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7. Het Oud-Javaanse "RSmayana" dat een bewerking is van "Bhattikavya":

een 7de eeuwse Sanskrit leerboek over grammatika, stijlfiguren en
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9. Men dient zich te realiseren, dat er veel kracht, inspanning en

oefening nodig is om een dansuitvoering gracieus en schijnbaar zonder

moeite te doen overkomen.

0 Ylng-Lie

Utrecht, 19 Juni 1984.



STELLINGEN

behorende bij het proefschrift

A Single-Photon SCAT Reconstruction Procedure

Based on a PSF Model.

1. De voorwaarde van een goede multidisciplinaire samenwerking is niet

alleen dat men eikaars vakgebied goed genoeg beheerst om tot een

zinvolle diskussie te komen, maar ook dat men elkaar als gelijke

partner respekteert en behandelt.

2. Ter konfrontatie met de werkelijkheid dient het oplossen van

zogenaamde "slecht gestelde" problemen in het wiskunde-onderwijs te

worden opgenomen•

3. Gezien de ekonomische en sociale tendensen om zich meer te richten op

technische en computer-wetenschappen, verdient het aanbeveling om in

het ondecwijs meer aandacht te besteden aan kulturele aktiviteiten.

4. De aard van veel voorkomende ziekten rechtvaardigt het bevorderen van

preventieve geneeskunde»

5. Bij het opstellen van de wet gelijke behandeling dient men de

onderstaande stelling van den Hartogh in gedachten te houden:

"De fundamentele fout bij diskriminatie is niet de ongelijke

behandeling, maar de behandeling als ongelijke".

G. den Hartogh, Het recht van de Zwakste, Intermediair, nr. 50, 1983.

6. Zolang de sociale wetgeving, de sociale voorzieningen en de belasting

wetgeving voornamelijk gericht zijn op het gezin met de man als

kostwinner en de vrouw als huisvrouw, dragen emancipatie projekten

weinig bij tot werkelijke emancipatie.



PREFACE

Emission Computed Axial Tomography (ECAT) has been applied in

nuclear medicine for the past few years. Owing to attenuation and scatter

along the ray path, adequate correction methods are required.

In this thesis, a correction method for attenuation, detector

response and Compton scatter has been proposed. The method developed is

based on a PSF model. The parameters of the models were derived by

fitting experimental and simulation data.

Because of its flexibility, a Monte Carlo simulation method has been

employed. The simulation programs were developed during author's stay at

Donner Laboratory, Lawrence Berkeley Laboratory on a Fulbright grant. A

major part of the data generation and the experiments were carried out at

the Medical Physics Department, University College London.

Using the PSF models, it was found that the ECAX' problem can be

described by the added modified equation. Application of the

reconstruction procedure on simulation data yield satisfactory results.

The algorithm tends to amplify noise and distortion in the data, however.

Therefore, the applicability of the method on patient studies remain to be

seen.



CHAPTER 1

GAMMA-RAY IMAGING IN NUCLEAR MEDICINE
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1.1. The Use of Radioactivity foe Diagnostic Meaas

1.1.1. Diagnostic methods in nuclear medicine

Nuclear medicine is a medical specialization that uses

radioactivity for diagnostic and treatment.

There are two different types of useful radionuclides: single-photon or

gamma emitters and positron emitters. The gamma emitters release photons

of one or several energies. A positron emitter generates positive charged

particles with the same mass as an electron. Annihilation with an

electron produces two 180 degrees opposed 511 keV photons.

In nuclear medicine, two diagnostic methods can be distinguished,

namely in-vitro and in-vivo techniques. in both of the techniques,

radioactive labelled compounds are applied.

For in-vitro studies, samples are drawn from the patient for examination.

Using radioactive labelled chemicals that react with certain substances in

the samples, the concentration can be estimated.

In in-vivo studies, the patient is examined. Measurements are performed

by means of an external source, or by administration of a radioactive

labelled pharmaceutical. Patient studies in nuclear medicine are

characterized by being non-invasive and non-agressive.

1.1.2. Transmission studies

Transmission studies are carried out by irradiating an object using

an external source, with a detector positioned at the opposite side

relative tc the object.

This type of studies has been used for quite a long time in radiology.

The radiation is generated by Roentgen tubes which have a broad energy

spectrum, and the images are presented on photographic film* Recently,

digital image processing techniques have come into vogue*

- 2 -



In nuclear medicine, the radiation originates from gamma-ray

emitting radionuclides which release photons of one or at most a few

monoenergetic levels.

With regard to source geometry, one could think of several configurations

such as a collimated source, a point source, or a flood field source.

To produce an «magnified mapping of transmission intensity, a

narrow well-collimated beam of radiation is used by collimating both the

source and the detector. A high intensity point source positioned

sufficiently far from the object, in combination with a parallel hole

collimator in front of the detector, gives an approximately parallel beam

geometry.

The natural logarithm of the measured intensity is supposed to be

proportional to the sum of attenuation of the tissue along the ray path.

This type of study gives an anatomic description of a section through the

body.

1.1.3. Emission studies

By using suitable radiopharmaceuticals which localize in certain

regions and allow biological processes to be followed, information on

healthy and deseased tissue can be obtained.

A useful radiopharmaceutical agent must possess,, a high tissue specificity

to yield a good target to nontargek ratio.

The radioactivity distribution in the body can give a functional

description of an organ. Visualizing the distribution within an organ or

a lesion can yield valuable clinical information.

The function of an organ can also be examined by measuring the

accumulation and disappearance of radioactivity over the region of

interest following administration of a radiopharmaceutical. The shape of

the activity curve as function of time supplies information about the

biological function of the organ.
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Dynamic studies give information about the motility of an organ.

The measurements are taken at several time intervals, either equidistant

or triggered by the movement. The data can be represented as activity

curves as function of time or as a sequence of images on a video display-

Unfortunately, the measurements are affected by absorption in

intervening tissue. In order to adequately correct for absorption, the

attenuation should be determined by performing a transmission study prior

to administration of the radiopharmaceutical.

fig. l.i Transmission and emission studies.
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1.2. Physical Characteristics of Gamma-ray Radiation

1.2.1. Radioactive disintegration

Nuclei of a given particular radioelement always disintegrate

according to a given decay scheme [1]. The gamma-rays are emitted in one

or few monoenergetic groups.

Let N represent the number of radioactive atoms, then the decrease of

atoms per unit time is given by the differential equation

^ i = - X.tl(t) (1-1)

where X is the decay constant.

Hence, after integration,

H(t) = No exp{-Xt} (1-2)

where No is the initial number of atoms.

The exponential law is only valid for a sufficiently large number of

atoms NQ and small time intervals.

The statistical behaviour of the decay process can be described by a

probability density function as derived below.

The probability of disintegration In a small time interval At is

p = X.At ,

and the probability that the atom does not disintegrate is

q = 1 _ p = 1 _ X . A t ,

where X is the decay constant, the probability of disintegration of a

radioactive atom per unit time.

After an amount of time t consisting of n intervals At , the

probability will be

a. = {1 - X.At}n = {1 - X.i}n ,

which for a approaching infinity reduces to

q = exp{-Xt} and p = 1 - exp{-Xt} .
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Hence, the statistical behaviour of the disintegration process can be

described by the Binomial probability density function

POO =()
which for large values of Ho and small Xt can be approximated by a

Foisson probability density function

P(H) = £
where N « Mo ,

and u = H0.Xt is a fixed value.

Further approximation for large numbers of u yields a Gaussian

probability density function with variance equal to its mean value

where a2 = v •

The half-life of a radionuclide is defined as the decay time needed to

halve the amount of the source strength,

X, = 3£2 . (1-6)
5 X

The source activity is proportional to the total number of emitted

photons and is also governed by the exponential law.

The source strength used to be expressed in Curie [Ci] , in SI units

it is given in [s"1] or Bequerel [Bq] , 1 Ci - 3.7 IQ23 Bq .

1.2*2. Interaction of gamma-rays with tissue

The interaction of gamma-rays with matter [2,3] is characterized by

the fact that each photon is removed individually from the incident flux

as a single event.

The number of photons removed is proportional to the thickness traversed

and the number of incident photons. The rate of change can approximately
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be represented by the differential equation

dx '

where y is the linear attenuation coefficient which depends on the

photon energy and the absorbing material.

Integration of the differential equation yields

x

N = Ho exp{- y(x') dx1} , (1-8)

where N is the number of unseattered photons,

No is the number of photons at x = XQ ,

y(x) is che attenuation coefficient distribution along the ray path,

x - XQ is the thickness of the absorbing material traversed.

The attenuation coefficient can be expressed in various ways:

linear y [cm~T

mass — [cm /g]

P
(1-9)

atomic — — [cmz/at]

electronic - |- 4 [cm2/el]

where p is the mass density,

A is the atomic weight,

Z is the atomic number,

and N is Avogadro's number = 6.02 . 1023

The attenuation coefficient is also often referred to as the

cross-section, and can be interpreted as the cross-sectional area of

electrons or atoms as appears to the incident photon. The cross-section

is a measure of the probability that a photon will interact. The type of

interaction depends on the photon energy and the material composition.

- 7 -



in the energy range from about 50 keV to 50 MeV, interactions occur from

four independent processes:

1. Elastic scattering

Interactions with unbound or low binding energy electrons, in which

the photon initiates the electron to vibrate and to radiate energy at

the same frequency as the incident beam, are called elastic scattering

events. The scattered photon is deflected from its original direction

and has the same energy.

2. The photoelectric effect

A photon gives all its energy to a bound electron (usually

K-electron), which uses part of the energy to overcome its binding to

the atom and takes the rest as kinetic energy. The probability of

ejecting an electron is maximal if the photon energy just exceeds the

binding energy. Thus, the photoelectric absorption predominates at

low energies.

3. Compton scattering

At energies much greater than the electron binding energies, the

photons are scattered as if the electrons were free and at rest. The

photon gives part of its energy as kinetic energy to the electron, and

is deflected from its original direction. This is the Compton effect,

which is the dominant mode of interaction for photons with energies

from 100 keV to 10 MeV.

4. Fair production

A photon in the field of a nucleus or an electron disappears with the

creation of a positron-electron pair, each with a mass of- 511 keV.

The process of pair production involves photons with energies greater

than 1.022 MeV, and as the energy increases it becomes the dominant

mode of interaction.

Since these basic processes can be considered to act independently of each

other, the total attenuation coefficient u is the sum of the four

processes ji = s + T + a + K , (1-10)

where s is the elastic scatter coefficient,

T is the photoelectric coefficient,

a is the Compton scatter coefficient,

and K is the pair production coefficient.
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1.3 Attenuation coefficients as function of energy in water.

Figures 1.2 and 1.3 show that for light materials as water and body tissue

the interaction with rays of energies commonly used in nuclear medicine

(about 100 to 511 keV) is mainly determined by Compton scatter.
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1.3. Computed Axial Tomography

1.3.1. Description of the method

Tomography, which is derived from the Greek word 'tomographi' ,

where 'tomos' means 'slice' and 'graphi' means 'writing' , is a technique

used for imaging the cross-sections of an object.

The method has already been applied in many disciplines such as

radioastronomy, electron microscopy.holography, quality control of metals,

and also in diagnostic medicine-

Reconstruction of cross-sections of body organs supplies the physician

with information about the anatomic structure or biological function of

healthy and deseased tissue in the patient.

i
In the past, cross-sectional images in diagnostic radiology and i

nuclear medicine were produced by longitudinal tomography. The detector t

position is fixed with respect to the tomographic slice, which is situated

parallel to the detector face. The imaging is performed utilizing optical

devices, such as focusing apertures.

Nowadays, the term Computerized Tomography usually refers to axial

tomography which give an image perpendicular to the detector face. The

measurements can for instance be acquired by rotating the detector around

the object.

Reconstruction of the cross-sections is performed by mathematical methods

with the aid of a computer.

As introduced earlier in section 1.1 , one can distinguish between

transmisison and emission studies.

The first is commonly referred to as Transmission Computed Axial

Tomography (TCAT), which in diagnostic radiology is usually abbreviated to

CT.

Emission Computed Axial Tomography (ECAT) usually refers to axial

tomography using single-photon emitters, whereas using positron emitters

is called Positron Emission Tomography (FET).

The major difference between emission and transmission tomography lies in

- 10 -



the fact that ECAT seeks to describe the location and intensity of the

radioactive distribution in an attenuating medium, whereas TCAX seeks to

determine the attenuation density distribution of the medium-

The first clinically useful X-ray TCAT machine was invented by G.N.

Hounsfield [4], EMI Ltd., in 1970. Even before the EMI scanner, the

principles of ECAT had been worked out by Kuhl and Edwards [5] in 1963.

Generally, the reconstruction problem may be stated as follows:

given a set of measured projections of an object, determine the

distribution.

Most of the reconstruction methods employed are based on the ideal

assumption, that is if the measured projection value represents the line

integral through the unknown distribution.

1.3.2. Geometric configurations of detection systems

The most simple configuration of a detection system is the parallel

beam configuration.

The one-dimensional projection image of a two-dimensional distribution is

the integration of the distribution along a set of parallel lines

(1-11)

s = x cose + y sin9 ,

p(s,e) = I f(s,t;e) at ,

where p(s,9) is the projection function,

e is the rotation angle,

f(s,t;0) is the distribution,

(s,t;e) .= (s cose - t sine , s sine + t cos6)

Opposite projection values are equal, the projection views need only to be

acquired for half the rotation range.

- 11 -



s = x cos6 + y sin6

fig. 1.4 The integration path.

For clinical use, the data are usually acquired using a rotating

plane detector or scanner around the object, the projection views are

measured at equidistant rotation angle positions.

In nuclear medicine, single-photon ECAT is usually performed using a

rotating gamma camera system, equiped with a parallel hole collimator.

For practical reasons such as mechanical problems of the rotating

system, the total field of view, acquisition time and transmission

radiation dose, several other beam configurations have been proposed,

namely

fan beam configurations with planar detectors,

fan beam configurations with curved detectors,

the rotating and translating CT scanner,

and circular ring configurations»
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Fan beam configurations are widely used in CT, whereas circular ring

configurations have found its application in PET.

In theory, the underlying mathematics applied in the parallel beam

configuration, is generally valid for any analytic integration path.

However, the data sampling pattern is more elaborate.

Two types of reconstruction methods can be distinguished, based on

modifying the mathematical equation for the parallel beam geometry or by

rearranging the integration paths into a parallel configuration. In both

cases, an analytic formulation of the integration path in relation to the

parallel beam configuration is needed [6].

The convolution method derived for the parallel beam case can be modified

for the fan beam configuration by substituting the above integration paths

in the inversion formula [7].

The disadvantage of rearranging the paths is the missing rays in the

projection views. These missing values are usually filled up by

interpolation ('rebinning'). Hereafter, reconstruction is performed by

application of one of the methods derived for the parallel beam

configuration.

Alternatively, tut fan beam configuration can also be transformed to a

parallel beam configuration by defining a coordinate transform that

transforms the focal point to infinity [8].

A performance analysis and comparison of parallel and fan beam systems for

single-photon ECAT have been presented in [9].
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CHAPTER 2

RECONSTRUCTION METHODS IN EMISSION COMPUTED AXIAL TOMOGRAPHY



2.1. The Radon Transform

2.1.1. The projection function

The measured two-dimensional image of a three-dimensional

distribution will be referred to as the projection function.

If the space of the three-dimensional distribution is intersected by a set

of parallel planes, the problem reduces to a set of one- dimensional

projection functions of two-dimensional distribution planes.

For the parallel beam configuration, the projection function is given by

integrals along a set of parallel lines through the object.

s = r cos($-6)

fig. 2.1 The integration path.
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At each rotation angle position, the one-dimensional projection function

is given by the following equivalent formulations:

p(s,6) = j f(s,t;8) ctt (2-1)

f(x,y) 5{s - x eos8 - y sin8} dx dy

•II f(r,ifi) 5{s - r cosU-6)} r dr d*

where p(s,6) is the projection function,

6 is the rotation angle,

(s,t;8) = (s cos8 - t sin8, s sin8 + t cos8) ,

(x,y) are Cartesian coordinates,

(r,(ji) are polar coordinates,

defined by the relationship x = r cos<|>

and y = r sin<(i

and 6{.} is Dirac's delta function.

The projection function is symmetric, opposite projection values are

equal, p(-s,8+ir) = p(s,6) .

To recover the distribution from its projections, various

reconstruction algorithms have been proposed.

Basically, two different approaches may be distinguished:

1. analytic methods, which are methods that attemp to solve the integral

equation (2-1); and

2. algebraic methods, which solve the set of equations resulting from

discretization of the projection function (2-1).

A widely applied analytic method is t'ne convolution method, which

reconstructs the distribution by backprojecting the convolved projections

[1,2,3,4,5,6,7].

In algebraic methods, the matrix obtained by discretization of the

projection equation is quite large and sparse. Moreover, because of

vectorization of the image, the matrix does not directly reflect the ray

geometry. Therefore, the problem has to be solved by an iterative

technique*

An iterative method that adjusts the solution by sequentially comparing

the projection data with the actual calculated ray-sum, is ART (Algebraic

Reconstruction Technique) [8,9,10]
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Techniques that use all projection values belonging to each reconstruction

pixel simultaneously are SIRT (Simultaneous Iterative Reconstruction

Technique) [11,12] and ILST (Iterative Least Squares Technique)

[12,13,14].

A general overview and analysis of the various reconstruction methods are

given in [15].

2.1.2. The backprojection reconstruction method

The early tomographic images as introduced by Kuhl and Edwards [16] were

obtained by backprojecting the measured projections,

2IT

f(x,y) = ^ I p{x cose + y sine,9} de . (2-2)

0

The reconstructed image looks rather blurred, the relationship of the

backprojected image to the original distribution is given by the following

sequence of equations:

2TT2TT

( x ' y * = 2? I jf f<u>v) 5{s(x,y,6) - u cose - v sin6l du dv d0
0

2ir
= j j f(u,v) — j 6{g(e)} d6 du dv ,

where s(x,y,e) = x cos6 + y sine ,

and g(e) = (x-u) cos6 + (y-v) sine .

Further evaluation of the inner integral results in

f
2 l t

 f
2Trd{e-e-}f

t
 f

2Trd{e-e-}
d{g(e)} de = d 9 with g ( e f ) = o [17], p.37

J
 0

J s'(e)

Thus, the backprojected image is blurred by a function which is inversely
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proportional to the Euclidian distance

= \\

where h(x,y) =

f(u,v) h(x-u,y-v) du dv ,

1

2ir VX.* + Y

which in polar coordinates i s reduces to h(r) =
2irr

The function h(.) is called the Point Spread Function (PSF) of the

reconstruct ion.

In order to correct for the blurring in the hackprojection method,

a two-dimensional deconvolution should be carried out.

Two-dimensional Fourier transform of expression (2-3) turns the integral

equation into a multiplication in Fourier space

F(X,Y) = F(X,Y) F {h(x,y)} ,
x,y

where F(X,Y) = jj f(x,y) exp{i(Xx+Yy)>ax dy ,

is the two-dimensional Fourier transform of f(x,y) •

Thus, f(x,y) = F"1 {pF(X,Y)} , (2-4)

. 1
where — = F { }

p x'y
 2TT ̂  + ya

The method is suitable for optical implementation, and is called

rho-filtering [3.J.8].

2.1.3. The Fourier projection theorem

Recall the projection function given by expression (2-1)

r
p(s,9} = I f(s,t;6) dt .

A one-dimensional Fourier transform in s , followed by application of

the Kayleigh or power theorem [19], gives

Fs{P(s,e)} = |FS t{f(s,t;e)}| | T = 0 , (2-5)
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which is usually referred to as the Fourier projection or Fourier slice

theorem [20,21].

The expression states that a one-dimensional Fourier transform of the

projection functions equals the two-dimensional Fourier transform of the

distribution.

Geometrically, each rotated projection function with rotation angle B ,

is mapped into a rotated function under angle S through the origin in

Fourier domain.

_ x

fig. 2.2 Ihe Fourier transformed projections.

This implies that recontruction can be obtained by an inverse

two-dimensional Fourier transform of the one-dimensional Fourier

transformed projections.

The reconstruction algorithm consists of the following steps:

1. Fourier transform of all the projection views,

2. interpolation to Cartesian coordinates [20,21],

3. inverse two-dimensional Fourier transform.
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Other than employing the Fourier tranform method, the equation can

also be solved using any circular transform method such as the Hankel or

the Hilbert tranform methods f21] or by orthogonal expansion [22].

2.1.4. The convolution method

Expressed In polar coordinates, the Fourier reconstruction method i s

= P(S,e) expUrS cos(<t>-8)> S dS d6
UIT2 ' '0 0

TT <=

= P(S,6) (S[ expUrS cos(((>-e)} dS d6
2tir2 J J0 —«>

= — j F~1{p(s,e) | s |} de ,
2ir o

where P(S,e) i s the one-dimensional Fourier tranformed projection

function.

(2-6)

.inner integral represents a multiplication of the projection

function with a linear increasing function in the Fourier domain. Since a

multiplication in the Fourier domain is the same as convolution in

function space, the problem can be solved in in function space if the

appropriate convolution function can be calculated.

The reconstruction can be obtained by backprojecting the convolved

projection functions,

1 IT

,o) =—

2, J J
p(r-s,8) e(s) ds d8 , (2-7)

where c ( s ) i s the convolution function.

The convolution function can formally be given by the inverse Fourier
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tranfocm of JSJ . However, since the integral is unbounded, a window

function W(S) is introduced such that C(S) = W<"S) i' \ , (2-8)

TO

1 1 f
hence c(s) = F~ {W(s) |s|} = — W(S) |s| exp{isS} dS .2lr I
The transformed convolution function has to satisfy requirement

G(S) = |S[ for small |s| .

The function is periodic with period twice the cut-off frequency, and is

locally symmetric about the mid-point of each period•

C(S) is an even function of S .

The type of solution achieved depends on the choice of the window

function. The window function can also be chosen to suppress unwanted

artifacts and noise.

The calculation of the convolution function by defining a window function,

is a method much applied in digital filtering. The Fourier tranformation

of the convolution function is called the frequency response of the

filter.

A rectangular window function W(S) = 1 for |s| £ C ,

0 otherwise,

gives the convolution function as derived by Bracewell & Riddle [1] and

Vainshtein & Orlov [3].

Direct discretization yields the RamLak convolution function proposed by

Kamachandran & Lashminarayanan [2].

Linearly interpolating in the intervening intervals yields the Shepp &

Logan function [4].

It is possible to define [5] a general class of convolution functions

having a parameter that determines the smoothness of the function in the

cut-off region.

The relationship of the reconstructed function to the original

distribution can be expressed in terms of the reconstruction PSF. The PSF

is spatially invariant in the reconstruction plane, and can be given by

the circular symmetric function

1 f"
h(r) = - c{r sine} d8 . (2-9)

J
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From the above relationship, a convolution function can be derived such

that the reconstructed function has a certain PSF.

The equation is known as the Schlomilch integral equation, and has the

solution

c(s) = h(s) + s h'{s sine} d6 . (2-10)

0

r2

Thus, a Gaussian FSF [7] of the form h(r) = exp{- — } ,
w2

2s f
S s2 - t 2

has the convolution function c(s) = 1 - — exp{- } dt . (2-11)

As function of the window function, the PSF can be expressed as

1 u
h(r) = W(S) |s| exp{iSr sine} dS d6

1 r ƒ *
= W(S) | s | exp{iSr sine} d9 dS

CO

= — W(S) S J0{rS} dS , C^"12)
2 ^ o J

where Jo{-} is the zeroth order tsessel function.

For a rectangular window function, the PSF is

C Sx {Cr}
h(r) = (2-13)

2irr
where C is the cut-off frequency of the window function,

and J"i{-} is the first order Bessel function.
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2.1.5. Radon's Inversion Formula

The recovery of a function from all of its line integrals, is given

by Radon's inversion theorem [23].

Let f(x,y) be a real valued function, satisfying the following conditions:

1. f(x,y) is continuous,

(( |f(x,y)|
2. the integral — — Z I Z d* d^ exists on the entire XY-plane

JJ /x^ + y^

3. ¥ (xo,yo) and V r > 0 , lim f(xo,yo,r) = o ,

1 r
where f(xo,yo,r) = — f(x0 + r cose , y0 + r sin6) d8 .

PIT •)
2 i ro

Then, the following theorems are valid:

1. The projection of f(x,y) along the lines x cose + y sine = s

CO

p(s,8) = p(-s,ir+e) = f(s cos6 - t sine , s sine + t cos9} dt exists,

—00

2. the mean value of the mapping of p(s,6) on the tangents of the

circles with origins at (xg,yo) and radius r

1 ,*
p(xO>yo>r) = — p(x0 cose + y0 sine + r, 6) d6

exists for all (xo,yo) and r > 0 ,

3. the value of f(x0,y0) is uniquely determined by p(xo,yo,r) , by the

relationship

f(x o,y o)=-- k , (2-14)

* 0

\
where 4 denotes the Cauchy principle value.

, . 1 p(xo,yo,e) i p(xo,yo,r)
Thus, f(xo,yo) =-lim { dr} . (2-15)

ir e+0 e
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Application of the inversion formula to the reconstruction problem as

given by equation (2-1) , and interchanging the integration order, results

f(x,y) = - f — I
Tf J 2TT J

dp(s,e) 1

ds x cos8 + y sin9 - s
ds d6 (2-16)

o o
or equivalently, expressed in polar coordinates

" dp(s,9) 11 f 1

,<|>) = - — ds r eos(<j>-6) - s
ds d8 (2-17)

The inner integral of formula (2-16) or (2-17) is in fact a convolution

integral, whereas the outer integral is the backprojection operator.

Fourier transform of the inner integral yields

r r°° dp(s,e) 1- f ds sg - s

1 dp(ss9)
ds} = — F { ]

2ir ds

= {— iS P(S,e)H-iTr sgn(S)}
2TT

where s0 = r cos(<fi-e) ;

is equal to the expression derived in section 2-1.4 for the convolution

method.

Inversely, Radon's inversion formula can also be derived from the Fourier

projection theorem [24].

The integration can also be solved using a product integration method

which yields a smooth solution [25].
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2.2. The Attenuated Radon Transform

2.2.1. The modified projection function

Due to interaction with tissue along their paths through the

unknown distribution, the gamma-rays are attenuated. The attenuation is

given by a negative exponential function of the integral of the

attenuation coefficient distribution along the ray path.

Hence, the attenuated projection function can be represented by

p(s,9) = j f(s,t;8) a(s,t,6) at (2-18)

where (s,t;6) = (s eos8 - t sin9 , s sine + t cos9) ,

f(s,t;8) is the activity distribution,

t

a(s,t,9) = exp{- p(s,t;6) dt} ,

L(s,e)

v(s,t;6) is the attenuation coefficient distribution,

L(s,6) is the intersection of the integration path and the

object boundary.

Equivalently, expressed in Cartesian and polar coordinates

p(s,6) = jj f(x,y) 6{s-s0} a(s,8,x,y) dx dy (2-19)

x,y

where a(s,6,x,y) = exp{- y(x,y) 6{s-s0} dx dy}

L(s,6)

and s0 = x cos9 + y sin9 ,

respectively

p(s,6<) = II f(r,<f>) 6{s - r cos($-8)J a(s,e,r,<|>) r dr d$ (2-20)

t

where a ( s , 8 , r , # ) = exp{- u(r,<j>) 5{s - r cos(i(.-8)} r dr d(j>} .

L(s,8)

The attenuated projection function is often referred to as the attenuated

Radon transform [26].

- 26 -



The projection depends on two unknown functions, the activity and the

attenuation coefficient distribution. Consequently, the symmetry

condition is no longer fulfilled, p(-s,6+ir) f p{s,8) .

Thus, the measurements must be taken over the full 2TT rotation angle

range.

fig. 2.3 The integration path.

For a homogeneous attenuation coefficient distribution, the equation

reduces to

p(s,6) = f(s,t;e) exp[-jj(t-L(s,6))} dt , (2-21)

where u is the attenuation coefficient.

However, because of the dependence on the object boundary, the attenuation

term is not rotational invariant.
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In order to obtain a formulation which is independent of the object

boundary, a modified projection function [26] is defined by dividing the

projection function by the attenuation along the integration path from the

boundary to the rotated s-axis.

For a variable attenuation coefficient distribution, the modified

projection function is

3,9) = f f(s,t;8) exp{- j u(s,t;9) at} dt

0

(2-22)

whereas for a homogeneous attenuation coefficient distribution in a

circular activity region

q(s,9) = f(s,t;8) exp{-ut} dt , (2-23)

where f(s,t;6) is zero outside s2 + t2 = c2 ,

and jj is the attenuation coefficient inside s2 + t2 = c2 .

Notice that by using the modified projection function, it is not necessary

to assume a homogeneous attenuation coefficient distribution within the

entire object boundary.

2.2.2. Correction methods for attenuation

To compensate for the effects of attenuation, and also to improve

the statistics, the mean value of opposite views is often used for

reconstruction.

For a homogeneous attenuation coefficient and a homogeneous

activity distribution, a correction term can be calculated for the

arithmetic mean [27]. The correction factor is derived by comparing the

attenuated projection function with the projection function in absence of

attenuation.
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Hence, the arithmetic mean of the projection function must be multiplied

b y uAt(s,e) exp{yL(s,e)}

sinh{pAt(s,e)} cosh{ut0(s,8)} ^ ~2 '

where t o ( s ,9 ) i s the mid-point of the path in the object,

and At(s,9) i s the thickness of the object at (s,6) .

Compensation can also be carried out after reconstruction, by

multiplication with a correction matrix. The correction factors are

calculated based on the reconstruction of a point source [28], given by

1
(2-25)

1 t
— a(s,t,8)
2ir o

In a practical situation, however, the assumptions for the above

correction methods do not generally hold. Therefore, an additional

correction method is needed. An iterative method which can be used in

conjunction with these methods has been proposed [29].

The process updates the previously calculated activity distribution by

adding the reconstructed difference between the projection and the

calculated projection sum,

fn+1(x,y) = fn(x,y) + R{pn(s,9) - p(s,9)} (2-26)

where p (s,8) is the calculated projection sum using fn(x,y)

and R denotes the reconstruction algorithm.

For a uniform attenuation coefficient distribution in a circular

activity region, the unattenuated projection function can be derived from

the modified projection function by Interpolation in Fouriar space [30].

The Fourier transformed modified projection is

= fe-,ri[-ur - irS cos(if>-9)} r dr (2-27)

The Fourier tranformed unattenuated projection function ( i . e .

taking y = 0' ) i s found from the relationship

(2-28)Q(S,9;0) = Q{/Sz + u2 , 6 + i sinh -;u}
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So far, it was assumed that the attenuation coefficient

distribution was either known or has a constant value»

An iterative method to solve the activity distribution as well as the

attenuation coefficient distribution simultaneously, is by formulating a

mixed convex-concave feasibility problem [31].

2.2.3. The convolution method for constant attenuation

Similar to the convolution method for the unattenuated case as

given in section 2.1.4, convolution functions can be derived for the

modified projection function by defining a suitable backprojection

operator.

It has been proved [32], that the reconstruction can be given by

1 r2v \
As,6) c{r cos($-8) - s,u> ds exp{yr sin(f-8)} d6 , (2-29)

where c(.,v) is the attenuated convolution function.

The latter factor ensures that the shift invariance condition is

fulfilled, which implies that the PSF is spatially invariant in the

reconstruction plane.

The FSF of the reconstruction process is given by

1 r2*
h(r,v) = — e(r sine.u) exp{-ur cose} d8 . (2-30)

For the unattenuated projection function, the Fourier transformed

convolution function was given by C(S) « W(S) |s| ,

where W(S) is the window function.

Similarly, for the attenuated case, an attenuated window function can be

derived from the desired reconstruction FSF [26], resulting in the

convolution function C(S,n) = W(S,y) |s| , (2-31)

where w(s,u) is the attenuated window function.
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Inserting the expression in formula (2-30) and performing the inverse

Fourier transform yields for the PSF

1 2 i r

h(r,ii) = W(S,ii) | s | exp{iSr sine} dS exp{-yr cosQ) dG
8TT 2 J J

= W(S,u) Is I exp{iSr sin8 - ur cos8} d9 dS
S^2 J J

1 f

= — W(S,u) ]s| J0{r/S
2-p2} dS ,

where Jg{-} is the Oth order Bessel function.

For a symmetric window function with W(S,y) = 0 for |s| < U ,

op

1 (
h(r ,u) = — W(S,u) S J0{r/S2-u2} dS

2ir J
V

0
1 f

= —
2' J

W(/R2+u2) J0{rR} R dB , (2-32)

where R2 = S2 - u2

Thus, the reconstruction FSF represents the Hankel transform of the window

function.

A variety of window functions [33] give different convolution functions

corresponding to the desired reconstruction FSF's. In particular, a

rectangular shaped window function with

W(R) = 1 for |R| < C , or W(S,u) = 1 for u < |s| ,< /c2 + vz ,

0 otherwise, 0 otherwise ,

has the PSF <-»—,- r-,—^ (2-33)

h(r,p) = —

In order to obtain a Gaussian FSF as given in section 2.1.4 by equation

(2-11), the window function should be

W(R,n) = H~'|exp{- — } | = w/iT exp{- 4- w2R2} , (2-34)
w2

where H denotes the inverse hankel transform.

- 31 -



From the above formulations It Is obvious that for the attenuated

problem only a few convolution functions can be calculated In the spatial

domain [25]. Therefore, the convolution Is usually performed In the

Fourier domain, and the backprojectlon algorithm is carried out following

the inverse transform.
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2.3. Problems in Detection and Imaging in ECAT

2.3.1. Detector imperfections and statistics

In the previous sectionsj it has been assumed that the projection

function can be represented by integration of the activity distribution

along a set of parallel lines.

However, the reality is far from ideal. in nuclear medicine, the

projection data are usually acquired using a rotating gamma camera system.

The system is in fact a rotating mechanical unit, on which a gamma camera

is mounted.

The measurements are degraded by the detector imperfections,, such

as nonlinearity and nonuniformity, which result in distortions in the

reconstructed image. Systematic 'bad' measurements at the same position

in each view introduce the so-called 'ring-artifacts'. The effects of the

detector imperfections on the reconstruction, have been investigated by

phantom studies [34].

Rotation of the gamma camera might affect the stability of the

camera properties. It was observed [34], that the energy window varies

with the rotational position. Appropriate shielding for magnetic fields,

including the earth magnetic field will improve the stability of the

camera.

Another possible source of error, is inaccuracy in the rotational

position, which results in displacements between opposing projection

views. The reconstruction algorithm assumes that the centres of the

projection views coincides with the centre of rotation. Misalignment of

the projections significantly affects the PSF of the reconstruction [34].

Nonlinearity might also contribute to misalignments between the axes. For

large dispositions, a ring artifact is obtained.

An approximately parallel ray configuration is created by placing a

parallel hole collimator in front of the detector. Unfortunately, the

aperture function of the collimator turns the integration paths into

overlapping 'weighted cones'. The PSF of the collimator has a Gaussian
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shape* The width of the function increases with the distance to the

detector, whereas the height decreases.

These changes in the distance to the camera result in variations in the

reconstruction PSF. Due to the fact that opposite views are usually

added, the effect is not as bad as might be expected. Adding opposite

views reduces the distance dependence in the collitnator PSF.

The disintegration process is governed by Poisson statistics.

Thus, the projection functions are Poisson distributed. For large

numbers, the distribution approximates a Gaussian distribution of which

the variance equals its mean value.

In order to limit the statistical fluctuations, a statistical bounding

method can be applied. Each pixel is compared to the weighted mean of its

neighbours. If the pixel is outside the desired reliability interval,

then it is replaced by the calculated mean. The method truncates the

statistical distribution to a bounded interval.

2.3.2. Angular and spatial sampling

In practice, the data are sampled both spatially and angularly.

The gamma camera data are acquired in square matrices, which are adjusted

to cover the whole field of view of the camera. The size of the matrix

and the adjustment determine the spacing between the samples.

Let the data be acquired by an NxN matrix, with spacing d .

Each row of the acquisition matrix, represents a discretized projection

function.

Shannon's sampling theorem £17,19] states that if the Fourier transform of

a function p(s) is zero above a certain cut-off frequency C ,

P(S) = 0 for |S| > C ,

then the function p(s) can be uniquely determined from its value at

equidistant sampling positions with spacing d = ir/C .

In fact, p(s) is given by the Poisson sum formula

p(s) = £ p(k) sinc(Cs-kir) . (2-35)
k
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The frequency C = ïï/d is called the Nyquist frequency.

The function is undersampled if frequencies above C exists, which

results in aliasing artifacts•

The cut-off frequency C may be determined from the gamma camera system

MTF (Modulation Transfer Function), which is the modulus of the Fourier

transformed PSF. The MTF has a Gaussian shape, which means that it is not

band limited. However, a cut-off at very small amplitudes will produce

fair results [19].

The resolution of the reconstructed image is limited by the

resolution and sampling of the projections. Even if Shannon's theorem is

fulfilled, nonideal sampling conditions and the presence of noise

introduce aliasing type artifacts. The reconstruction can be improved by

choosing a smaller sample spacing and using an appropriate window

function W(S) in the convolution method.

If the reconstruction is carried out by an algebraic method, the

number of projection views can be chosen such that the number of data

points equals the number of unknowns.

If the .pixel dimension is d , and the object diameter is D ,

the number of projection views is M = iru/4d . (2-36)

Iterative techniques that in some sense converge to a smoothest solution,

can handle underdetermined systems of equations. In this case, less views

are required.

In general, it is assumed that equally spaced angles will produce

the most independent data. The angular spacing is usually chosen such

that the arc distance between the projections equals the spatial

spacing [15] •

Thus, for an object with diameter D , A9 = 2d/D and M = nD/2d (2-37)

unfortunately, equal angular spacing does not guarantee a unique

reconstruction. A different approach has been presented in [35].

The angles are chosen such that the slope of the projection line is such

that it connects the vertices of two or more pixels. This increases the

information content of the projection. However, because the detector PSF

is much greater than the samplin interval, there is a considerable

correlation between neighbouring elements. The amount of information

varies little with angle. Furthermore, the sampling requirements of the
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reconstruction space are not met.

Thus, in practice, there is not much reason to use the method. Besides,

the technique needs to be implemented on a specially designed high

accuracy computer controlled rotating system*

2.3.3. Attenuation and scatter in tissue

Due to interactions with tissue along its path through the object,

the gamma rays are attenuated. The attenuation can be formulated in terms

of a negative exponential function, as given by equation (2-18).

For the energy range used in diagnostic medicine, the dominating

mode of interaction in soft tissue is Compton scatter. The measured

Compton scatter is limited by the gamma camera energy window and the

collimator acceptance angle.

The scatter contribution depends on various aspects, such as the

initial energy, strength and location of the source, the scatter

locations, direction and energy of the scattered photons and also by

attenuation of the scattered photons along the ray paths.

The measured scatter contribution is rather complicated to

formulate. Each scatter centre behaves like a source itself contributing

to the measurements. Therefore, the scatter effect can be considered as

additive to the source contribution. The measured projection function is

the sum of the source and the CompLon scatter projection

p(s,9) =PQ(s,e) + pc(s,6) , (2-38)

where p (s,9) is the source projection including the attenuation and

detector PSF effects,

and p (s,6) is the Compton scatter projection.

Since the reconstruction algorithm is a linear process, .the

reconstructed value is the sum of the source and the scatter distribution.

The anisotropic and probabilistic character of the scatter, makes the

reconstruction problem quite complicated, however.
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CHAPTER 3

THE DETECTOR RESPONSE FUNCTION

- 41 -



3.1. Imaging the Projections Using a Gamma Camera System

3.1.1 The gamma camera system

A gamma camera is a detector which collects data simultaneously

over the entire detector field of view. In contrast, scanners collect the

information sequencially by scanning the object.

Most of the gamma cameras used in nuclear medicine are of the Anger

type. Incident photons are detected from resulting scintillations [1,2].

For this purpose, a large crystal (usually sodium iodide activated by a

small amount of thallium) is used as detector medium.

The thickness of the crystal is chosen such that almost all of the

incoming photons are absorbed. The free pathlength traversed in the

crystal is determined by a negative exponential probability function.

The free pathlength and scatter effects result in a nonlinearity with

respect to the original incident position.

Each absorbed photon produces a secondary electron which induces

light proportional to its energy. In case of photoelectric absorption,

the incident photon transfers all its energy to the secondary electron.

These light flashes are collected using lucite light pipes coated with

special reflective material. Hereafter, the light is converted to

electronic pulses and amplified by photomultiplier tubes. The ability of

the light pipe to collect the maximal amount of light from each

scintillation and to distribute it correctly to the photomultiplier tubes,

determines the detector performance.

The origin of the scintillation is determined by electronic means.

A resistor-capacitor network weights the output of the photo- multipliers

and generates four signals; X-,X+ and Y-.Y+ .

By summing the X- and X+ , respectively the Y- and Y+ signals, the X and Y

coordinates are obtained.

Pulses occuring at the same time are added without regard to its location,

thus producing the Z-signal: Z » X- + X+ + Y- + Y+ . These Z signals are

fed to a pulse height analyzer. The amplitude of the pulse corresponds to
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the energy of the detected photon. This relationship is used to select

photons of only a given range of energies for recording while rejecting

all others. The desired energy window discrimination range car. be

selected by the user.

Finally, pulses occuring at the same position are added to produce the

image contrast. The image contrast and the position signals can directly

be connected to an oscilloscope or photographic display unit.

Imbalance in the photomultiplier tubes and tolerances in the electronics

affect these signals seriously. In addition, the energy resolution is

limited by statistical fluctuations in the amount of detected light, while

there can also be systematic variations in this signal with position.

The intrinsic resolution of the gamma camera is determined by the

above mentioned factors causing uncertainties in the recordings, namely:

1. nonlinearity in the X-Y position determination,

2. energy resolution of the detector,

3. detector nonuniformity.

preamplifiersi

array of
phototubes

collimator

resistor
network

discri-
minator

display
computer

fig. 3.1 Block, diagram of the gamma camera system.
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3.1.2. The system response function

In order to restrict of the field of view of the detector to

incoming photons, a collimator is placed in front of the detector. It

consists of one or more small lead apertures. The shape, size, septal

thickness and position of these apertures mainly determine the final

response function of the gamma camera system.

The effects of relatively poor energy resolution can partly be

compensated by proper collimation, thus reducing the number of non

perpendicular incident photons and scatter effects.

However, the aperture function of the collimator varies with the

distance to the detector. The overall system response is mainly

determined by this geometric effect.

The system response function is usually represented by its PSF

(Point Spread Function), which is also referred to as the delta- response.

The function can be obtained experimentally by using a point source, or to

reduce statistical fluctuations, by the mean value of a line source. The

latter response is called the LSF (Line Spread Function).

3.1.3. Preprocessing the image for detector imperfections

For further processing purposes, the acquired images are converted

to digital signals.

A typical minicomputer image has the discretization size of 64x64 ,

128x128 or sometimes even 256x256 pixels. The pixel size should be within

the image resolution requirement, but is limited by the intrinsic

resolution and statistical fluctuations.

If the images are to be used for further calculations, it is of major

importance that they are properly corrected for detector nonidealities.
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One of the earliest methods to correct for nonuniformity is the

floodfield correction method. The image is multiplied with a matrix of

correction coefficients derived from a recorded flood source image. The

coefficients are inversely proportional to the floodfield image intensity

at each corresponding pixel of the image.

The process is a normalization, and the flood field image is forced to be

flat regardless of any inherent variations. This type of correction

treats the symptom rather than the cause of nonuniformity.

The proper way to correct for spatial distortions is to reposition

events back to their proper location. The repositioning is based on

digital calibration images of parallel line phantom oriented sequentially

in the horizontal and vertical directions.

Using these measurements and the true position of the lines, a translation

table that converts apparent coordinates into the true coordinates is

constructed. In a similar way, one can also calculate repositioning

correction factors. The coordinates of each incoming event are then

corrected using these terms by arithmetic operations which are suitable

for hardware implementation.

Variations of the energy signal with position can be corrected for

by application of position dependent energy windows. A calibration

measurement is made by uniformly irradiating the uncollimated detector

with a distant point source.

As the 'sliding window', one can either adjust the window limits until all

pixels in the image have approximately equal counting rates from the

source, or record the energy spectrum of each pixel separately.

A more detailed overview of correction methods has been presented in [3J.
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3.2. The Parallel Hole Collimator

3.2.1. Design considerations

•

The parallel hole collimator usually consists of a large number of

small apertures, each positioned with its central axis approximately

perpendicular to the detector surface.

The response function of the collimator depends on the following design

parameters:

1. the shape and effective diameter of each aperture,

2. the aperture length (collimator thickness),

3. septal thickness and material,

4. geometric packing.

These design parameters are of great importance for the final FSF,

expressed in the following characteristic values [4,5]:

1. aperture resolution in terms of the FWUM (Full Width at Half Maximum)

of its PSF,

2. cross talk due to septal penetration,

3. sensitivity in terms of geometric acceptance angle and packing factor.

An aperture that is long in comparison with its diameter gives a high

resolution, but has a low sensitivity. The septal thickness should be

small in comparison to the diameter, and is chosen such that the

penetration reaching the detector is limited, depending on the energy of

the gamma rays. The geometric packing determines the symmetry of the PSF

in the detector field of view and the overall sensitivity.

As an illustration, consider a cylindrical aperture of length d

with inner radius r and septal thickness s . For noncircular aperture

shapes, effective diameters are used instead.

The effective diameter of a non-circular shaped aperture is defined as the

diameter of the circle which area equals the aperture area.
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fig. 3.2 The cylindrical aperture.

If septal penetration is disregarded, the normalized PSF h(l) at

distance 1 of the aperture is
3

where in is the incident angle,

r is the radius of the cylinder,

and d is the aperture length.

The geometric acceptance angle of the aperture is given by the

relationship tg n = r/d , while the FWHM is FWHM = 2r(l+d)/d , (3-2)

The full sensitivity zone of the aperture is MIN = 2r ,

whereas the penumbra zone at distance 1 is MAX = 2r(21+d)/d .

The overall geometric sensitivity depends on the geometric packing

factor p , and is defined as the fraction of detector area which is not

covered by the septa.

p r 2

Thus, the geometric sensitivity factor is G = •£ g, + \Z . (3-3)
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Finally, the cross-talk is defined as the fraction of penetration that

reaches the detector from a point source located at the collimator

surface, positioned at the centre of one of the apertures,

C = üfr7 cos3<a exP{-HAU . (3-4)
where Al is the pathlength through the collimator septa,

and v is the attenuation coefficient of the material.

3.2.2. Mathematical formulation of the collimator PSF

A general mathematical formulation of the collimator PSF can be obtained

based on Fourier series expansion of the collimator function [6]. The

expression gives the overall optical transfer function of the collimator.

fig. 3.3 The point source location.

Consider a point source located at (0,0) at a distance 1 from the

detector plane.
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The normalized photon intensity at the detector location (x,y) is

hU,y,l) = Qllly, axp{-u Al(x,y,l)} , <3"5>

1+d
where u is the incident angle given by cos ta = ,

/x2+y2+(l+d)2

and 1 is the distance to the collimator face,

d is the collimator thickness,

V is the attenuation coefficient of the collimator material,

Al(x,y,l) is the path through the collimator material.

In order to calculate the path through the collimator material, a function

will be defined in the following way

For 0 < z < d , (3-6)

g(x,y,z) = 1 if (x,y,z) is in the collimator material ,

g(x,y,z) = 0 if (x,y,z) is in air .

The collimator is considered to be infinitely extended in the XY plane.

WO W

fig. 3.4 Periodic rectangulars in the collimator function for circular

and hexagonal holes.
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Fourier series expansion of function (3-6) yields

i2nmx-i riSimy, (3-7)

Cmn

g(x,y,z) = H ^ exp{—^j
m n
i f . > , i2innx1 r i2]iny •,= A e(x,y.z) expl- — — } exp{- — ^ - i dx dy ,

A

where u and v are chosen coordinate axes subject to geometric

symmetry, such that g(x,y,z) - g(x+u,y+v,z) ,

and A is the area of the parallelogram determined by u and v .

If the axes are orthogonal, A = uv .

For a convenient choice of orthogonal axes, g(x,y,z) is an even function

and can be expanded into a Fourier cosine series

/ \ . /-. v 2innx , „ r 2g(x,y,z) = cQ0 + 2 I cm0 cos -jj— + 2 I e cos
m n

• v r 2mnx 2imyh ) ) c cos cos "-
mn u v ' (3-8)

m n

cmn = 'ü'v S^x»y'z^ c o s

A1

where Al is the first quadrant of A .

The path through the collimator material is given by the integral along

the trajectory

dz (3-9)

where X'

Upon substituting the series expansion given by equation (3-7) and using

orthogonal axes, one can write

( ) ^^RÏ?F I I C

^ ^ (3-10)

For even functions this simplifies to

Al(x,y,l) = /xz+yz+(l+d)z I I cn
m n

u v
(3-11)
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The general formulation of the point spread function is now obtained by

substitution of expression (3-10) iato equation (3-5)

e x p -

i2¥(-S
u

' }

The PSF is a function of the (x,y) position on the detector plane

and the distance 1 to the collimator face, it can also be observed that

the function depends on the collimator thickness and geometry as

represented by the values u and v and the Fourier coefficients c ,

and on the attenuation coefficient V which is determined by the

collimator material and source energy.

The conditions of spatial invariance and radial symmetry are usual not

fulfilled» Nevertheless, the hole spacing of low energy collimators is

narrow relative to the intrinsic resolution. Hence, for this type of

collimator it is more useful to compute an average PSF which is spatially

invariant and symmetric in the x and y directions.

3.2.3. The design of a special ECAT collimator [7]

It is of major importance in ECAT that the integration paths

through the activity distribution approximate as close as possible a set

of parallel lines. For most clinical applications, the region of interest

is located near the rotation centre of the system.

The conventional design of the parallel hole collimator has its

limitations. Due to the variation of the PSF as function of the distance

to the detector, the resolution near the rotation centre becomes

inadmissibly large.
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Instead, a high resolution performance with minimal ?SF variation

without to much geometric sensitivity loss can be achieved using a

collimator that consists of focused modules [7].

Each focused module consists of a number of truncated cone shaped

apertures, arranged in a hexagonal configuration; with all the cones

focused to the same point.

The geometric sensitivity G of a point source located at the focal point

is
_Nr*
U(f+d)2 ' (3-13)

where N is the number of apertures,

r is the radius of the cone at the crystal side,

d is the aperture length,

and f is the focal distance to the collimator surface.

The FWHM at the focal distance f is indicative of the resolution.

It can be expressed in terms of the geometrical resolution radius R ,

defined as the maximum radius of a circle at the focal plane which will

pass radiation through the collimator without any penetration, as follows

FWHM - A n 2 R • /Tn2 2rf/d . (3-14)

The finest resolution is always obtained in the focal plane.

Measured radiation from the penumbra region, which is the region outside

the full sensitivity zone, degrades the resolution. The effect is called

parallax.

The focal length is the depth range where the region of parallax is less

than the geometrical resolution radius,

fl - 2R(f+d)/ü (3-15)

where D is the diameter of the exposed crystal.

The longer fl , the more distance invariant the response of the

collimator will be.
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fig. 3.5 A focused module of the collimator.

The design was chosen such that for added opposite views, the PSF

has a good distance invariance in a small region centred about the centre

of rotation. Since fine resolution and distance invariance are

inconsistent with high geometric sensitivity, a compromise has been made

by a sacrifice in resolution.
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3.3. An Analytic Model of the Detector PSF

3.3.1. The Gaussian function

The detector system PSF (Point Spread Function) can be determined

experimentally by point source measurements. The PSF has approximately

the shape of a radially symmetric Gaussian function

h(s,z,l) = 1(1) exp{- j | ^ } , (3-16)

where s,z are the coordinates in the detector plane,

1 is the distance to the detector,

1(1) is the maximum intensity as function of distance,

and w(l) gives the width of the Gaussian function.

The FWHM of the function is 2/in 2 w(l) .

Notice that a Gaussian response function is fully determined by its FWHM.

The above relationship is generally not valid for non- exponential

functions. For the sake of simplicity, to avoid elaborate notation, only

the one-dimensional PSF will be considered,

h(s,l) = 1(1) exp{- ̂ j y } . (3-17)

To improve statistics and to obtain a spatially invariant response a line

source is often used instead of a point source. The arithmetic mean of

the measurements along the line gives the required average LSF (Line

Spread Function).

If the line can be considered as infinitely extended in the z-direction,

the LSF is

g(s,l) = A"w(l) 1(1) exp{-;^y} . (3-18)
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fig. 3.6 The LSF as function of the distance of non-added and added

opposite views.

\-
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3.3.2. The best fit experimental model [8]

A convenient way to determine the analytic model, is by fitting the

measured point source data using a least-squares method. Since the PSF

depends on the distance to the collimator, the measurements are to be

taken at various positions.

The FWHM (Full Width at Half Maximum) of the PSF has been suggested to

increase linearly with the distance to the detector [9]. A negative

exponential function gives the decrease of the maximum of the function

resulting from the geometric loss [9].

Firstly, to incorporate the distance dependence in the model, the

fit procedure was carried out at each position . Thereafter, the method

was applied to the maxima and and the FHHM's of the Gaussian fits as a

function of the distance to the collimator.

The distance dependence of the maximum intensity 1(1) is mainly due to the

geometric acceptance angle. According to equation (3-5), the distance

dependence is given by an inverse square function

1(1) = -i-2- . (3-19)

To test the validity of the model as suggested in [9], the negative

exponential function

1(1) = I exp{-uOl} (3-20)

has also been considered.

The results showed that both the inverse-square and the negative

exponential function describe the dependence nicely. For correction

purposes it is more convenient to use the exponential model, since

attenuation in tissue is described by a negative exponential function as

well.

The FWHM of the PSF can be matched by both an exponential and a parabolic

model,

w(l) * c0 exp{c1l} (3-21)

and

w(l) » c0 + C!l •• c4l2 . (3-22)

In case of proper collimation with sufficiently small apertures, the model

can be approximated by a linear function, since then for the exponential
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fit the parameter cj is very small, whereas for the parabolic

fit c2 « ci .

Insertion of the distance dependent parameters into ttie Gaussian function,

yields the PSF

T =2
y} • (3-23)

For proper collimation, using the linear approximation for the FWHM, the

model is indeed as predicted in [9],

= 2
exp{- (3-24)

fig. 3.7 The maximum (1) and FWHM (2) as function of the distance
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3.3.3. Th? PSF using added opposite views (8]

To compensate for attenuation and distance dependence in emission

computed axial tomography, opposite projection views are often added prior

to reconstruction. Addition of the point source mesurements of opposite

views results in a significant decrease in the distance dependence. For

proper collimation, the variation is even negligible.

The same procedure as described above has been applied on the added data.

For the intensity function, a cosh function was chosen for the fit,

1(1) = I cosh{u0+uxl} . (3-25)

A parabolic and a linear function has been tested with the FWHM. The

coefficient of the quadratic term in the parabolic fit turned out to be

very small, and for the set of points not too close to or too far from the

collimator, a linear fit gave a good agreement.

Hence, the PSF of added opposite views can be given by the function

s2
h(s,l) = I coshiuo+ml} exp{- (Co+Cll)^} (3-26)

which for appropriate collimation reduces to an approximately distance

independent function

h(s) = I exp{- (3-27)
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fig. 3.8 The maximum (1) and FWHM (2) of added opposite views.
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CHAPTER 4

TUE COMPT0N SCATTER RESPONSE FUNCTION
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4.1. The Compton Scatter Projection

4.1.1. The Compton scatter effect

In the energy range used for diagnostic nuclear medicine, Compton

scatter is the dominating interaction type in soft tissue.

The Compton effect is scattering of a photon by the free or low binding

energy electrons in matter, in which the photon is deflected from its

original direction with loss of energy [1].

photon

fig. 4.1 The Compton scatter effect*

The energy of the scattered photon depends on the incident energy and the

scatter angle

E, = E
1 •• a(i-cose) » W-i)

where 6 is the scatter angle,

E is the energy of the incident photon,

E' is the energy of the scattered photon,

a- = — T me2 -u 510.96 keV .me

The quantity of Compton photons is proportional to the electron density of

the illuminated material. The probability of Compton scatter dK. into

solid angle an in the direction 8 is given by the Klein-Nishina

differential cross-section
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3 (lT' Ë 7 1" ~ [cm /el.sr] • (4-2)

where
e

——*
me

After multiplication by the solid angle dfi = 2ir sine d6 , the probability

of a Compton event per unit length into scatter angle 6 is given by

[cm"1] (4-3)
dË

E'

where N is Avogadro's number,

A is the atomic weight,

Z is the atomic number,

and p is the mass density of the illuminated material.
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fig. 4.2 Differential cross-sections per unit solid angle and as a

function of energy.
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As a function of the scatter energy, the probability can be expressed as
j f 2 2 2 mc2 I _i

1

For light materials with k/Z"^2, the constant factor of formulae (4-3) and

(4-4) is

irrn2 N. 7 *»• 0.075 •

4.1.2. The Compton scatter response function

Scattered photons in tissue introduce false measurements. Each

scatter centre behaves as a source itself contributing to the measured

projection function.

The amount of scattered events is given by the Klein-Nishina probability

function as introduced in the previous section. The number of measured

Compton scattered photons is limited by the energy window limit? and thé

collimator acceptance angle.

Compensation for Compton scatter is one of the most difficult

problems in ECAT. To be able to compensate for this effect, a suitable

mathematical model which represents the phenomenon adequately must be

derived. The complexity of the problem makes it quite impossible to use

an analytic expression. To cope with this, some 'point source Compton

response functions' which depend on the attenuating medium and detector

acceptance angle will be simulated by numerical and Monte Carlo methods.

Suppose that the distribution of the medium is known and that for

each point source position the scatter contribution to all the projections

is also known.

The Compton scatter contribution to the projection function at

plane z can then be represented as

Pc(s,z,9) = ijl fCs'.t.z'je) h (s-sf .z-z'.s'.L-t.z'.e) dt ds' dz' (4-5)

where 6 is the rotation angle,

(s,t,z;9) = (s cose - t sine, s sine + t cos6, z) ,
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f(s,t,z;8) is the activity distribution,

h (s,z,s0,L-t0,z0,e) is the Compton scatter contribution of a point

source located at (sos"to>zo),

L is the distance between detector and rotation centre,

and the integration is to be taken over the entire activity

distribution space.

Note that the dependence of h (s,z,sg)L-tosZQ,e) on the

detector aperture function is slightly different from the usual PSF

definition. In this case, hQ is a function of the incident angle

of the scattered photon.

A.1.3. The single scatter contribution

In case of a sufficiently narrow energy window and appropriate

collimation, most of the detected scatter is single scatter.

The single scatter fraction of a point source located at (so>to>zo) with

initial energy EQ and lower energy window limit E
m^ n originating from

a scatter centre at (si,ti,zjj to (s,z,6) is given by

Ahc(s,z,s0,L-t0,z0,6) = ̂  a0 || clKC*) Al &1 ho(n) , (4-6)

where AA is the primary irradiated area,

1 is the distance from (s0,t0,zo) to (si,tx,zj) ,

a0 is the attenuation along (so,to,zo) to (si,ti,zi) ,

A(fi is the solid angle fraction,

dK(ifi) is the Klein Nishina probability of Compton scatter,

i|) is the scatter angle which is limited by E . ,

Al is the interaction pathlength, -r-

aj is the attenuation of the scattered photons along

(si,ti,zx) to the object boundary,

hg(n) is the detector aperture function,

n is the incident angle of the scattered photons.

For photons perpendicular to the detector surface, the scatter angle is

determined from cos<|i = sintu cosy
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For finite slice thickness Az and projection pixel width As ,

AA and Al are defined as follows:

sl As
for — < 7—

z = Az
As
7— AA = dsi dti cosu
Az *• *

and Al

fffor — > HH-
zi Az

COSdl

sinX

fig. 4.3 The scatter geometry-

For simplicity, in the next sections (s,z,so,L-to,z0,0) will be

abbreviated to (s,z,6) . Hence, the total scatter contribution will be

hc(s,z,e) = Jjj ï^jyao ho(n) dn (4-7)

where the integration is to be taken over all scatter centres (sj^tj^z^)

within the energy window limits and the acceptance angle of the detector.

Since the expression for the scatter probability function is rather

complicated, it would be elaborate to calculate an analytic expression.

The integration can be carried out numerically, however.
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4.1.4* The multiple scatter contribution

Each photon can scatter more than once along its path in the object

until it reaches the boundary. Formally, the detected multiple scatter

contribution can be obtained by integration of expression (4-7) over the

energy window limits

hc(s,z,9) = jjj j^pr Ij |£ dK(i|i) a n ho(n) dn dE dSl dtx dz: (4-8)

where a is the attenuation along the path from the n th to
n

the n+1 th scatter centre.

flue to the fact that there are numerous possibilities of scatter

directions and travelled pathlengths, it is quite impossible to carry out

the integration even by means of numerical methods. The complexity of the

problem suggests the application of a Monte Carlo simulation method.

- 67 -



4.2. Simulation Methods

4.2.1. Numerical simulation of single scatter

Transformation of equation (4-7) to spherical coordinates with

dsi dtj dzj = I2 sina) dx dü> dl results in

h (B,Z,6) = ffj ^ f ~ nQ(n) dn dX do dl . (4-9)

For each solid angle position Xi" and pathlength 1 the the

corresponding projection location (s,z,6) and scatter contribution

fraction are calculated.

For sufficiently fine sampling, the voxel centre approximation holds and

for each solid angle direction the scatter contribution reduces to

A 1 ai h o ( n ) A n .

To ensure isotropic radiation, the solid angles x and u should be

incremented wiformly.

4.2.2. Straightforward Monte Carlo simulation

A Monte Carlo or random walk method is a method which is concerned

with experiments using random numbers. It applies to probabilistic as

well as to deterministic problems. The method is usually applied on

complicated problems whenever numerical methods fail, for instance if

multiple scatter is included.

An overview and examples of several Monte Carlo methods are given in

[2,3]. The flexibility of the method allows combination with analytical

methods, thus increasing the accuracy.
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The gamma ray imaging process can be simulated by sampling a

sequence of photon histories {Hl5H2, ,Hnl Each term depends

stochastically on its immediate predecessor, the system is a Markov

process [4]. The photon history H{E,x,y,z,x,w} describes the energy,

position and angular direction of the photon.

The straightforward generation of photon histories for a point source is

given below:

1. Start an event by sampling its initial direction angles x and tu .

For isotropic radiation, the azimuthal angle X is uniformly

distributed whereas the cumulative distribution of the declination

angle

F(ÜJ) = I sintü du / I siniü do) = — (4-11)

0 0

where u is uniformly distributed, u "U u(0,1)

Thus, COSÜ) = 1 - 2u , and by replacing u with 1-u , cosu = 2u - 1

2. The free pathlength is derived from the inversion formula

1

exp{- u(r)-dr} = u with u * U(O,1) . (4-12>

0

where u(r) is the attenuation coefficient distribution along the

path.

Thus, for constant attenuation 1 = - — «In u

2. If the new position is inside the object, proceed with the next step.

Otherwise, if the direction is within the detector acceptance angle,

the projection value is incremented and a new event is generated (step

D-

3. Sample the scatter energy or angle from the inverse Klein-Nishina

cumulative probability function.

The azimuthal direction is sampled uniformly, <)> *• (0,2ir)

If the energy is below the window limit, the history is terminated and

a new photon is started. Otherwise, obtain a new direction and go

back to step 2.
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4.2.3. Monte Carlo simulation with variance reduction

In order to achieve sufficient statistics, a large number of events

must be registered. Moreover, the accuracy and calculation speed can be

increased by limiting the number of random decisions and replacing them by

analytical steps whenever possible. The use of t1' -.se calculated weights

is called variance reduction [5,6,7]. The .—^ of tabulated data instead

of calculating the function repeatedly is also recommended [8].

Hence, the photon history generation can be modified as follows:

1. The range of the initial direction angles can be restricted to the

acceptance of the detector within the maximum scatter angle bounds.

The geometrical fraction is AG = * , (4-13)
2i7

Wo TT
t f COSIl)^ - COSÜ>2

where Daj = I sinta du / I s inu du =

and Dx = Xz - Xi .

2. Instead of sampling a free pathlength, the photon is forced to

interact inside the object.

I.

The probability of interaction is w = 1 - expt- v(r) dr>

0

where L determines the object boundary.

1

The pathlength is then sampled from u.w = 1 - exp{- p(r) dr} . (4-14)

0

Thus, for a homogeneous medium, 1 = _ — in{1 - u( 1 - e"1^^

v ' •

If the photon direction is within the detector acceptance angle, the

scatter contribution is calculated as follows

Ahc(s,z,e) = AG -ÏÏ { v - }.&1 (4-15)

where the multiplication is carried out over all previous

interactions,
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p and a are the total attenuation and Compton scatter

cross-sections,

aj is the attenuation trom the scatter centre to the object

boundary.

3. Calculate the new position and select the scatter energy and

direction. If the scatter energy is below the window limit, the

history is terminated and a new event is started. utherwise, the

second step is repeated.

4.Z.4. The attenuation and scatter probability tabies

For both the numerical and the Monte Carlo simulation methods,

values of the totai attenuation coefficients and Compton scatter

probability are required.

To improve the computation speed, the data are precalculated and stored in

tables. Actual values are calculated by linear interpolation between the

two closest table values.

In the energy range used for diagnostic nuclear medicine, the types

of interaction are mainly Compton scatter and a small amount of

photoelectric effect for low energies [L]. The linear Compton scatter

coefficient depends linearly on the material density, which implies that

only one table is needed. For each material, multiplication with its

density factor gives the desired value.

To calculate the table as function of energy, a piecewise linear

interpolation method is applied to the logarithmic values of both the

energies and coefficients which are obtained from a standard table [9].

The same linear interpolation scheme also applies for the total

attenuation coefficients (Compton scatter plus photoelectric effects), but

now for each different material density, a new table should be calculated.

The probability of Compton scatter per unit Length — of a photon with

energy Eo into scatter energy £ is given by equation (4-4).

- /i -



Formally, the energy of the scattered photon can be sampled from the

inverse cumulative probability function

K = K"1(u)

where u is a uniformly distributed random number.

Because of the complexity of finding an analytic expression of the inverse

probability distribution, a probability table at equally spaced values

of u will be generated. The cumulative probability function is

calculated by integrating dK(E) as given by the above expression

K(E)
fE0

= ' dK(E) dE

The probability table is then generated by solving the normalized equation

K(E) = u

using Newton's iterative method,

where K(E) is normalized to [0,1] ,

and u is equidistant in [0,1] .
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4.3. The Compton Scatter Response Function

4.3.1. The single and multiple scatter contributions

In order to investigate the effects of Compton scatter, some Monte

Carlo simulations have been carried out. Because of its flexibility, the

straightforward method as presented in section 4.2.2 was applied. The

method allows the collection of data under different measuring conditions

in one run.

The scatter response was determined by least-squares fit of point

source simulation data, with the point source located on the axis of a

cylinder filled with water. The cylinder was of finite height, and the

point source was positioned in the middle.

fig. 4.4 The single scatter contributions for several cylinder diameters

at a fixed energy window and acceptance angle.

fig. 4.5 The single scatter contributions for several acceptance angles

at a fixed energy window.
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fig. 4.6 The single scatter contributions for several energy windows at

a fixed acceptance angle.

fig. 4.7 The unseattered, single and multiple scatter contributions.
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Because of circular symmetry, the data can be collected in a single

projection plane by summation of ail projections for different rotation

angles. To investigate the dependence of scatter contribution on the

object shape and size, several cylinder radii R were simulated.

The data were collected for several collimator a-.ceptance angles

n and lower window energy limits E . . The energy limits used were

typical practical values above the 90 degrees Compton scatter angle, thus

not allowing back scatter.

The collimator was assumed to be ideal, its transfer function was

considered to depend on the acceptance angle only, thus neglecting

aperture inaccuracies, penetration, scatter, geometrical loss due to

packing and other imperfections.

The unscattered, single scatter and multiple scatter contributions

were recorded separately. The maximum value of the unscattered
i

contribution was approximately ten times the single scatter contribution, \

whereas the maximum value of the single scatter contribution was twenty

times the multiple scatter contribution.

The shape of the multiple scatter response function was approximately

constant. Hence, multiple scatter has the character of additive noise,

and because of its low intensity, it may be neglected with respect to

single scatter.

4.3.2. The single scatter response function

As a simplification, only the in-plane Compton scatter was

considered, thus reducing the three-dimensional problem to two-

dimensions. The point source was positioned in the middle of the

reconstruction plane.

Since the probability of interaction decreases exponentially as a function

of the distance to the source, most of the scatter occurs near the source.

As a result, the scatter response function has approximately a bell shape

with a huge peak and widely spread low side lobes. The shape of the bell
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mainly depends on the collimator acceptance angle n , whereas the lower

energy limit Kmin affects the size. The function Increases with

increasing acceptance angle n and decreasing lower energy limit

A single Gaussian function as well as a sum of two Gaussian

function were used to fit the simulation data. In case of circular

symmetry and a uniform interaction medium, the single Gaussian function

and the sum of two Gaussian functions are respectively given by

hc(a) = Io + I exp{- Jy}

and

h (s) = Io + Ii exp{- — y } + I2 exp{- ̂ -j} ,
C wi w2

where R is the cylinder radius,

n is the collimator acceptance angle,

E . is the lower energy window limit,
nun

ÏO» *1> *2> wl» W2> I a n d w a r e functions of R , n and

The sum of two Gaussian functions was found to fit the data quite well;

a narrow function to fit the peak, and a broad one to fit the side lobes.

The following properties have been obtained for the fit parameters:

1. XQ was very small and could be neglected,

2- Ii < I 2 ,

3. w 2 was fully determined by n ,

4. Wj increased with n , E . and K ,

5. Ii + I 2 decreased with R and increased with n and E . .

The maximum intensity Ij + I 2 decreased exponentially with R .

Negative exponential fits of Ii + l2 as a function of R for several

values of n and Emin showed that the exponent had approximately the

same value as the primary attenuation coefficient. This indicates that as

expected, most of the detected single scatter is small angle Compton

scatter, thus with energies close to the initial source energy.

For the same reason, W2 was approximately equal to the parameter w in

formula (3-14) of the detector point spread function.

Thus, with respect to attenuation and collimator acceptance angle, the

photons scattered in the neighbourhood of the point source behave
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similarly to the primary photons, ihis property can be used to extend the

scatter response model to a more general configuration-

Taking the above fit results into account, the single scatter response

function can be represented as 2

hc(s) = MR.n.E )exp{- 2(n jR)>
+I2(^n,Em.ri) exp{-

where Il(R»1,Emin) + ^(R.n.E^) = exp{-y'R}

and v' is the 'attenuation coefficient' of the scatter.

4.3.3. The effects of Compton subtraction

In an attempt to compensate for the effects of scatter, a second

measurement with energy window off from the primary source energy is

subtracted from the usual peak, energy window measurement.

For a reasonable choice of energy windows, the off-peak contribution is

less than the peak scatter contribution. The subtraction method

eliminates the side lobes and decreases the peak of the response function.

In addition, it compensates for the multiple scatter contribution.

A single Gaussian function with width in between the narrow and the broad

Gaussian of (4-16) provided a good fit to the subtracted response data.

The function parameters were Ig = 0 , w2 < w < wj and I < Ij + I2 ,

where w was mainly dependent on n , and very slightly on R ;

and I had similar properties as Ij + I2 in (4-16) , with a slightly

smaller exponent.

Hence, the scatter response function reduces to a much easier expression

V's) = Ki,B,Ew) exp{- ̂ (;' Ej> (4-17)

where Ew represents the energy windows,

and l(n,R,Ew) = exp{-u"R} ,

with u" < ii' .
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The major disadvantage of the subtraction method is that it

Increases the amount of statistical noise. The noise can be reduced by

preprocessing the measured data, for instance using a statistical bounding

method.

4.3.4. The scatter response of the modified projection function

in section 2.2.1 , it has been shown that the attenuation can be

made independent of the object boundary by calculating the modified

projection function. This implies dividing each projection by the

attenuation along the path from the object boundary to the rotated s-axis.

Due to the fact that most of the scatter has energy close to the primary

energy, the initial attenuation coefficient can be used.

Both a single Gaussian as well as a sum of two Gaussian functions was

found to fit the modified data.

For the latter, the Gaussian width parameters wj and w2 were about the

same as those calculated in equation (4-16) .

The intensities Ii and I2 both increased with n and E . , and

satisfy Ij < I2 .

As a function of increasing R , -I decreased whereas I2 increased.

The maximum intensity term Ii + 12 was independent of R .

The response function is as given by formula (4-16) , with entirely

different maximum intensities Ii and I2

hc(s) = i^R.n.E^) exp{- W l 2 ( n ƒ . fR)> + I2(R,n,Em.n)exp{-
min

where IifR.rijE^) + I2(R,n,E_,._) as function of R is constant.

Because of the circular shape of the object considered, the

multiplication terms at the peak, of the response are larger than that of

the side lobes. This is the reason why a single Gaussian function also

fitted the data reasonably well. In general, this condition is not valid.

The parameters of the single Gaussian were independent of the object size,

although it was not satisfactory in the side lobes.

The width w depended nainly on n , while 1 was independent of R .



A comparison with the parameters calculated for the Compton subtracted

data given by equation (4-17) showed that w is smaller and 1 is much

larger.

Taking the above properties into account, the single Gaussian response

function is

m i n ^ y (4-19)

where v2 < w < wj .

So far, it seems that the side lobes of the response function

present quite a problem in obtaining a response which is independent of

the object shape.

The combination of Compton subtraction which reduces the side lobes and

the peak of the response function with the modified projection technique

which makes the response independent of the object boundary is expected tc

give the desired results.

A Gaussian function which only depends on the collimator acceptance

angle n and appropriate choice of the energy windows Ew fitted the

modified subtracted data,

^ j ^ g - y } . (4-20)

The parameter w was similar as the one found in equation (4-17) for the

subtracted data.
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The fioures below represent the fits for several cylinder diameters at

fixed acceptance angle and energy windows.

fig. 4.8 The single scatter response function,

fig. 4.9 The subtracted response function.

fig. 4.10 The modified response function.

fig. 4.11 The modified subtracted Response function.
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4.3.5. Generalization of the model to nonsymmetric objects

The response models described In the previous sections can be

generalized to nonsymmetric objects.

The projection functions are usually acquired for fixed measuring

parameters n and E . or E . It should be emphasized, however, that
~ nun w

the parameters which depend on the acceptance angle n also depend on the

distance to the detector 1 . In the rotated system this is expressed in

the argument L-t , where L is the distance of the detector to the

rotation centre. Dependence on the cylinder radius R , yields dependence

on the object boundary.

Elimination of the fixed measuring parameters from equation (4-16) gives

the general single scatter response function

s2

(4-21)

= ii(s,so,io,e)

+ Iz(s,so,lo,9) exp{-

where so,to is the point source position,

lo=L-to is the distance to the detector,

L is the distance of the detector to the rotation centre,

and 9 is the rotation angle.

It should be noted that every variable which depends' on the source

position sg,tg as well as on the rotation angle 6 , is dependent on th'e

object boundary.

In general, the response function is asymmetric", depending on the object

shape and point source position. F.or correction purposes, however, one is

basically interested in rotational invariant symmetric response functions.

For the attenuated projection function, as presented in section

2.2.1 , the modified projection function has been calculated by dividing

each projection function by the attenuation along the path from the object

boundary to the rotated s-axis. If the attenuation coefficient is

constant within a circular domain where the activity is located, then the'

modified projection function is independent of the object boundary.

Under certain circumstances, the same procedure can also be applied to the

Compton scatter projection function.
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The conditions under which the modified and modified Compton subtracted

projections can be modelled by a Gaussian function which is independent of

the object boundary are as follows:

1. the measuring parameters n , E . or and L should be chosen

such that the acquired scatter is mainly small angle Compton scatter

near the source,

2. the modified scatter response function has small side lobes,

3. the attenuation along the path from the rotated s-axis to the object

boundary is known,

4. the attenuation coefficient is constant within a circular region where

the activity is located.

If the above conditions are satisfied, the scattered photons behave

similarly to the primary photoas, and the models for the detector PSF

round in section 3.3.2 and 3.3.3 can be used.

It has been found that the modified subtracted projection method

fulfils the requirements better than the modified projection method.

Subtracting the off-peak scatter contribution eliminates scatter

originating from locations which are not near the source, thus improving

the object boundary independence and the symmetry condition.

For appropriate collimation with sufficiently small acceptance angle n ,

the Compton scatter PSF can be given by

hc(s,l) = I exp{-u0l} exp{-c(,) p{u0l} exp{ f 1)

where Uo and cx are equal to those calculated in 3.3,2 ,

whereas c0 is slightly larger,

and I must be determined empirically.

The difference between the coefficient c0 calculated here and that in

section 3.3.2 gives the size of the 'scatter source', which is the area

around the point source where most of the detected scatter occurs.

The quotient of the factors I for the scatter response (4-22) and the

detector PSF (3-24), gives the scatter fraction with respect to the

unscattered contribution.
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The modified scatter response function can be obtained empirically

by subtracting the acquired projection of a point source in air from the

experimentally determined modified projection of a point source located in

scattering medium.

It has been shown in section 3.3.3 , that for appropriate

collimation, addition of opposite projection views gives a PSF which is

approximately independent of the distance to the detector.

•' Analogously, for the modified scatter and the modified subtracted

.! response, the function (4-22) reduces to

j h (s) = I exp{- -^} . (4-23)
r c c0

Because of the fact that the response functions are independent of the

object boundary, the functions can be easily extended to the

three-dimensional space. The Gaussian function then becomes a

'rf two-dimensional Gaussoid,

•j' ' sz + z2

•\ hc(s,z) = 1 exp{-—^-2—> • (4-24)
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CHAFTER 5

RECONSTRUCTION METHODS INCLUDING CORRECTIONS FOR

ATTENUATION, DETECTOR PSF AND COMPTON SCATTER



5.1. Correction Methods for Attenuation and Detector FSF

l-'i 5.1.1. Formulation of the problem

The projection function of the activity distribution in tissue is

degraded by attenuation along the path to the object boundary and by the

detector imperfections as reflected in the detector PSF.

The detector PSF varies with the distance to the detector face and turns

the pattern of integration paths into 'weighted cone' shapes.

Accordingly, the three-dimensional distribution space cannot be divided

into a set of parallel two-dimensional planes.

fig. 5.1 The integration path.
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If both attenuation and the detector PSï1 are taken into account, the

projection function can be expressed as

p(s,z,9) = fff f ( s ' , t , z" jB) a ( s ' , t , z ' , 9 ) h o ( s - s ' , z - z I , L - t ) dt ds' dz' (5-1)
J J J

where 9 is the rotation angle,

(s,t,z;6) = (s cos9 - t sine, s sin8 + t cos9, z) ,

f(s,t,z;9) is the activity distribution,

t
a(s,t,z,9) = exp{- ƒ p(s,t,z;9) dt} is the attenuation,

L(s,z,9)

u(s,t,z;9) is the attenuation coefficient distribution,

L(s,z,6) is the intersection of the integration path with the

object boundary,

h (s,z,l) is the detector PSF as function of the distance 1 to
0

the detector,

L is the distance between the detector and the centre of

rotation,

and the integration is to be taken over the simultaneous field of view.

'i'he three-dimensional problem is quite complicated because it

cannot be described using a set of parallel intersection planes. In

consequence, a two-dimensional approximation will be considered in which

variations of the detector PSF in the z-direction are disregarded. This

two-dimensional problem is given by

p(s,8) =!! f(s ' , t ;9) a(s ' , t ,9) ho(s-s ' ,L-t) ds1 dt . (5-2)

The distribution function f can also be represented in rectangular

Cartesian coordinates instead of in the rotated coordinates, giving

p(s,9) =11 f(x,y) a{s(x,y,9) ,t(x,y,9), 9}ho{s-s(x,y,9) ,L-t(x,y,9 )}dxdy(5-3)

where s(x,y,9) = x eos6 + y sin9

and t(x,y,8) = -x sin9 + y eos6

Equation (5-3) is a two-dimensional Fredholm equation of the first kind.

It can be represented as

p(s,9) = jj K(s,9,x,y) f(x,y) dx dy . (5-4)

If the kernel it is an L2 kernel as defined in A2.1 , the equation has a

solution if and only if Picard's theorem (A2.5) is valid.



ï
5.1.2. A correction method using added opposite views

In order to obtain an expression independent of the object

boundary, the modified projection function will be calculated by dividing

the projection function by the attenuation along the path from the

boundary to the rotated s-axis.

Xhe attenuation coefficient is assumed to be constant in a circular domain

where the activity is greater or equal to zero. The assumption makes the

attenuation term rotational invariant.

Hence, the modified projection function is

c s c

q(s,9) = f(s',t;6) ho(s-s',L-t) ds' a(t) at , (5-5)

where (s,t;9) = (s cos9-t sin9,s sin8+t cose) ,

f(s,t;9) is the activity distribution, which is zero

outside the circle s2+t2 = c2 ,

2

ho(s,l) = expC-pjl} exp{- 7 — ^
5 .;} with Hi <

is the detector PSF as given by formula (3-24),

a(t) = exp{-yt} ,

u is the attenuation coefficient inside s2+t2 = c2

As has been shown in section 3.3.3, in case of appropriate

collimation, the PSF of added opposite views is approximately independent

of the distance to the detector. Hence, the arithmetic mean of opposite

modified views can be represented by

q(s,8) = I I f ( s ' , t ;8 ) h o (s -s ' )ds ' a(t) dt

r~2 2" —c

which upon interchanging the order of integration gives

c / c z - s 2cs

= J I f(s' ,t;8) a(t) dt ho(s-s')ds' . (5-6)
—C 7~5

- V C - S
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S2
where ho(s) = exp{- ̂ -7} is the PSF of added opposite views

derived in (3-27),

and a(t) = cosh{pt) .

Due to the fact that Che PSF is independent of the distance to the

detector, the problem can be divided into a deconvolution problem and an

attenuation problem, which must be solved subsequently. A more detailed

description of the solution methods employed will be presented in sections

5.4.2 and 5.4.3 .

Thus, the reconstruction process consists of four steps, as listed below:

I- calculation of the added modified projections,

2. deconvolution of the projections for detector response,

3. solution of the added attenuation problem,

4. interpolation to Cartesian coordinates.

Simulation results of a point source located in a homogeneous circular

medium and a uniform circular distribution have been published in [i].

Extension of the method to the three-dimensional case is quite

straightforward. All that is required is to modify the computation of the

modified projection functions and the deconvolution operation.
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5.2. Correction Methods for Compton Scatter

5.2.L. A Fourier space solution method

If the attenuating medium of the object can be considered as'

homogeneous in the entire detector field of view, the PSF measured in

equivalent material is spatially invariant in the planes parallel to the

detector face. The use of this PSF allows for attenuation and scatter

effects to be included in the response function [2,3]

To fulfil the mentioned condition, the space between the detector

and the object must be filled up with homogeneous material with similar

attenuation and scatter properties as the object. This poses quite a

problem in practice*

Taking the above conditions into account, the projection function is

L

p(s,z,9) = f(s,z,t; ) * g^ z g(s,z,L,t) at , (5-7)

-L

where *s,z denotes convolution in s and z ,

and g(s,z,L.t) is the PSF measured in homogeneous material of

thickness L .

A two-dimensional Fourier transform in s and z turns the convolution

integral into a multiplication in Fourier space

P(S,Z,6) = I F(S,t,Z;9) G(S,Z,L,t) dt .

By application of the Kayleigh or power theorem [4], the three-

dimensional problem in the spatial domain reduces to a one- dimensional

equation in the Fourier space

P(S,Z,0) = I F{S,T,Z;65 G(S,Z,L,-T:- (IT . (5-8)

Since the overlapping rays in the spatial domain are converted into

parallel rays in the Fourier domain, the three-dimensional distribution

can be neatly sliced into a set of two-dimensional Fourier transformed

planes.
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'&

The problem can be formulated for each Fourier transformed distribution

plane, by omitting the dependence on Z ,

P(S,9) = F(S,T;8) G(S,L,-T) dT . (5-9)

The assumption that the frequencies are zero outside a circular domain

S + T = C , then yields

VU — ö

P(S,9) = f F(S,T;6) G(S,L,-T) dT . (5-10)

-/Cz-S2

According to the theory of Fourier transforms, the spatial and

frequency domains may not assumed to be both limited. In practice,

however, the approximation is usually applicable for a suitable choice of

cut-off frequency C , which is closely related to data sampling and

noise characteristics.

fig. 5.2 ubject configuration and coordinate transformation.
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iTransformation to polar coordinates results in

C %

s ;'

s '
where iji = arccos — . 1

Fourier series expansion of the Fourier transformed projections and the I T -

distribution function according to

P(S,9) = I P (S) expUne} , P (S) = j - [ P(S,e) exp{-in9} d6 ,

0
(5-12)

2ir

F(S,9) = l F (S) expUne} , Fn(s) = ~- j F(S,9) exp{-in6} d6 ,

0

changes (5-11) into the set of Volterra integral equations

C

P(S) = f F (R) {ein* 0(3,1,,-,^*) + e'™* G{S,L,^^)} ̂ 3: . (5.13,
S

After having solved this set of equations, the transformed activity

distribution F(s,6) is obtained by the sum of its Fourier series F (S).

Interpolation to Cartesian coordinates followed by two-dimensional inverse

Fourier transform will complete the reconstruction.

The activity distribution can also be obtained by solving equation (5-8)

or (5-9) numerically. Both the equations are Fredholm integral equations

of the first kind in complex function space. Alternatively, a modified

ART method which seems to give satisfactory results has been proposed [3].

A convergence proof of the method was not provided, however.
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It
5.2.2. The effects of Compton scatter t;

The effects of Compton scatter on the reconstruction of point [

sources have been investigated by simulating the single scatter j-<

contribution perpendicular to the detector face [5]. It was found that J

Compton scatter results in a broadening of the reconstruction FSF. The

long tails in the FSF are due to scattered photons originating from •"

locations; far from the source. Similar results have been obtained >

employing the numerical simulation method given in section 4.2.1.

An alternative approach to assess the effects of Compton scatter

has been introduced by Egbert [6]. A Neumann expansion method was

employed to solve the integral transport equation of the photon flux :

field. This equation reads ?•

F S(r-1S2,E')
O(r,j2,E') =

UTT

0(r-ia,£2' ,E) s(r-lS2,J2.£2',E-»-E') d(j2.SJ') di

E SI'
1

exp{- I u(r-l'f2,E') dl'} dl , (5-14)

0

where 0(:r ,f2,E) is the flux of photons with energy E along the line

defined by ü at position Z. ,

r_ is the position vector, :

1 is a scalar value, j

ü is the direction vector determined by (x,oi) ,

E' is the photon energy,

E is the energy of photons originating from elsewhere,

S(r,E) is the source activity,

y(r,E) is the total attenuation coefficient of photons with

energy E at location £ ,

and s(£,JJ.J2',E->E') is the Compton scatter probability of photons with

initial energy E and scatter angle S2.SJ'

at position r_ .
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fig. 5.3 Ihe coordinate system of the flux field-

Ihe projection function is given by integration over the geometric

acceptance angle and the energy window. In operator notation this is

represented by 0 = P{S()+SO} ,

where P is the detection operator,

SQ is the source contribution,

and SO is the scatter contribution.

The solution can be represented by 0 = {I-PS}~ PSQ which by Neumann

series expansion takes the form 0 = PS0 + PSO + PSPSO +

The leading term of the series corresponds to the source contribution to

the photon flux at the point of detection, the second term represents the

single scattered photons, the third term the twice scattered photons, and

so forth.
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Finally, Beck [7] has applied a sophisticated Monte Carlo method to

analyse the effects of attenuation and Compton scatter. Xhe geometric

model for the simulation consists of a number of cylinders and spheres

placed in a larger cylinder. To improve the statistical features,

variance reduction as outlined in section 4.2.3 was applied.

Xhe Monte Carlo method was also applied to solve the integral transport

equation (5-14).
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5.3. The Modified Equation I

5.3.1. The modified projection function

For appropriate collimation and energy window limits, it has been

evaluated in section 4.3 that most of the measured Ccmpton scatte. is

single scatter in the neighbourhood of the source. Therefore, a linear

model approach using the PSF models derived in the previous two chapters

is proposed.

If the effects of attenuation, detector response and Compton scatter are

included, the projection function is given by:

p(s,z,9) = jjj fCs'.t.z^e) {ats'.t.a'.eJhoCs-s'.z-z'.L-t)

+ he(s-s
I,z-zl,sl,zI,L-t,e)} dt ds' dz' (5-15)

where 8 is the rotation angle,

(s,t,z;0) = (s cos9 - t sin6, s sin9 + t cos6, z) ,

f(s,t,z;0) is the activity distribution,

a(s,t,z,e) = exp{- ƒ u(s,t,z;B) at} i s t h e attenuation,
L(s,z,e)

L(s,z,8) is the intersection of the integration path with the

object boundary,

y(s,t,z;9) is the attenuation coefficient distribution,

ho(s,z,l) is the detector PSF,

h (s',z',s-z,l,8) is the Compton scatter response function,

L is the distance between the detector and the rotation
''T

centre.

Since the three-dimensional problem is rather complicated to solve, L'

all subsequent formulations will be presented in two-dimensional space.

Extensions to three-dimensional space will only be made when useful.

The two-dimensional problem is found from (5-15) by neglecting the ,

contribution of the PSF's in the z-direction, I

p(s,9) = Jj f(r,t;9) {a(r,t,8) ho(s-r,L-t) + hc(s-r,r,L-t,9) dr dt (5-16) 1
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where ho(s,l) is the detector PSF given by formula (3-24) ,

and h (r,s,l,6) is the Compton scatter PSF derived in (4-21) .

As has been presented in section 5.1.2, the modified projection is the

quotient of the projection function (5-16) and the attenuation along the

path from the object boundary to the rotated s-axis:

q(s,e) = \\ f(r,t;9) {a(r,t,9) ho(s-r,L-t)

^ ) (hc(s-r,L-t,6)} dr dt (5-17)

t

where a(s,t,e) = exp{- u(s,t;8) dt}

0

0

aL(s,e) = exp{ I u(s,t;6) dt } ,

L(s,6)

and L(s,6) is the intersection of the integration path with the

object boundary.

if the scattered photons behave similarly to the the primary

photons, the Gaussian Compton scatter PSF model found in section 4.3.5 can

be implemented* the assumption is valid for a sufficiently narrow energy

window and appropriate collimation, which restricts the analysis to small

angle Compton scatter in the neighbourhood of the source.

If, in addition, the attenuation coefficient distribution is uniform in a

circular activity domain, the modified projection function reduces to the

rotational invariant expression

q(s,6) = I f(r,t;9) {ho(s-r,L-t) + hc(s-r,L-t)} a(t) dr

f(s,t;8) is zero outside

ho(s,l) = exp{-uil} exp{-

dt (5-18)

where f(s,t;8) is zero outside s2 + tz = c2

2
S

^ with < y

is the detector PSF given by formula (3-24) ,

hc(s,l) = c3 exp{-uxl} exp{- ^ f ^ }

with 0 < c3 < 1 and c2 > c0 ,

is the scatter PSF given by equation (4-22),

a(t) = exp{-ut} ,

Ï

H
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l

>-i; and u is the attenuation coefficient inside s2 + t2 = c2

\|
:',i The equation can be rewritten as
. f

I'. q(s,6) = [[ {ho(s-s(x,y,e),L-t(x,y,6)) + hc(s-s(x,y,8),L-t(x,y,s))}

'/•' a{t(x,y,6)} f(x,y) dx dy

-w
•w

{K0(s,9,x,y) + K (s,8,x,y)> f(x,y) dx dy (5-19)

K(s59,x,y) f(x,y) dx dy

where q(s,9) is continuous on s e [-L,L] , 9 e [0,2ir] ,

and equals zero outside this domain,

f(x,y) is defined inside the circle x2 + y2 = c2 ,
s(x,y,e) = x cos6 + y sine ,

a n d t(x,y,e) = -x sine + y cose .
The equation is a two-dimensional Fredholm equation of the first kind with

an asymmetric kernel. The kernel has the form

K(s,6,r,t)

defined for s e (-»,») , 6 e [0,2ir] , r e (-00,»} , t e [-L.L] ,

where s and r are functions of x , y and 6 .

Since K is an L2 kernel, the operator is compact (A2.1). This implies

that the singular system of the operator is complete. If Ficard's theorem

(A2.5) holds, then there exists an L2 solution, which, however, is not

necessarily continuous.

The solution can be expressed in terms of its singular values and singular

functions. These can be calculated from the symmetric kernels

* • •

K K and KK (A2.2, A2.3), where K denotes the adjoint of K. .

The operator K operates on Hubert space L2 with innerproducts

(f.g) = I f(x,y) g(x,y) dx dy , (p,q) = I! p(s,e) q(s,e) ds d9

The adjoint operator K is defined by (Kf,q) = (f,K q) . Since

(Kf,q) = Jj f(x,y) jj h{s-s(x,y,9),t(x,y,e)} q(s,e) ds d9 dx dy ,
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where h(s-r,t) = K(s,6,r,t) ,

the adjoint operator Is given by

K q = jf h{s-s(x,y,e),t(x,y,8)} q(s,9) ds dB . (5-20)

Alternatively, a numerical procedure can be applied- Since the

equation is ill-posed, this requires special treatment [section A.2.3].

The equation is discretized using an expansion or piecewise interpolation

method. Thereafter, the resulting set of linear equations is then solved

using a regularization method•

5.3.2. An intuitive correction method

A practical approach to the problem is the so-called iterative

error correction method.

As an initial estimate, the problem is solved without correction for

Comptcn scatter, using one of the methods discussed in section 5.1 .

Next, a new projection function that incorporates the scatter response is

calculated by substituting the calculated distribution into formula

(5-16). The difference between the measured and the computed projection

data gives the error projection term. From this a correction term is

calculated and added to the previous estimate. The process is repeated

until sufficient accurracy has been reached.

Suppose that f° is a solution computed using the correction method for

attenuation and detector response as described in section 5.1.2 . The

solution obtained also includes the scatter contribution.
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To compensate for the scatter effect, the correction terms are calculated

as follows:

* = y'.
q1 = q - (K +K )fu = K f1 f1 = f° + f1 ,
* o c o e e
q2 = q - (K +K )f1 = K f2 f2 = f1 + tz ,

o c o e e

qn+1 = q - ( VK c)f
n = KQf

n+1 fn+1 = fn
 + f f 1

The process can be written in a slightly different manner

K f1 = K f° + q - (K +K )fu = K f° - K f°
o o * o e o e

K f2 = K f1 + q - (K +K )f1 = K f° - K f1o o * o c o e

(5-22)

which yields the sequence

To investigate the convergence properties of the process, consider

equation (5-19), denoted by (KQ + K,,) f = q .

If KQ" 1 exists, then (I + Kg" 1^) f = l̂ ,"1 q . (5-24)

in appendix A. 1.1 it is shown that the equation is solvable if and only

i_ « II K
O~

1 KJI = « < 1 -
i'
f. The kernels are determined by the response functions as specified in
f! equation (5-18). In fact,

I K
c(s,6,x,y) = c3 Ko(s,6,x,y) + AK(s,8,x,y) ,

where AK(s,8,x,y) is a measure of the different widths of the Gaussian
; PSF's, determined by C2 and CQ .
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H e n c e ' AK)

which by Minkowski's inequality < c3 + || K Q AK || .

Thus, the solvability condition is fulfilled if || Ko~ AK || < 1-c3 .

Theorem Al.4 shows that the sequence (5-23) converges to the exact

solution f provided such a solution exists.

5.3.3. Discretization of the equation

j-

ln practical applications, a discrete version of the problem need ;.
v-

to be considered. The measurements are recorded at a finite number of

equidistant rotation angles and sampling positions, while discretization

of the reconstruction plane is achieved by sampling in square pixels.

The activity distribution is digitized using a set of basis functions !'

according to

f(x,y) = I I v(i,j,x,y) f(i,j) (5-25)

i 0

where v(i,j,x,y) are the basis functions, •

f(i,j) = ƒƒ v(i,j,x,y) f(x,y) dx dy i

is the average value of f(x,y) ovjr A(i,j) , :

and A(i,j) defines the square region. I

The discretized integral equation can be evaluated by rrii ating the squares ?

with respect to the XÏ axes. The expanded transform can then be :

represented by v

q(s,9) = H w(s,9,i,j) f(i,j) (5-26) f

M 7;
where w(s,9,i5j) = I K(s,6,s C O S 6 - t sine ,s sinO + t cos9) . !h

lj v(i,j,s cos9 - t sin9 , s sine + t cos6) dt III

and li and l z are the intersections of the integration path ;<
f

x cos9 + y sin9 = s with A(i,j) . ;:
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;•*, The projection data are sampled fay 'strip' integration rather than line

1 integration and by collocation in the rotation angle. This yields the

fully discretized equation

.;:' q(k,m) =11 w(k,m,i,j) f(i,j) (5-27)

= (,,,j) ds

where s i

Si(k) and S2(k) are the boundaries of the integration 'strip',

which for equidistant sampling with sampling distance d

S l = S k - | and s 2 = s k J .

The values of the weightfactors w(k,m,i,j) can be calculated by

numerically solving the integration

,S2 ^s)

w(s,6,i,j) = I I K(s,6,s cos9 - t sin9,s sin6 + t cos8) .

sj li(s)

v(i,j,s cos9 - t sin6,s sine + t cos9) dt ds (5-28)

by ordinary quadrature or product integration method*

As a simplification, the values of K(s,0,"x,y) in the integration can be

calculated as if they originate from the centres of the pixels.

'i'he standard sampling that is widely applied because of its computational

efficiency [8,9] is

: v(i,j,x,y) = j for any x,yeA(i,j) (5-29)

0 otherwise,

v where d is the sample spacing.

:. These basis functions, combined with the centre point approximation

=;•"' defines weights w(k,m,i,j) that are equal to the weightfactors of the

fi collocation method. For the Radon transform, the weights are the

%*• normalized intersection areas of the pixels and the integration 'strip'.

f ïhe disadvantage of choosing the above basis functions is that the

5; approximate function f(i, j) can have sharp boundaries. The number of

: pixels must be chosen large enough so that the discretization is a good

; approximation even for a smoothly varying function.

: A generalization of the standard sampling is the finite element approach
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-i using piecewise linear polynomials (A1.L7). An example of a smooth

sampling is the spline interpolation method .

'< The discretization simplifies the reconstruction problem to solving a set
: of linear equations. In matrix notation, equation (5-27) can be rewritten

^ as

4 Q = WF (5-30)

- where y is a vector of projection values,

W is the matrix containing the weight factors,

and F is the vectorized expanded distribution function»

-. In general, such a set of linear equations may have one solution, more

than one, or no solutions at ail- For the problem under consideration the

system is more than likely inconsistent owing to simplifying modelling

; assumptions, discretization and noise. Therefore, a best approximate

solution to the problem [section A.1.3] has to be defined.

A costumary choice is the minimum norm least squares solution (A1.14) .>

| For practical reasons, the system of equations is under- or

over-determined. An overview of least squares solutions with respect to

ih, the type of equation is given in [8].

Other optimization criteria can also be applied. The cost function may
: consist of a least squares term and a second term that specifies the type

of solution desired. The solution is unique if the term is quadratic.

':. The method is also referred to as a regularization method [section A.1.4].

Yt

X
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5.4. The Added Modified Equation

5.4.1. The added modified projection function

As has been treated in sections 3.3.3 and 5.1.2 , Cor appropriate

collimation, addition of opposite views yields a detector PSF that is

approximately independent of the distance to the detector. The

approximation is also valid for the scatter response function, if the

scattered photons behave similarly to the primary photons.

Under the same conditions as in section 5.3.1, the added modified

projection function takes the form

ï. ï(s,e) = j j f(s',t;6) a(t) at {ho(s-s') + hjs-s')} ds' (5-31)

k; where a(t) = cosh{yt} ,

5 ho(s) = exp{- -̂ 2"} is the PSF given by formula (3-27),

1* -
:.'• S 2

-,: and h (s) = ca exp{- — T } with 0 < ca < 1 and co > en ,
;, c C2

I is the scatter response function given by (4-23).

. The outer integral of the expression is a convolution integral resulting

from the detector response function and Compton scatter, whereas the inner

integral represents the attenuation problem for added opposite projection

views.

r/.. The equation is of the type presented in section 5.1.2 , and can therefore

•A be solved in the same manner, that is by:

,'; 1. calculation of the added modified or modified Compton subtracted

|' projections,

C 2. deconvolution for detector and scatter response,

i'
I; 3. solution of the added attenuation problem,
\ 4. interpolation to Cartesian coordinates.

'.. Kxtension to the three-dimensional space only involves the calculation of

the two-dimensional modified projection functions followed by
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deconvolution.

>; 5.4.2. The deconvolution problem

The outer integral of equation (5-31) represents a convolution with the

PSF

q(s,9) = §(s',8) h(s-s') ds' (5-32)

| where <j(s,8) i s continuous on s E [-L,L] and 6 E [O,2TT] ,
; and zero outside this domain,
; q(s,6) i s the deconvolved function,
^ and h(s) = hQ(s) + hc(s) .

f- The equation i s a Fredholm equation of the first kind with a symmetric
kernel. It i s solvable if and only i f the conditions of Picard's theorem

- for Hermitian kernels (A2.4) are obeyed.

;,- The kernel K(s,s') = h(s-s') = exp{-

% ' i s a bounded continuous L2 kernel. ,:

U Its eigensystem i s complete, and al l the eigenvalues are real numbers.

2' If the function q(s,6) can be expanded into the Fourier series of i t s
;f eigenf unctions, then an L.2 solution exists, the solution can be :- j

represented by the Fourier sum of the eigenf unctions and eigenvalues. The t
solution is unique, but not necessarily continuous- %'

i A solution method commonly applied is the convolution method.

- While this method can be evaluated in the spatial domain, the derivation
':. of the convolution function is more conveniently explained in the Fourier
f;'. domain. Fourier transform of the convolution equation yields a
•' multiplication in Fourier space

| Q(S,9) = 5(S,6) H(S) . (5-33)
f. For small values of H(S) , the mathematically ideal inversion cannot be

employed. Therefore, a window function W(S) which compensates for zero | |
and small values of H(S) , and also handles the errors in the data and
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the VSF model [section A.3.1] is applied. d

Thus, q(s,9) = g(s) , q(s,6) , (5-34) ?,

where g(s) = F vgfsy* >

* denotes the convolution,

and W(S) is the window function. ' .

Using the rectangular window function, W(S) = 1 for | s | <. C ,

0 otherwise,

the convolution function

g(s) = 7^ J I coexp{-Jco
2S2} + c3c2exp{-±c2

2S2} ] cos(sS) dS (5-35)

0

has a rather complicated analytical expression. :'"

t
On the other hand, numerical discretization yields a matrix which has a :

circulant structure. The equation can accordingly be solved using the DFT

method instead of a matrix equation method [A.3.2].

Using the regularization method as given by definition A1.22, the solution

can be represented by ,

Q = (W*W + aC*C)"1 W*Q , (5-36)

where Q and Q are the vectors containing q(k) and q(k) ,

W is the matrix of expansion coefficients or quadrature weights L-

of h(s) ,

a is the regularization parameter, ~'

and C determines the smoothness of the solution. I
Analogously, after DFT, the regularized solution [A.3.2] has the form jJJ

where Q(k), Q(k), E(k) and C(k) are the DFT of the sequences

q(k), q(k), h(k) and c(k) .

Likewise, the two-dimensional convolution integral

ee

q ( s , z , 9 ) = j f q ( s , z , 9 ) h ( s - s ' , z - z ' ) d s ' d z ' , (5-38)

-c -c
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has the solution

"*'V ' ̂ n r v ^ (5-39)
|H(k,l)|2+a|c(k,l)|2

5.4.3. The added attenuation equation

After deconvolution, the added attenuation equation

q(s,6) = f(s,t;8) cosh{yt} dt (5-40)

as given by the inner integral of equation (5-31) has to be solved.

Transformation to polar coordinates simplifies the integration limits

e

q.(s,8) = {f(r,9-i|/) + f(r,6+t|<)} cosh{p/r2-sz} r (5-41)

s

where i|i = arccos —
r

The circular periodicity of the problem suggests the use of a series

expansion. Fourier series expansion in the rotation angle 9 as given by

(5-12) results in the set of Volterra equations

c
r dr= I f (r) 2 cos(ni|i) cosh{p/rz-s2}

s

= f f (r) 2T {£} cosMii/r^i2"} ~E=r= <5~42>
J n n r S&TZ

where q(s,e) , 0 < . 9 < T T is expanded to 0 <. 6 < 2ir by setting

t(s,e+ir) = q.(-s,8) for s < 0 ,

and T are Chebyshev's polynomials of the first kind . ,*

The functions 8 (s) and f (r) are both complex. •'
il n v

Fortunately, the kernels of the integral equations are real functions. jj

Consequently, the real and imaginary part of the functions can be solved
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separately.

Introduction of the variables

u

and gives

} costuy/u-v}
dv

(5-43)

which is a generalized Abel eauation of the first kind (A4.J).

Since the equation is of the type

V

q(u) = I
O

dv

the solvability conditions as stated in theorem (A4.4) are fulfilled.

The solution can be obtained using a step-by-step numerical quadrature

method [section A.4-2]. In this case, however, equation (5-42) will be

solved instead, as this directly yields a solution at equidistant points.

Finally, the solution of the problem is achieved by summing the Fourier

series. The coefficients of the Fourier series are the solutions of the

set of Volterra equations-

In summary, the added attenuation equation can be solved in the following

three steps:

1. Fourier series expansion of the added modified projection function,

2. solving both the imaginary and real parts of the set of Volterra

integral equations,

3. obtaining the sum of the Fourier series.
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CHAPTER 6

THE RECONSTRUCTION PROCEDURE
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6.1. Basic Requirements of the Reconstruction Procedure M

f
V

i 6.1.1. Determination of the detector and Compton scatter PSF
(

•\ Both the detector and Compton scatter response can be determined '."-

from experimental measurements. If the Gaussian PSF model as derived in |,

section 3.3 can be used, the parameters of the PSF can be obtained using a '•'

capillary line source instead of a point source. '

The Gaussian PSF of the type (3-17) h(s,l) = l(l) exp{- g/jJ . C»"1)

- corresponds to the LSF (3-18) g(s,l) = l(l) w(l) exp{- - £ .} , (6-2) j,1"

y where s is the spatial coordinate,

' 1 is the distance to the detector, •

• 1(1) determines the maximum of the PSF,

and w(l) determines the width of the PSF. I,

The scatter contribution can be measured by means of a tissue :

equivalent scattering medium. Usually,' a cylinder filled with water is

•: used. The capillary line source is positioned parallel to the axis of the

--; cylinder. -;

;. To determine the subtracted response, three different measurements are ..\\

1 required, ;r

1. the line source positioned in air, which gives g (s,l) , L

f •
.T 2. the total response using the same energy window g (s,l) , v

3. the off-peak scatter g (s,l) • -r
5

. The subtracted Compton scatter response is given by y

[If C * t ' S ' O ' '

; where a(s,l) is the attenuation between the source and the object

• boundary. ',.:
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Due to discretization, the actual measured value is given by

fS2 - f Z a2

g(k,l) = g(s,l) ds = /TT 1(1) w(l) exP{--j7Y7} ds (6-3)

si sl

where s, = s - — and s 2 = s - — ,

s is the centre of the sample bin,

and d is the sample spacing.

Naturally, this relationship also holds for the FSF:

h(k,l) = f h(s,l) ds = 1(1) j exp{- -rf^y} ds . (6-4)

si sl

6.1.2. Calibration and preprocessing of the projection views

Prior to acquiring the projection views, one must adjust and calibrate the

detector system for

1. misalignment,

2. pixel size,

3. distance to the rotation centre.

These calibrations can be carried out utilizing point or line sources at

fixed positions.

The preprocessing scheme of the projection functions is as follows:

1. Correction for noniinearity and inhomogeneity [section 2.3.1].

Several gamma camera systems supply built-in facilities for these type

of corrections.

2. Subtraction of the Compton scatter projections.

3. Shifting the projections to correct for misalignment. The centre of

the projection views must coincide with the centre of rotation.
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4. Statistical bounding [section 2.3.1] to reduce statistical

fluctuations without affecting the data. One should keep in mind that

the application of filtering techniques may result in distortions in

the final reconstruction.

Next, the modified projection function can be calculated using formula

(5-17) , and opposite views can be added.

In practice, the projection functions are acquired at equidistant

rotation angles and sampling positions. The measured views are given by

collocation in the rotation angle and 'strip' integration

fS2

p(k,m) = I p(s,6m) ds , (6-5)

sl

where 6 is the m th rotational position.
m

In order to compute the modified projection functions, the

attenuation between the rotated axis and the object boundary must be

estimated. The attenuation coefficient distribution can be determined by

performing a TCAT study prior to the ECAT study [1].

As a simplification, an ellipse model with a constant attenuation

coefficient distribution is assumed. The axes of the ellipse can be

determined by positioning point sources at the outmost left, right, top

and bottom of the object. The position of the sources in the

reconstruction plane can be derived from a 0 degree and a 90 degrees

rotation angle projection [2].

In both cases, a centre point approximation is applied; the attenuation

is calculated along the line normal to the centre of the projection pixel,

0

) - exp{ j nU^t.eJ dt } , (6-6)
Us ,Q )

K m

where JJ(.) is the attenuation coefficient distribution.

and L(.) is the intersection of the line with the object boundary.

Hence, the added modified projection function can be represented by

5(k,m) = p(k,m) ajk.m) + p(K+1-k,nrt|) aL(K+1-k,irn|) , (6-7)

where K is the number of samples in each projection,

and M is the number of projection views.

- 114 -



6*1>3. The computer program

ff

The calculations to be carried out in sequence are the following:

J 1. preprocessing of the projection views,

2. calculation of the added modified projections,

3. deconvolution for detector and Compton scatter PSF,

;J 4. DFT in the rotation angle,

:fj 5. solving the set of Abel equations,

if. 6. inverse DFT in the rotation angle,

t 7. interpolation to Cartesian coordinates,
j
'. 8. postprocessing of the reconstructed image.
t'.

h
•<--

I
I
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fig. 6.1 A schematic overview of the reconstruction procedure.
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6.2. Numerical Implementation of the Reconstruction Algorithm
f

6.2.1. The deconvolution problem-A

. '• It has been demonstrated in section 5.4.2, that the convolution integral

V" c

':-{ i(s,9) = I q(s',9) h(s-s') ds1 (6-8)

\ ~c

:\; cannot be solved by straightforward convolution with the inverse filter

•• (5-35). Instead, the equation is firstly discretized and then solved by

application of a regularization method.

Collocation in 9 , 'strip' integration in s and sampling in s' changes

•:"-( the equation into

'k- q(k,m) = I q(n,m) h(k-n) (6-9)

V- n

where all quantities are normalized to the sample size.

Normalization yields that if the functions are assumed to be piecewise

constant in the sample bins (zeroth order interpolation) 'strip'

integration is equal to collocation or delta sampling:
S2

1 j g(s) ds = g(sk) if g(s) = g(sk) for S! < sfc < s2 .

si

The resulting matrix W of the discretized equation has a circulant

structure, the solution can therefore be obtained in both the spatial

(5-36) and Fourier (5-37) domain.

If a regularization method which minimizes the norm of the

solution, the operator C in equation (5-36) equals identity, and thus

the solution is

15 = (W*W -r a)" 1 W*Q . (6-10)

| By application of DFT (5-37) to the discrete sequences the solution

reduces to the expression . », , -, .
f r\ f Ir \ —• V-"- / "i\-"- /

\ (6-11)
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where Q(k) and H(k) are the OFT of q(k) and h(k) .

The solution can easily be extended to the two-dimensional case, which

gives

The regularization parameter a mainly depends on the statistical

properties of the image. The value of a can be estimated by considering

a class of similar images with different numbers of total counts.

Simulation studies or phantom studies yield the relationship between the

total number of counts in the image [3].

If the models are accurately known and the data are not too noisy, a is

approximately equal to zero. Equation (6-12) then is the generalized

inverse solution (A1.14, A1.23) of the problem.

6.2.2. Fourier series expansion

After deconvolution, the added modified projection function is expanded

into the Fourier series

q(s,8) = I qjis) expUne} , (6-13)
n

2TT

where the coefficients qn(s) = ̂  I q(s,6) exp{- in6} d8 .

0

Consequently, the solution of the added attenuation equation (5-41) is

obtained by summing the Fourier series

f(r,6) = I fn(r) expUne} .
n

The discrete versions of the above expressions are closely related to the

DFX as available in computer subroutine packages [4].

1 .

I'
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The DFX evaluates the expression F(k) = J f(n) exp{- i-
n=0

(6-14)

*

the inverse UFT evaluates f(n) = ^ I F*(k)
W [n=0

where f(n) i s a real sequence and F(k) i s a complex sequence.

Employing the DFX, for each spatial sample with index k , the Fourier

coefficients are

(6-15)

After solving the set of equations (5-42) the solution i s obtained by

f(k,m) = M DFT~1{f (k)} , (6-16)

where M is the total number of projection views. >•;.
•V
if
Hi

6*2.3. Numerical solution of Abel's equation r

Recall the set of Volterra equations as represented by expression

(5-42) , which for brevity will be denoted as 'i

fC r dr "
g(s) = K(s,r) f(r) r 0 ̂  s < r £ c . (6-17) V

s &?:

¥.
The function g(s) is known only at the sample points, whereas *
K(s,r) can be calculated at any point in the defined interval. L

The integral equations will be solved utilizing the step-by-step f*

quadrature method as presented in section A.4.2 . To avoid the need of

calculating a starting value, a generalized mid-point rule is employed. i

The weak singularity in the integral is eliminated by application of a 1

product integration method instead of an ordinary numerical quadrature V
Pmethod. /
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f32

Due to 'strip' integration, g(k) = j g(s) ds ,
s l

resulting in the equation

s2 c

g(k) = f f K(B,IO f(r) ~ = d s . (6-18)
s\ s

Normalization of g(k.) by the sampling distance, centre point

approximation of K(s,r) and expansion of f(r) in the basis functions

given in (5-29) , turns the integral equation into the set of discrete

equations

K
I v(k,l) K(k,l) f(l) = g(k) k = 0,1,...,K-1 (6-19)

l=k+1

where the indices k. and 1 correspond to the ordinate positions

sk = (k + id) , rx = ia ,

and v(k,l) = r ^ with n = (l - ̂ )d and r 2 = (l + h& .J 3^ 2 2

The matrix of the above set of linear equations has an upper triangular

shape. The solution can be obtained by backward substitution, starting at

the outmost point going towards the centre of rotation.

6.2.4. Interpolation to Cartesian coordinates

If an infinite number of continuous projection views are available,

the entire reconstruction space is filled up, and consequently the

distribution function can be calculated at every point within the

definition area. With a finite set of equally spaced projection views,

each sampled at equidistant positions, a regular polar raster is obtained.
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The spacing between the polar samples is close in the neighbourhood

of the rotation centre, but becomes thinner towards the outer radius.

Therefore, a sufficient number of projection views is required, such that

the sampling distance of the outmost polar samples is approximately equal

to the spacing of the rectangular Cartesian raster.

Depending on the sample spacing, each polar raster element may

contain none, one or more Cartesian samples. This means that the concept

of adjacent points has to be redefined.

fig. 6.2 The polar raster.

Consider a point of the rectangular Cartesian raster. Each polar

sample at a distance less than the sample spacing of the Cartesian raster

from this point, is defined as an adjacent point. If a Cartesian sample

has less than four adjacent polar points, then the edge points of the

polar raster element in which the Cartesian point is contained, are taken

as adjacent points. If there are more than four adjacent polar points,

only the four nearest points are taken into account.
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With the above definition, an ordinary interpolation may be carried

out» Using linear interpolation [5], one computes f(i,j) to be

(6-20)

I

where (ii.jj) , dz'^) > (13^3) a n d (iij.jt») a r e t n e f ° u r adjacent

polar values,

and di , dj , d3 and d4 are the Euclidian distances between the

polar samples and the Cartesian sample at issue.

I
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6.3. Performance Analysis

6.3.1. The validity of the assumptions

Suppose that the detector is well-tuned and that its performance is

within the specifications.

In addition, the detector system has been appropriately adjusted and

calibrated, the pixel size has been chosen in conformity with the

resolution properties, and all the preprocessing steps as listed in

section section 6.1.2 have been carried out properly.

The benefits of these features are:

1. proper adjustment and calibration reduces systematic errors,

2. the collimator restricts the amount of measured scatter and has a FSF

with little spatial variation,

3. corrections for nonlinearity and inhomogeneity limit spatial

fluctuations,

4. Compton scatter subtraction takes care of drastical reduction of wide

angle scatter and scatter originating from positions far away from the

source,

5. statistical bounding limits the detection statistics within a desired

reliability interval, and therefore eliminates abrupt changes.

From the above, it may be concluded that the measured projections only

suffer from small fluctuations. Therefore, if the deviations are limited,

an error estimation of the final reconstructed function can b<_ derived.

In order to correct for detector FSF, attenuation and Compton scatter in

the reconstruction process, -he following assumptions have been made:

1. the scattering medium is homogeneous,

2. the PSF of added opposite views is spatially invariant and

approximately independent of the distance to the detector,

3. only small angle single scatter in the neighbourhood of the source

contributes to the projection function,
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4. the Compton scatter PSF behaves similarly to the detector PSF.

If the first assumption is true, then for added modified opposite views

the other conditions follow from the experimental and simulation results

as given in sections 3.3 and 4.3 . Therefore, the correctness of the

first assumption and the consequences of deviations from it should be

investigated.

The scattering properties of body tissue, fluids and lesions are

very similar to that of water. Fluctuations in the linear attenuation

coefficients of the various types are less than five percent [6].

Two of the few exceptions are bone and lungs. The mass density of bone is

larger, whereas the mean mass density of the lungs is smaller than that of

soft tissue.

Fortunately, the radiopharmaceuticals used are commonly selective. This

means that the activity is distributed in tissues of the same type. The

problem is thus reduced to estimating the attenuation along the path that

intersects the bone.

If the amount of bone is relatively small, and the surrounding scattering

medium is homogeneous, the deviation in the attenuation is

Aa(s,9) = exp{AuAt(s,e)} , (6-21)

where An is the difference in attenuation coefficient,

and At is the thickness of the bone.

6.3.2. The influence of overall small fluctuations

Owing to detection statistics, discretization and other imperfections, the

attenuation and the FSF models are only approximately known. If the

fluctuations are small and their norm is bounded, the approximate solution

can be obtained using a pseudo solution [section A. 1.3] or a

regularization method [section A.1.4]. Small overall varying fluctuations

can occur in the measured projection function p(s,B) , the attenuation

terms aL(s,e) and a(t) , and in the PSF h(s) . Bounded variations in

the projection data and the attenuation term yield bounded variations in

the added modified projection function.
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For, writing

q(s,9) = p(s,9) ajs.9) + p(-s,9+ir) aj-s.e+ir) ,

where q = 5 + Aq , p = p + Ap and a. = a^ + Aa^ ,

one observes that

llAall =2 {| |p| | H A ^ I I + H ^ l l ||Ap|| + | | A P | | U A ^ I I } (6-22)

where 11-11 denotes the quadratic norm in s . The maximum over all views

is used to majorize the error bound.

i'j On account of fluctuations in the added modified projection views and

s-i deviations in the FSF model, the convolution equation (6-9) can be denoted

V as q + Aq = (H +AH) (q + Aq) ,

; where AH is the perturbation of the convolution operator.

' If the inverse operator of H exists, and the perturbation of U is

•/. bounded, then by theorem Al. 10

:.'[ 1 - HH"1!! I|AH||

'; where |[AH|| < —— .

For the Fourier coefficients of the deconvolved function q(s,0) , the

2TT

= — I Aq(s,6) exp{- in9} d9

i'r error term is „

This implies that ||AqJ| < [|Aq|| . (6-24)

As a result of deviations in the actual attenuation from the assumed

function, the kernel of the Volterra equation (5-42)

c

qjs) = f Knts,r) M r ) - ^ 0 <_ s < r <_ c

fn is perturbed by the term AK (s,r) = 2T {—} Aa(s,r)

I.-'" where T are Chebyshev's polynomials of the first kind.
rr n
?-"

't Thus, in operator notation, the equation
v q^ + Aqn (Kn + AKn) (fQ + Afn) has to be solved-
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As derived previously for the convolution equation, it holds that ij

„here

Finally, the error in the reconstructed function is given by

Af(r,9) = \ Af (r) expUnG} ,
n n

and it follows that ||Af|| < 2ir I ||AfJ| . (6-26)
n

Substitution of expressions (6-23) to (6-25) into the above equation then

yields

lAfll < 2* *< 2ir I —; .
n i - ||Kn-M| llAKjl

where Aq is given by equation (6-22) .

Thus, the error in the reconstructed function not only depends on

the deviations in the projection data and the models, but also on the

norms of the inverses of H and K

Therefore, the choice of the algorithms to solve the convolution equation

(6-9) and the Volterra equation (6-17) considerably determines the final

error.
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6.4. Simulation and Experimental Results

6.4.1. Point source simulation

To illustrate the abilities of the reconstruction procedure to

handle attenuation, detector PSF and Compton scatter, the Monte Carlo

point source simulation data which had been used to derive the FSF models

has been reconstructed.

In the simulation, a collimator with an ideal acceptance angle was used.

The application of a straightforward Monte Carlo method results in

statistical behaviour which reflects reality.

Firstly, to test the stability of the deconvolution algorithm,

projection data were obtained by numerical discretization of the FSF

models. The deconvolution algorithm was successfully carried out with a

very small value for the regularization parameter a . The fact that the

optimum value of a is unequal to zero is probably due to numerical

inaccuracies.

Next, the Compton subtracted point source projection data were

reconstructed using the different options of the reconstruction program,

as displayed by the following figures.

Fig. 6.3 represents the Compton subtracted simulated projection data for

several cylinder radii. The data are quite noisy, and therefore a

statistical bounding was performed prior to reconstruction.

The next figure gives the results of reconstructing the data without any

correction. Because of attenuation, the intensities of the reconstructed

functions depend on the cylinder size-

Fig. 6.5 shows that the application of attenuation correction without

deconvolution for detector and Compton scatter PSF results in

overcompensation. The figure demonstrates that the modified projections

are not affected by the object boundary.

The last figure represents the reconstructed image obtained by employing

the full reconstruction procedure. The slight overshoot is introduced by

- 127 -



il the decoavolutloa algorithm, as a consequence of the ill-posedness of the

problem. Therefore, deconvolutlon Is generally not recommended If the

data are too noisy, or If the FSF model Is very Inaccurate.

I

•f

•g

r\

f ig. 6.3 The projections for several cylinder diameters,
fig. 6.4 Reconstruction without any correction.
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V /v

fig. 6.5 Reconstruction with attenuation correction only,

fig. 6.6 The ful l reconstruction procedure.

k
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6.4.2. Elliptic phantom study

An ellipse phantom (fig- 6.7) filled with water was measured using

a rotating gamma camera system. The activity distribution in the ellipse

was uniform, while the small circles in the ellipse contained no activity.

Sixty projection views were acquired using two energy windows, the peak

energy window and an off-peak energy window for Compton scatter

subtraction.

fig. 6.7 The ellipse phantom.

\

fig. 6.8 The first projection view.
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The intensity distribution of the first projection view is displayed in |

fig. 6.8 . As can be seen, the data are corrupted by distortion and

noise. The existance of the "cold" circles inside the ellipse is not

visible.

The reconstructed distribution show four dips indicating the cold nodes.

The irregular shape of the function is probably due to distortion in the

projection data.

An appropiate choice of the regularization parameter in the deconvolution

algorithm suppresses these effects. Unfortunately, the algorithm which

solves the added attenuation equation tends to amplify perturbations on

the data.

i- f
I • I

v A * A A
i'AU/V\

r

fig. 6.9 The reconstructed profile.

The scale of the plot is one fourth of that of the projection function in
fig. 6.8.
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CHAPTER 7

CONCLUDING REMARKS
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7.1. Practical Recommendations

7.1.1. The detector system

The amount of measured Compton scatter primarily depends on the

collimator acceptance angle [section 4.3.2], and on the energy windows.
-*
>• Compton subtraction with an off-peak energy window substantially reduces
;•'•

;j the effect [section 4.3.3].
i"

fi It is, therefore, of major importance that a high resolution collimator

should be used. For a collimator with sufficiently small acceptance

angle, the choice of the energy windows is less critical.

,-!; The PSF is a function of the distance to the collimator [sections

-' 3.3.2 and 4.3.5]. A rotating system with an elliptical movement instead

of a circular orbit has the advantage that the distance to the object is

reduced. The disadvantage of such a system is that for each projection

view a different PSF model has to be derived.

To reduce measuring and preprocessing time, a dual energy window

detector system is desirable. Both the projection views and the Compton

scatter projections can be acquired in one study. A built-in

preprocessing unit [section 6.1.2] will save on computation time and

storage of the projection data.

7.1.2. Patient studies

A major limitation in acquiring patient data is the acquisition

time. To obtain statistically reliable data, a wider energy window or a

collimator with larger acceptance angle must be used. The final choice of

these measuring parameters is a compromise between the acquisition time,

detection statistics, collimator PSF and the amount of tolerable scatter.
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In most cases, It Is rather elaborate to carry out a TCA.T study ''

prior to the ECAT study to obtain the attenuation. Usually, a constant

attenuation coefficient Is assumed [section 6.3.1]. If the scattering

medium consists of regions with different attenuation coefficients, the

coefficient of the largest region is used, provided that it is less than t

or equal to the mean value over all the regions. :

\
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7.2. Suggestions for Improving the Reconstruction Algorithm

7.2.1. Numerical solution of the integral equation

The stability of the deconvolution procedure [section 6.2.1]

depends on the nature of the projection data, the accuracy of the PSF

models and the numerical method employed. Presumably, for each class of

similar images a different numerical method should be employed to yield

satisfactory results.

if the data are statistically quite unreliable, it is generally

recommended to skip the deconvolution operation. The deconvolution

operation can also be left out if the FWHM of the PSF is in the order of

the required resolution.

To improve the accuracy of the numerical solution of the Abel

equation [section 6.2.3], a block-by-block, method can be employed instead

of the step-by-step method. The block-by-block method has a smoothing

effect on the error propagation.

•I

7.2.2. Representation of the final reconstructed image

For diagnostic purposes, the reconstructed images should be

represented in a fashion that is convenient to physicians. The

requirements that should be met depend on the clinical problem.

The required image processing steps should as much as possible be

implemented in the interpolation operation [section 6.2.4]. Advanced

display techniques such as contrast modification, image segmentation and

appropriate use of colors will facilitate clinical diagnostics of the j.

images. |[
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J 7.3. Final Conclusions

7.3.1. Summary

Based on a PSF model, a reconstruction procedure which includes

correction for attenuation, detector PSF and Compton scatter has been

developed.

To enable an adequate formulation of the problem, the physical

characteristics of gamma ray radiation and interaction with tissue have

been presented in chapter 1.

The CAT technique the reconstruction algorithms for the ideal case

of parallel line integrals and some methods for attenuation correction

have been treated in chapter 2. The chapter furthermore summarizes the

physical and detection problems in ECAT.

To fully understand the detection process, the gamma camera system

and the collimator have been analysed in chapter 3. A PSF model has been

obtained by fitting experimental data and it was shown that addition of

opposite views yields a distance independent PSF.

In chapter 4, the effects of Compton scatter on the projection

functions has been discussed in terms of simulation techniques. Because

of its flexibility, a straightforward Monte Carlo simulation method has

been selected for the data generation process.

The PSF models for single scatter relating to different cylinder diameters

were obtained by fits to the simulation results. The effects of modifying

the projections and of Compton subtraction have also been investigated.

Addition of modified subtracted views has been found to give an

approximately spatially invariant PSF.

Chapter 5 starts with correction methods for attenuation and

detector PSF, followed by a resume of previous work on correction for

Compton scatter.

Using the PSF models of chapters 3 and 4, two formulations of the problem

have been derived, and several reconstruction algorithms were suggested.

On account of the spatial invariance of the PSF, the added modified
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equation is the most convenient way of describing the ECAT problem.

In chapter 6, a reconstruction procedure for the added modified

equation is outlined. The procedure consists of the determination of the

PSF models, the calibration of the detector system, preprocessing of the

projection views followed by reconstruction. The numerical implementation

of the reconstruction method has also been treated in this chapter.

Furthermore, a performance analysis is carried out and results of

simulation studies and experimental studies were presented.

The thesis concludes with practical recommendations for clinical

use and suggestions for improvement of the reconstruction algorithm.

7.3.2. Theses

1. Owing to the effects of Compton scatter and detector PSF, correcting

for attenuation only will result in over-compensation.

2. The application of a PSF model approach has been shown to be

successful in reducing the problem of solving the integral transport

equation to a linear problem.

3. Measurements, numerical and Monte Carlo simulations along with

theoretical studies on the physical properties have been found to be

powerful tools in understanding and modelling the Compton scatter

process.

4. The intuitive approach of Compton subtraction has been shown to

significantly reduce the effects of Compton scatter. In particular,

subtraction was found to decrease the size of the Compton scatter PSF.

5. By using the added modified subtracted projection function, an

approximately rotationally and spatially invariant PSF has been

obtained-
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6. The Compton scatter FSF mainly depends on the collimator aperture

function. Therefore, improvements in the design and construction of

the collimator are of major importance for the final reconstruction

performance.
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A.I. Solution of Linear Problems in Hubert Space

A.1.1. Existence and uniqueness of the inverse [1]

The set for which a linear operator L:H1-*H2 is defined is called its

domain U(L) .

The set of all elements generated by L , that is the set of all elements

g such that g - Lf for some f € D(L), is called the range of L ,

denoted by R(L) .

The set of all f such that Lf - 0 , denoted by N(L) , is called the

null-space of L .

Theorem Al.l: existence and uniqueness of the inverse

The equation g = Lf has a solution if and only if g € R(L) . The

solution is unique if the mapping is one-to-one onto, that is if the null

space only contains the zero element. In other words, the homogeneous

equation has may only have the trivial solution.

Theorem A1.2: boundedness of the inverse

Suppose that a compact (in itself) subset' SI of a normed space HI is

mapped onto a subset S2 of a normed space H2 . If the mapping

S1-4-S2 is bounded and one-to-one, the inverse mapping is also bounded.

Theorem A1.3: Keumann-Liouville expansion

A linear operator L from Banach space Bl onto Banach space B2 has a

bounded inverse if and only if there exists a bounded linear operator

K: B2->B1 such that ] |X—KL) | < 1.

The inverse operator can be represented by the Neumann expansion

L"1 = I (l-KL)nK .

with the bound

1 - ||I—KL|l

For K - I , the expression reduces to: L~ = ï (I-L)n .
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I
;j Theorem Al.4: Picard's iteration method
V; Consider the equation (I-A) f = g , where | |A | | < S < 1 .

Then, inserting K = I and L » I-A in the previous theorem, yields
ij (I-A)~1 = I An where the norm | |(l-A)"111 < -^ .

.1 n

{• i

Y Thus, the solution of the equation is f = I A g

1 n

The method of successive substitutions i = Kf + g

\ with the initial value f° = g ,

X\ m
: has the sequence f"1 = \ K g ,
r n=o

which converges to the solution f of (I-K)f » g .

':! The method is also referred to as Picard's iteration method.

/ C3
Y A.1.2. The concepts of well-posedness and ill-posedness [1,2]

i •

^ The concept of well-posed problems of mathematical physics was introduced

' by J. Uadamard in 1902.

The formulation of a quantitative problem usually amounts to finding the

'solution1' f from given data g according to a mathematical model

Lf - g which describes the physical phenomenon; where L:H1—>H2 is a

;- linear operator on Hilbert space.

•r In practical problems, the model L and the data g are only known

•r' approximately.

% Let L and g be approximates to L and g , respectively.

i. The equation to be solved then reads Lf = g ,

I where ||L-L|| < AL and ||g-g|| < Ag .

' The approximate solution must be stable under small changes in the model

\ L and the data g .
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Stability is defined as follows:

üefinition A1.5: stability

Suppose that the concept of solution has been defined and that to every

element g e H2 there corresponds a unique solution f e til The problem of

determining the solution is said to be stable on the spaces {H1,H2} if,

for every positive number e , there exists a positive number <S(e) such

that the inequality

(gl,g2) < 6(e) implies that (fl,f2) < e ,

where gl,g2 e H2 and fl,f2 e HI .

With the aid of this definition, the concept of well-posedness can now be

introduced*

Definition A1.6: well-posedness

The problem is said to be well-posed if the following three conditions are

satisfied:

1. for every element g € U2 there exists a solution f e Hl ,

2. the solution is unique,

3. the problem is stable on the spaces {H1,H2}.

A problem which is not well-posed is said to be ill-posed or improperly

posed.

üefinition Al.7: well-posed in the sense of Xikhonov [2]

A problem is said to be well-posed in the sense of Tikhonov if

corresponding to the exact solution f , there exists a unique solution

f' belonging to a given compact set SI 6 HI • In this case, the inverse

operator L~ is continuous on the set S2 = LSI . A set on which the

problem of finding a solution is well-posed is called a well-posedness

class.

Definition A1.8: genuinely ill-posed

If the class SI is not compact and the changes in the right- hand member

(the data) can take f outside the set SI = L~ S2 , the problem is

called genuinely ill-posed.

As an indication of the properties of the equation, a condition number can

be defined.

r
i n
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. Definition Al.9: condition number

! The number c = ||L|| ||L || is called the condition number.

'.: The problem is said to be ill-conditioned if the number is large, and

>; well-conditioned if it is close to unity.

:,;; For self-adjoint operators, the condition number can be expressed as

1 c = x A . ,
,: max mxn

where X and A . are the largest and the smallest eigenvalues.
..• m a x m i n

Theorem Al.10: boundedness and sensitivity

Suppose that L:B1—*-B2 , where Bl and B2 are Banach spaces, is

•r[ perturbed by AL and g by Ag , giving a perturbed solution f+Af .

: Then (L+AL)(f+Af) = g+Ag .

If L has a bounded inverse on B2 and if the perturbation AL:B1—*-B2

j satisfies

then (L+AL) has a bounded inverse given by

(L+AL)"1 = I (L"1AL)V1 ,

with

The expressions can be obtained by substitution of L - L+AL and ':'. = L~

in theorem A1.3.

Further calculations lead to

and
11*11 1 -c||AL||/||L|| ||g|| ||L||

where c = ||L|| ||lT1|| .

The sensitivity of the solution depends primarily on the magnitude of

I|L || , whereas the condition number is a good measure for the relative

sensitivity.
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A.1.3. Fseudo and approximate solution methods

Let L:H1-*H2 be a linear operator on Eilbert space.

In general, the linear equation Lf = g may have one solution, more than

i one, or no solutions at all. The equation will have more than one

solution if its nullspace N(L) is nonempty, and has no solution at all

if the function g is outside the range of the operator, g € R(L) .

Even if the equation has no solution in the traditional meaning, it is

still possible to assign a 'best approximate' solution to the problem, for

instance by minimizing a certain cost functional.

Definition Al.ll : pseudo solution method

Suppose that L is a bounded positive self-adjoint compact operator on

.]< Hilbert space L:Hl-*-H2 .

ƒ">•' Then, instead of Lf = g , the equation (L+al)f = g will be solved,

f; where the parameter a > 0 should be determined satisfying certain

h
l: additional conditions. The solution of the problem has the spectral

* • !

,::\ representation

a n

where X ,f is the eigen system of L .
<_. i n n

?! The constant parameter a has a stabilizing effect on small values of X

.- and on changes in the data.
•h

-- Definition A1.12: minimizing functional

The general form of the minimizing functional in Hilbert space is

| M(f) - (Lf-g,Lf-g) + a(c(f),c(f))

| - (r(f).r(f)) + a s(f) ,

i- where c(f) is a functional,

I} r(f) is the residual,

p s(f) is the stabilizing functional,

; and a is a positive numerical paramater.

- Definition A1.13: least-squares solution

•- The solution can, for instance, be chosen such that the quadratic

functional M(f) = (Lf-g,Lf-g) is minimized. This gives a solution (not

> necessarily unique) in the least-square sense.
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In fact, one has to solve the Euler equation L*Lf = L*g .

n n

If LL* and L*L are compact ,

where (X ,u ,v ) is the singular system of L .
n n n

The inner product equation of the problem is

(Lf-g,Lh) = 0 for all h e H l .

Definition A1.14: the generalized inverse [3,4]

If the least-squares solution is not unique, then the solution that

minimizes the solution norm (f,f) is can be chosen.

The mapping L :H2—>-Hl defined for g e D(L ) by t £ • g , where f is

the least-squares solution of minimal norm of the equation Lf = g , is

called the generalized inverse of L .

The f = L g is the only least-squares solution in R(L ) .

If L has closed range and invertible, then L = L

Thus, f = L g is the solution of the variational problem

min ||f[| if g e R(L) and N(L) is nonempty ,
Lf = g

min ||f[| if g 6 R(L)
min [|Lf - g||

The spectral representation of the generalized inverse is given by

L e = I v
n

n n

where the summation is taken over the nonzero singular values.

Other equivalent definitions of the generalized inverse are given by Moore

and Penrose, and Desoer and Whalen [3,4].

The concept of the generalized inverse was originally proposed to solve

matrix equations, and can be evaluated numerically using the SVD (Singular

Value Decomposition) method [5].
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Theorem Al.15: boundedness of the generalized inverse

The generalized inverse operator L is bounded if and only if R-(L) is

closed.

Definition A1.16: constrained minimum solution

V: The problem is sometimes modified as follows:

; 1. Minimize (Lf-g,Lf-g) subject to (f,f) < m , or

',• 2. solve (Lf-g,Lf-g) < m such that (f,f) is minimized,

where m is an error bound.

Using the Lagrange underdetermined multipliers technique, the minimizing

/ functional takes the form

; M(f) = (Lf-g,Lf-g) + a(f,f)

where a is calculated from the constraints or other additional

properties the solution must possess.

; The Euler equation now becomes (L*L + a) f = L*g , and

its inner product equation is (Lf-g,Lh) + a(f,h) = 0 for all h € HI .

?• - A n ( g ' U n )

The spectral representation is given by f = £ —- v ,
•; n n

>, where X ,u ,v is the singular system of L .

; The additional term a in te spectral representation in fact stabilizes

the solution for small values of X , thus limiting the changes in the

solution due to fluctuations in the data.

Definition A1.17: approximate expansion method

Consider a set of elements {h } and assume that it is closed in the

normed linear space Hn spanned by them.

n
Lee f = f (c) = 1 c.h . be an approximate solution of

r n 1=1 l m

f the equation Lf » g .

%• I'he coefficients c are to be chosen such that lim | |r (c)| | = 0 .

I n-x» n

where rn(c) = Lfn(c) - g is the residual of the method.

The coefficients can be calculated by solving the set of linear equations

Ac - b , where the matrix A and the vector b are determined by the
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expansion method.

The matrix equation can be solved using a minimizing method similar to the

least-squares, generalized inverse or constrained minimum method as

defined above.

A.1.4. The reguiarization method [2,6]

Consider the equation Lf = g , where the operator L on Hilbert space

maps the set of possible solutions SI « El into the set S2 = LSI e H2 .

Suppose that the inverse operator L is unbounded on the set S2 and

the set SI of possible solutions is not compact' By definition A1.8 ,

the problem is genuinely ill-posed.

Definition A1.18: reguiarization method

The method of constructing an approximate solution of Lf = g that is

stable under small changes in the right-hand member by

1. finding a regularizing operator such that f = R(a) g ,

2. determining the reguiarization parameter a from supplementary

information, pertaining to the problem,

is called a regularisation method

Theorem A1.19: regularizing operator

Let L denote an operator from SI into S2 and let R(a) denote an

operator from S2 into SI that is defined for every element g e S2

and every positive a and that is continuous with respect to g . If

lim R(a) Lf = f for every element f € si , then the operator R(a)
<x->0

is a regularizing operator for the equation Lf = g .

Definition A1.20: stabilizing functional

The functional S(f) is a stabilizing functional if

S(f) > 0 for any f e SI , and

for any m > 0 , Ss = {f |S(f) < m} is a compact subset of SI .
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Definition Al.21: Xikhonov regularizatlon

The problem of finding an approximate solution of the ill-posed problem

Lf = g consists of

minimizing the functional S(f) on the set Rr = Sr A Ss ,

where Sr = If |||Lf-g|| < Ag} and Ss = {f |S(f) < m} .

Define the set So of all elements f e Sr such that S(f) = so ,

so is defined as so = inf S(f) .
f{Sr

There are two possibilities:

1. the sets So and Sr have one or more elements in common,

2. the sets So and Sr are disjoint-

In the first case, L is continuous and one-to-one; the inverse mapping

exists and is bounded* If So consists of a single element fo , fo is

taken as the solution.

In the second case, ||LSr-g|| > Ag • The problem can be reduced to

finding a conditional extremum of S(f) on the set Rr

Definition A1.22: minimizing functional for Tikhonov regularization.

By the method of underdetermined Lagrange multipliers, the sought solution

must minimize the functional

M(f,a) = ||Lf-g||2 + aS(f)

where a is determined from the condition | |l*f-g 11 = Ag .

Theorem A1.23: uniqueness of the regularized solution

If the operator L:H1—*H2 operating on Uilbert space is linear, and the

stabilizing function is quadratic, then the regularized solution f that

minimizes the functional M(f,a) is unique.

The solution can alternatively be determined by solving the Euler equation

L*Lf + aS'(f) = L*g

where S'(f) is the Frechet derivative of the functional S(f) .

If S(f) » (C(f),C(f)) where C(f) as a linear functional in f , then

the equation can be rewritten as

(L*L + aC*C) f = L*g .

Remark:

If the function S(f) « (f,f) is taken as stabilizer, the method reduces

to the constrained minimum method presented in A1.16.

(••

fc1"-'
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The regularized solution depends on the choice of a .

If a is too small, the problem remains instable. On the other hand, if

a is chosen too big, the solution obtained does not represent the

solution of the problem.

The regularization parameter a can be determined from the one of the

following conditions:

1. the residual condition r(a) < Ag ,

2. the constraint condition S(f) = m ,

3. the minimizing the error norm ||f - f||2 .

Theorem AJ..24: relationship to the generalized inverse [7]

Let the conditions given in the previous definition be,true, and let the f-

stabilizer f/..

S(f) = ||f||2 •

Then, for any g e D(L ) , lim ||(R(a) -L )g|| = 0 ,
a-K)

where L is the generalized inverse ,

and R(a) is the regularizing operator.

Also, ||R(a)|| < ||Lf|| •

Furthermore, if a is sufficiently small,

| |f'- f | | = ( |L+g - R(a) g - R(a) Ag| | a, | |R(a) Aj

Theorem Al.25: truncated SVD method [6]

The truncated SVD method, given by f = £ — v.

where n is determined such that -r— <v m for ||f||2 < m , '•-
n !.

where Ag is the perturbation in g , '-

and m determines the constraint condition, '-,,•

i s a regularization method.
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A. 2. The Fredholm Equation of the First Kind

A.2.1. Spectral and expansion theorems [9]

The Integral equation of the form

b

K(s,t) f(t) dt = g(s) , denoted by Kf = g ,

a

Is called a linear Fredholm equation of the first kind;

K(s,t) Is the kernel of the Integral operator.

In the following, the linear Fredholm equation will be considered as

operating on Hllbert space, K e L(H,H) .

Definition A2.1: L2 kernels

The function K(s,t) Is an L2 kernel (Hilbert-Schmidt) if the following

three conditions are satisfied:

1. K(s,t) is a measurable function of (s,t) such that

w |K(s,t)|2 ds dt < <» ;

2. for each value of s , K(s,t) is a measurable function of t

such that I |K(s,t)|2 dt < » ;

3. for each value of t , K(s,t) is a measurable function of s

such that |K(s,t)|z ds < « .

A Hilbert-Schmidt operator is compact on L2.

If K(s,t) is an L2 kernel and f(t) is an L2 function, the function

g(s) = I K(s,t) f(t) dt

a

is a measurable L2 function , defined for all s e [a,b] .

The expansion theorems for operators with Hermit Ian kernels do not

generally hold for L2 kernels. The theory of singular values and

singular functions for general L2 kernels was first given by E. Schmidt

and was extended to general real kernels by F- Smithies [9].
!•>;
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Definition A2.2: singular functions

Let K(s,t) be a non-null L2 kernel, and let K*(s,t) = K(t,s) be its

adjoint kernel. If X is a singular value of K , the L2 functions u

and v satisfying the two conjugate equations Rv = Xu and K*u = Xv

are the corresponding singular functions.

Theorem A2.3

Let u,v be a pair of conjugate singular functions belonging to the

singular value X. Then X is real, and u and v are eigenfunctions

of KK* and K*K belonging to the same eigenvalue X .

KK* and K*K are hermitian and positive semi-definite.

Since the operator K is compact, the singular system is complete, and

Parseval's equality holds.

A.2.2. Solvability conditions [9,10]

An equation with an L2 kernel can never possess an L2 solution for every

given L2 function g . A necessary condition for solvability is that g

can be* expanded into a Fourier series of its eigenfunctions.

The solution is unique (up to equivalence) if and only if the mapping is

one-to-one onto, that is if Kf = 0 a.e. (almost everywhere) implies

f = 0 a.e. In this case, the eigenfunction system is complete.

Theorem A2.4: Ficard for Hermitian kernels

Let K(s,t) be a Hermitian L2 kernel and g(s) an L2 function.

Suppose furthermore that the function

g(s) can be expanded as g = £ (gjf ) f .
n

where (X ,f ) is the eigensystem of K .

b

The equation I K(s,t) f(t) dt = g(s) a.e.
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V l(g'fn}l
has an L2 solution if and only if \ < <° , and

n X 2

n

(gih) "• O for every L2 function h that obeys K*h = 0 a.e.

A solution is then given by the series f = J — _

For nori-Hermitian L2 kernels Picard (1910) has given a theory of singular

values and singular functions to obtain the solvability conditions.

Theorem A2.5: Picard for non-Hermitian kernels

Let (1 ,u ,T ) be the singular system of the L2 kernel K(s,t) and
n u n

let g(s) be a given L2 function.

Then the equation K(s,t) f(t) at = g(s) a.e.

has an L2 solution if and only if £ — < => , and
: n n

;: (g,h) ™ 0 for every L2 function h that obeys K*h = 0 a.e.

A solution is then given by the series f = £ r11 ^ '
; n n

A similar theorem holds if K(s,t) is a continuous kernel and g(s) is a

continuous function. In that case the solution f(t) is not necessarily j

continuous. T<h

• The spectral sum given in the preceding theorems, converges in the I,

' quadratic mean to the solution, but this does not guarantee uniform -

i convergence. Slow convergence will occur if the eigenvalues decrease ;

L rapidly to zero. In this case, small fluctuations in the data give large '-'•

: changes in the solution. j { ;

• Moreover, changes in the eigenvalues due to model inaccuracies and -A-

numerical errors can radically alter the Fourier coefficients of the

higher order singular functions and thus affecting the solution seriously.
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Thus, by definition A1.8, the Fredholm equation of the first kind is

ill-posed.

A.2.3. A stable numerical procedure [11]

?! An often used procedure to solve the Fredholm equation of the first kind

:;i b

';• ] K(s,t) f(t) dt = g(s) , denoted by Kf = g ,

fj a

is as follows:

;. 1. Collocate in the s variable, since the data are usually only given at

'•'( sample points,

U I K(sfc,t) f(t) dt = g(sk) ,

a

where s. are the sample points.
-ft

2. Choose an appropriate set of expansion or interpolation functions

n
""_••, {h . } such that the approximate expansion f = J c h

3. Calculate the coefficients c by minimizing a quadratic functional

M(fn,<x) •

( 4. Solve the resulting linear system of equations numerically, further

•(- stabilization can be obtained by truncated SVD [5] or any

; regularization method.
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A.3. The convolution integral

A.3.1. The Fourier solution method

A large class of practical problems can be represented by a convolution

integral, denoted as h * f = g ,

where g is the measured function,

and h is the PSF.

Fourier transformation turns the convolution integral into a

multiplication in Fourier space, H(S) F(S) - G(S) .

- G(S)
Thus, f(s) = F { } ,

H(S)

or by convolution with the inverse filter

f(s) = F'1 {-!—} « g(s) .
H(S)

However, H(S) might become zero outside its domain and have zero

crossings. Small fluctuations in the data are amplified for low values of

H(S) . Moreover, the inverse Fourier transform might not exist.

To overcome this problem, a window function is introduced, such that

f(s)

or

g(s)

where W(S,a) is chosen such that the inverse transform exists,

and a determines the smoothness of the solution.

If the window function W(s,a) satisfies certain conditions, the method

is a regularizing method [2].

Some much applied window functions are:

the Gaussian function W(S,a) = exp{-a2s2} ,

and the rectangular function W(S,a) = 1 for |s| _< — ,

0 otherwise.

A survey of various filtering methods has been presented in [12].
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The Fourier method can easily be extended to the two-dimensional case.

The window function W(s,Z,a) must have similar symmetrical properties to

that of the PSF H(S,Z) .

The Fourier solution method is suitable for continuous data and continuous

PSF. However, both the data g and the PSF h are usually given in

discrete representation, which calls for a different approach.

t| A.3.2. The discrete solution method

The convolution equation is a Fredholm equation of the first kind with a

difference kernel

I K(s,t) f(t) dt = g(s) ,

where K(s,t) = h(s-t) is a symmetric and usually positive kernel

and g and f are positive bounded functions.

The mapping is one-to-one onto, that is the only null solution is the

trivial solution. If Picard's theorem A.2.4 holds, then the equation has

a unique solution. Because of the ill-posedness of the problem, a

numerical procedure as presented in section A.2.3 is recommended.

Discretization of the equation yields a set of linear equations. By

application of the constrained minimum norm method A1.16 or regularization

method A1.22 , the solution is

F = (W*W + aC*C)"1 W*G ,

where F and G are the discretized sequences f(k) and g(k) in

vector form,

W is the matrix of expansion coefficients or quadrature weights

of h ,

a is the regularization parameter,

and C determines the smoothness of the solution.

The regularization parameter a can be determined from an additional

condition as pointed out in section A. 1.4.

The resulting matrix is usually rather large, especially for the
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two-dimensional case. Therefore, the matrix equation method is generally

not efficient.

Fortunately, both the matrix W of the discretized PSF and the matrix C

have circulant structures. Each row can be obtained by cyclically

shifting the row immediately above one position to the right.

An important property of a circulant matrix [13] is that its eigenvectors

are given by exp{iiïrp} , where N is the matrix size.

Consequently, the circular or periodic convolution is related to the

Discrete Fourier Transform (DFT). It can be shown [14,15] that

H(k) F(k) = G(k) ,

where H(k), F(k) and G(k) are the DFT's of the sequences

h(k), f(k) and g(k) ,

and h(k) is the discretized PSF h(s) .

Employing the regularization method, the discrete Fourier tranformed

solution can be represented by

H(k) G(k)
F(k) ,

|H(k)|2 + a|c(k)|2

where C(k) is the DFT of the sequence c(k) ,

c is a full row of the matrix C .

Extension to the two-dimensional case yields the integral equation

f(s',z') h(s-s',z-z') ds' dz' = g(s,z) ,ff
where h(s,z) is usually symmetric in s and z .

The discretized equation can be solved by expressing the equation in

vector matrix form, as proposed by Hunt [14]. The resulting matrix is

block-circulant. Similarly to the one-dimensional problem, a solution can

be given by
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A.4. Abel's Integral equation

A.4.1. Solvability conditions 19,10]

Consider the Volterra equation of the f irst kind, given by
s

j K(s,t) f(t) dt = g(s) 0 < s,t < o ,
0

where K(s,t) is an L2 kernel and g(s) is an L2 function.

Equations with nonzero lower integration limit can be transformed to this

type by coordinate translation.

Definition A4.1: Abel's equation

Abel's equation is a special type of convolution equation with a weakly

singular kernel, given by

rs f(t)

/s-t
= g(s) .

Theorem A4.2: Abel's solution

As derived by Abel, the solution can be obtained by observing that

fs g(r) rs . rr f(t)— f dt dr

s s s

f(t) ^ — dt = ir f(t) dt •

3 t ^ U ^' 0

Thus, f ( s ) = i d s ~ { dt} '
0 "^*

If the derivative in the Abel inversion formula exists in some appropriate

sense, then f(s) is a solution of Abel's equation.
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Definition A4.3: generalized Abel's equation

All equations of the type

fS H(s,t)
— ; ; — f(t) dt = g(s) 0 < a < 1 ,

where 1=1 or 2 are called generalized Abel's equations.

Remark:

The kernel of the equation becomes unbounded at s = t • The kernel is

said to have a weak singularity and a is the exponent of the kernel.

Theorem A4.4: solvability conditions

(S H(s,t)
The equation f(t) dt = g(s) 0 £ s £ b ,

0 U ~ t ;

where 0 < a < 1 ,

has a unique continuous solution on 0 < s < b , if the following

conditions are valid:

H(s,s) = 0 0 £ s £ b ,

H(s,t), — (H(s,t)} and g'(s) are continuous on 0 £ s £ b ,

and the integral G(s) = dt

0

is continuously differentiable on 0 £ s £ b

Under these conditions, on replacing s by r and multiplying both sides

by (s-r)a~ > and then integrating with respect to s , one obtains

s

j L(s,t) f(t) dt = G(s) ,

*,t) = |
H(r,t)

where L(s,t) = ; dr is bounded.

Since L(s,s) = „- * H(s,s) + 0 for 0 < s < b ,
s i n Trot — —
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fS d/ds{L(s,t)} G'(s)
differentiation yields f(s) + w — - y - f(t) dt = .

QJ
 U s' s> L(B,B)

The latter equation provides the basis of indirect methods for the

solution of the generalized Abel's equation.

It may also supply the value f(o) = L ( 0 oy
 for numerical purposes.

A.4.2. Step-by-step quadrature method [11,16]

Definition A4.5: step-by-step numerical method

A step-by-step method is a method for computing a sequence of values

f.,f,...,f defined in terms of functions Ffc

f is solved from the k equation in terms of fi'f2' — >:£k-1 *

Recall the Volterra equation of the first kind

s

f K(s,t) f(t) dt = g(s) ,

o
wheie K(s,s) is non-vanishing,

K(s,t) is continuous and continuously differentiable with respect

to s on 0 £ t < s £ b ,

and g(s) satisfies the conditions required for the existence of a

continuous solution.

The quadrature rules discussed will be of the form

n

1=0 ± K x x k

for ordinary quadrature, and in a more general formulation
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for a product Integration method.

The weights d. and wn(s, ) are determined by the quadrature method.
1 IK

The data samples g(s
k)

 c a n be obtained by collocation or interpolation.

Both the methods can be represented by the set of linear equations

WF = G ,

where w(k,l) are the quadrature weights,

g(k) are the data points,

f(l) are the values to be solved.

The matrix W has a lower triangular shape.

For equidistant data sampling, if w(k,k) = 0 , k = 1,2 N , the

equation constitutes a system of N equations in N+l unknowns f(1) ,

L = 0,1 N . To solve the problem, an equation determining f(0) is

required.

f(0) may be determined from the equation f(o) = T, n „( .

To obtain a value for f(0) from the above relationship, it will be

necessary to approximate the derivative g'(0) numerically. Sometimes»

f(0) can be calculated from the analytical expression of the solution.

After the starting value f(0) has been calculated, the values of

f(k) , k = 1,2,...,N are computed in a step-by-step fashion by forward

substitution.

It should be emphasized that no starting value is required if an

approximation rule in which w(k,0) = 0 for all k is employed. For

instance, one could use the mid-point rule.

To compare these two types of quadrature rules, one could consider the

repeated trapezium and the mid-point rule [11]. The order of accuracy is

the same with each method, but the use of the nid-point rule requires no

starting value. In both methods,, perturbations in the values of g(k)

are magnified when a small step d is employed.
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Glossary of Major Symbols

a(s,t,0) is the attenuation along the integration path,

a is the regularization parameter,

a_(s,8) is the attenuation along the path from the object

boundary to the rotated s-axis,

c(s) is the convolution function,

C(S) is the Fourier transformed convolution function,

cosh{.} is the cosine hyperbolic function,

d is the sample spacing,

fi{.} is Dirac's delta function,

E is the primary energy of the photon,

E' is the energy of the scattered photon,

exp{.} is the exponential function,

F denotes the Fourier transform operator,

F denotes the inverse Fourier transform operator,

f(i,j) is the discretized distribution function,

f(s,t;8) is the distribution function,

F(S,T;e) is the Fourier tranformed distribution function,

h(.) is the PSF,

H(.) is the Fourier tranformed PSF,

h (.) is the detector PSF,

h (.) is the Compton scatter PSF,

8 is the rotation angle,

1 is the distance to the detector face,

L(s,6) is the intersection of the integration path with the

object boundary,

L is the distance between the detector and the centre

of rotation,

u(s,t;8) is the attenuation coefficient distribution,

p(k,m) is the discretized projection function,

p(s,9) is the projection function,

P(S,9) is the Fourier transformed projection function,

q.(s,6) is the modified projection function,

<J(s,8) is the added modified projection function,

q.(s,8) is the deconvolved added modified projection function,
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Q(S,6) is the Fourier transformed modified projection function,

(r,<j>) are polar coordinates,

(s,t) are rotated Cartesian coordinates,

(s,t;6) is the rotated coordinate system,

(s,t,z;8) is the three-dimensional rotated coordinate system,

sinh{.} is the sine hyperbolic function,

W(S) is the window function,

W(S,u) is the attenuated window function,

w(s,0,i,j) are the expansion or quadrature weightfactors,

(x,y) are rectangular Cartesian coordinates,

(1(1,10) are -the direction angles,
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a.e.

ART

CT

DFT

ECAT

FWHM

ILST

LSF

HTF

PET

List of Abbreviations

almost everywhere

Algebraic Reconstruction Technique

Computerized Tomography

Discrete Fourier Transform

Emission Computed Axial Tomography

Full Width at Half Maximum

Iterative Least Squares Technique

Line Spread Function

Modulation Transfer Function

Positron Emission Tomography

pixel picture element

PSF Point Spread Function

TCAT Transmission Computed Axial Tomography

SIRT Simultaneous Iterative Reconstruction Technique

SVD Singular Value Decomposition

voxel volume element

'C:
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SAMENVATTING

In dit proefschrift wordt een rekonstruktie-procedure ontwikkeld

met korrektie voor verzwakking, detektorresponsie en Compton-verstrooiing.

Als inleiding, worden de fysische achtergronden en eigenschappen

van het stralingsvervalproces en interaktie met materie bestudeerd.

Vervolgens worden in hoofdstuk 2 de rekonstruktie-algorithmen voor

CAT alsmede enkele korrektiemethoden voor verzwakking behandeld. Deze

methoden zijn gebaseerd op een konfiguratie van paralelIe lijnen. Verder

worden de fysische— en detektieproblemen in ECAT samengevat.

In hoofdstuk 3 worden de eigenschappen van het gammacamera-systeem

en de collitnator bestudeerd. Uit puntbron metingen worden de parameters <

van het responsiemodel bepaald door middel van een kleinste kwadraten '

' methode. Hiermee kan worden aangetoond dat optelling van tegenover elkaar

liggende projektiewaarden een spatieel onafhankelijke responsie geeft.

Door middel van computersimulaties, worden de eigenschappen van ;

Compton-verstrooiing uitvoerig behandeld in hoofdstuk 4. Uit de >

verscheidene simulatiemethoden is vanwege de flexibiliteit de ongewogen

Monte Carlo simulatiemethode toegepast. De parameters voor de enkelvoudig

• verstrooide Coinpton-straling worden bepaald uit gesimuleerde data van een

puntbron in cylinders met verschillende diameters.

Tevens worden de gevolgen van modifikatie van de projektiefunkties en

Coinpton-af trekking onderzocht. Optelling van tegenover liggende

projektiefunkties blijkt bij benadering een spatieel onafhankelijke ,

responsie te geven. ,_

Als inleiding, worden in hoofdstuk 5 enkele korrektiemethoden voor [

verzwakking en detektorresponsie voorgesteld. Hierop aansluitend worden :'

de gevolgen van Compton-verstrooiing en enkele korrektiemethoden [r

behandeld.

% Daarna worden door gebruikmaking van de in hoofdstukken 3 en 4 afgeleide

\ responsiemodellen, twee probleemstellingen geformuleerd. Aan de hand van

' deze formules, worden enkele rekonstruktiemethoden bestudeerd. Vanwege

het spatieel invariante karakter van de responsiefunktie, is de opgetelde

gemodificeerde vergelijking het meest geschikt bevonden om het probleem te

beschrijven.
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In het hierop volgende hoofdstuk worden de hoofdlijnen van de

rekonstruktie-procedure aangegeven. beze bestaan uit het bepalen van de

parameters van de responsiemodellen, calibratie van het detektiesysteem,

voorverwerking van de gemeten projekties en het uitvoeren van het

rekonstruktie-programma. Vervolgens worden de geïmplementeerde

numerieke-algoritmen beschreven, gevolgd door een foutafschatting.

Tenslotte worden resultaten van enkele simulatie- en fantoomstudies

weergegeven.

Ter afsluiting van dit proefschrift, worden in hoofdstuk 7 enkele

praktische aanbevelingen en mogelijke verbeteringen van het

rekonstruktie-algoritme voorgesteld.
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