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ABSTRACT

In this paper we have modelled a three—dimensional discrete lattice

by a nonlocal continuum which possesses dispersive phonons. Previous

efforts in the development of nonlocal theories appear not to have paid

much attention to establishing actual contact with the nontrivial models

frequently employed in lattice dynamics. As a first attempt in this

direction, we present in this paper explicit results for the form of n non

local stress-tensor that describes exactly the lattice dynamical model of

Gazis, Herman and Wallis. This model takes into account angular stiffness

forces involving consecutive nearest neighbours forming a right angle at

equilibrium. In addition, a general result for the surface eigenmodes of

a semi-finite isotropic medium is derived. One of the justifications for

this kind of study is the simpler approach it offers to the problems of

interest in lattice dynamics.
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1. INTRODUCTION

Certain kinds of calculations related to the dynamical properties of

solids appear to be more easily carried out on the basis of continuum theory

at the present time than by lattice theory(for a discussion of this point

bersofii
3)-5)

1) 2)
see Maradudin and Eringen ). This is largely due to the cumbersome

nature of the mathematical apparatus employed in lattice dynamics

However, the continuum theory that is usually employed r»sts on the macroscopic

picture provided by the theory of classical elasticity and this theory is
4)-10)

known to be highly defective

Efforts to improve the classical theory of elasticity have led to

numerous theories being propoeed«For reviews of these theories we cite

Eringen
15),16)

Truesdell and Toupin , Kroner , Stojanovic and Eringen . The

present paper is in the same spirit as the work of Kunin " . We would

like to examine classical continuum mechanics a little more closely in

regard to the inclusion of long-range effects and the effects of micro-

structure.

In this paper we have modelled a three-dimensional discrete lattice

by a nonlocal continuum which possesses dispersive phonons, employing the

nonlocal formulation of Kunin. The advantage of the Kunin approach

consists in an ability to describe discrete and continuous media within the

scope of a unified formalism and, in particular, to generalize correctly

such concepts of continuum mechanics as strain and stress. For continuity

and clarity in presentation, the main features of the nonlocal model relevant

for this study are collected together in Section II of this paper. Further
16)

details can be found in chapter 1 of the book of Kunin . In Sections III

and IV we give a practical demonstration of the scheme presented in Section II.

A nontrivial lattice dynamical model lrfiich has been widely used for

the investigation of surface modes of vibration of a senti-infinite three-

dimensional monatomic simple cubic lattice is the model due to Gazis,
4)

Herman and Wallis . This model assumes Hooke's law interaction of nearest

and next nearest neighbours due to central forces anrt HJ.RO takes into

account angular stiffness forces involving consecutive nearest neighbours forcing

a right angle at equilibrium. In Section III of this paper, we present
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explicitly the form of a nonlocal stress tensor that describes this model

exactly. ThiB result appears in the literature for the first time. We

also present a non local stress tensor for an isotroplc medium.

In Section IV of this paper, we take up the problem of determining

surface acoustic modes of a semi-infinite isotropic medium. A general

result for the surface eigenmode is derived. The theory of surface

vibrations, both in continuum and lattice models, has been the subject of a

ce, F
20)

)

number of reviews (see, for instance, Famell , ̂ tâ adudin et al. , 'Jfellis and

20)
Maradudin, Wallis and Dobrzynski ); these reviews are rornmmrnded for

general background and for details falling outside the scope of this study.

II. THE NONLOCAL MODEL

Let a triple of noncoplanar vectors e o (° - 1,2,3) with a common

origin be given. The set of points obtained through all displacements of

the origin by vectors n = n e (n being an arbitrary integer, and by
a

identical superscripts and subscripts we contemplate summation) forms a

three-dimensional lattice with an elementary cell of the form of paral-

lelepiped, constructed on e a . Points of this lattice are also called

knots. Let us suppose that a pointwise particle of mass a is situated at

each knot of the lattice at equilibrium, and that the particles interact by

means of linear elastic bonds of the most general nature. The resulting

system is a three-dimensional medium of simple structure.

Let us introduce the metric tensor g , which is equal to the
a B

scalar product of the basis vectors, i.e.

(2.1)

and let V be the volume of an elementary cell constructed on the vectors

e , i.e.

Vo = e,. e, x ej
(2.2)
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We hope, in what follows, to be able to model the medium of simple structure

described above by an infinite, homogeneous nonlocal elastic continuum.

Let Ua be the displacement of the particles from the equilibrium

position, then, in the harmonic approximation the equation of motion of the

homogeneous medium in the (r,t) and (R,w) representations take the forma

(2.3)

Here the constant p is the mass density of the medium, q (r,t) is the

external force density at the position ? and at time t, and i Is the

elastic potential energy operator which is related to the force constants

matrix or elastic bonds.

In the absence of external forces, nontrivial solutions of (2.3) or

(2.4) are possible only when w and K are connected by the dispersion

equation

(2.5)

the three roots of which

W; - (2.6)

give the dependence of the frequencies on the wave vector K for the

corresponding mode of free vibrations. It will be evident later that all

the modes pass through the point w = 0, K = 0 . To real valueB of w and

K, correspond non decaying waves of the type

-£<?*)
(2.7)
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The condition of invariance of elastic potential energy • with

respect to translation and rotation can be shown, for the homogeneous medium,

to lead to the relation

(a.8)

where C (K) possess the symmetry properties

(2.9)

X o u B *
i.e. C (K) is symmetric in the indices inside the first and second

pairs and is hermitian with respect to permutation of the pairs.

The representation (2.8) allows a shaping of (2.3) and (2.4) into the form

2.10)

If in (2.10) and (2.11) we make the substitution

respectively, then we recover immediately the dispersionless equations of

local elasticity:

(2.12)

(2.13)
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As usual, let us introduce the strain tensor

or (2.14)

where, here and subsequently, indices which are contained in brackets

(parentheses) are assumed to be subject to the operation of alternati

(symmetrization) . Let us also introduce the symmetric tensor

(2.15)

Then, with the help of (2.15) the equations of motion (2.10,11) take the

form

(2.16)

(2.17)

It follows that i can be interpreted as the nonlocal stress and equation

(2.15) as the nonlocal form of Hooke's law. The construction of the

operator of elastic moduli C ° (it) satisfying the symmetries (2.9),

once the matrix of force constants

detailed in chapter 1 of the book of Kunin

Here it suffices to state the result

• (n - n ) is known, is very well

16)

(2.18)

and for the discrete lattice

S) e (2.19)

- 6 -



The finiteness of action at a distance (i.e. • (r) = 0 for |rt > I )

is assumed; this is equivalent to the functions • (r) or • In)

having finite support, from which it follows that • (K) ia on entire

function of exponential type.

Later, a Green's function formulation will be useful. The static

Green's tensor G . is defined as an operator which is inverse with
op A

a S
respect to the elastic energy operator • and hence

J (2.20)

where G (r) satisfies corresponding boundary conditions as r * +

In the K-representation

X* = S ; (2.21)

i.e. the Kernel of the Green's tensor can be obtained by the purely algebraic

operation of inverting the matrix • (K). The dynamic Green's tensor G o

is defined as an operator which is inverse to the operator

•tfl J«f • * * >

(2.22)

The analogs of the equations (2.20, 2.21) for the Kernels G (r - r ,t)

and G (K,w) can be easily verified.

III. NONLOCAL STRESS TENSOR FOR SOME LATTICE MODELS

22)
It can be shown that if the crystalline solid is assumed held

together entirely by central forces, then the usual Cauchy relations for the

elastic constants must hold. The elastic constants of a number of crystals

having the NACL structure very nearly fulfill the Cauchy relations.

However, the observed stiffnesses of metals such as copper, nickel and

- 7 -

silver do not satisfy the Cauchy relation, and it is clear that a central-

force model (regardless of the number of neighbours considered) Is

inadequate. This has led many researchers to develop models that include

23)
non-central forces. Ludwig and Lengeler have shown that in order for

the results of lattice theory to agree with those of continuum (elasticity)

theory, the lattice model employed must be rotationally invariant.

A typical feature of many lattice dynamical models ' is the

inclusion of angular stiffness forces. In this section we present explicit

expressions for the nonlocal stress tensor in the K-representation for the
4)

model of Gazls et al. for the monatomic SCC lattice. This model assumes

Hooke's law interaction of nearest and next-nearest neighbours due to central

forces characterized by force constants o and B, respectively. In

addition the model takes into account forces due to angular stiffness of a

system of three consecutive nearest neighbours which form a right angle in

the equilibrium configuration. This model is rotationally invariant. In

view of equations (2.15) and (2.14) it is sufficient to give the expressions

for the operator of elastic moduli C (K). Only the nonzero components

of C (K) are presented. For the Gazis et al. model, we have, after

some lengthy tensor algebra (see chapter 1 of the book of Kunin ).

(3.1)

Hi
> Jj

(3.2)

O.3)

(3.4)

(3.5)
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a' (3.6)

l,i ,» = 1,2,3 ; * ji M t v in each of (3.1 - 3.4) ant) also no

Summation is implied by repeated subscripts in (3.1 - 3,5).

The elastic constants of local elasticity are given by C (K)

evaluated at K = 0. Thus, in the Voigt notation for the elastic moduli we

have

< • • * =

(3.7)

(3.8)

(3.9)

which is in agreement with Gazis et al.

Calculations of the vlbrational modes of bcc and fee crystals have often

employed a force constant model similar to the type considered above for

sec, i.e., central forces between first and second neighbours together with

angle bending forces (see, for instance, references 24 to 27). The method

employed above can be similarly applied in these cases to determine the

operator of elastic moduli C (K). The remaining part of this section

will be devoted to the isotropic medium.

There is considerable simplification in the case of an infinite,

iaotropic, homogeneous medium and we shall present detailed results for this

case. We have, following Kunin,

(3.10)

where A(K) and u(K) are even analytic functions of K. The values of

M K ) and t> (K) at K = 0 (i.e. A an

precisely the usual Lame constants. Correspondingly we have

|i respectively) are

(3.11)

- 9 -

as the operator of elastic moduli. It possesses a structure similar to the

tensor of elastic moduli in the local theory of elasticity. Taking into

account equations (3.11) and (2.IS), it follows that the nonlocal stress

tensor for the isotropic medium in the K-representation is

(3.12)

With the help of the projection operators

(3.13)

» (K) can be represented in the form

(3.14)

where the subscript C/t denote longitudinal/transverse components, and

The same projection operators can be applied to decompose the equations of

motion into independent equations

with respect to the longitudinal and transverse components of the displacements

and forces. The dispersion equation (2.5) is also decomposed into an

equation for the longitudinal mode

(3.17)

and a doubly degenerate equation for the transverse mode

(3.18)
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a ft *
To the decomposition (3.14) of the operator • (K) into two

orthogonal components correspond the representation of the Green's tensor

•\ -
G _(K,w) in the form

lotf.^'

where

(3.20)

A useful representation for 9 (K,w) in terms of the zeroes of * (K,w)

16 >
has been discussed by Kunin , Let the zeroes of *,(K,w) be

then

and the inverse functions G (K,w) possess the representation

I

«"h _ t

(3.22)

(3.23)

IV. SURFACE MODES FOR AN ISOTROPIC MEDIUM

In order to inquire about the possibility of surface modes, we must

solve a boundary problem. Consider an isotropic elastic medium occupying

the upper half space z^O. The surface z = 0 is assumed to be stress-

free. We shall solve the boundary problem employing the Surface Green

- 11 -

Functicn Matching (SJW) fbrmalian ~ . Details on the SFGM approach can be

found in references 28 and 29.

In view of isotropy, there is no loss of generality in limiting

ourselves to surface waves propagating in the X-direction. Let the wave-

vector be of the form

Taking into account the approximation by first roots (see Kunin * ) and

equations (3.13), (3.19), (3.22) and (3.23), explicit expressions can be

written down for the Green's tensor G
a n "

< ' w ' " F o r e x a mP l ei

Taking into account (4.1) it is evident that

S C Z = 0

The other components of the Green's tensor G „(*>"' c a n b e similarly

written down.

The boundary condition for a free surface is the vanishing of the
•• +

stress n . T , i.e. of T (J = 1,2,3), since n = * . Taking into
3j J 13

account equation (3.12) we have
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where use has also been made of (4.1).

Related to the stress tensor T

in the book of Garcia-Moliner and Flores

A(K,w) is given by

is the object A extensively discussed
29)

. Taking into account (4.4)

y
(4.5)

(4.5) is not quite right since account has not yet been taken of possible

discontinuities in the spatial normal derivatives of G (Bee, for instance,

chapter 7 of Byron and Fuller ). However, the objects of interest in this

analysis are the surface projections of G o(K,w) and A (K,w). These

are given by & (K ,w) and A (K. ,w) where
aft 1 ^1) 1

(4.1

and

I (4.7)

the limit rj *0 is to be taken at the end of the integration. Equation

(4.7) now takes account of the possible discontinuities in the spatial normal

derivatives of 6 .

The properties of the roots of t (K,w) as discussed in the

appendix of a previous work
30)

31)
will be again found useful in this work.

Carrying out the integration , the surface projections Ga (K ,w) and

* (K ,w) can be determined. We shall merely state the results here.a I? 1
Computational details can be found in reference 31.

- 13 -

= 0

(4.8)

with

, tr\~ 0,1,2. <"-9>

in other words, G a (K ,w) is diagonal.

Also

A,, (t,,^ i = o

(4.10)

(4.11)

and

(4.12)

(4.13)
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where in (4.12) and (4.13) the dependence on w on the right-hand sides

has been suppressed.

It can be easily verified that the local limit of equations (4.8) and

(4.10-13) coincide with equations (2.110) and (2.113) respectively, of

reference 29. The central object in this analysis is the surface projection

G B of the Green function (̂  of the surface system under study. For our

vacuum-continuum system, we have (see formula (2.31) o n page 92 of reference

29)

(4.14)

and the surface modes, if any,are obtained from the real roots of

det Gs (K ,w) = 0. Now

V% - ̂  A,, A5

(4.15)

(4.16)

and the secular equation for the surface modes is

(i - (4.17)

are given bywhere G u > G ^ a n d G ^ are given by (4.8) and ^ . ^

equations (4.12) and (4.13) respectively.

The full effects of nonlocality (dispersion,etc.) are clearly

contained in the result (4.17) and this will be taken up elsewhere. For now,

we shall content ourselves with taking the local limit of equation (4.17).

Putting

.* J V*1 \f
(4.18)

where
, , Vt are the velocities of the longitudinal and transverse waves,

respectively; we have
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T, <
o 'to t

(4.19)

and

Uo
and hence the result (4.17) collapses to

(4.20)

(4.21)

which is in agreement with other workers 2 8 )' 2 9' 4 B y o m l t t i n g t h e n o n_

vanishing factors in front, the secular equation is simply

(4.22)

This is the well-knowi dispersion relation for surface Rayleigh waves. The

solution of (4.22) is

= S (4.23)

where s is a number rather close to 1, but actually s < l always..

V. CONCLUSION

In this paper we have reported the modelling of a three-dimensional

discrete lattice by a nonlocal continuum employing the formulation of
„ , IS)»16)
Kunin . The f a c t t h a t t h l s c o n t i n u u m p o s s e s s e a aispersive phonons

has been demonstrated previously30'. Past efforts in the development of

nonlocal theories appear not to have paid much attention to establishing
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contact with the actual nontrivial models frequently employed in lattice

dynamics. Aa a first attempt in this direction, we have presented in this

paper explicit results for the form of a nonlocal stress-tensor that
4)

describes exactly the lattice dynamical model of Gazis, Herman and Wall is

This model takes into account angular stiffness forces. Nonlocal stress-

tensors for similar models and others that are frequently employed in

lattice dynamics will soon be reported. In a continuum approach, the stress

tensor is the most important object to know.

The theory of surface vibrations, both in continuum and Lattice models,

has been the subject of a number of reviews . It iB well known that
33)

while the classical linear elasticity predicts non-dispersive wave

velocities for the Rayleigh surface waves propagating on the surface of an
*" . 4)

isotropic elastic half space, the lattice dynamical approach (see also
18)

Maradudin et al. for other references) to this problem predicts dispersive

waves, i.e. a variation of the phase velocity with wavelength, that are well

confirmed by experiments. A nonlocal continuum approach to this problem was
2)

reported by Eringen in 1973. An improvement on the 1973 work was again

reported by Eringen in 1978. It is not clear tin*-, the approach of Eringen

Is easily adapted to calculations based on realistic crystal models. More

seriously, the approximations invoked by Eringen in order to arrive at a

solution seem to us unjustifiable from a physical point of view.
31)

In a previous work , the surface Green function matching (SGFM)

formalism was extended to a three-dimensional nonlocal continuum. This was

done because of the convenience of the formalism in handling surface

problems and also because of the defective nature of the local continuum.

With the help of the SGFM formalism, a general result for the surface

eigenmodes of a setni-infinite isotropic medium is easily obtained. When

passing to the local limit, we recover from this general result the well-

known dispersionless Rayleigh mode of classical elasticity. The full

structure of this general result is currently being analyzed and will be

published in the near future.

Work is currently underway on the generalization of the approach

presented here to various lattice models. It is hoped that a unified

- 17 -

treatment can be obtained of both Rayleigh-type waves and the optical

surface waves. One of the justifications for this kind of study is the

simpler approach it offers to the problems of interest in lattice

dynamics.
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