

ponents: (a) It = 1.5 and (b) k = 3.0. The corresponding pressure function 

P and the parallel current distribution o are also shown for each case. 
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