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Abstract 

In this note we will describe how the emittance of the electron 

storage ring is determined by the orbit parameters of the storage ring 

and show the lowest value of emittance which is achieved theoretically. 

Implication of this note with regard to the design of the low emittance 

storage ring will be discussed. 

KEYWORDS: storage ring, synchrotron radiation, emittance, 

light source, bean size 

1. Introduction 

Feasibility studies on the high brilliance synchrotron radiation 

source have been progressed in a couple of years in various laboratories, 

In these studies, 1t has been argued that the next-generation light 

source might be based on the extensive use of insertion devices such as 

an undulator and a wlggler as the fundamental lattice components of the 

storage ring. Furthermore, 1t has been widely recognized that the 

realization of low emittance electron beams 1s the essential feature for 

the high brilliance radiation source. 

In this note we will describe how the emittance of the electron 

beam is determined by the orbit parameters of the storage ring, and show 

the lowest value of emittance which can be achieved theoretically for a 

few different simple cases. Such a low emittance can not be necessarily 

achieved in reality, firstly because of unavoidable errors in magnetic 

lattice parameters and secondly because the electron beam with very 

small size necessarily suffers from serious Instability problems and can 

not be stored with a reasonable number of electrons and In a reasonable, 

length of time. In spite of this, we believe 1t profitable for estab

lishing the design principle of the low emittance storage ring to know 

how the lowest emitta ce is obtained. 

2. Basic relations 

The notations and expressions are principally based on Ref. 1. The 

natural horizontal emittance e is resulted from the balance between 

the radiation damping and the quantum fluctuation. For an isomagnetlc 

guide field, the r.m.s. emittance is given by 

( i ) 
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with C = -^- S ' 3-8319 x JO"'3 m. Here H is given by 
32/3 mc 

H = t f + z^ll' + pi' 

The emittance E can be also expressed as 

2 (2) 

Xo (3) 

where o /E is the r.m.s. value of energy spread and is given by 

(4) 

Here J* ( i = x, y , E) are the damping partit ion numbers and they are 

given by 

where D Is given by 

D = -/?&#, 
if the guide field is isomagnetic and also a separated function. In 

practical cases, D is much smaller than 1, so that the following dis

cussion need not be changed if we put D to zero. 

Looking at Eq. (4), we can see that the r.m.s. energy spread 

increases proportionally to the square root of the electron energy, 

since p„ is roughly proportional to y at the design energy. <H> „ is 
O iTlay 
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a quantity purely dependent on the lat t ice structure. /Is described in 

Ref. 1 , for an isomagnetic gufde f ie ld that has a "well-behaved" betatron 

function (with no wild variat ion), n(s) can be approx1mat-.d as 

w»[ 
so that H(s) becomes a constant, 

U <**• 

n SJ — T ~ , (8) 
where v is the betatron tune, R is the mean radius and a is the 

momentum compaction factor which is expressed by 

l\ W*S 
2*1 '*f 

(9) 

'o 

for an isomagnetic guide field. In the similar approximation as the 

above, a is given by 

* ~ Tjl • do) 

Using the above-mentioned expressions, the rough estimate of the r.m.s. 

horizontal emittance for the "well-behaved" lattice can be expressed as 

C,Rt'' 
~ 7eV3 m < n ) 

JK >0 X 

For the Photon Factory Storage Ring with y = 5000, R = 30 m, p * 

8.7 n and v = 5.25, the roughly estimated emittance is 1.2 x 10 

m-rad, which is reasonable, compared with precise val'-a of 0.5 x IQ~° 

m'rad. 
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In order to obtain the value of the horizontal emittance, we must 

calculate <H>mag by using the precise values of the betatron functions. 

Fora sector-type bending magnet with zero field gradient, the transfer 

matrix in the horizontal plane is expressed as 

0 I 
(12) 

I f the 2 x 2 transfer matrix from S, to S, is written as 

Mtsjs.) = 
Mil Mlz 

n 'ii n. i « (13) 

transformation of the Twiss parameters (8i o, y) through this section 

can be written as 

(M 
oC 

7 

Wi, '« -im„rt\lz m,2 Vft 
-%mn \+lMltMzl -ZW îK, 

K -zn^nix « » 
(14) 

(See Ref. 2, p.16). 

For the sector magnet, 

p = «ra*0 p; - 2 ? Aw£ CCD6 of, -f ^Aw. 2^ if; 

V 
AM*.&CCO& 

f 

(15) 
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/ T}'- _ &k£.-n + COO0. H' -t AMfi-Q (16) 

If we know the initial values of betatron functions at the entrance of 

magnet, we can calculate <H> within that magnet, by using (2), (15) 

and (16). 

3. Achromatic arc configuration 

The achromatic arc configuration is the magnet configuration as 

shown in Fig. 1, which has been widely used In the beam transport and 

analyzing system. Chasman, Green and Rowe ' pointed out the effec

tiveness of this configuration for the dedicated synchrotron radiation 

source, because It can be provided with low emittance beams. 

At the entrance of the achromatic arc bending magnet, the dis

persion function and Its derivative are equal to zero, so that In the 

magnet, 

I fee) = fiju^e {17) 

with e = s/p and prime denotes the differentiation with respect to s. 

Substitution of (15) arc] (17) Into (2) gives, after some manipulation, 

where the Integration is done within one bending magnet, and 8 is the 

deflection angle of one magnet. To obtain the optimum values of am-
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plltude functions at the entrance of magnet, we differentiate I with 0, 

and 0.1. From 31/33. = 0, we get 

(19) 
»6 —o 

and from 3l/3a. - 0 

«4 j-^c^+C**^ ~ ' (20) 

From (19) and (20), the optimum values of $, and a,, which give the 

lowest emittance are expressed as 

ft- ' * 
JB--A 

(21) 
<X, = 

A thin lens approximation wi l l give a simple functional relation 

between the emittance and the fundamental quantities of the la t t ice . 

For e « 1 . 

H *p,ez-o<,?63+ < ^ r , (22) 

and 

j H****fl[7-T9'+ *> '' J • (") 

The optimum values of Bi and a^ are given by 

- 6 -

ft «*/?•'*• . " l ^ (24) 

and then 

/ 

I f the ring consists of N identical bending magnets, the deflecting 

angle 8 0 Is 

ft. - ZVA/ 
O • (26) 

Then, at the optimum 

<">..- i«fff . 
and the lowest emittance 1s expressed as 

(27) 

£ = 1 1 / — V 

It should be noted that the ultimate value of low emittance achievable 

depends strongly on the number of division of bending magnets (Fig. 2). 

Next, we estimate the radial spread of electron beams in the 

bending magnet. The beam size has contributions from both the betatron 

and energy oscillations. The radial spread due to the betatron oscil

lation is given by 

<r^s;=p.£x (29, 

and the radial spread due to the energy oscillation is given by 
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< - «» (I) (30) 

The total radial spread is obtained by a quadratic sum of these two 

terms; 

< ^ s ) - ^ C s j + c g f t ; (3i) 

From (15). the amplitude function In the magnet for a thin lens case 1s 

given by 

p, (32) 

with 

t>-£*(f) • +-* 
Introducing a new variable x = 8/9o, we write 

ft 
"iabli 

or 

fb).£±(x.^A . 
The dispersion function in the magnet is also given by 

Ufa = - ^ * * . (34) 

Contribution from the energy oscillation to the radial spread Is of 

the order of 10 - 20 % in the total radial spread, so that we tenta

tively choose the minimum-0 point as the source point from the bending 

magnet. The r.m.s. radial spread and the r.m.s. radial divergence at 

- 8 -

the source point are expressed as follows: 

From the betatron oscillation, 

*t /6*0X ^ 
•o (35) 

*? 1% f (36) 

From the energy oscillation, 

*v 
(37) 

(38) 

4. Minimum emittance configuration 

Extending the discussion in the previous section, we can obtain the 

configuration In which the emittance becomes the lowest. In this case, 

the initial values of 3, a, n and n' are chosen to be free parameters, 

while n and n' are fixed parameters in the achromatic arc configuration. 

Again in the thin lens approximation, the attainable lowest emittance is 

expressed as 

Comparing (33) with (28), It can be seen that the emittance is smaller 

by a factor of three In the minimum emittance configuration than in the 

achromatic arc configuration. The optimum values of betatron functions 
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at the entrance of the bending magnet are 

0 - ' PA* m 

•7, - j$e0 

Y = - I e 
The dispersion function in the bending magnet is given by 

/tV~ ^ H * ZJ T Zf • (41) 

This is a parabola with the symmetry axis at the middle of the bending 

magnet. 

The betatron function in the magent is given by 

Of , /?<Vv i - l2^ fr 
(42) 

By (41) and (42), the betatron functions have the minimum at the center 

of the magnet, so that the source point should be there In this case. 

The r.ra.s. radial spread and the r.m.s. radial divergence at the 

source point are expressed as follows: 

From the betatron oscillation, 

^ = I ^ T ^ 
z_ ' Q*X crz = . 

- io -

From the energy oscillation. 

«rf - ' q f se f 
n zfj,^ ' e (45) 

CT'E - O (46) 

5. Properties of radiation from noma] bending manget 

Table 1 l is ts the emittance and the beam size for both magnetic 

configurations. The remarkable feature is that the emittance is strongly 

dependent on 8 , namely the number of division of bending magnets (Fig. 

2) . The quantities characterizing the radiation source are photon flux 

(photons/ sec/mrad.horiz./0.1% bandwidth), brightness (photons/sec/ 

2 2 2 

mrad /0.1X bandwidth), and brilliance (photons/sec/mm mrad /0.I1 band

width). Ue will consider the dependence of brightness and brilliance on 

8 . The size and the divergence of photon beams at the source point are 

given from Table 1. Generally, the divergence of photon beams must 

include the natural angular spread of synchrotron radiation. Since the 

bending magnet is essentially the low-B section, the angular divergence 

of electron beams must be larger than the natural angular spread. 

Therefore, we get 

. cjjv °c K/l &*• fYl-

(17) 

where ay is the betatron function in the vertical direction, and K is 

the coefficient of coupling between the radial and vertical direction. 

In deriving (47) we assumed that < is much smaller than I, so e - t 
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and E = K E X o '
 Then 

Brightness oC — <* £ * ( f L)% N T <48J 

Brilliance =*: ! . «=C /c"' N (49) 

where N Is the number of division of the bending magnet. 

Actually, both brightness and brilliance depend on the stored beam 

current. The relation between the beam size and the actually achievable 

stored current is not well known, but 1f we assume that the maximum 

stored current Is proportional to the beam cross section at the minimum 

beam size, or a o , then we get the relations 
* j 

Brightness « < — 2 - L - c f f f i , . ) M " ' (50) 

and 

Brilliance « C — ! — ° C * *( f P J * ^ * (51) 

The implication of (50) is very clear, because the high brightness 

photon beam requires snail divergence electron beams. In order to 

obtain high brilliance, low emittance is very essential. For the same 

reason, the coefficient of coupling which determine the vertical emit

tance should be small. On the contrary, as can be seen in (50) and 

(51), the large value of S at the source point are desirable to 

increase brightness and brilliance as long as the small beam size at the 

source point is the limiting factor to the stored current. Both bright

ness and brilliance represent the photon densities in particular phase 
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volumes. From the viewpoint of effective use of photon beams, the 

correlation between emittance ellipse of photon beams and acceptance of 

the optical system must be taken Into consideration. 

6. Effects of a wfgqler and an undulator 

We consider how the insertion devices such as the wiggler and the 

undulator affect the orbit parameters and emittance. The Insertion 

device is composed of magnets with alternately changing polarity as 

shown in Fig. 3, so that it can be considered approximately as a series 

of rectangular bending magnets. 

The 3 x 3 transfer matrix for the horizontal motion 1n a rectan

gular magnet is expressed as 

0 0 \ 

(52) 

For the thin lens approximation 6 « 1 , the transfer matrix is reduced to 

a simple form 

(53) 

The transfer matrix for a negative field magnet is given by changing 

sign of p and e. Then the transfer matrix for one period of orbit bump 

can be expressed as 
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W ^ - J ^ A ^ A ^ I " ' " I • (54) 
' \ 0 0 / / 

This is equal to a transfer matrix for a drift space with the length of 

4p8, so that the introduction of a wiggler or an undulator does not 

influence the radial betatron functions in the rest of the storage ring 

Only a small difference is the change of the orbit length which is 

expressed as At. = p(8 - sine). The betatron functions in the vertical 

plane change due to edge effect. 

The dispersion function inside the magnet is easily obtained from 

(53). In the first magnet B+, 

j w - I a 1 (*<*<%) (55) 

In the second magnet B", after the matrix multiplication, 

Wlf+W'?** ('*'**•). (56) 

From symmetry properties, the dispersion function is symmetric at the 

center of one period of magnets. Therefore, a period of wiggler magnet 

system is approximately considered as an achromatic bend system. 

Emittance when the wiggler magnet is taken into account is cal

culated in the following. In genera!, emittance is expressed as 

qtl j> 6?H 4s \ 
t*° T^ faUs > $- f • (57) 

- 14 -

In order to calculate contributions from the wiggler magnet, we must 

assume the value of amplitude function in the wiggler. Since the long 

straight section U usually a high-fi section, we can assume the am

plitude function to be constant without appreciable error. Then 

where 8 is the value at the center of the long straight section. 

The dispersion function and its derivative are given by 

lltS)** Vfw (59) 

for the 8 -magnet, and 

s.z 

(60) 

for the B"-magnet. In the above, pw is the radius of curvature in the 

wiggler magnet and s is a pitch of magnet unit. After some calculation, 

we get 

f 2 ^ 3 t Z Q * ^ 23 - , i \ 

f2p 
one ptrti>4 * 

* , * 
In practice, 8 is much larger than s (typically 8 ^ 10 n, s •v 0.1 m). 

so that the second term can be neglected. Then 
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J H*5 *fs0
% 

3 9 2 • (61) 
on* btrioA w 

Substituting (25) and (61) into (57) , we f inally get 

I / 2 T r t f . if. / 3 * 5 3 

where n is the number of period of the wiggelr or the undulator. I f 

there are many wigglers and undulators, we must add the contribution 

from a l l of them. 

Numerical examples wi l l be shown. Parameters are given by the 

following. 

Number of bending magnet 

Radius of curvature in BM 

Betatron function at wiggier 

Length of wiggier magnet unit 

Length of one period of wiggier 

Number of wiggier period 

The results are l isted in Table 2. As can be seen in Eq. (62) , con

tribution from the wiggier magnet has a strong dependence on p , so that 

introduction of high f ie ld wiggier magnet leads to appreciable increase 

in emittance. In the case of an undulator, however, effects are com

pletely neglic. ole, f i r s t l y because the f ie ld strength is weak and 

secondly because the pitch of magnet unit is small (typically s <v 0.02 m) 

For the wiggier case, i t is also essential to make the pitch of wiggier 

N 

Po 

S 

so 

n 

16 

3 m 

10 m 

0.1 m 

0.4 m 

10 
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magnet unit as small as possible, in order to reduce Quittance growth. 
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Table 2 Effect of Higgler magnet on emittance. 

/G3Hds 

^G2ds 

overall 
emittance 
(m-rad) 

Bw (kG) 

contribution 
from all B.H. 

0.0080 

2.09^ 

5.84x10"9 

Pw = 6m 

— 

0.1112 

5.55x10"9 

5.5 

contribution 

3 

0.00055 

0.444 

5.15xl0"9 

11 

from one 

1.5 

0.0176 

1.7776 

l.OlxlO"8 

22 

wlggler magnet system 

1.0 0.8 

0.134 0.410 

4.0 6.25 

3.56x1O"8 7.66x1O"8 

33 41 

0.5 

4.288 

16 

3.63x107 

66 

Electron energy 1 GeVj N = 16 

Table 1 Emittance and source size. 

cxo 

& 

6SOURCE 

nSOURCE 

°xB . 

„ 2 

V B 

• V e 

Achromatic arc configuration 

-4-A3 

4/15 Ox ° 

Minimum emittance configuration 

-^—A3 

12/15 Jx ° 

4 = P90 (at x = §) 
8/15 ° 8 

\ (|)2p90
2 (at x - §) 

6.25 x 10"3 Cqf2pe0
4 

2.47 x 10"3 CqY
2p80

4 

0.667 CqY2e0
2/p 

0.O7 CqY
2B0

2/p 

- 4 = p6Q (at x = I) 
8/15 ° Z 

k pBo2 (at x = ?> 

2.78 x io"3 q,,Y2pe0
4 

0.87 x 10-3 CqY
2

pe0
4 / Jx * M 

2 2 e * 
0.167 C^V/P 

0 



Qf 

Fig. 1 Achromatic arc configuration. 
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Fig. 2 Lowest attainable emittance. 
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one period 

-r 

Fig. 3 Schematic drawing of a multipole insertion device. 
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