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ABSTRACT. Resonant surfaces are of fundamental importance 

in toroidal plasmas, particularly in relation to stability 

theory. Despite this, no simple physical explanation has 

ever been given as to why these surfaces are "resonant". 

A simple explanation is given in this paper in terms of 

tne propagation of localized torsional Alfven and ion 

acoustic wave packets. These packets are guided along 

helical field lines in toroidal plasmas, leading to the 

formation of unstable standing waves on those field lines 

which close on themselves after one or more toroidal 

revolutions. The implications of this model are widespread 

and are discussed below. 

INTRODUCTION 

Considerable progress has been made both analytically and with 

computer codes in understanding the stability properties of toroidal 

plasmas. It is clear that stability is intimately linked with the 

existence of rational surfaces on which field lines close on 

themselves after one or more toroidal revolutions. These surfaces 

were first recognised as being of fundamental significance when 

they were found to produce singularities in the normal mode 

calculations for current carrying plasmas. In a normal mode 

analysis, it is usual to assume perturbations of the form 
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where m = 0, ±1, ±2, is the poloidal mode number and k is the 

axial or toroidal wave number. In toroidal geometry, it is natural 

to assume eigenmode solutions due to the formation of standing 

waves in the toroidal direction with nX = 2TTR or k = n/R 
z 

where R is the major radius coordinate. For example, in a cold, 

uniform density plasma with a constant curre:-:' density J, axial 

field B and poloidal field B, << B , we can solve Maxwell's z v 0 z' 
equations and the fluid equations, including the ion cyclotron 

term, but neglecting resistivity, to give 
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b|, is the component of the wave field parallel to B and 
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Equation (3) is the dispersion relation for Alfven waves in a 

current carrying planum, k. ' in normal ly del twin I nod by boundary 



condition;!, lit which cutic we can lnli-ipiot the dliipcrulou relutiou 
2 in two apparently different ways. Solutions with u> > 0 correspond 

2 to propagating waves and solutions with u> < 0 correspond to 

unstable or growing modes. It is interesting to follow the history 

of this subject to see how the same dispersion relations and 

boundary problems have evolved by two apparently different routes 

by those groups interested in waves and those interested in 

stability. Of particular significance to both groups is the resonant 
2 2 

surface defined by A = k.. where k. = °° . This surface is known 

as the perpendicular ion cyclotron resonance in wave theory or a 

singular or resonant surface in stability theory. In the MHD 

limit, ft •+ 0, it is given by 
J = (k„ v , ) 2 = — f 5 B + k B II A' u p Ir 9 z zl 2 o *• ' p pR o 

2 2 B , 2 
• + a <» 

where q = rB /(RB ) is the safety factor. It has been proposed by z g 
several authors [1-3] that this surface can be used to heat a plasma 

by means of an external antenna. This is the Alfven wave heating 
2 

scheme. It has the merit that the resonant surface, with w > 0, can 

be located at any chosen minor radius r, by an appropriate choice of 

parameters. The resonant surface can even be one where q = m/n is 

rational, in which case the surface is stable according to Eq. (6). 

However, for reasons outlined below, such a surface may be unstable 

if q is small. 

The borderline between wave and stability theory appears to 

atop at the resonant surface defined by q • - m/n where m/n is 

negative. Such a surface is neutrally stable according to Eq. (6), 

since u = 0. It is appropriate to warn readers at this point that 

the sign of m varies from one publication to the next according to 

the assumed si;;ns of the perturbation as expressed in Eq. (1). In 



this paper, m > 0 relent to clockwise rotation of perturbations 

as seen by an observer vicwinj; along the r. axis towards z •= + °», 

and n • 0 refers to wave propagation towards z - + «. B and B 

are assumed positive and positive ions rotate in an anticlockwise 

direction due to their gyromotion. The use of m or n without sign 

is used in this paper either for positive quantities or to 

represent standing waves, as will be clear from the text. An m = 1 

standing wave does not rotate in time if it contains equal 

contributions from m = +1 and m = -1 waves with the same n. 

The u = 0 resonant surface is one where k,. = 0 and therefore, 
2 2 2 from Eq. (3), k. = D - k,, . If it is a resonant surface then 

2 k. *» °° so D = »> (infinite plasma current). The assumption that 

B << B, is violated, so this conclusion is invalid, although it 
'J " 

points to a possible instability. However, if we remove the 

restriction that OJ = 0 is a resonant surface, then wave and 
2 2 2 stability theory meet at the point where k. = 0 k.. is finite. 

In wave theory, very low io, low k, solutions correspond to n / 0 

surface waves in plasmas with a free boundary, i.e. with a vacuum 

region between the plasma surface and nearby metal walls. In a 

surface wave, current paths form closed loops widi the current flowing 

axially along part of the surface, then through the plasma and back 

through another part of the surface (the diametrically opposite part 

at a current maximum if m = 1). Such modes correspond to 

compressional wave propagation in the plasma, have only recently 

been discovered in cylindrical plasmas [.4-5 1 and are still being 

actively investigated. However, there is a close analogy between 

these modes and the corresponding low ki unstable modes already 

thoroughly investigated [6J. 

IntcrprcLatlonn of the resonant, mirfaccii linve been clouded by 

/several ii.Ifii'otu'cpL lomt regard Inc I lie behaviour of Alfven nml ncountlc 



waves. An example is the recent announcement of the 'hitherto 

unknown global eigenmodes of the Alt'vett wave" [ 7j. These global 

eigenmodes are simply finite k. solutions of Eq. (3) in the MHD 

limit where the term i!A is neglected. Global eigenmodes of the 

torsional Alfven wave also exist if J = 0 but SI is finite or if 

resistivity is included in the dispersion relation. They were 

first observed experimentally in 1959 [8] in a very resistive 

plasma. 

PROPERTIES OF MHD WAVE MODES 

If waves are driven by an antenna with fixed, real u, and 

boundary conditions are imposed on k. , then Eq. (3) indicates 

that there are four solutions for k.. , representing two torsional 

modes and two compressional modes. Each mode type is split by the 

plasma current so that the phase velocities iw/k., (parallel and 

anti-parallel to B) are slightly different as shown in Fig. 1. 

If we include finite plasma pressure in the fluid equations, then 

a third MHD mode appears, the slow or ion acoustic wave. All 

three modes have zero wave electric field parallel to B if we 

neglect resistivity and finite electron inertia. Finite temperature 
2 effects remove the k, = <» singularity and allow for the propagation 

of high k| kinetic Alfven waves. 

In the MHD limit {SI •* 0) and when plasma current is neglected, 

it is well known [9] that the comprcssional wave is almost isotropic, 
2 2 *5 travelling at the Alfven speed v parallel to B or at (v. + a ) 

perpendicular to B, where u is the acoustic speed. The Poynting 

vector for this mode is parallel to the propagation vector k, 

regardless of tiie direction of k with respect to B. 

The torsional and ion acoustic wave types are highly anisotropic. 

The Poyntin;; vector tor the torsional wave is parallel to B and 



for the ion acoustic wave is almost exactly parallel to B in low & 

plasmas, regardless of the direction of k. Consequently a torsional 

wave packet or an acoustic wave packet can be guided by a magnetic 

field. 

These properties have been known theoretically for many years 

but have been largely ignored. Guided wave packets, for both the 

torsional and acoustic wave types, were first observed experimentally 

in 1983, by the author, in a cold (1.5 eV) cylindrical plasma [10]. 

In this experiment, small antennae were used to launch high k, wave 

packets, with radia^ dimensions ~ 1 cm, in a plasma of diameter 

15 cm. The acoustic wave packet was observed, via its magnetic field 

components, to propagate as a highly localized disturbance for 

distances up to 200 cm from the antenna, with negligible radial 

dispersion. The torsional wave packet was observed to propagate 

as a localized disturbance for distances up to about 20 cm from the 

antenna, but the packet diffused radiaily across field lines as it 

progressed in the axial direction, as a result of resistive diffusion. 

The high k. components of the torsional wave packet were more 

heavily damped than the low k. components. Consequently, the 

packet evolved from a highly localized disturbance near the 

antenna to a low order (low k.) eigenmode at distances beyond 

about 50 cm from the antenna. 

In high temperature toroidal plasmas (T > 10 eV), torsional 

wave packets should propagate many times toroidally before they 

disperse radially as a result of resistive diffusion. The situation 

regarding acoustic packets is less clear theoretically since it is 

difficult to calculate the effects of ion Landau damping under 

conditions where the particle collision times arc comparable with 

n wave period or where 'lie mean free pnllui nrc comparable with n 
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wavelength. However, in the same spirit as kinetic pressure has 

significance under these conditions, we can adopt a fluid 

description and note that Landau damping will be small since the 

component of E parallel to B is zero. 

In ideal MHD theory, torsional wave eigenmodes should not exist 

since wave energy cannot propagate across field lines. Eigenmode 

formation requires reflection of waves off boundaries. Consequently, 

any conclusions concerning torsional waves drawn from a normal mode 

analysis of a cold cylindrical plasma should be regarded with 

suspicion. However, it is easy to show that the Poynting vector 

for the torsional and acoustic waves develops components perpendicular 

to E if we include the effects of finite frequency or resistivity or, 

as discovered recently [_7], a plasma current. Mathematically, this 

is equivalent to allowing for finite ki solutions of Eq. (3). If 

all these effects remain small, as they do for low frequency 

disturbances in tokamak devices, then the perpendicular components 

of the Poynting vector remain small compared to the component 

parallel to B, for both the torsional and acoustic wave types. 

It is reasonable to expect, therefore, that low frequency torsional 

and acoustic wave packets will travel along helical field lines in 

toroidal devices, making many transits toroidally before radial 

dispersion carries; energy to the boundaries. The concentration of 

energy on a particular field line will be weakened as the packet 

travels along the line, both by the effects of radial dispersion 

and dissipation. 

It is possible, but not necessarily useful, to regard the 

propagation of localized wave packets as an eigenmode problem. 

A packet which is concentrated over small transverse dimensions 

can be represented by an infinite series of eigenmodes dominated by 

i 
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high k. and high m components. The high k. and high m components 

will be more heavily attenuated, so the packet will evolve 

eventually into a low k., low m eigenmode. It is only at this 

time, after the packet has made many toroidal revolutions, that a 

normal mode analysis can be used to determine the wave and stability 

properties of low k., low m = 1,2,3 ... modes of the torsional and 

acoustic wave types. 

EFFECTS OF DKNSITY GRADIENTS 

Until now, we have ignored the effects of density gradients on 

the propagation of wave packets. If we consider a plane parallel 

wave incident on the boundary between two uniform regions of plasma, 

one of density p. and one of density p., then we can calculate the 

reflection and transmission coefficients by a simple application of 

the boundary conditions. Suppose that tiie density jump is transverse 

to the direction of a steady field B which is uniform and equal on 

both sides of the boundary. If 0, is the angle between the incident 

k. and B, and 6~ is the angle between the refracted k~ and B then 

Snell's law yields 

Vl V 2 
cos 0, cos 0,, 

where v, • w/k, and v 2 = u/k-. In the MHD limit, v = v. for the 

compressional wave, v • v. cos 0 for the torsional wave and 

v = a coa 6 for the acoustic wave. We find the surprising result 

that Pi = Po f ° r t n e torsional, and acoustic wave types. In oth2r 

words, there is no refracted wave since the Poynting vector allows 

energy to travel only parallel to B for these wave types. 

In the more general case where the effects of finite il or finite J 

are considered, there Is a refracted beam solution only for very small 



density jumps, typically P 7/Pj < 1-1, even for frequencies Si ~ 0.9. 

Consequently, torsional and acoustic wave packets are strongly 

refracted by small density gradients, but the refracted energy 

is small when we consider low frequency wave packets in high 

temperature plasmas with small currents (B << B_)» e.g. tokamaks. 

Furthermore, if a wave with finite k, travels towards a high (or 

low) density region of plasma it is refracted so strongly that k. 

tends to infinity (or zero) very rapidly. In a real plasma, the 

density will change continuously but if we model the change as 

a discrete density jump so that the refracted wave has 

k^ = 0 O J , / ^ ~ 0.95) or k L = ••> (p.-./pj ~ 1.05) then the 

reflection coefficient at the boundary is unity for torsional or 

acoustic waves. This indicates that such waves will be strongly 

guided in toroidal plasmas, not only by the 15 field but by density 

gradients as well. 

SUUFACE WAVE MODES 

Theoretical descriptions of surface wave modes have been well 

developed [11] for slab geometry plasmas, but are less well developed 

for cylindrical plasmas. It is easy to show, however, that if we 

consider a uniform density cylindrical plasma column, without a 

plasma current, and surrounded by a vacuum extending to infinity, 

then ra •• 1 surface wa -ts will propagate at all frequencies down to 

zero and m < - 1 surface waves will propagate over the frequency 

range 0 < 12 < 0.5. In the limit as ft > 0, the phase velocity of 

these surface waves is to/k,, = /2 v.. These waves are due to 

compressional Al.fven waves propagating in the plasma with k, = k,,. 

Reflections at the plasma-vacuum interface produce strong axial 

surface currents and strong, evanescent wave fields extending well 

into the vacuum. For typical tokamak eruditions, the perpendicular 



and parallel wavelengths are much larger than the plasma minor 

radius, b, and k.b ~ SI. Consequently the wave fields and 

perturbed plasma parameters are essentially constant across the 

plasma cross section if m = t 1, unlike slab geometry fields 

which decay exponentially on both sides of the boundary. The 

higher m mode fields do decrease away from the surface on both 

sides. The behaviour of the m = - 1 mode is peculiar, since it 

is left hand polarized over the entire plasma cross section. As 

2 increases towards about 0.5, the effect of space charge induced 

fields causes the fields to be excluded from the plasma. At 

.1 ~ 0.3, k. = 0. At higher SI, the fields in the plasma decrease 
2 exponentially away from the boundary until at SI ~ 0.5, k. = - °° 

and the fields are entirely excluded from the plasma. In the range 
2 0.3 < SI < 0.5, k. < 0 and the m = - 1 surface wave is neither 

2 torsional or compressional in the conventional sense, i.e. k. > 0. 

The transition at SI ~ 0.5 is for the m = - 1 surface wave to change 
2 2 

from k. << 0 to k. > • 0 at SI > 0.5, in which case the wave becomes 

a high radial order torsional or ion cyclotron wave. These features 

are described further in [12.]. 

The properties of surface waves in a nonuniform, current 

carrying cylindrical plasma have not yet been analysed theoretically 

but are clearly significant in determining the stability of the 

column, as described below. An intuitive, hand waving description 

of how such waves might exist is given in this section. If we 

assume that a compressional surface wave eigenmode exists in a 
2 toroidal plasma, then k,. = n/R and we can plot k, vs minor 

radius in the plasma for an assumed density and current profile. 

Two such profiles arc shown schematically in Fig. 2 for parabolic 

profiles, one for n = 1 and one for n = 2 but both at the same 

frequency Si -0.1. A:; described below, chls frec|iicncy and choice 



of n is typical of the standing torsional waves which exist on the 
2 q » 1 and q «* 2 resonant surfaces. Similar plots of k. vs minor 

radius are now common [13] in the literature for the case 

where plasma current = 0 but have always been puzzling because it 

is not clear whether the torsional branch is supported by 

compressional eigenmodes or vice versa or neither. For all 
2 existing tokamak devices, k. for the compressional wave is small 

when Q ~ 0.1. The high k, congressional waves are cutoff in this 

zone, but surface waves can propagate. 

It is the contention of this paper that the torsional branch 

in Fig. 2 indicates the regioa of propagation of torsional wave 

packets, which are guided along helical field lines, and the 

compressional branch indicates the region whicli can support surface 

wave modes iu the higher density side of the rational surfaces. 
2 The rational surfaces are located where k. = ( <". Inside these 

surfaces are k, = 0 eompressional wave cutoff surfaces separated 
2 from the k, = + » surfaces by an evanescent zone. Outside 

2 2 

the surfaces is a thin region, between k. = 0 and k. = + "°, which 

supports torsional wave packets and which lin.its the radial extent 

of such packets. 

For typical tokamak parameters, the D term in Eq. (3) lias only 

a small effect on wave propagation except at low frequency 52 < 0.1 

and exactly at k, - 0 as shown in Fig. 1. The width of the 

evanescent zone and the torsional wave zone therefore depends 

critically on the 1) term, a factor not previously recognised in 

calculations L14J of tunnelling of energy through the evanescent 

zone. A detailed account of this effect is clearly outside the 

scope of this paper, but in the light of the remaining results in 

this paper, it is a point worth investigating further. It is an 

effect which determines the coupling between torsional wave packets 

and the surface waves. 



The fundamental resonance frequency of the rational surfaces 

is given by u^v./R for k, = «, where \l - w/u>. < 0.1 for the 

q = 1 and 2 surfaces for most tokamak parameters since v and R 

tend to scale together. A q = 3 surface near the edge of the 

plasma has a higher fundamental frequency, i~l ~ 0.2. We can 

therefore examine the dispersion relation to determine tne 

approximate location of the surfaces where k, ^ 0 (not exactly 

zero) by ignoring the D term, in which case the density change 

n„/n, between a k, = «> surface and a k,= 0 surface is given by 

n-/n, = 1 + Q. < 1.1 on one side of the k, = <° surface and 

n~/n = 1 - £2 > 0.9 on the other side when q = 1 or 2. The density 

width of the evanescent zone and the wave packet zone is greater 

for a q = 3 surface near the edge of the plasma, but the physical 

width may be smaller due to the steeper density gradient. An 

exception would be during a puff-filling operation in which case 

the width of the region over which torsional waves can propagate 

would increase. The fact that this can lead to a disruption will 

be clearer in the folLowing sections. 

SIGNIFICANCE OF THE SIGN OF m 

Torsional waves are generally regarded as being left hand 

polarized, while compressional waves are generally regarded as being 

right hand polarized. Left hand polarization refers to the sense of 

rotation of positive ions in the plajma. The above statements are 

only true for m = 0 waves. The sense of rotation of the wave 

fields is determined not only by induced space charge fields but 

also by the global sense of rotation as specified by the sign of m. 

If we adopt the notation of Eq. (1), then m > 0 fields rotate in a 

right hand sense globally and m < 0 fields rotate in the left hand 

sense globally. Consequently, torsional, and compre.ssional waves 



cannot be distinguished simply by the polarization of the wave fields. 

Indeed, the polarization of m ̂  0 waves can reverse sign between the 

centre and the edge of a cylindrical plasma column [4j. This effect 

is not widely known and has led to much confusion in the literature, 

particularly in regard to the significance of m = - 1 congressional 

waves. These waves are left hand polarized near the plasma centre 

and are therefore strongly damped at w = 2w_. L15—16J - m = - 1 

congressional surface waves are left hand polarized over the entire 

plasma cross section as described above. 

The effect of space charge on wave polarization becomes more 

pronounced as i,1 increases towards unity. At low wave frequencies, 

m = 0 waves are almost linearly polarized but as ft + 1 these waves 

are almost circularly polarized. The effect of global rotation on 

wave polarization depends on the radial distribution of the b and b„ 
r 0 

components. If b, reverses sign between the centre and edge of the 

plasma, then in •- 0 (-- 0) waves are left (right) hand polarized near 

the axis and the polarization reverses where b reverses sign. In 

other words the polarization of the wave fields is in the same 

sense as the global sense of rotation near the axis but in the 

opposite sense near the edge of the pJ.asma. At high wave frequencies, 

the effect of space charge dominates and the region over which 

torsional or compressional waves have the "wrong" polarization 

shrinks in size to zero as 12 ' 1. 

The significance of the sign of in at a resonant surface can be 

understood as follbws. If we reverse the direction of current in a 

plasma we will reverse the sense of the helical twist in the field 

lines. The field lines themselves do not rotate in time. Consider 

the case where the conventional direction of plasma current is 

parallel to B. An observer viewing along B sees the field lines 



twist clockwise as on a right hand thread. A low m torsional wave 

eigenmode generated spontaneously in the plasma, if it exists at 

all, can be regarded as being composed of wave packets, each 

packet propagating along helical field lines. The plane of 

polarization within each packet will rotate with that packet so 

that a pure E component, say, will remain an E component. The 

reason for this is that torsional waves are characterized by an 

E field component which is perpendicular to B and in the plane 

containing k and B. Consequently, low frequency torsional waves 

travelling parallel to B will be right hand polarized (n > 0, m > 0) 

and waves travelling anti-parallel to B will be left hand polarized 

(n < 0, m < 0). One is reminded of Faraday rotation of an electro

magnetic wave by a magnetic field, but the analogy cannot be pressed 

too far due to the different circumstances. Since these waves 

travel at almost the same phase velocity parallel and anti-parallel 

to B, standing waves can be set up in the plasma in both the z and Q 

directions in a toroidal or even a cylindrical plasma column, with 

fixed kii and fixed m. In a uniform density, uniform B. , small B 

plasma, the whole plasma column will be resonant if n and m are 

integers. A stability analysis indicates that such a mode is 
2 stable, with to > 0. If the direction of plasma current is reversed, 

then torsional waves travelling parallel to B will be left hand 

polarized (n > 0, m < 0), waves travelling anti-parallel to B will 

be right hand polarized (n < 0, m > 0) and again we can generate 

stable eigenmodes. 

The above circumstances are entirely changed if we allow for a 

density variation in the plasma column, since resonance conditions 

can only be met on the rational q surfaces. To understand the 

effects of a density gradient, it is instructive to consider first 

the Alfven wave heating scheme. 



THE ALFVEN WAVE HEATING SCHEME 

2 It is conceivable [23J that if we try to drive a k. = •» 

resonant surface with an external antenna the plasma may be 

driven unstable. This is not so according to a normal mode 

analysis, even if we could phase the antenna to drive n > 0, 

m < 0 modes, since an antenna won't work well when JJ ~ 0. The 

Alfven wave heating scheme has been proposed to drive the stable 
2 k. = °° surface at low frequency, °. ~ 0.1, where there is an integer 

number of torsional mode wavelengths in a circumference toroidally 
2 and where k. = M at a selected minor radius due to local 

variations in density or toroidal field. 

Consider a single loop antenna which surrounds a toroidal 

plasma column in the poloidal direction so that it is located at 

the toroidal position .,) = 0 for example. Consider also a particular 

flux surface in the plasma, approximately circular in cross section 

as shown in Fig. i. The cross section in Fig. 3 is assumed to be 

located near the antenna at i}> ~ 0. When the antenna is driven at 

a frequency u ~~u)_./10, couipressional (fast Alfven) waves will 

propagate into the plasma at angles to B dependent on the k, spectrum 

of the antenna, but predominantly normal to U since the Poynting 

vector near the antenna is directed radially at •$ = 0 and has a 

strong radial component near if - 0. Provided the Alfven transit 

time across the plasma is much shorter than a wave period, as it 

is for most tokamak parameters, the fields under the antenna will 

be essentially the same as the vacuum fields L18], and hence there 

are transverse b field components everywhere in phase under the 

antenna near if = 0. As a result, torsional Alfven waves will be 

launched, as observed experimentally [13J, with an efficiency 

which increases as il •> 1. 



Consider a torsional wave packet which starts at A in Fig. 3. 

It is guided by the local field and density gradient and travels 

at the local Alfven speed to B after one transit toroidally. 

Another packet launched from A travels in the opposite direction 

toroidally, but we will ignore it to simplify the following 

discussion. If the packet which arrives at B is in phase with 

the antenna field, it will interfere constructively to enhance the 

field at B. On its next toroidal transit it will arrive at C, but 

it has travelled a greater distance at a slower speed, (assuming 

that the density is approximately constant on a flux surface, and 

B « 1/R), so it will no longer be exactly in phase with the 
y 

antenna field. Furthermore, the energy density in the packet will 

be smaller at C than at B due to dispersion and dissipation. From 

C to D and D to V. the packet travels progressively faster and gets 

back into phase with the antenna field but its energy density is 

progressively weakened. An arbitrary flux surface, for which the 

packet at B is in phase with the antenna field, will be in resonance 

with the antenna. The surface will be only moderately resonant if 

(a) the rotational transform is moderate, as shown in Fig. 3 and/or 

(b) the surface is irrational so that a field line starting at A 

does not approximately close on itself after more than say 5 or 6 

toroidal revolutions. The surface will be strongly resonant if it 

is rational, i.e. q = N/M where N => number of toroidal transits and 

M =» number of poloidal transits of a field line before it closes 

on Itself. The surface will also be strongly resonant if q is 

approximately rational since a wave packet can have finite transverse 

dimensions. In all cases other than the q = 1 surface, there will 

clearly be some poloidal sections of the surface where constructive 

interference is stronger than at other poloidal sections of the same 

surface. For example, il the rotational tr;in,'tlorm Is very weak , 



say q = '20, then only one small poloidal section of the surface will 

be resonant depending on the dimensions of the packet, its 

attenuation length, the antenna frequency and the local Alfven 

speed at that section. 

The amplitude of the field under the antenna at the most strongly 

resonant, q = 1, surface can be estimated approximately as follows. 

Assume that a wave packet of amplitude A is launched at t = 0 and 

that it arrives back, at the same point one period later with 

amplitude A e , at which time the resultant amplitude is 

y = A(l + e ' ) . The steady state amplitude is therefore 

y = A(l + e" Y + r~ly+ ... ) = * --
(1 - e ) 

which tends to infinity as y • 0, or to A as y > <•>. 

Properties of other rational surfaces can he determined by a 

similar procedure, and are clearly dependent on geometrical factors 

such as the density distribution, aspect ratio and major radius, as 

well as the number of wavelengths in a circumference. A schematic 

diagram of the q = 1 ind 2 forced resonance surfaces is shown in 

Fig. 4. There is a strong resonance in the q = 2 surface, for 

example, near the diametrically opposite points 1 and 3 under the 

antenna, as shown in Fig- î since the path lengths and transit 

times are the same for the path 1-2-3 as for 3—A—1. 

A critical feature regarding the stability of toroidal plasmas 

is the location in minor radius of the rational q surfaces. For 

example, a q = 1 surface near the axis of the plasma is relatively 

stable, but a q = 1 surface near the plasma edge is highly unstable. 

In the present context, the amplitude of the forced resonance of a 

q = 1 surface depends on tiie amount, of dispersion and attenuation 

of a torsional wave packet by the time it arrives hack under the 
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antenna. In the low density edge region of a plasma, the transit 

time of a wave packet is relatively short compared to the transit 

time near the axis. Consequently the steady state amplitude of a 

q = 1 resonance will be greater near the edge of the plasma than 

at the centre, provided the attenuation length of the packet is 

not significantly smaller near the edge of the plasma than at the 

centre. At very low temperatures, T e < 2 eV, attenuation will be 

high due to high resistivity at the plasma edge. At higher 

temperatures, torsional wave attenuation is due primarily to mode 

conversion and subsequent I.andau damping of the kinetic Alfven wave 

[3J. This form of damping increases with temperature under most 

tokamak conditions up to a maximum when v = v. where v is the 
r e A e 

electron thermal speed. A q = 1 surface near the edge of a high 

t- mperature plasma is therefore predicted to be highly resonant. 

Higher q suifaces art- predicted to he progressively more weakly 

resonant due to the increased transit times and increased damping 

of wave packets once around a closed field line, at least at a 

given density and temperature. 

COMPARISON WITH PREVIOUS WORK 

Thp above model of torsional wave propagation differs 

fundamentally from the conventional model which assumes the existence 

of eigenmodes without proper regard for the Poynting vector of the 

torsional wave. In cylindrical geometry this assumption is commonly 

applied to wave problems in a theoretical plasma without an axial 

current, in which case the Poynting vector does not matter very 

much because it is axially symmetric. In stability theory, 

the eigenmode assumption is commonly applied to cylindrical plasmas 

with an axial current but without ion cyclotron terms. In this case, 

iho fun (lament..! I nnUire of ioptional wave propngfil fon IH often 



overlooked by also ignoring the U term in Eq. (3). The wave is 

mentally squashed down into an infinitely thin resonant layer 

where it is called an Alfven wave or a rational surface. Nevertheless, 
2 

instabilities can be found where u < 0 at surfaces near the rational 

;urfaces, provided one is not too concerned about the singularities 

which also appear in the vacuum [19J. The conventional way of 

ignoring the vacuum singularities is to insert some resistivity 

into the plasma in which case tearing modes appear in the plasma 

and the vacuum singularities become finitely large. Alternatively, 

one can ignore the vacuum altogether by assuming that the plasma is 

in contact with a metal wall. In tiiis case, instabilities can be 

found by insisting that q * - m/n, where m/n is negative, so that 

the mode is polarized in the opposite sense to the direction of the 

poloidal field. As - own above, this is also unphysical, even if we 

allow for the existence of torsional eigenmodes. 

There is no attempt made in this paper to calculate the non

linear development of an instability. Like other linearized theories, 

the model in this paper simply locates regions of plasma where an 

instability may bejjin to grow, and identifies an initial growth 

rate. In this sense it is difficult to compare theory and experiment, 

but comparisons can bo made for those phenomena, such as Mirnov 

oscillations and interior q = 1 surfaces, which remain relatively 

stable. 

STABILITY OF RATIONAL SURFACES 

According to Uhc above discussion, there are many resonant 

surfaces or sections of surfaces in a toroidal plasma on which 

standing torsional and acoustic waves can exist. One is tempted 

to imagine that the plasma contains a central metal pipe, the q •» 1 

conductor, and is .urrounded by an orchestra of strings, double 



helices and Mobius strips. Each instrument has a full range of 

harmonics, up to the ion cyclotron frequency, but the wind section 

is rather flat over the plasma cross section since the fundamental 

appears from experimental observations to be limited to 10-30 kHz. 

In the torsional mode, the fundamental frequency varies from about 

100 kHz in low II devices up to about 20 MHz in high BA devices 
9 9 

near the plasma edge. 

The whole orchestra would remain silent without a source of 

energy to drive it. The main source of energy is the poloidal 

field B. which apparently fluctuates over a wide frequency spectrum 

and drives the resonant surfaces. The most likely source of coherent 

fluctuations is the high Q compressior.al wave eigenmode spectrum [20] 

which extends from the very low frequency surface wave modos (which 

have a strong b component) to frequencies mucb higher than the 

ion cyclotron frequency. These modes are coupled to the 

torsional wave modes (which also have a strong b field component) 

at the resonant surfaces, propagating in the high temperature region 

of the plasma inside the surfaces. An evanescent layer separates 

the resonant surfaces from the congressional wave cutoff surfaces, 

at frequencies less than the ion cyclotron frequency. Consequently, 

two rational surfaces, say q = 2 and q = 3 having the same resonant 

frequency can be closely coupled t.id driven by a cotnpressional wave 

eigenmode. 

The surfaces which are driven most strongly are the weakly 

damped, high resonance frequency, high Q (quality factor), rational 

surfaces away from the centre of the plasma. Strong currents can 

therefore be driven through these surfaces, and along the helical 

field lines, leading to localized heating and hence to the nonlinear 

types of thermal instability and magnetic island formation already 
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described in the literature [6]. 

The implication for the Alfv'n wave heating scheme is that it 

should certainly not be used to heat the outer regions of present 

tokamak plasmas, but it might be useful for heating near a q = 1 

surface if the conditions are such that it is a weakly resonant 

surface. This is not generally the case in existing tokaraaks. 

Indeed, the experimental results obtained by the Lausanne group [21] 

are entirely consistent with the assumption that there is strong 

coupling from their antenna to the q = 1 surface. 

RESONANT SURFACES W TOKTUS 

Experimental observations of torsional Alfven waves, obtained 

with magnetic probes inside a 20 eV (average temperature) plasma, 

have been made in the TORTUS tokamak i. 13.1. These observations were 

made over a range of frequencies up to the ion cyclotron frequency 

in hydrogen, using a simple loop antenna around the plasma as 

described above. The compressional wave was also observed, at 

frequencies above the ion cyclotron frequency, propagating as a 

transient cavity eigenwode for brief intervals during the time 

history of the discharge when the density allowed for an integer 

number of wavelengths in the toroidal circumference. The mode of 

propagation of the torsional wave was fundamentally different, 

indicating the existence of a large number (unidentified) of 

resonant surfaces from the interior of the plasma to the edge. 

The amplitude of these resonances was weak near the plasma axis and 

large at the plasma edge, indicating increased Landau damping in 

the higher temperature core. In this region of temperatures, it 

is expected that the torsional wave is mode converted to the 

kinetic Alfven wave in the plasma interior and to the electrostatic, 
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high k, mode near the plasma edge. The value of q at the plasma 

edge was 9 for this experiment since it was necessary to operate 

at low plasma current with probes in the plasma. It is now clear 

that the large number of resonant surfaces observed, and driven 

by the antenna at low power (~ 500 W), was due to the large number 

of rational q surfaces in the plasma. Rapid variations in the 

amplitude of the probe signals were observed and can be explained 

by slight shifts of the rational surfaces during the short (4 ms) 

period of the discharge while the current distribution was changing. 

More recent results on TORTUS, consistent with those observed 

previously on the ST tokamak [22] show that antenna loading is 

strongly dependent on frequency. The loading increases as the 

frequency approaches the ion cyclotron frequency, then drops 

quickly as soon as the ion cyclotron frequency resonance layer 

moves out of the plasma. This result can be explained by noting 

that as the antenna frequency rises, there are many more surfaces 

in the plasma with harmonics at the antenna frequency. This is not 

necessarily a favourable result, since the surfaces which are most 

strongly resonant are the edge surfaces. 

LOW q TOKAMAKS 

Several tokamaks, e.g. TOSCA [23] and DIVA [24] have been 

operated, with poor confinement but reasonably good stability, with 

edge safety factors q(a) less than 1.5. Similar results have been 

obtained in the TORTUS tokamak [25] which operates routinely at 

20 kA with B, ~ 0.6 T. Over a wide range of density and wall cleanlines 

conditions, a major disruption has never been observed in TORTUS. 

The factor which is common to all these devices is that they 

operate at low B. when q(a) < 2, even as low as 0.3 T in TOSCA, 



and that a decrease in 11 permits operation at lower q(a). 

Attempts to correlate the low q(a) discharges with various 

parameters have been described previously L26] but the significance 

of low 1$ was not mentioned. The significance of low B. can be 
v 9 

explained in terms of the model of rational surfaces developed in 

this paper. At low B , the Alfven toroidal transit time is long 

for a given edge density, temperature and effective Z. A torsional 

wave packet will therefore be more strongly attenuated and dispersed 

in each toroidal transit, so a q = 2 surface near the edge will be 

relacively less resonant and therefore more stable at low B, . 

Low q(a) < 2.0 operation has also been achieved in the T-10 

tokamak [26) at higher B. x 1.5 T. This is a large major radius 

device which does not use discharge cleaning. The low q(a) operation 

was attributed to the presence of high wall contamination with a 

remarkable concentration of heavy impurities in the q = 1 surface. 

This result is consistent with the fact that the Alfven transit time 

is rodueed- by the high ion density, as well as by the large major 

radius, so the q = 1 surface, as well as other rational surfaces, 

are relatively stable. 

The explanations presented here could be tested further by 

operating discharges in helium or neon rather than in hydrogen to 

see if q(a) could be reduced even further. The result of puffing 

neon in DIVA was to induce a disruption. This effect is also 

commonly observed when puffing hydrogen and can be explained in 

terms of edge cooling. One effect of edge cooling is to constrict 

the plasma current so that a rational q surface moves to larger 

minor radius where the temperature was low before puffing and even 

lower after puffing. Wave damping on this surface is therefore 

reduced. The ion density is increased near the edge by puffing, 

I 



but if the Q of the resonant surface is increased overall, the 

surface will be more unstable. The main damping mechanism, Landau 

damping, depends exponentially on temperature when the temperature 

is low. 

HIRNOV OSCILLATIONS 

Mirnov oscillations [28-291 are fluctuations in the poloidal 

magnetic field as seen with coils located just outside the edge 

of the plasma. The most striking feature is that the main 

frequency components are highly discrete, with f ~ 10 kHz for all 

toroidal devices. The next most striking feature is that these 

oscillations have never been identified as sound waves, as far as 

the author is aware. The second feature is as remarkable as the 

first. If onJ assumes arbitrarily that T ~ 300 eV, 
h 5 - 1 

a = (vkT/mi) ~ 2 * 10 ms and A = 2nR ~ h m, then a standing 

sound wave will have a frequency f ~- 30 kHz. The author will admit, 

however, that (a) he did not know that sound waves in a plasma have 

strong magnetic field components and (b) that sounc waves are strongly 

localized on field lines, until he accidentally saw them off the end 

of an oscillogram (see Ref. L10J). He also did not mention in that 

reference that it was hard to identify the real sound wave, launched 

from an antenna, from many others generated spontaneously in the 

afterglow plasma. 

If an acoustic wave packet is localized on an axial field line, 

then its b- component will not be observable on another field line 

or to an external observer. Howrver, if there is a standing wave 

packet on the helical field lines of a rational surface, then there 

will be oscillating currents around the surface, In closed loops, 

and an external field will be generated f'61. The current is 



strongest near that surface, hence the packet is localized. The 

current paths are clearly not coaxial, otherwise there would be 

no external fields to measure. Consequently the current paths 

form closed loops of finite poloidal extent on the section of 

the surface where an integer number of parallel wavelengths fits 

into a toroidal circumference. This simplified model is entirely 

consistent with experimental observations, especially those reported 

in Ref. [29]. 

The observed frequencies of mode locked Mirnov oscillations 

are exactly the same. This result is unexpected since the 

temperature and hence sound speed should vary from one rational 

surface to the next. One way out ot this problem is take the low 

frequency limit of the fluid model dispersion relation for ion 

acoustic waves L 10 J, since 10 kHz << u> _.. This relation can be 

expressed in the form 

UJ_ _ a 
k|| LI + (k^) 2]* 4 

i 
where p, = a/w . is the ion Larmour radius and a = (YP/P)'* is 

the acoustic speed for a plasma with equal ion and electron 

temperatures. Although we know that T a j> T. in a tokamak, the 

significant feature is that for high k,p., typically > 1 in a high 

T localized surface, the fluid model predicts that u/kn is 

essentially independent of temperature. If we accept this result, 

then it helps to explain why the observed frequency of Mirnov 

oscillations is always about 10 kHz in all devices and why different 

rational surfaces can be coupled or mode-locked, ilut even if w/ki( 

does vary with temperature, there will usually be some parts of 

one rational surface with the same resonance frequency ac parts 



of another surface. These surfaces may be coupled by low frequency 

compressional waves which propagate across field lines from one 

surface to the next. Furthermore, the resonance frequencies are 

proportional to /T/R if a * /F, and this parameter does not vary 

by more than a factor of '.) or so from one device to the next. It 

should be possible, by experimental means, to determine exactly how 

the acoustic speed varies with 1\ and T., provided the precise 

sections of the rational surfaces which are resonant can be located. 

CONCLUSION 

The nature of Mill) instabilities in a plasma depends on the 

response of the plasma to small perturbations. The response itself 

depends on the fundamental properties of the three MUD wave types, 

i.e. the torsional (or shear) Alfven wave, the compressional (or 

fast or magnetosonic) Alfven wave and r.he slow or ion acoustic wave. 

In high temperature toroidal plasmas, localized torsional and 

acoustic disturbances are guided by magnetic fields and by density 

gradients and do not, in general, lead to the formation of eigenmodes 

Instead, these disturbances lead to the formation of standing waves 

on surfaces or parts of surfaces which are rational or nearly 

rational. The resulting wave patterns can be described qualitatively 

in terms of the eigen functions of a cylindrical plasma column, but 

a quantitative analysis is misleading. For example, analytical or 

numerical solutions for the eigenmodes can be found for unstable 
2 modes where u < 0. Such solutions arc found when q * - m/n where 

m/n ir negative. In a free boundary model of the plasma, these 

solutions lead to unphysically large localized fields in the vacuum. 

In a fixed boundary model of the plasma [6], it Is found that the 

unstable modes tend to be more stable for those cigenfunctions with 



successively more radial modes and that the fields are concentrated 

in the neighbourhood of a rational surface. In tiiis sense, the 

eigenfunctions begin to approximate localized torsional wave packets. 

However, all the unstable modes found from a normal mode analysis 

require that the fields rotate in the opposite sense to the 

direction of the poloidal field in the plasma, with negative m/n. 

This result is not expected to be physical if one considers the 

fundamental properties of the torsional Alfven wave. 

The model of MHD instabilities described in this paper differs 

fundamentally from previous models. It is incomplete and requires 

further refinement theoretically and experimentally but it has the 

virtues that it is simple and can be applied to any geometrical 

configuration. It is consistent witli so many experimental results 

that it must be essentially correct. If there are any errors of 

intuition or fundamental errors of interpretation then the model 

is sufficiently simple that it can be tested experimentally, for 

example by launching and detecting isolated wave packets in a 

toroidal plasma. The low frequency spectrum of Mill) activity, centred 

near 10 kHz is well documented, but less attention has been given 

to the high frequency, 1 - 3 0 MHz, spectrum. Observations at this 

end of the spectrum may shed more light on the existence and nature 

of standing torsional waves and the associated congressional waves 

which appear to couple together different rational surfaces. 

ACKNOWLKDCKMKNTS 

I would like to thank many people for contributing to the ideas 

in this paper including George Collins, Paul Vandenplas, Ian Donnelly, 

Neil Cramer, Max Brennan and Robert Winglee. Financial support for 

this work was provided by the Australian Research Grants Scheme, 

NKKIJDC, AINSK, and the Science Foundation for Physics within the 
University of Sydney. 



28. 

w 

REFERENCES 

[1] GROSSMAN, W., TATARONIS, Z., Z. Phys. 26J_ (1973) 217. 

[2] HASEGAWA, A., CHEN, L., Phys.Rev.Lett. U (1974) 454. 

[3] ROSS, D.W., CHEN, G.L., MAHAJAN, M., Phys. Fluids 15 (1982) 652. 

[4] PAOLONI, F.J., Phys. Fluids US (1975) 640. 

[5] COLLINS, G.A., CRAMER, N.F., DONNELLY, I.J., Submitted to 

Plas.Phys. 

[6] BATEMAN, G., MUD Instabilities, MIT Press (1978). 

[7J APPERT, K., GRUBER, R., TROYON, F., VACLAVIK, J., Proc. 3rd 

Varenna-Grenoble Symp. on Heating in Toroidal Plasmas _1_ (1982) 

203. 

[8] ALLEN, T.K., BAKER, W.R., PYLE, R.V., WILCOX, J.M., Phys.Rev.Letts. 

1_ (1959) 383. 

[9J STIX, T.H., The Theory of Plasma Waves, McGraw-Hill (1962) 55. 

[10] CROSS, R.C., Plasma Physics, to be published. 

[11] CRAMER, N.F., DONNELLY, I.J., Plas.Phys., to be published. 

112] APPERT, K., VACLAVIK, J., VILLARD, L., Phys.Fluids, to be published. 

113] CROSS, R.C., BLACKWELL, B.D., BRKNNAN, M.H., BORG, G., LEHANE, J.A., 

Proc. 3rd Varenna-Grenoble Symp. on Heating in Toroidal Plasmas 1_ 

(1982) 173. 

[14] WINGLEE, R.M., Plas. Phys., 24 (1982) 1161. 

[15] SY, W.N-C, Plas. Phys. 21_ (1979) 985. 

[16] WEYNANTS, R.R., Phys.Rev.Letts., 3_3 (1974) 78. 

[17] ROBINSON, D.C., McGUIRE, K., Nucl. Fusion j ^ (1979) 115. 

[18] BLACKWELL, B.D., CROSS, R.C., J.Plas.Phys. 22! (1979) 499. 

[19] ROBINSON, D.C., Nucl. Fusion 1_8 (1978) 939. 

[20] MAHAJAN, S.M., ROSS, D.W., University of Texas Report FRCR #253 

(1982). 



[21] de CllAMliRlEK, A., UUPEUREY, P.A., HEYM, A., HOFMANN, F. , 

JOYE, 15., KELLER, R., L1ETTI, A., LISTER, J.B., POCHELON, A., 

SIMM, W., Phys.Letts. 92A (1982) 279. 

[22] HOSEA, J.C., HOOKE, W.M., Phys.Rev.Lett. _3_L (1973) 150. 

[23] ELLIS, J.J., McGUIRE, K., PEACOCK, R., ROBINSON, D.C., STARES, I., 

Nucl. Fusion Supp. J_ (1981) 731. 

[24] DIVA GROUP, Nucl. Fusion 20 (1980) 271. 

[25] CROSS, R.C., LIU, J-R., GIANNONE, L., Nucl. Fusion, to be 

published. 

[26] BIRCH, R., COWERS, C.W., HAAS, F.A., JONES, P.A., McGUIRE, K. , 

ROBINSON, D.C., SYKES, A., TURNER, M., WOOTTON, A.J., 9th Eur. 

Conf. on Contr. Fus. and Plas. Phys., Oxford (1979) 43. 

[27] BERLI/.OV, A.13. et al. , Nucl. Fusion Supp. J. (1981) 23. 

[28] EQUIPE TFR, Nucl. Fusion 17 (1977) 1283. 

L29J RIVIERE, A.C i'L al., Nucl. Fusion Supp. _1_ (1980) 855. 



1.5 

V A 

1.0 

0.5 

1 — - - • 1 1 

1 
I 
I 
f c ( k n ": °L - " " 1* - ' 
\ \ ^ _ - - ' ~ ^ . , - - " c(kt | > o) 

/ ^ v 

If -\\J ( k|| > 0 ) 

Jl{\ < 0) ^ ^ ^ v . 

\ ^ ^ \ 

V " y 

0.5 1.0 1.5 

= 5 
fonal (C) 

i g . 1(a) So lu t ions of Eq. (3) with k^ = 0, ii 0.T/B o = 1, v 
nd ID C . = 10° r s _ , showing the t o r s i o n a l (T) and compressu 
ranches , kn > 0 (or kn ••- 0) r e p r e s e n t s wave propagat ion p a r a l l e l (or 
n t i - p a r a l l e l ) to B and il = w/ io c j . These s o l u t i o n s determine the 

10 6 ms" 1 

k.iv. 

1.5 

1.0 

0.5 

I \ I 
\ \ 
\ \ 
\ s C(k„ < 0) 

\ 

C(k„ > 0) 

0 .5 1.0 1.5 
2 -2 

Fig. 1(b) So lu t ions of Eq. (3) with k^ - 50 m for the same parameters 
as in Fig . 1 ( a ) . With f i n i t e k^, the compression,!! Alfvcn wave branches 
experience a cutoff (k|| - 0) at Jow frequency. The cutoff frequency i s 
propor t ional to p kj_. Tlicrr IN n Kinmith I raiisl H on from Fir.. 1(a) to 
Fig. 1(h) «tt ki lncriMiiii-ii I linn / iTn In 'A) in" ' . 

,„+~ ^ M * H " ' *•••"•• •• • = • • » • • ' -»1*^', "PPWPf^WtpiW^iP mmmm 



7 , -K 

2 U 

T 
n=l I n=2 

T 
n=l 

-
• 

•J / 
/ 

- / 
C ( n = l ) 

— \ r »•. 
N 

\ 
\ 

I 

i 
i 

C ' l n = ,2 
I 
1 
1 
1 

+b 

Fig. 2 Schematic diagram of variation of k± vs minor radius 
for a parabolic density distribution showing the torsional (T) 
and compressional (C) brandies of the dispersion relation at a 
fixed, real frequency u> ~- IO ./10. The k^ 2 scale is typical of 
tokamak parameters. The rational surfaces q = 1 and 3 = 2 are 
located where k^ =* <° and kn is fixed bv the condition that 
nA = 2nK. 



Fig. i Schematic diagram of wave packet propagation on 
a flux surface. A pacUet starting at A arrives at B 
after one transit in the toroidal direction, at C after 
the next transit, then, 1), K, etc. The packet is guided 
by the helical field Lines and by a density gradient 
perpendicular to the flux surface. 

Antenna 

Fig. 4 Schematic diagram showing forced resonance of the 
q = 1 (inner) and q = 2 (outer) surfaces. The shaded area 
indicates the region of maximum amplitude of the wave fields. 
Other sections of the q -• 2 surface can be excited at other 
frequencies. The resonance frequencies of the q = 1 and 
q <* 2 surfaces shown here are not necessarily the same, but 
they may he. The section shown on the q ™ 2 surface is a 
double helix but it is not a Mobius strip. 


