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ABSTRACT

Accurate theoretical results are reported for the pair correlation

function of the classical two-dimensional electron liquid with r

interactions at strong coupling. The approach involves an evaluation of

the bridge diagram corrections to the hypernetted-chain approximation, the

role of low dimensionality being evident, relative to the case of the three-

dimensional classical plasma, in an enhanced sensitivity to long range

correlations. The liquid structure results are utilized in a density-wave

theory of first-order freezing into the triangular lattice, the calculated

coupling strength at freezing being in reasonable agreement with computer

simulation results and with data on electron films on a liquid-He surface.

The stability of the triangular electron lattice against deformation into a

body-centred rectangular lattice is also discussed.
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1. INTRODUCTION

The model of a two-dimensional (2D) classical system of electrons on

a uniform neutralizing background has received much attention recently,

owing to the laboratory realization of a close analogue in a system consisting

of a sheet of electrcns trapped in a potential well above the free surface of

liquid helium (see for instance Cole 1974 and references given therein).

The liquid-solid transition of this system has been studied experimentally

(Grimes and Adams 1979; see also Mehrotra, Guenin and Dahm 1982), leading

to the conclusion that the electrons form a triangular lattice below the

transition temperature (Fisher, Halperin and Platzman 1979). This

experimental evidence, as well as theoretical predictions of possible novel

features for melting in two dimensions (Kosterlitz and Thouless 1973? Nelson

and Halperin 1979), have stimulated computer simulation studies of both

liquid structure and liquid-solid transition for the 2D classical plasma

(Hockney and Brown 1975; Totsuji 1978; Gann, ChaRravarty and Chester 1979;

Hansen, Levesque and Weis 1979; Morf 1979; Kalia, Vashishta and de Leeuw 19B1).

On the theoretical side, Lado (1978) and Gann et al. (1979) have reported

hypernetted-chain calculations of liquid structure for this fluid.

The present work has two main aims. Firstly, we develop the

statistical mechanical theory of liquid structure for the 20 plasma to a

high level of quantitative accuracy through a critical evaluation of the

bridge diagram corrections to the hypernetted-chain approximation. We show

in the course of the analysis that a proper evaluation of the bridge function

requires an account not only of short range collisions but also of long

range correlations. This is at variance from the case of 3D liquids, for

which an approximate universality of the bridge function (i.e. insensitivity

to the interatomic potential) has been demonstrated and associated with a

dominant role of short range collisions (Rosenfeld and Ashcroft 1979; see

also Foiles, Ashcroft and Reatto 1984), The enhanced sensitivity to long

range effects in the structure of the 2D plasma appears to be a consequence

of the lower dimensionality and thus likely to extend to other 2D liquids.

We next turn to an evaluation of the freezing transition of the 2D

classical plasma in the framework of the density-wave theory of freezing
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(R^makrishnan and Yussouff I • I''"? - for an earlier application to freezing i:i

two dimensions, :_••<!.: Ramakrishnan 1982), The theory is of the Ti^an-field

type and trerr.r 'roezing as a first-order transition, ~1VJ solid at melting

being viewed ,-.,••. a perturbation on the liquid which can be calculated from a

knowledge of I he liquid structure. The computer simulation evidence, within

its obvious limitations of run duration and sample size, indicates a first-

order liquid-solid transition in the 2D plasma (Kalia et al. 1981). The

density-wave theory is here used to evaluate, with the help of the liquid

structure results obtained in this work, the coupling strength at freezing

and the thermodynamic and order parameters of the phase transition.

Freezing is taken to occur into the triangular lattice, as is immediately

suggested by the shape of the liquid structure factor. The stability of

this lattice against small deformations is then investigated within the same

theoretical framework.

2. LIQUID STRUCTURE

The system that we consider is a 2D classical fluid of particles
2

interacting via the e /r potential and embedded in a rigid neutralizing

background. The coupling strength is described by a parameter £" given by

r - (2.1)

where n is the number of particles per unit area, equal to the area

density of background, and T is the temperature.

The radial distribution function g(r) of the fluid obeys the

equation

--Ctrl - (2.2)

w h e r e h ( r ) = g ( r ) - 1 and t h e d i r e c t c o r r e l a t i o n f u n c t i o n c ( r ) i s
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defined by the integral equation

(2.3)

The function b(r), which is defined in terms of the so-called bridge

diagrams in the diagrammatic analysis leading to Eq. (2.2), will be evaluated

below. It is set equal to aero in the hypernetted-chain (HNC) approximation.

Clearly, an assessment of b(r) allows a simultaneous numerical solution

of Eqs. (2,2) and (2.3) to yield g(r) and -f:[r) .

A straigthforward application of the method proposed for 3D liquids

by Rosenfeld and Ashcroft (1979), in the framework of a universality argument,

would appeal to the liquid of neutral hard disks for the evaluation of b(r).

This approach modifies the HNC insofar as it includes an improved account

of short range collisions. Eimulaticn iaA-a are available on the structure

of this reference liquid and are well reproduced by theory in the Percus-

Yevick approximation (Lado 1968; Chae, Ree and Ree 1969). As we shall show

explicitly below (see Fig.l and Table 1), taking b(r) for the 2D plasma

equal to b (r), the bridge function of the hard disk liquid in the

Percus-¥evick approximation with a suitable chosen disk diameter, yields

very significant improvements over the HNC.

However, at the above level of approximation the results for the 2D

plasma, regarding both details of liquid structure and internal thermodynamic

consistency, are noticeably poorer than similar results for the 3D plasma by

Rogers, Young, DeWitt and Ross (1983). Though the excluded-volume effects

included through b (r) propagate over the whole range of interparticle

distances, the true bridge function of the 2D fluid is also reflecting the

interparticle interactions at intermediate distances. A liquid of charged

hard disks should therefore be a preferable choice as references. In the .

lack of data on this model liquid, we have followed a suggestion made by

Foiles et al. (1984), which represents b(r) by the expression

Ft
(2-4)



Here, b (r) is the bridge function for a Fluid of charged hard disks in
MSA

the mean spherical approximation (MSA), while f(r) is an interpolating

function which, by vanishing for r -* o°, ensures that the correct Coulomb

behaviour of the bridge function at large distance is included through the

MSA term.

The numerical calculations start with the solution of Eqs. (2.2) and

(2.3) in the HNC. We have followed the method of Lado (1978), with an

integration mesh of 400 points in the range 0 < (lfn) r ̂  16. Convergence

was improved by the procedure used by Ng(1974), with a convergence criterion

given by

(2.5)

between successive iteration results. These HNC calculations reproduce the

numerical results of Lado (1978) and of Gann et al.(1979) to useful accuracy.

The same numerical techniques were used in all our calculations, in particular

to evaluate the structure of the neutral hard disk liquid in the Percus-

Yevick approximation and that of the charge hard disk liquid in the MSA.

The expression (2.4) for b(r) involves as parameters the diameters

of the neutral and charged hard disks, as well as parameters describing the

shape of the interpolating function f(r). The numerical results are rather

insensitive to the details of the latter function, for which we have finally

chosen the form

(2.6)

with parameters R and W taken at the first maximum and the second zero

of h (r). The diameter of the charged hard disks was fixed from the first
HNC

zero of a (r), in analogy with the work of Gillan (1974) on the 3D

plasma. Finally, the diameter 0~ of the neutral hard disks was kept as a

disposable parameter to satisfy the requirement that the theory should

reproduce the internal energy of the plasma as a function of F , as it is

known from computer simulation results (Baus and Hansen 1980).

Our results for liquid structure and thermodynamic properties of the

2D plasma are reported in Figs.1-3 and in Table 1. Figure 1 shows the

results of various theoretical approaches for g(r) at P = 90. It is

evident that:

(i) the MSA for a fluid of charged hard disks, with diameter chosen

according to Gillan's criterion, yields at strong coupling results of

comparable quality to those of the HNC, both approximate theories Bhowing

large errors in comparison with the simulation data;

(ii) the neglect of long range effects through the choice f(r) = 1 in

Eq. (2.4) overestimates the height of the main peak in g(r) and introduces

a shoulder in the second peak, which is absent in the simulation data. Goth

these deficiencies are corrected when the long range effects are accounted

for through the inclusion of b (r) in Eq. (2.4).
MSA

A more extensive comparison between our final results for g(r) and

the simulation data at various values of the coupling strength is given in

Figure 2. Figure 3 extends the comparison to Fourier transforms ^y reporting

the Fourier transform c"(k) of the direct correlation function c(r) at

P = 90. This function, which is related to the liquid structure factor

S(k) through Eq. (2.3) by

(2.7)

will be of direct relevance in the calculations on freezing to be reported

In the next section.

Finally, Table 1 reports values for the excess internal energy 0

and for the isothermal compressibility K , in various approximate theories

and for various values of L . The theoretical values for K in this

Table have been extracted from the liquid structure factor by means of the

fluctuation-theory formula

O = *- bu (2.8)

The comparison between the present theoretical results for K (indicated
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by MHNC or, in the case f(r) = 1, by MHHS-PY) and the simulation data

gives a direct measure of the internal thermodynamic consistency that we

have been able to achieve. This is still not as satisfactory as that

achieved for the 3D classical plasma by a simpler theoretical approach

(Rogers et al. 1983).

3. FREEZING

The single particle density n<£) in the crystalline solid can be

written

(3.1)

where G denotes the reciprocal lattice vectors of the crystal structure.

Th« average particle density i» atill set equal to the area density n of

the rigid neutralizing background. The Fourier components f at the

various stars of reciprocal lattice vectors are the order parameters of the

liquid-solid transition.

We have inserted at the top of Figure 3, in juxtaposition with the

liquid direct correlation function "(k), vertical bars giving the modulus

of the reciprocal lattice vectors of the triangular lattice at an average

density equal to that of the liquid. Bearing in mind that the value of 7(k)

Measures the "softness" of the liquid against a small density modulation

with wave vector, k, sowe qualitative conclusions on the freezing of the 2D

plasma are at once evident:

(i) there is an excellent correspondence between the first three

stars of reciprocal lattice vectors and the two main peaks of -c(k),

' implying that the liquid is indeed structurally predisposed to crystallization

into a triangular lattice;

(ii) the subsequent stars fall at values of the wave number where

c*(k) is close to zero, indicating that the corresponding order parameters

- 7 -

nave little relevance in the freezing process.

With regard to point (i) above, we should further notice that the

correspondence between the first star and the main peak in c*(k), though

very close, is not exact. We shall return on this point near the end of

this section, where we shall enquire about the stability of the triangular

electron lattice against small deformations. We assume for the moment that

crystallization of the 2D plasma takes place into the triangular lattice

and proceed to an estimate of the parameters of the phase transition by

the density-wave theory, as an application of the liquid structure results

reported in Sec. 2.

The essential equations can be taken over directly from earlier work

on the 3D plasma (Haymet 1984; Rovere and Tosi 1964, in the course of

publication). The transition is taken to occur at constant density and the

two coexisting phases are stabilized by an interfacial dlpole layer. A set

of equilibrium equations for the order parameters,

must be solved subject to the condition that the difference A F I F - £

in Helaholtz free energy between the solid and the liquid should vanish at

coexistence,

(3.3)

Here, (|>

given by

is a function of the order parameters which is explicitly

(3.4)

It is related to the difference An, *yU, —fip in bulk chemical potential

between the two phases, i.e. to the interfacial potential drop, by

(3.5)
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where

(3.6)

Other three-body correlation functions, of the type jc (G,G')I and

higher-order correlation functions are being neglected in these equations.

Finally, the difference A s = S - S^ in entropy between the two phases

at coexistence ( p = f M can be calculated from the expression for AF

in Eq. (3.3) as

{3.7)

None of the difficulties met in the application of the theory to the

crystallization of the 3D plasma into the body-centred cubic lattice

(Rovere and Tosi 1984) is expected in the present case, since no order

parameter falls in the region of the deep minimum in elk) in Figure 3.

Furthermore, as already noted in point (ii) above, we expect rapid

convergence as the number of order parameters allowed in Eqs. (3.2)-(3.4)

is increased. We have included up to ten stars of reciprocal lattice vectors,

but in fact the first three order parameters suffice to obtain a good

approximate result.

We find, using the values of "c(k) as a function of £* obtained

in the modified HNC theory presented in Sec. 2, that Eqs. (3.2)-(3.4)

are satisfied at a value of the coupling strength given by

r = M. (3.8)

This theoretical estimate of the coexistence curve between the solid and

liquid phase is to be compared with computer simulation values in the

neighbourhood of 120 (e.g. Kalia et al. (1981) report 118 S P ( 130) and

with the experimental value 1^= 137 ± 15 given by Grimes and Adams (1979)

for a sheet of electrons on a liquid-He surface.

Table 2 collects the corresponding values of the order parameters and
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the liquid structure parameters. We may remark that we find a value

S = 4.73 for the height of the main peak in the liquid structure factor
peal-.
at P . Caillol, Levesque, Weis and Hansen (1982) have proposed S if 4.4

c peak

as a critical value for 2D liquids at freezing. The order parameters above

the third one are well represented by the harmonic-type expression

[-0.it> I'sl (3.9)

G being a vector of the (1,0) star.

While the above results are in reasonable accord with existing data

and predictions, there are large discrepancies between theory and simulation

in the differences of bulk chemical potentials and entropies at coexistence.

We find AM-= - 0.6 k T against AW. = - 0.14 k T from Baus and

Hansen (1980) and A s = - 1.2 k per particle against the value A S= -0.3k

of Kalis et al . (1981). These errors are probably arising at least part ly,

from the omission of high-order correlation functions in the density-wave

theory.

Finally, we return to the observation of a slight shift between the

position of the first star of reciprocal lat t ice vectors and that of the

main peak of c k) in Figure 3. A diŝ tortion of the triangular lattice into a body-centred

rectangular lattice would split the various stars and In particular move four vectors of the

first star towards the peak of c(k) and the other two vectors away from

i t . Explicit calculation shows that such a deformation leads to an increase

of &F in Eq.(3.3) at given £* and hence to an Increase of f . We

can therefore conclude that, within the density-wave theory of freezing, the

triangular lattice is stable against such small deformations.

4. SUMMARY

Through a fairly elaborate assessment of the bridge function for pair

correlations in the 2D classical plasma at strong coupling, we have obtained

results for its liquid structure and thermodynamic properties which are
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seen to be rather accurate when compared with computer simulation results.

The role of dimensionality in refined liquid structure calculations has also

been discussed. We have further stressed the close correspondence between

liquid structure in the 2D plasma and the crystalline order in a

triangular lattice, and given theoretical estimates for first-order freezing

in this system.
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TABLE 1

Excess internal energy and isothermal compressibility of the 2D plasma*
TABLE 2

Liquid structure and order parameters of the 2D classical plasma at freezing.

36 r- 90 r =120

HNC - 38.466 -35.46

MSA - 38.539 -34.41

MHNC-PY

MHNC <- 38.758) -28.79

Monte Carlo - 38.758 -28.27

Uex/NV

- 97.683 -93.74

- 97.695 -91.88

(- 98.262) -69.52

(- 98.262) -71.36

- 96.262 -72.96

U /Nk T
ex B

- 130.67

- 130.65

(- 131.38)

- 131.38

<«vv
-126.5

-124.2

- 94.11

- 97.83

-1

* The Monte Carlo resultB are from a fit by Baus and Hansen (1980) to data of

Garai et al. (1979). Values in parentheses have been fitted to these data.

Star of BVL

(1,0)

(2,1)

(2,0)

(3,1)

(3,0)

(4,2)

(4,1)

(4,0)

(5,2)

(5,1)

G/(irn

3.809

6.598

7,618

10.078

11.428

13.196

13.734

15.237

16.604

17.456

MG)

0.787

0.076

0.250

0.058

0.014

0.053

0.042

0.005

0.030

0.024

0.752

0.513

0.445

0.284

0.221

0.149

0.134

0.097

0.067

0.056
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FIGURE CAPTIONS

FIGURE 1 Radial distribution function g(r) of the 2D classical plasma at

£ = 90 versus r/a, with a = (TTn) . The various symbols denote

HNC results (triangles), MSA results for charged hard disks

(circles) and Montfi, Carlo results of Gann et al. (1979; dots). The

full curve gives the present HHNC results, while the dashes show

the corresponding results with f(r) = 1 .

FIGURE 2 HHNC results for g(r) versus r/a at various values of XT (full

curves), compared with Monte Carlo results of Gann et al.(1979;

dots).

FIGURE 3 Direct correlation function c(k) at V - 90 versus ka in

the HHNC (full curve), compared with Monte Carlo resultB of Gann

et al. (1979j dots). The bars at the top of the figure show the

positions of the RtV stars of the triangular lattice, with length

proportional to their multiplicity.
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Fig.2
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