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Abstract 

A series of successively more accurate wavefunctions (of the 

Natural Orbital form) for the helium atom ground state (the best yield

ing 98.6% of the correlation energy) is used to analyse the 1200eV non-

coplanar symmetric (e,2e) data for nelium with the Plane Nave Impulse 

Approximation. Particular attention is focussed upon the determination 

of the ratio for populating the n = 2 (2s and 2p) and Is ion states. 

It is seen that the cross-section ratio (at low recoil momentum) con

verges satisfactorily as additional target natural orbitals are util

ised for the calculation of the overlap function. The convergence of 

the cross-section ratio at high azimuthal angles is seen to be much 

slower. 
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Introduction 

The non-coplanar symmetric (e,2e) reaction at high energies has 

proved to be a powerful tool (Weigold and McCarthy 1978, Neigold 1982) 

for investigating the momentum distributions of electrons in atoms and 

molecules. Quite recently an (e,2e) experiment upon helium was com

pleted (Cook et al. 1984) yielding momentum distributions for the n=l 

(Is) and n = 2 (2s and 2p) lines much more accurate than any previously 

obtained. The first experiment on helium (Hood et al. 1973) measured 

the momentum distributions for the primary transition at a variety of 

energies and was in complete agreement with predictions made with the 

Target Hartree-Fock Approximation (THFA). The more recent experiments 

(McCarthy et al. 1974, Dixon et al. 1976, Cook et al. 1984) have 

concentrated on determining the ratio for populating the n = 2 and Is 

k ion states. Within the THFA this ratio should remain constant as the 

ion recoil momentum (q) varies, however this is not what is observed 

experimentally. In order to explain the variation of the cross-section 

ratio with q, an accurate correlated wavefunction (Joachain and 

Vanderpoorten 1970) for the helium ground state was used for the 

evaluation of the overlap function and gave results consistent with the 

experimental findings. There have also been some calculations of this 

ratio using alternative wavefunctions (Larkins 1981, Larkins and 

Richards 1983) to test the sensitivity of the (e,2e) technique in 

discriminating between different wavefunctions. These calculations 

with alternative wavefunctions give different values for cross-section 

ratios. In particular, large differences in the cross-section ratios 

for populating the 2p (o ? /a. ) and 2s (o /a. ) slates exist between 

the Nesbet-Watson (NW) (Ncsbet and Watson J958) and Joachain and 

Vanderpoorten (JV) wavefunctions. 



In this work a Conii^ui at ion Interaction (CI) wavefunction more 

accurate than any previously employed is used to determine the (e,2e) 

cross-sections. In addition, we repeat some of the calculations using 

alternative wavefunctions and it is seen that the differences between 

'he calculated (e,2e) cross-sections that result from the highest 

quality wavefunctions are small as one would intuitively expect. 

Theory 

In the (e,2e) reaction an incident electron beam (E ,P ) is used 

to ionize a target atom (or molecule) and since both outgoing electrons 

(E.,£. ,E ?,P~) are detected in co-incidence the kinematics of the react

ion is completely determined. Ignoring the small kinetic energies of 

the target atom and recoiling ion, the separation energy e f is given by 

l f = E o - E l ' E 2 • ( 1 ) 

while the recoil momentum of the ion is 

a = P 0 - -pi - P 2 • ( 2 ) 

Using the non-coplanar symmetric geometry (E. = E_, 6, = 6_ = 6) the 

magnitude of the ion recoil momentum is 

q = t ( 2 P l cos6-p ) 2 • 4p 2 sin 20 sin2(4>/2) ]** , (3) 

where $ is the azimuthal angle of f> measured from the P_.Pi plane. 

The Plane Wave Impulse Approximation (PWIA) is normally used to 

analyse experiments performed in this geometry. This is justified by 

the high entities of the incident electron and both the outgoing 

electrons and tin lajye value for the momentum transfer (choosing 

0 --•- '"/-IJ, 

http://P_.Pi
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* - Eo ' *1 (4) 

which enhances the validity of the binary encounter approximation. 

Averaging over the spin states of the scattering electrons and summing 

over the final ion state degeneracies gives 

o (J?o*Pl*P2 } = ( 2 n ) 
4 P1 2im. lM«0 

p 4Ti(exp(2TTT))-l) K 4 
(5) 

where 

n = 1*1-y 
(6) 

and the overlap function G_(q) is a structure factor involving the 

momentum space overlap between the target initial and final ion states 

Since the helium ion states are known exactly the only approximat 

ion concerning the determination of the overlap function is the wave-

function used for the helium ground state. In the CI ansatz the two 

electron wavefunction can be written 

l„e i f > \ y W i 4 ' £ s s > (7) 

where the configurations are antisymmetric state functions constructed 

to have S symmetry. The single particle orbitals used for construct

ing the wavefunction have the form 

\,l& -?FiiWfe )x 51S 
(8) 

where the radial function P.«(r) is written in terms of a linear com

bination of Slater Type Orbitais (STOs), i.e. 

a 

(25 a) 
2n *1 a 

(2na)l 
(9) 
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Once the linear expansion coefficients (the a.. in eq. (7)) have 

been determined it is possible to apply a unitary transformation 

(usually termed the Natural Orbital (NO) transformation) to the 

orbitals to recast the wavefunction into a particularly compact form, 

viz 

l*> = II a. t | H I T ; 1Se> . (10) 

While the NO transformation (Lowdin 1955) leaves the wavefunction 

unchanged this specific form for the wavefunction has a number of 

properties that make it particularly useful. One feature is that the 

evaluation of the overlap function is simplified giving 

G f(q) = Jl I <i|f> a - J / dr r j»(qr) V-r* (r) . (11) 
i ' *• ' o 

The other useful feature is that the NO expansion is more rapidly con

vergent (with respect to the energy) than any other CI expansion and 

since the terms in the NO series can be ordered with successively 

smaller linear-expansion coefficients (the a. ») it is possible to 

determine to some extent whether the overlap function has converged. 

To construct a NO wavefunction a preliminary CI calculation must 

be made to determine the initial wavefunction which is to be subjected 

to the NO transformation. For this calculation a set of single part

icle orbitals completely spanning a space of 21 STOs (9s, 5p, 3d, 3f, 

Ig) was used and those NOs with i < 5 (i.e. 5s, 4p, 3d, 2f and lg) were 

retained. To test the numerical stability of our calculation the 

hamiltonian was further diagonalised in a configuration space including 

all the diagonal (ITT >) and non-diagonal (|IT j-E> j / i) configurat

ions. The largest off-diagonal coefficients a.. D was smaller than 
- 8 ](T and the energy of this wavefunction was - 2.903146 a.u. giving 



5. 

98.6% (0.04147 a.u.) of the known correlation energy (0.04204 a.u.). 

Nine s-type STOs were included in the original basis since it is the 

population of the 2s ion state that dominates the n = 2 cross-section 

at all q values. Specific decails of the STO basis sat, the natural 

orbitals and the expansion coefficients a. » for our N0-CI wavefunction 

are given in table 1. The details of our calculation agree qi'He well 

with those of a Multi-Configuration Hartree-Fock (MCHF) calculation 

(Froese-Fischer 1973) which used a set of diagonal configurations very 

similar in size to the present set. The present energy was only 

marginally lower than the MCHF energy (- 2.903033 a.u.) and moreover 

the configuration mixing coefficients were quite similar. The 
2 2 2 

respective values for the Is , 2s and ̂ p configurations were, 
0.995968 and 0.995967, - 0.061627 and - 0.061750, and 0.06195 and 0.06205. 

The contributions that the individual orbitals make to the overlap 

function can be estimated from figure 1 where the natural orbitals are 

depicted in momentum space in conjunction with table 2 where values for 

<I7|f> a". » are tabulated for the Is, 2s and 2p ion states. Figure 1 

shows that in momentum space the higher NOs tend to he successively 

more diffuse, a fact consistent with previous findings that in position 

space the natural orbitals are localised about the Is orbital (Froese-

Fischer 1973). This indicates that the corrections made by the inclusion 

of additional NOs should be most important at high values of the recoil 

momentum. From table 2 we see that the overlap function for the 

primary transition is dominated by the Is term. For the 2s and 2p 

transitions however it is noticeable that at least the first two terms 

should be included for Gf(q) to be accurate to 5%. 

This is confirmed in Figure 2 where the cross-section ratio o,/a 

for the 2s and 2p ion states is depicted with successively more terms 
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used for the computation of the overlap function. For both these 

graphs, adding the final NO leads to no visible change in the shape of 

the curves. This demonstrated convergence tends to suggest that our 

determination of the overlap function is accurate to at least 1% (for 

q < 3.0 a.u.) and that any discrepancies with experiment that may occur 

can be assigned to limitations of the PWIA or limited experimental 

accuracy. However, for higher values of q the accuracy of our overlap 

function cannot be guaranteed to the same extent. Figure 3 depicts the 

o_ /o and o /a cross-section ratios (at a hypothetical energy of 

20,000eV for purely kinematic reasons) for q values between 3.0 and 

16.0 a.u. The convergence of the cross-section ratio at a q value of 

10.0 a.u. is not complete, with differences of the order of 5% occurring 

between the two best calculations. This is of interest since this is 

the region of q where a simple reaction model may be used with confidence 

to analyse the results of photo-electron experiments. The summed n = 2 

cross-section ratio for our best calculation is compared with the 

experimental points (Cook et al 1984) in figure 4. The differences 

between theory and experiment are mar}inal and consistent with the 

experimental limitations. -

Values for the cross-section ratio using the JV, NW and N0-CI 

wavefunctions to represent the helium target are given in Table 3. The 

distinctions between the results (for q<3.0 a.u.) are quite small and 

could not be easily depicted on Figure 3. A previous calculation 

(Larkinc and Richards 1983) reported somewhat larger differences. 

One feature of this previous calculation that was surprising was that 

the ratio for populating the 2p and 2s states, i.e. O- /o_ , was quite 

different for the NW and JV wavefunctions. Table 4 shows values for 

this riitio determined for the NW, JV .and N0-CI wavefunctions. That 
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the distinctions between the ratios are small is what one would 

intuitively expect for wavefunctions which all give at least 96% 

of the correlation energy. 
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Table 1. Details of the STO basis set parameters (colunu labelled by n 

and £), the linear expansion coefficients for the Natural 

Orbitals (in the columns labelled by the jrbitals) and the 

configuration mixing coefficients (in the row labelled by a".). 

Is 2s 3s 4s 5s 

1 13.40000 -0.000187 -0.006176 0.011432 0.772047 0.507954 

1 7.94252 0.005888 0.188325 -1.798036 -15.865686 -29.879079 

1 6.52699 -0.017173 -0.367840 5.410581 26.297735 67.797122 

1 4.39628 0.047277 -0.059344 -8.727009 -11.143298 -77.967701 

1 2.37682 0.235349 3.987349 9.960871 -33.764432 232.811940 

1 2.00000 -0.0174i2 -1.941344 -2.695741 51.122994 -262.190748 

1 1.41714 0.766751 -1.610891 -2.447559 -20.425898 84.708260 

1 0.92000 0.005802 -0.150814 -0.260240 3.738363 -18.218126 

1 0.58000 -0.000024 0.020539 0.031173 -0.615942 2.844159 

a. 0 0.995968 -0.061627 -0.007906 -0.001993 -0.000743 

2p 3p 4p Sp 

2 5 84000 -0.047514 0.549447 0.486011 -4.798933 

2 3.72000 -0.026743 -3.116112 2.897442 12.146097 

2 2.47520 1.039233 2.359464 -7.286579 -13.789686 

2 1.62000 0.001647 0.031574 5.854432 7.834528 

2 1.02000 0.019687 0.032206 -1.390751 -1.806988 

I. 0.061951 0.011113 0.003025 0.00118^ 



Table 1 (contd.) 

3d 4d 5d 

9 

'2 

1 
0 
18 
:->o 
26 

.9 

t3 

3 

3 

3 

a. 
l 

4 

4 

4 

5.88000 -0.149254 -0.435675 2.448948 

3.76833 0.904369 -1.019340 -3.605240 

2.36000 0.243255 1.436499 1.895100 

-0.012785 -0.004019 -0.001693 

4f 5f 

7.48000 -0.119011 0.300638 

4.76000 0.849128 1.112828 

3.04000 0.277215 -1.420783 

0.004593 0.001929 

g 5g 

5.60000 1.0000) 

-0.001978 



Table 2. The coefficient of the target Natural Orbital, <ii|f>a. » 
1 ,-c 

used for the construction of the overlap function for the Is, 
2s and 2p ion states. 

IT Is ion state TZ 2s ion state 17 2p ion state 

I? 0.979699 II - 0.151729 2p 0.039362 

2? - 0.010826 "2? - 0.044813 3p 0.005068 

3? - 0.000287 3s" - 0.003419 4p 0.001169 

4s - 0.000026 4? - 0.000604 Sp 0.000199 

5i" 0.000005 5? 0.000165 

r -



Table 3. Cross-section ratios for populating the n = 2 and Is states 

of Hell (as a function of q) for the JV, NW and present 

(NO-CI) wave functions. The digits in parentheses denote 

the power of 10. 

q 
( a . u . ) 

JV NY t (.NU-L1J 

0.3 7.45 (-3) 8.05 (-3) 7.78 (-2) 

0.5 8.84 (-3) 9.34 (-3) 9.22 (-2) 

1.0 1.60 (-2) 1.61 (-2) 1.66 (-2) 

1.5 2.84 (-2) 2.80 (-2) 2.87 (-2) 

2.0 4.26 (-2) 4.19 (-2) 4.24 (-2) 

2.5 5.25 (-2) 5.01 (-2) 5.01 (-2) 

3.0 6.07 (-2) 6.06 (-2) 6.04 (-2) 



Table 4. Values for the cross-section ratio o_ /o_ for a variety 

of wavefunctions at two different q values. The results 

of a previous calculation (Larkins and Richards 1983) are 

also presented. The column headings refer to the wave-

function being used. 

Larkins and Richards Present Calculations 

q JV NW JV NW NO-CI 
(a.u.) 

0.93 0.141 0.020 0.051 0.051 0.050 

1.65 0.232 0.031 0.082 0.085 0.080 



Figure Captions 

Figure 1. The Natural Orbitals (i < 3) are plotted in momentum space 

on a quadratic grid. 

Figure 2. Cross-section ratios for populating the n = 2 (2s and 2p) 

and Is states as a function of q at n energy of 1200eV. 

The families of curves show the value of the ratio when 

evaluated with an overlap function incorporating those 

natural orbitals up to the designated n value. The curve 

for the o- /o, ratio is below that for the o_ /a. ratio. 2s Is 2p Is 

Figure 3. This plot is the same as figure 2 except that the (e,2e) 

energy is 20,OO0eV and the cross-section ratios are plotted 

at much higher q values. 

Figure 4. The total n = 2 cross-section ratio, (o_ • O- )/o. , is 

plotted as a function of q and compared with the experimental 

points of Cook et al. 1984. The theoretical results use all 

terms of the overlap function and are determined using the 

PK1A. 



q0(q) 

0.75 -

0.50 -

0.25 -

-0.25 -

-0 .50 -

-0.75 -

Helium natural 
orbitals 

q(a.u) 

FIGURE 1 . 



0.006 

O 

0.004 -

2P 
~1s 

0.002 -

0.04 

~1s 
0.02 

He(e,2e) 
E 0 = 1200 eV 

n=2 

FIGURE 2 . 



10 r2 

10 ,-3 

2P 
~1s 

io"V 

0.07 h 

<T~ 0.06 
u 2 s 
^IS 0.05 1-

0.04 h 

He(e,2e) 
\ Eo=2Q,00QeV 

\ \ NT^ii^ 

— n=3\ \ \ n = 2 

\ n = 5 \ \ 
1 i i i 

^ ^ X . n=2 
- t ^^s?^\^ / n = 4 
- / 

n=3 x 

1 i i i 
10 15 

q(au.) 
FIGURE 3 . 



0.06 -

0.04 

<r(n=2) 
or ( n=1 ) 

0.02 -

1 1 

— 

E 0 = 1200eV 
< 

f < ' 

— y 
T y 

-

I 1 
1.0 2.0 

qjau.) 
3.0 

FIGURE 4 . 


