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ABSTRACT 

The compatibility of соsmologic principles and possible large scale in-
homogeneities of the Universe is discussed. It seems that the strongest sym
metry principle compatible with reasonable inhomogénéities is full conforms1, 
symmetry in the 3-space defined by the cosmological velocity field, but even 
then the standard mod%l is isolated from inhomogeneous ones when the whole 
evolution is considered. 

АННОТАЦИЯ 

Рассматривается совместимость космологических принципов с существованием 
негомогенностей большого масштаба во Вселенной. Выглядит так, что самый стро
гий принцип симметрии, совместимый с рациональными негомогенностями, является 
полной конформальной симметрией в трехмерном пространстве, определенном кос
мологическим полем скорости, но даже и в этом случае стандартная модель и по 
полной эволюции, являетсл изолированной от негомогенной модели. 

KIVONAT 

Megvizsgáljuk, hogy az Univerzum esetleges nagyléptékű inhomogenitása 
összefér-e kozmológiai elvekkel. Ugy tűnik, hogy a legerősebb szimmetriaelv, 
amely még összefér ésszerű Inhomogenitásokkal teljes konform szimmetria a 
kozmológiai sebességmez5 meghatározta 3 dimenziós térben, de még ez esetben 
is a teljes történetet tekintve a standard modell izolált az inhomogén modell-
októl. 
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3. SIMPLIFYING ASSUMPTIONS 

Unfortunately, one cannot work with the general form (2.6); a guess 
would be needed for the continuum mechanics of the matter of the Universe. 
Nevertheless, it is definitely not a trivial task to choose equations of 
state valid for the whole history of the Universe, including e.g. the early 
hot period. Therefore, admitting that it restricts the generality of the 
present discussion, here we borrow the assumption from the standard model 
that it is enough to introduce two material fields, one is the energy den
sity p, the other is the pressure p, and that the actual form of eqs. (2.6) 
is 

q ^ O 
ik , ik i k, P = "P(g - u u ) 

(3.1) 

This form is a good approxination for the present Universe with p = 0, it 
also may be correct for an early radiation-doir.inated stage with p = p/3, and 
it is obviously the familiar perfect fluid assumption. Nevertheless, one 
cannot regard this form as general, since 'n a real matter inhomogeneities 
may drive transport fluxes. 

An other simplifying assumption concerns the symmetries. One may in
vestigate, of course, Universes which are inhomogeneous and anisotropic in 
the same time. Nevertheless, in order to avoid technical problems and to get 
transparent formulae here we arc going to make one step only; that is, we 
assume that there exists a spherical symmetry which is not conforral (we label 
its Killing vectors by 4, 5 and 6). Then, 

CABC • GA3C ( 3 > 2 ) 

QA = UA = RA = PA = 0 ; A = 4' 5' 6 

where P. ar.d R. stand for the scalars belonging to p and p in eq. (2.6). Now, 
eqs. (2.9),(3.2) for K. possess, up to coordinate transformations, two dif-

i ferent solutions, distinguished by the rank of the matrix Кд. Requiring this 
rank to be 2, as usual, one gets 

x 1 = (у,х,Э,(р) 

KJ = (0,0, sind, ctgdcostp) (3.3) 

К* = (0,0,cosö,-ctg9sin<p) 

К* = (0,0,0,1) 
(VÍG have assumed, of course, that tho spherical symmetry is spatial.) The 
remaining free transformations preserving the form (2.11) are as follow 
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0 inhomogeneity and 0 anisotropy. Now, inhomogénéities do exist in the Uni
verse, otherwise our existence would not be possible. Usually the symmetries 
are meant on larger scale, but it is subjective in some extent to decide if 
a scale is small or large. On the other hand, having an inhomogeneous (or 
anisotropic) model with some parameters taking their О values at full sym
metry, one can measure these parameters by observations. If the inhomogeneous 
model is so constructed that it contains only "essential", or "large scale" 
inhomogénéities, and some parameters are significantly not zero, then the 
homogeneity пае been disproven. 

Nevertheless, how to construct a model with only "essential" inhomogene-
ities? One can deviate into any direction from the standard model, and it 
does not indicate any "more essential" deviations, being symmetr: c. However, 
the situation is not hopeless, e.g. on may regard an inhomogeneity as essen
tial if it is compatible with cosmological principles. Therefore in this 
paper we want to investigate inhomog~neous Universe models fulfilling some 
cosmologic principles. In this way one may obtain some hypotheses for the in
homogénéit 1ез, which can be confronted with the observations, for measuring 
the deviation from the standard model. 

As we have stated, it is advisable to avoid probability argumentations 
for a specific Universe model. On the other hand, one obviously does not 
want to use unnecessarily complicated models. Thus, without compelling 
counterevidence -he homogeneous isotropic model would survive anyway, and 
such compelling counterevidence is not known. Nevertheless, the results of 
some observations can be interpreted in such a way that the validity of the 
standard model is queried (cf. e.g. Fabbri and Melciorri, 1981; Mészáros, 
1983). Now, if the only alternative is to reject the cosmological principles, 
then one is tempted to ignore the results of any observation against the 
standard model, and to hope that the cosmological principles are still valid 
on a "larger" scale. On the other hand, if observations were to indicate a 
new model, which is less symmetric, but still fulfils cosmological principles, 
then such an alternative could be accepted without serious problems. Therefore 
we believe that this topic deserves some attention. 

In Sect. 2 we list some possible symmetries for the Universe (or for the 
Metagalaxy). In Sects. 3-8 we discuss some possible alternative formulations 
of the cosmological principles in terms of the symmetries, and look for Uni
verse models fulfilling these principles. Finally, in Sect. 9 Lie results are 
summarized. The Appendix contains some technical details of the calculations. 

2. THE SYMMETRIES 

In colloquial terms one might summarize the cosmological principles by 
telling that the Universe has to be sufficiently symmetric. Now, General 
Relativity distinguishes 14 different kinds of geometric symmetries, accord
ing to the specific geometric object possessing the symmetry (Katzin et al. 
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1969). Obviously it would be too circuitous to discuss all of them, so here 
we restrict ourselves to the two most important and strongest: the Killing 
motion and the conformal Killing motion. This choice is mainly a technical 
restriction of our discussion, and it is quite possible that other, weaker, 
symmetries would fit better to the Universe, however, some assumptions are 
necessary to make the problem more definite. 

The conformal Killing motion, as a symmetry, means that there exists a 
vector field К for which 

Ji^ik - ^ i k ( 2 Л ) 

Here L stands for the Lie-derivative (Eisenhardt, 1950), while g i J c is the 
metric tensor. By explicitely calculating the Lie-derivative one obtains 

Ki,k + Kk;i • <*1к t 2 * 2 ) 

So then the Lie-derivative of the metric tensor along the vector field is 
proportional to the metric tensor itself; the geometric content of eq. (2.1) 
is that an arbitrary (small) geometric object remains similar to itself when 
displaced along К . By other words, there exists a symmetry direction in 
which the connected points are equivalent, excepting a possible scale change. 
This is a mathematical formulation of such physical assumptions as e.g. 
"there is no a priori preferred point in the space-time". 

If Q = 0, then the motion is a true Killing motion, and the objects re
main identical when displaced. From hence, for brevity's sake, we use the 
incomplete terms "symmetry" and "conformal symmetry". 

There is a tendency for regarding only the symmetry as an equivalent of 
the physical statement "no preferred point on a line". Of course, in some 
sense it is a matter of definition. Nevertheless, a simple counterexample can 
be shown. Consider a metric of form 

gik(x,y,z,t) = e~ a XY i k(y,z,t) (2.3) 

Now, in the generic case, this metric possesses no Killing vector, while one 
conformal Killing vector 

К 1 = 6* (2.4) 

exists. However, obviously there is no preferred value for x in this space-
time, while, in the same time, a defines a scale for x. 

If the metric possesses a symmetry, the energy-momentum tensor possesses 
it too, via the Einstein equation, however, the individual material fields 
building up Т.. may possess less symmetries (Lukács and Perjés, 1977). For 
conformal symmetry even Т.. does not necessarily inherits the same conformal 
Killing vectors. Nevertheless, the actual situation is determined by means of 
Tik a s w e l 1 a R °* ̂ iJc* Therefore, if anyone of them possesses a lower sym
metry, then the higher symmetry is accidental. Therefore here if we assume a 
(conformal) symmetry group, we mean it for both the metric and the metter. 
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Prom technical reasons something must be assumed for the structure of 
the energy-momentum tensor. First we assume that there exists a unique time
like unit vector field u , describing the evolution path of the matter. This 
is supported by the observational fact that the peculiar velocities are small. 
Then Т.. can be decomposed as (Ehlers, 1973) 

Tik - "»Л + 'Л + ui% + Pik 
(2.5) 

u ru r » 1, q ru r - p i r u r - О 
There p is the energy density, q^ is the (heat) energy flux and р ±. is the 
stress tensor, measured by the comoving observer. The so defined "three-
dimensional" quantities are, of course, to be expressed by more primitive 
material fields (Oldroyd, 1970). Formally one can writet 

p - р^.Ь**-'*, к**'") 

q 1 - q W f b f 1 - " , KJ 1**') (2.6) 
_lk _ „ik/lml .lm... „Int.... p = p (u ,bp , к^ ) 

ik where b. ""' sands for material fields (as e.g. temperature or particle den-
ik sities), while the quantities к. '" are material constants, i.e. they fulfil 

the relation 

ff^1'" » 0 (2.7) 
The index Г is not a vectorial index but a name labelling the individual 
fields. The actual set of the material fields, as well as the specific from 

ik of relations (2.6) and that of the field equations for b_ " depend on the 
type of matter filling the Universe. Then the condition that the matter have 
the same kind of symmetry as the metric leads to 

Lu1 - Uu 1 

L b i k , , # =• ВрЬ^*-' (2.8) 

iv***•• s r* ,,ik• • • 
к л SSTA 

where the quantities U, Bp and Сд are scalers; if there is not conformal but 
true symmetry, they vanish, together with J in eq. (2.1). 

Of course, the Universe has not only one symmetry but a symmetry group. 
Then there esixts a set of vector fields Кд with the Lie algebra (Eisenhart, 
1950) 

[Кд,^] 1 - КдК* > г - К ^ г - c A B RKj (2.9) 
where the с д в с-в are the structure constants of the symmetry group, and eqs. 
(2.1),(2.8) are valid for each member of the set К д. 
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3. SIHPLIFYIN6 ASSUMPTIONS 

Unfortunately, one cannot work with the general form (2.6); a guess 
would be needed for the continuum mechanics of the matter of the Universe. 
Nevertheless, it is definitely not a trivial task to choose equations of 
state valid for the whole history of the Universe, including e.g. the early 
hot period. Therefore, admitting that it restricts the generality of the 
present discussion, here we borrow the assumption from the standard model 
that it is enough to introduce two material fields, one is the energy den
sity p, the other is the pressure p, and that the actual form of eqs. (2.6) 
is 

(3.1) 
ik . ik i, k. 

p = -p(g - u u ) 
This form is a good approximation for the present Universe with p = 0, it 
also may be correct for an early radiation-dominated stage with p = p/3, and 
it is obviously the familiar perfect fluid assumption. Nevertheless, one 
cannot regard this form as general, since Jn a real matter inhomogénéities 
may drive transport fluxes. 

An other simplifying assumption concerns the symmetries. One may in
vestigate, of course. Universes which are inhomogeneous and anisotropic in 
the same time. Nevertheless, in order to avoid technical problems and to get 
transparent formulae here we are going to make one step only; that is, we 
assume that there exists a spherical symmetry which is not conforral (we label 
its Killing vectors by 4, 5 and 6). Then, 

CABC = eABC ( 3 2 ) 

QA = °Л = RA = PA " °> A * 4' 5' 6 

where P. and R. stand for the scalars belonging to p and p in eq. (2.6). Now, 
eqs. (2.9),(3.2) for K, possess, up to coordinate transformations, two dif-

i ferent solutions, distinguished by the rank of the matrix K,. Requiring this 
rank to be 2, as usual, one gets 

x = (у,х,Э,ф) 

K^ * (O,0,sinö,ctgdcos(p) (3.3) 

К, = (O,0,cos9,-ctg9sin(p) 

К* = (0,0,0,1) 

(We have assumed, of course, that the spherical symmetry is spatial.) The 
remaining free transformations preserving the form (2.11) are as follow 
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у» . у'(у.х) 
х' • х'(у.х) (3.4) 
О* - (-1)*» + kw 
<р* • Ф • ян 

where к and a are integer numbers. 
Now, imposing Conds. (2.1),(2.8) and (3.2) on g ^ , p, p and u , the 

result is 

' a e ( x Y ) 0 0 

ik " 0 g 2 2 ( x Y ) 0 

0 0 g 2 2 ( x Y ) s i n 2 d 

P - P(x a ) • 

P = p(x°) 

u 1 = ( u a , 0 , 0 ) 

(3.5) 

a =• 0,1 

By using transformations (3.4) a diagonal form can always be achieved in the 
block g o 0 . 

SOLUTIONS WITH MAXIMAL SYMMETRY OR CONFORMAL SYMMETRY 

Let us first assume the maximal possible symmetry as cosmological prin
ciple. In 4 dimensions the maximal number of symmetries is 10, then the space-
time is of constant curvature; the symmetry group is either S0(5) or E(4) or 
S0(4,l), while the line element has the following form (Robertson and Noonan, 
1969)t 

d s 2 - d y 2 - R 2(y){dx 2 + f 2(x)(dö 2 + sin 2d d<p2)} 

f(x) 
s i n x i f к - +1 

X к - 0 

sh x к - -1 

(4.1) 

where the function R(y) satisfies the equations 
•2 2 
R + к + KR - О 
Jt + KR' - О 

(4..2) 
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К is the four-curvature. Up to coordinate transformations these line elements 
are the Minkowski (K = O), deSitter (K < 0) and closed pulsating (K > 0) Uni
verses, respectively. Because of the maximal symmetry, che evolution of these1 

model Universes are completely determined even without using the Einstein 
equation. It seems that they are not conform to the observation (Robertson 
and Noonan, 1969). 

In fact, one can see that the actual Universe cannot have maximal sym
metry. Namely, the maximal symmetry means that the Lie derivatives of u , p 
and p vanish along the ten Killing vectors of four-dimensional transitivity. 
Hence 

u 1 = 0 . (4.3) 
which is impossible because u would have to be a timelike unit vector. There
fore the maximal symmetry is generally inconsistent with the form (2.5) of 
the energy-momentum tensor. The only exception is if u does not explicitely 
occur in Т.. ; the condition for this is a perfect fluid form (3.1) with 

p + p = О (4.4) 
Since the Lie derivatives of p and p vanish too, they are constants. 

Now, eq. (4.4) is strange enough, but not impossible tc fulfil. E.g. it 
is still consistent with the weak energy positivity condition (Hawking and 
Ellis, 1973); similarly, no fundamental thermodynamical principle forbids 
such a state (Lukács and Martinas, 1984). In fact, perturbative QCD and GUT 
predict such states in extreme situations, and it is assumed that p + p = 0 
states (leading to exponential expansion if p > 0) played important role in 
the evolution of the early Universe (Starobinskii, 1980; Zel'dovich, 1981; 
Guth, 1981). Nevertheless, for the present stage of the evolution eq. (4.4) 
is obviously not valid. Therefore one can conclude that the Universe лоез not 
show the mathematically possible maximal symmetry. 

Another possibility is to require maximal conformal symmetry. In 4 di
mensions this means 15 conformal Killing vectors/ belonging to the conformal 
group. Then, combining eqs. (2.1) and (3.5) one gets 

ds 2 = e 2 v ( y , x , { d y 2 - dx 2 - f2(x)(dö2 + sin2dd<p2)} (4.5) 

Whe shall see that this line element contains the standard Universe solutions 
as special cases. Nevertheless, the first of eqs. (2.8) leads to eq. (4.3) 
again. Therefore maximal symmetry (conformal or not) cannot be applied to 
the Universe as a cosmological principle. 

5. FULL SPATIAL SYMMETRY OR CONFORMAL SYMMETRY 

In the previous Section we saw that the maximal symmetry is a too strong 
principle for the Universe. Then the maximal physically possible symmetry 
should be assumed, so first we should discuss the connection between the physi
cal assumptions and symmetries. 
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There exists an deficient symmetry principle that the gross features of 

the Universe are the same everywhere (Anderson, 1967; Peebles, 1980) some
times called the Copernican Principle. An other form is: 

Our location in the Universe is not preferred. 
In fact, in some sense, this principle takes its origin from Nicolaus 
Copernicus, shifting the center of the Universe from the Earth to the Sun to 
explain some characteristics of the celestial motion of planets. As a prin
ciple, it was stated by Giordano Bruno. 

Obviously such a principle cannot be proven, but it seems to be very 
natural. The only strong counterargument might be to show that the evolution 
of the human mind would need very special situations existing only in very 
special parts of an inhomogeneous Universe. Now, of course, this evolution 
does need special circumstances, e.g. the surface of a planet at convenient 
distance from a suitable star, but these specialities seem to belong to the 
class of small scale inhomogeneities, not discussed here. So, having no well-
founded counterargument on large scale, it would be quite useless to discuss 
whether the Copernican principle is necessary or not. 

Now one can argue that if even our location is not preferred, then there 
is no preferred point in the Universe at all. Although this step is slightly 
self-centered, it can be done. However, this does not lead to th; conseau«ince 
that there is no preferred time moment either. Namely, we are products ~>f 
definite evolution process, in a definite stage, so there does not seem to 
exist any reason to apply the Copernican principle in time. 

Then a possible realization of the Copernican principle is as follows. 
There exists a (conformal or not) symmetry group, transitive on 3-surfaces,• 
this symmetry is maximal. Assuming that this symmetry is not conformal, there 
are 6 Killing vectors with one of the groups SO(4), E(3) or S0(3,l). Three 
of the Killing vectors were given in eq. (3.3); the others are as follow: 

(O,sindsin(p,hcosdsin(p,hsin~ dcoscp) 

(O,sindcosrp,hcosdcos(p,-hsin~ ftsincp) (5.1) 

(0 , cosd , -hs in9 ,0 ) 

S0(4) E(3) S 0 ( 3 , l ) 
+1 0 -1 

ctg x 1/x c th x 

The free transformations in (y,x) preserving the form (5.1) are 

x' = x 
(5.2) 

y' = y'(y) 

where 
Group 
к = 
h(x) = 

K 1 
Kl 
K 1 
K2 
K 1 
K3 
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Now, requiring eq. (2.1) with Q. = О for the whole group and performing a 
proper transformation in ' one arrives at the line element (4.1) with a still 
undefined function R(y); -he only remaining freedom in у is a reflexion. 
Evaluating eqs. (2.8) for u , p and p with vanishing right hand sides, one 
gets: 

u 1 = (1,0,0,0) 
P = P(y) (5.3) 
p = p(y) 

Thus we have arrived at the Robertson-Walker Universes (with fluid matter); 
they are homogeneous, and the line element is a special case of that in eq. 
(4.5), indeed, but the velocity field can exist. 

For the present stage of the evolution p = 0 is a good approximation, 
but in the early Universe p and p may have been comparable. In any case, for 
a chemically simple perfect fluid the evoluiton is adiabatic. Namely, the 
only nontrivial components of the Einstein equation are as follow (Robertson 
and Noonan, 1969) : 

2RR + R 2 + к = -8iryR2p 
(5.4) 

3(R2 + k) = 8iryR2p 

(the dot denotes у derivative), whence a first integral can be obtained: 

pR + 3(p + p)R = О (5.5) 
In a simple matter of one component p is a function of the particle density 
n and the entropy density s, and (Diósi et al., 1984) 

p = np n + sps - p (5.6) 

Now, if there is only one chemical component, it is quite reasonable to re
quire particle conservation: 

n,u r + nu r. r = О (5.7) 

Evaluating the system (5.5-7) one gets 

(s/n),rur = 0 (5.8) 

that is, the specific entropy is constant along streamlines. 
For more than one components chemical transitions are possible. However, 

the expansion is still adiabatic if complete chemical equilibrium holds 
(Biro et al., 1983). 

Eqs. (5.3-4) describe ^he usual homogeneous model. Now we are looking 
for an inhomogeneous one, by requiring maximal spatial conformal symmetry 
(of course,' to^other with the technical restriction (3.2) for the S0(3) sub
group). Nevertheless, imposing the three extra conforma* Killing vectory given 
by eq. (5.1) on the sperical line element (3.5), the result (4.5) is obtained 
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again. So the line element possesses the same form as for maximal conformal 
symmetry in the space-time. 

However, the physical situation is different. Timelike conformal 
Killing vectors are not assumed, therefore the first of eqs. (2.8) has a non-
trivial solution; imposing the maximal spatial conformal symmetry on the ma
terial fields, the result is 

p * p(y,x) 
p * p(y,x) (5.9) 
u 1 « e~v(l,0,0,0) 

Now we are going to determine the function \>(y,x) by solving the Einstein 
equation. The nontrivial components yield: 

-3k + 2v" + v'2 - 30 2 + 4f-1f'v' = -8iTYpe2v (5.10a) 

к + 2v + v 2 - 3v'2 - 4f-1f'v' = -8iTYpe2V (5.10b) 

v' - vv' = О (5.10с) 

v" - v'2 - f_:Lf'v' = О (5.10d) 

The last two equations can be integrated as 
X 

v = -ln{A(y) + W /f(z)dz};W and X are constants (5.11) 
x 

the remaining two equations yield the energy density and pressure. If there 
is a conserved particle component eq. (5.7) is valid for its density; it can 
be integrated as 

n(y,x) = n 0(x)e" 3 v ( y' x ) (5.12) 
Again, eq. (5.8) is a consequence of eqs. (5.6),(5.10) and (5.11). An in-
tegrability condition of the system (5.10) is 

p' = -(p + p)V (5.13) 

Now, there is an alternative: the metric (4.5), (5.11) may describe 
either a boundaryless Universe or an island Metagalaxy. In the first case the 
function A(y) is determined by the chosen equation of state. Consider, e.g., 
a one component fluid. Then p = p(n,a), the form ?f this function is given, 
and via eq. (5.6) p(n,s) is given too. Thus, eqs. (5.10a-b) determine n and 
s. But the y-dependence of n is expressed by A(y) (cf. eq. (5.12)), therefore 
these equations determine A(y). 

Nevertheless, there are no inhomogeneous dust solutions. For p = О eq. 
(5.13) gives that either p or v' vanishes. The first case is not dust but 
vacuum, the second one leads to homogeneity. Since in the present stage of 
the evolution of the Universe p = 0 seems to be a decent approximation, one 
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can conclude that we have not obtained the generalizations for which we 
were looking. 

If we want to obtain island Metagalaxy models, the equation of state 
cannot be arbitrary. Namely, the solutions have to be matched to vacuum ones 
at some hypersurface 

•(y,x) • О (5.14) 

There, according to the matching conditions (Lichnerowicz, 1955), the press
ure must vanish and the streamlines must remain in the hypersurface, i.e. 

< и г Ф , г ) ф = 0 - О (5.16) 

The second condition means that the hypersurface is located at a constant 
x value; eq. (5.11) contains a free constant for this purpose, therefore one 
can write 

Ф(у,х) = x - X (5.16) 

Then the first of eqs. (5.15) is a condition for A(y): by combining eqs. 
(5.10b), (5.11), (5.15) and (5.16) an inverse formula can be obtained for 
A(y) ,' with a new constant of integration s, 

у = |[sA3 - kA 2 + 2Wf'(X)A + W 2f 2(X)]~ 1 / 2dA (5.17) 

The exterior metric is SchwarzschiId, because of the spherical symmetry. The 
metric has to be continuous at the surface, thus 

m = \ {fev[l + v 2f 2 - (f + fv') 21> x = x (5.18) 

and the Schwarzschild coordinates of the surface are 

r s - ( f e V , x = X (5.19) 
t = t + s о — [ ( f + f v ' ) ( e v - г т Г 1 ) ] x = x d y 

(5 .20) 

Then, subs t i tu t ing back into eqs . (5 . l0a-b) one g e t s 
3 

8тгур = 3sA 
X 

8iTYP = 3sWA2|f(z)dz 
x 

while, evaluating m by means of eqs. (5.11) and (5.17)! 

m = sf3(X) (5.21) 

Thus s is connected with the matter content. 
These solutions correspond to some expanding spheres of special initial 

conditions. If И » 0, they reduce to the homogeneous dust Friedmann solutions. 
Compared to them, there appear two new parameters, X and W, the first gives 
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the else of the sphere, while t:.e second measures the inhomogeneity. The press
ure and energy density are fully determined by the symmetry (except for, of 
course, the two constants). Therefore the equation of state cannot be arbit
rarily chosen. Unfortunately, the behaviour of the matter is not quite satis
factory in these model Metagalaxies. Namely, when A(y) -*• o, both p and p goes 
to 0, but p/p -»• », which is definitely not expected for an expanding and cool
ing gas. 

Thus one can concede here that full (conformal or n^M spatial symmetry 
is not the proper symmetry principle in order to get inhotnmeneous Universe 
models of rational behaviour. 

6. FULL SYMMETRY OR COMFORMAL SYMMFTRY IN THE 3-SPACE OF TRAJttTOR IES 

We have seen that, if one does not want to give up the principle Lhat 
the spatial symmetry is maximal in some sense, and in the same time he does 
want to obtain some inhomogeneous genralizations of the friedmann Universes, 
then the full spatial symmetry of the space-time is too much. Nevertheless, 
this symmetry is not a necessary consequence of the Copernican principle. Name
ly, one may interpret the principle in such a way that not the space-time must 
possess full spatial symmetry, but the space must show maximal symmetry. Now, 
we have postulated the existence of preferred world lines, whose tangent is 
the vector field u ; this vector field define a 3-space in a natural way. If 
one imposes the syî netry principle on this 3-space, then the Copernican prin
ciple is still fulfilled. 

There is a natural 3 + 1 decomposition of space-time tensors according 
to a given timelike unit vectors; for symmetric covariant tensors of two in
dices it is given by eq. (2.5). The projected quantities are 3 dimensional 
entities. Now, let us apply this decomposition to the metric tensor: 

9ik = Ui Uk + hik 
(6.1) 

hik = *ik - ui uk 

Here h.j, is a symmetric tensor of rank 3, in coordinate systems comoving with 
u contains a regular 3x3 block and vanishing fourth line and row, so it may 
be regarded as the metric tensor of a three-space defined by u . (For 3 + 1 
decomposition of the space-time according to a given vector field see e.g. 
Lukács et al., 1983.) In fact, h.^ measures some spatial distances, being 
the (integral) deformation tensor for deformable bodies (Carter and Quintana, 
1972); its change shows the deformation of the medium. So h,k carries import
ant geometric meaning, and if one require some symmetries for it, then it is 
some symmetry condition for the space. 
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Now we may formulate the cosmological principle of maximal symmetry in 
space as follows. 

1) The spatial "metric tensor" h.^ possess the maximal possible number 
of Killing vectors (conformal or not)» 

2) these Killing vectors be purely spatial objects) and 
3) the material fields building up the 3 dimensional projections 

of the energy-momentum tensor i.j. (i.e. building up p, q. and Р*_) 
show the same symmetry. 

It the symmetries are not conformal, the first condition leads to the 6 
Killing vectors again, given in eqs. (3.3), (5.1). For evaluating the second, 
one can decompose the Killing fields as 

*i - 4 + v 1 » Ч г и Г - ° <6-2> 
the displacements generated by K. act purely in space if k. - 0, so Cond. 2 

i i 
requires that u be orthogonal to each vector KÍ. But the six vectors given 
by eqs. (3.3) and (5.1) span the 3 dimensional space, therefore 

U i = < Uo'°' 0' 0> ( б' 3 ) 

Finally, Cond. 3 leads to the previous equations for the Lie-derivatives of 
p and p, but not for that of u . 

Now, assume first that the symmetries are not conformal. Then Cond. 1 
gives 

hir KI'k + VÍ'i + hik'r KI - ° ( 6' 4> 
Since 

K° - K £ , 0 - О (6.5) 
the . components yield 

h10 * h20 " h30 " ° 

»00 " ° ( t ) 

(6.6) 

Eq. (6.1) shows that h.. is orthogonal to u . This, together with eq. (6.6) 
leadв to 

h a p u P - 0| о - 1,2,3 
(6.7) 

oo 
Obviously, u° + 0, since u ru » 1, thus the second of eqs. (6.7) gives 

hoo - ° ( 6 ' 8 ) 
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Then, being the rank of h. k 3, h a- is regular, therefore, from the first of 
eq. (6.7) 

u 1 - <u°,0,0,0) (6.9) 

Therefore the final consequence of the symmetry conditions is 

h l k —e 2 X ( y )diag{0.1,f 2(x), f2(x)sin2*> 

u 1 - (e" v ( y» x ).0,0,0) (6.10) 

p - p(y) 

P • Р(У) 

So the line elemeit is not homogeneous, 
d.2 . .2v(y,x)dy2 . eX(y) ( d x2 + f 2 ( x ) d n 2 , ( 6 n ) 

Nevertheless; the field equations nearly exclude the inhcnogeneous 
metrics. Namely, the . component of the Einstein equation reads as 

Xv' - О (6.12) 

Now, v' * 0 means homogeneity, therefore we must choose the alternative, then 
X is constant, and the remaining equations aret 

-8iryp - 3kK2 

-8np • K2(-k + 2f_1f'v') (6.13) 

£(V" + V' 2) - f 'V' - О 

К » e" - const'. У О 

Here p * p(y); then a combination of the second and third of eqs. (6.13) 
yields that either v' - 0, or 

f'v' • kf - 0 (6.14) 

Substituting this back into eqs. (6.13), there remains 

-B-nyp « 3kK 2 

(6.15) 
p + p • 0 

So we have again arrived at the case p + p • Of as it was seen in Sect. 4, 
such model Universes are possible, but irrelevant for our actual world, Thus 
full symmetry in the 3-space is not the proper cosmological principle for our 
goal. 
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The other possibility is to require the same with conformal symmetries. 
Then, assuming again that the S0(3) symmetry is not conformal, and,mutatis 
mutandis, repeating the steps of the beginning of this Section, we arrive at 

d s 2 , .2v(y,x)dy2 - e 2 X (y' x ,tdx 2 • f2(x)d£22] 

P = P(y,x) (6.16) 

P • Р(У»х) 

u = (e_v,0,0,0) 

This is the line element discussed in the Sect. 14.2.1 of Kramer et al.'s 
book (1980), with Y = fe ; this class does contain inhomogeneous solutions 
of the Einstein equations. These line elements do not really belong to three 
different subclasses, as one may expect, according to the sign parameter k; 
a transformation 

R = R(x) 

§£ = + J f (R) (6.17) 
0 = 0 

ф = ф 

preserves the form (6.16) , and connects the cases к = 0 and к f O. Therefore 
here it is sufficient to restrict ourserves to the case к • О. 

Such line elements have been extensively discussed, see e.g. Kustaanheimo 
and Ovist (1948), Faulkes (1969), Banerjee and Banerji (1976), or, s review, 
Kramer et al. (1980). The general solution is still unknown, but the system 
of equations has been somewhat reduced. Here we follow Faulke? (1969), who 
found two first integrals: 

ev(y,x) ш j[ ( V f X ) ex<y> 
(6.18) 

X" " X' 2 " x X' = 7 * ( x ) e " X 

where f(y) and ф(х) are arbitrary functions; the two remaining components of 
the Einstein eruation determine the pressure and energy density as 

8irYP - 3X 2e" 2 v - e~2X(2X" + X'2 + 4^ \') 

8iTYp » e"2X[|(v' + X') + X'(2v' + X')] - (6.19) 

- e ^V(2X + 3\* - 2Xv) 
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The second of egs. (6.18) can be rewritten into a more convenient form by 
using new quantities: 

L = e 
2 (6.20) 

z = x 
Then one gets 

Lzz = r ( 2 ) 1 , 2 (6.21) 

where Их) - -\|>(/i")/8z. By integrating this equations, two arbitrary functions 
of у occur in the solution; T(z) is the third arbitrary function of one vari
able in the general solution (f(y) can be made О by proper choice of y). Thus 
the cosmological principle accepted in this Section does indeed permit essen
tial inhomogénéities. 

In order to solve the system of eqs. (6.18-19) the first step is to solve 
the radial equation for A (or eq. (6.21)); having done this, v can be algebra
ically expressed, and then eqs. (6.1?) simply yield p and p. Unfortunately, 
this way is not sufficiently constructive, since p and p have to fulfil some 
positivicy conditions (Hawking and Bills, 1973), and, starting with X, there 
is no a priori guarancy for this positivity. Nevertheless, this is a direct 
method for obtaining new solutions; the most general function Hz) for which 
the solution has been found is (Kustaanheimo and Qvist, 1948): 

r(z) - (az2 + bz + c ) " 5 / 2 (6.22) 

For vanishing Г the energy density is homogeneous; this subclass contains all 
the solutions with full spatial conformal symmetry and exact spherical sym
metry (discussed in the previous Section). 

Now let us consider the special case p' = O. Eq. (5.13) again holds, 
therefore either p + p = 0, which is far from being valid for the present 
Universe, or v' e 0. But then A' = 0 , whence 

X = X^x) + X2(y) (6.23) 

Now, X = О would lead to p * О via the contracted Bianchi identity, and, 
together with v' * 0, eqs. (6.19) would give p = 0 too, which would mean 
static matter. This is again not a reasonable Universe. Requiring X f 0, 
the left hand side of the second of eq. (6.18) is independent of y, while 
the right hand side contains it, unless ф(х) - о. Therefore we again have 
arrived at Г • 0. By combining eqs. (6.21), (6.23) and T - 0 one obtains 

-X ~Х2<У) 2 L » e = e * (P+ Cx*); P = 1 or 0 (6.24) 

where С is an arbitrary constant. By a proper recoordination of x one gets 
hence the usual Robertson-Walker geometry (cf. the Appendix). Thus, for p=o 
we again arrive at the Friedmann solutions, without inhomogénéities. 
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7. SOLUTIONS WITH ONE THERMODYNAMIC VARIABLE 

The matter content of the present Universe is approximated generally by 
a tiuld whose state is determined essentially by two thermodynamic variables: 
a thermal one, and a particle density n for the massive component (mainly 
protons). Thus the proper form of the equation of state is 

p • p(s,n) (7.1) 

where s is the entropy density; then p can be obtained through the thermo
dynamic relation (5.6), which, in the variables n «• n and s/n can be re
written as 

p - np- - p (7.2) 

Then the usual physical assumption that p is negligible is equivalent with 
an (approximate) equation of state 

p - nx(s/n) (7.3) 

On the other hand, p > О it a special case in the more general class 

Р - P(P) (7.4) 

But, if this relation is identically holds, (i.e. for any values of the 
thermodynamic variables), then it leads to an equation of state in an Im
plicite form 

j . dp 
X(s/n)n - e P + P ( p ) (7.5) 

Nevertheless, eq. (7.4) is a functional dependence between two thermo
dynamic quantities, and holds in a natural way if there is only one indepen
dent thermodynamic variable, as e.g. for black-body radiation, or for a gas 
of charge-symmetric particle-antiparticle pairs. Let us choose this indepen
dent variable to be s, then p - p(s), while (Diösi et al., 1984) 

P - s §5 - p - p(s) (7.6) 
therefore Relation (7.4) automatically holds. 

It is a general opinion that long stages of the evolution of the early 
Universe were radiation-dominated, when 

P - \ P (7.7) 

(Kibble, 1982; Barrow, 1982). Therefore one can decently simulate the dynamics 
of the Universe by using only one thermodynamic variable, s, in such a way 
that 
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P(s) 

(3/4) 4 / 3(30/Ntf 2) 1 / 3s 4 / 3 if s - « 
P(s) = \ (7.8) 

Cs if s + 0 

where N is the number of 'he helicity states (Kibble, 1982), and С is a proper 
constant; in the transition region some smooth function is needed. This matter 
is radiation-dominated at high entropy densities, and preseureless at low ones. 
Mow, can we obtain some reasonable inhomogenecus solutions for this simplified 
model 'Universe by using the weakest cosmological principle discussed here, 
i.e. (exact spherical symmetry, and) full conformal symmetry in the 3-space? 

The answer can be obtained by solving eqs. (6.18-19) with a constraint 
given by eq. (7.9) between p and p. But, if there is a constraint of type 
(7.4) of any form, then the general solution is known. Neglecting the trivial 
static and homogeneous special cases, Wyman's (1946) solution is obtained': 

e 2 f = 4B2y 

e" X - u(w) (7.9) 
^ 2 w = у + x 

where В is an arbitrary constant, and u(w) is implicitely given by 
du 

" Í / Z (7.10) 

(7.11) 

/ | u 3 - B 2 

Subst i tut ing back i n t o eq . (6.19) one obta ins 

87TYP = 12(B 2w + u / | u 3 - B 2 ) 

8ITYP - 12[-B 2 w + * (B 2u - * u 4 ) ] 
П.—3 Г7 9 

/ г О - В 
that is, the equation of state is again fully determined, up to constants, as 
for the localized solution in Sect. 5. The line clement has the forr 

ds 2 = Л(4В 2у(| u 3 - B2)dv2 - (dx2 + x2dft2)} (7.12) 
u 

Now, take an arbitrary, convenient fixed value for x. The radiation-dominated 
limit is expected when e" = u -* ». But then the transformation into the physi
cal time variable t is 

dt - ГЩ- В dy (7.13) 
which transformation is singular when B*0. Since the inhomogeneities are 
caused by B, there is no natural homogeneous limit for this solution. 
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The pressureless stage is expected at e = u + O, according to elemen
tary experiences. But the solution does not contain this limit, because then 
the integral in eq. (7.10) does not exist. Therefore again the obtained in-
homogeneous solution seems to be isolated. 

8. APPROXIMATE SOLUTION NEAR THE ROBERTSON-WALKER UNIVERSES 

The general solution of eq. (6.21) is unknown; our efforts for obtaining 
reasonable inhomogeneous Universes by using special exact solutions were 
fruitless. Therefore here we are going to manufacture an approximate solution 
which remains in the neighbourhood of the Robertson-Walker solution. Let us 
return to eq. (6.21). We saw that homogeneous Universes are yielded by its 
solutions of form 

- A r t L Q - e ° - a(y)(l + Cz) (8.1) 

Assume that the solution remains near to such an L : 
о 

L = L Q + Л; |Л| « L Q (8.2) 

Then, stopping at terms linear in Л in eq. (6.21), one gets 

A„ = l£r(z) (8.3) 
i.e. r(z) has to be small, which is a natural enough result. But the system 
eqs. (8.1-8.3) can be integrated as 

z z' 
Л = a2 f Í r(z"){l + Cz")2dz"dz' + o(ß + íz) (8.4) 

о о 
where а, В and 6 depend on у. But then, when L + », i.e. in the early phase 
of evolution, Л/L -» со. Therefore we have not obtained anything which always 
remains near to our standard homogeneous Universe model. On the other hand, 
for e •* <*> the Friedmann solution is self-consistent. 

9. CONCLUSIONS 

During the last several years various papers suggested that the standard 
homogeneous model is not necessarily appropriate for describing the present 
state of the observed part of the Universe (see e.g. Rees, 198C; Fabbri and 
Melchiorri, 1981; Mészáros, 1983). This suggestion emerged after detecting 
the dipole anisotropy of Hubble's flow (Rubin et al., 1976), and the dipole 
and quadrupole anisotropy of the background radiation (Smoot, Gorenstein and 
Müller, 1977; Ceccarelli et al., 1982; Fabbri et al., 1980). It is possible 
to explain these observations in the standard model too (Silk, 1981), but 
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several problems remain (cf. e.g. Rees, 1980; Silk, 1981). On the other hand, 
an island Metagalaxy model (e.g. Mészáros, 1983) can explain some observed in-
homogeneities and/or anisotropies in a natural way, but generally at the ex
pense of abandoning the cosmologic principle. 

Here we did not want to decide if the homogeneity is valid for the Uni
verse on large scales or not. Rather, our goal was to see if the cosmologic 
principle (in some form) might be saved if the existence of inhomogénéities 
were proven. Now, our results are not decisive because of the strong technical 
simplifications which were more or less necessary. Nevertheless, it seems that 
the strongest form of the principle consistent with reasonable inhomogeneous 
model Universes reminding us of the real one is full conformal symmetry in 
the 3-space. Even then there is a serious tendency that the standard homoge
neous model be isolated from the inhomogeneous ones fulfilling the cosmologic 
principle; e.g. one cannot get a reasonable inhomogeneous Universe if there 
is only one independent thermodynamic variable. 

The general analytic solution fulfilling the chosen cosm^logic principles 
is not known. Nevertheless, approximate calculations indicate that there does 
not exist such solution which is always near to the homogeneous standard model 
(i.e. in which the inhomogénéities are always relative small), which shows 
again the isolation of the standard model. On the other hand, the cosmologic 
principle is compatible with inhomogeneities which relatively decrease in the 
asymptotic stage of expansion. Then such a model is comparable to observa
tions} unfortunately, going back to the past the relative inhomogeneities 
seem to increase without any limit. While there neither the approximations, 
nor the neglection of transport terms are valid, the indicated initial states 
are not appealing. Since the solutions contain three arbitrary functions of 
one variable, the measure of inhomogeneity cannot be characterized by means 
of a finite set of inhomogeneity parameters, in spite of the cosmologic prin
ciple. 

Thus one can conclude that the strongest form of the cosmologic principle 
which is compatible with reasonable inhomogeneities in the Universe is full 
conformal symmetry in 3-space; even then the homogeneous models are isolated 
from these inhomogeneous ones when the whole evolution is considered. This 
may indicate one of the alternative: either the proper symmetry in the cos
mologic principle is weaker than conformal Killing motion, or inhomogeneities 
are unnatural from the viewpoint of the cosmologic principle. In the second 
case it would be rather difficult to understand the occurrence of large-scale 
inhomogeneities if incontestable evidences were in fact found for them. 

ACKNOWLEDGEMENT 

The authors would like to thank Dr. G. Pail for illuminating discussions. 



- 21 -

APPENDIX A: THE SOLUTIONS OF THE SYMMETRY EQUATIONS 

In this paper we imposed some symmetry principles for such quantitites 
as the metric tensor, velocity, energy density or pressure. The form of these 
relations is 

I » e = П ди а (A.l) 
KA 

where u is a quantity of any tensorial behaviour, labels the symmetry 
vectors, is a general symbol for the tensorial indices, and the ft.-s are 

l scalars; they can be nonzero if the symmetry is conformal. The KjT Killing 
vectors (conformal or not) are determined by the commutation relations of the 
symmetry group, therefore here they are known vectors. Then eq. (A.l) means 
differential equations for ш . Its specific form for a symmetric tensor, a 
vector and a scalar is 

9irKA'k + *kA'i + *ik'rKA - 0 A 9 l k < A ' 2 ) 

KA u\r - Л1»г = V 1 <A'3> 
KA s,r = S A S <A'4> 

These partial differential equations can be directly evaluated for 9ÍV, u 
and s. 

Now, assume that we know the solutions of these equations with vanishing 
right hand sides; in some cases there is a simple way to generate the quan
tities for conformal symmetries. Namely, for certain symmetry groups the 
solutions of the Killing equation (eq. (A.2) with Q = 0) can be obtained by 
a conformal rescaling from the solutions of the conformal Killing equation 
(Lukács and Sebestyén, 1976). Therefore then the solution of the conformal 
equation contains only an extra multiplying factor as i- eq. (2.3); the sym
metry groups assumed in this paper are such that this is true. 

Now assume that g.. can be rescaled in the mentioned way and consider 
eq. (A.3) for a not lightlike vector. The equation can be written into covari-
ant form as 

KA V;r - «Vir = ü A u i < A' 3'> 
Multiplying by \iif and using eq. (A.2) one gets 

V ^ ^ V 'r " ( 2 ÜA + QA} ̂ " V (A'5) 

But, on the other hand, 

g i k - 9 ( о ) 1 к е Ф 

_ (А.б) 
QA - « * > r 
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since the solution of eq. (A.2) can be obtained by rescaling. Then eq. (A.5) 
yields 

0» - *Л. 
1 , . ' r..s ( A' 7> 

'А ЛА *'r 
* - 7 l n (9(o)rs u' u"' 

Now, substituting back this into eq. (A.3) it is seen that the solution is 

u 1 • «(o)1«* (A.8) 

where 9 I 0 ) 1 K and u. . stand for solutions without right hand sides. 
Eq. (A.4) is not effective} for each A there is a partial differential 

equation for a scalar, with a new arbitrary scalar on the right hand side. 
Therefore в remains arbitrary. 

APPENDIX B: ROBERTSON-WALKER LINE ELEHENTS IN UNUSUAL FORM 

Here we show that a metric of form 

ds 2 - X 2 e 2 £ W d y 2 - e 2 X(dx 2 • x W ) (B.l) 

is a Robertson-Walker line element if 

X - -ln{l - Cx 2) + ?.,(y) (B.2) 

where С is a constant. In order to show it, we must find a proper coordinate 
transformation leading to the form (4.1). 

Since for such a X X is a function of у only, the dt term can always be 
archieved, so we may restrict our attention purely to the spatial part. Thus 
one needs a transformation x • x(x), so that 

(1 - Cx 2)" 2(dx 2 + * 2dn 2) - D(dx2 + f2(x)d£l2) (B.3) 

where f(x) is defined in eq. (4.1), and D is a constant. Now, obviously |C| 
can be scaled out, and then for С » +1 or 0 the proper transformation is 

arc tg x for С « +1 

x - \ X С = О (В.4) 

i in|2li| с - -l 
1 x+l 

In the resulted metric к - С. For the other possible case when 
X - X2(y) - 21nx (B.5) 

the transformation . 
x • -

X 
leads to the к - 0 Robertson-Walker metric. 

(B .6) 
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