
f ^tfSo&lSJ 
I n t e r n a t i o n a l advanced c o u r s e on p h y s i c s and 
e n g i n e e r i n g of medica l imaging 
Maratea ( I t a l y ) 23 Seo - 5 Oct 19P4 
CnA_CONF—754S ' 

STRATEGIES OF RECONSTRUCTION ALGORITHMS 
FOR COMPUTERIZED TOMOGRAPHY 

P h . GARDERET 

CEA - CENG LETI/MCTE - 8 5 X 38041 GRENOBLE CEDEX FRANCE 

SUMMARY 

Image reconstruction from projections has progressively 
spread out over all fields of medical imaging. 

As the mathematical aspects of the problem become more 
and more comprehensively explored a great variety of numerical 
solutions have been developed best suited to such-and-such 
imaging medical application and taking into account the 
physical phenomena related to data collection (a priori 
properties for signal and noise). 

The purpose of that survey is to present the general 
mathematical frame and the fundamental assumptions of various 
strategies ; Fourier methods approximate explicit deterministic 
inversion formula for the Radon transform. Algebraic reconstruc
tion techniques set up an a priori discrete model through 
a series expansion approach of the solution. The numerical 
system to be solved is huge when a fine grid of pixels is 
to be reconstructed ; iterative solutions may then be found. 
Recently some least square procedures have been shown to 
be tractable which avoid the use of iterative methods. Finally 
maximum likehood approach incorporates accurately the Poisson 
nature of photo?! noise and are well adapted to emission 
computed tomography. 

T* e various strategies will be analysed from both aspects 
of theoretical assumptions needed for suitable use and of 
computing facilities, actual performance and cost. In the 
end we take a glimpse of the extension of the algorithms 
from two dimensional imaging to fully three dimensional 
volume analysis in preparation of the future medical imaging 
technologies. 



1 INTRODUCTION 
1.1. Image reconstruction and medical imaging 

Image reconstruction involves a large amount of mathematical 
methods and numerical implementations in various scientific 
fields. But it is certainly in medical applications that 
these procedures are the most intensively used. For that 
reason a lot of advance researches have been already achieved 
and are still engaged both for deeper mathematical insight 
and for more efficient computation tools. 

Nowadays many different medical applications make use 
of connected mathematical techniques : 
- X ray transmission imaging (CT scanners) 
- Nuclear medicine using single photons emitting substances 

or positron emitting radionuclides 
- Nuclear magnetic resonance imaging 
- Ultrasound tocography 

The fundamentals of all reconstruction algorithms are 
to be found in inversion formulas of the Radon operator. 
But no single technique could be capable of processing satisfac
torily such a wide variety of pratical problems ; so gradually 
as the application fields were spreading, the computational 
aspects and the mathematical developments have rapidly ex
panded. 

This paper reviews some conventional strategies that 
we might consider as basic approaches. In addition we have 
included some more sophisticated results as an illustration 
of new research developments. 
1.2. General mathematical frame 

The basic formulation of the problem is the following 
(for simplicity only the 2D case is considered here, see 
4.2. for 3D extension). 

We want to describe an object by the spatial distribution 
f°(x,y) of some physical parameter. The domain |D C|R2 , on which 
f is defined and non zero, represents a cross section of the 
object. For all applications that we are dealing with f° is non 
negative valued. f° : ( |D—|R+) 

Using appropriate scaling D may be taken as the unitary disk 
of [R* (centre 0 and radius 1). 

Any line L in the cross section and intersecting the domain 
ID can be uniquely determined by giving (Fig. 1) : 



Fig.l : Parametization of line integral 

n : a unitary vector of |R2 , normal to the orientation of 
the line ; n is associated with an angle : 

e s [o.ir] 
u : u € [-1,+lj related to the perpendicular distance 

from the origine. 

One basic assumption in image reconstruction is that 
the measurement procedure can give access at the integral 
value along such a line. This integral is expressed as : 

p(u,n) = / ftMJdM 
L 

where M stands for points belonging to line L. 

(1) 

The explicit formulation in a new coordinate system 
(u,v) attached to the line L is : 

t-1 
p(u,6) = j , f(u cos 9 - v sin9, u sin 9 + v cos 9)dv (2) 

-1 
With fixed 9, p(.,9) is referred as the "parallel-ray pro

jection" of f° at angle 9. 

The set of all projections for ee [0,«] provides the so-
called Radon operator ft. 



•: i f 3 » . : — ! R * ) — p = n r ([-i,+i]x [o.irl _ IR) 
The ir.versibility of <? and how it is possible to efficiently 

compute 'i~l are central questions in image reconstruction algo
rithms. 

Formulation of practical problems through the restricted 
notion of line integral is unrealistic. But it otiil appears 
to be a very useful starting point for more sophisticated 
situations. '*'e just ,-iention here some derivations tractable 
from basic Fader, "esults : 

. Discretness of acquisition through sampling theorems 

. Noisy data through optimal filtering results 

. Extented integration path 

. Non linear' context (linearisation by preprocessing) 

. Truncated or hollow projections using anlytical extrapola
tion 

However, it is obvious that the analytical approach will 
exhibit less and less efficiency as the physical context is re
moving from simple Radon assumptions. 

In some case only the linearity of the relationship between 
the object and the measure still remains valid without any pos
sible reference on line path. The data collection is then carac-
terized by a set of weighting functions $.{x,y) and the available 
set of data is : 

y i = /'' V ' x , y ) f ( x , y ) d x d y ( 3 ; 

ID 

Finding f°(x,y) from a set of such data appears as a pure 
linear algebra problem very far from Radon transform inversion. 
I itermediate situations are quiet numerous thus responsible of a 
large diversity of algorithms. 

1.3. Specificities of data collection 

The basic claim needed for mathematical formulation 
as described by equation (1) is that there is a way to collect 
data that can be interpreted as linear integration along 
some well defined domain in the cross section where the 
imaging device is supposed to work. These domains are preferen-
tly rectilinear paths according to Radon formula, other 
domains may be accepted in weaker numerical situations. 
Moreover it is supposed that the geometrical repartition 
and the total amount of such data is sufficient to insure 
accurate inversion. 



So it is convenient to review the data collection systems 
in medical application in relation to : 

. Definition of integration path (collimatioi effects) 

. Linearity of the measure 

. Accuracy of the data (statistical perturbations) 

. Geometry of the acquisition system 
Let us examine two typical examples. X-ray transmission 

scanners offer the illustration (10), (7) of a system providing 
a quite good approximation of the Radon assumptions. Strip 
integrating paths are correctly defined and linear array 
detectors associated with fan beam geometry give access 
to an accurately sampled sinogram (typically 10' data for 
one scan). Deviations from linearity due to beam hardening 
can be corrected. Evsn *hen restricting oneself to acceptable 
doses the number of photons collected is sufficiently important 
to insure a relative precision of 10 ~ ' for each value on 
a profile. Ail those reasons explain clearly why algorithms 
making a direct use of Radon inversion formulas can be sucess-
fully implemented in that case. 

F ig« 2 *• Principle of time-of-flight determination in positron 
tomography 



The survey of all these perturbing features indicate 
quiet well how far we are from the simple line integral 
model. 

1.4. Review of various strategies 

There are two main approaches to the problem of image 
reconstruction. 

The first way is to emphasize analytical developments 
based on inversion of Radon integral. 

It is thus possible to exhibit many inversion formulas. 
Then a numerical implementation of the solution is used. 
This computational step has to take into account the specifici
ties of the problem : 

. Sampling of the available data 

. Sampling of the reconstructed function 

. Statistical properties of noise 

. Geometrical description of data collection 
All these difficulties induce approximations that are some

times difficult to quantify. 
Commercially available X-rays scanners widely use hardware 

and software procedures derivated from such "transform methods" 
related to functional analysis, signal theory and digital signal 
processing techniques. 

Some illustrative results concerning these methods are de
picted in chapter 2. 

An alternative approach is to formulate an a priori 
discrete version of the problem. A mathematical -lodel relates 
(most often through a linear operator) the finite set of 
measured data to another finite set describing the image 
to be reconstructed. This discrete formulation leads to 
a system of equations (linear or non linear) to which numerical 
resolution techniques are applied. In a noisy context the 
problem has a unique optimum solution highly depending on 
the chosen optimization criterion. 

The size of the system to be solved is generally very 
impressive. Either iterative techniques or decomposition 
in more friendly sub-systems are commonly used for numerical 
implementation. 

This approach is more tightly linked to linear algebra, 
statistical estimation and optimization theory. 

Some illustrative results concerning these methods 
are depicted in chapter 3. 



•Fig.3 : Histoprojection ,ai from caca mstograms 'b' in positron 
emission acquisition with time-of-flight measurement 

If we look now at a positron imaging system using time-
of-flight information ( 8 ) , ( 9) the situation is more complex. 
The acquisition procedure (Fig. 2) fixes first the direction 
on which a coincidence has been detected, then associate 
an estimation of the annihilation position on the line by 
time-of-flight determination. 

The result may be expressed as a collection of counting 
values that we organize in histo projections (Fig.3a ). 
K = 192 directions covering 360°, J = 64 paths in ea:h direction 
and I = 64 time-of-flight groupings on each path result 
in 192 x 64 x 64 observations y. . .. These data are realisations 
of Poisson random variables the râ*êJof which is related to the 
activity f°(x,y) in the object and to the function g{v) descri
bing the error of determination for time-of-flight. 

yk . i . j = A i ( v ) fk ( v v ) d v ( 4 ) 

where f° is the expression of f°(x,y) in new coordinates (u,v) 
related to direction k,gj(v) is the probability of affectation 
to the class j of JDhe histogramm of a coincidence appearing at 
position v on line u. (Fig. 3b). 

As the assumptions are chiefly concerning the statistical 
properties of the data, it will be important to look for algo
rithms that fit better into that modeling franework. It 
has to be noticed that caracterisation of the data through 
(4) is still over simplified for it does not take into account 
autoabsorption of the emitted photons, geometrical discrepancies 
in solid angle within the set of detectors pair, calibration, 
etc... 



An exa-pie of the generalization of that algorithm 
is given i-. 5 , 5 ; to reconstruct positron emission images 
using tir-.e-of-flight information. The smoothed "histo-projections" 
are back-projected, then a bi-dimensional filtering is done using 
Fourier transform. Of course the filter to be used takes into ac
count the spreading value o in time-of-flight determination ; in 
that case the appropriate filter is : 

/.;,Jq2 

where I, is the modified 3essel function of first kind. 

3 OPTIMIZATION THEORY AND ITERATIVE TECHNIQUES 

3.1. A priori discretisation of the problem 

We have pointed cut previously (paragraph 1.3.) that as 
soon as linearity is assumed in the measurement procedure a gene
ral modeiization for data acquisition may be : 

'i = / / V x -y. = ff j.'x.yi f'x.y dxdy - e. i = 1.....M (ICI 

where . fix,/1 is the function (generally real and positive) to 
be evaluated en a domain ID. ]R2 

. <t. 'x.y.i are known distributions directly related with 
the measurement procedure 
(a simple case is to consider î.(x,y as *••• indicative 
function of an integration strip L. Ï 

. y. are the M measurements belonging to one -requisition 
set 

. c. are unknown errors for which statistical properties 
may be conjectured. 

The formulation of the problem is then : 
Can we find a "nice" function f(x,y) satisfying the '•! ronstrair.ts 
of equation \1C;. 

"Nice" is a property that is necessary to be precised in 
order : 

. To insure- a numerical solution of the system 

. To propose a solution respecting the infor~3ti jr. 3 priori 
known on the object f°(x,y) 

. To be coherent with the statistical assumptions concer
ning the physical properties of noise. 



^L'~ a croie~ti^n theorem 
The very popular slice-projection theorem is a particular 

exploitât: :r. of (6) with g(u) = e~ 2 w * u R 

We ge t : 

j p , . - e - - ' - R .du = Iffix, , -2Tri(xcos9+ysin8)R , . i x , y ) e J dxdy 

' D (7) 

'tie introduce then the useful operator notations : 
r . 

p'u, ?) — /• ; -p • = ? ? ,r • for one dimensional Fourier trans
form of a projection 

y.,;/! _ /• 2 if. - F:.-,'>. for two dimensional Fourier trans-

F u.v1 :?. 2_ i- __» : F = F =cc3», F.sm9; ;|Rx r.:,-;__c) 
for the cartesian to polar coordinate conversion, here applied 
in the Fourier domain. 

Equation <.r • is then expressed as : 

f, o /? = C o A~ (8) 

This formula gives a straithforward interpretation of the fre
quency contain of a projection in terms of the frequency contain 
of the image. 

Back-projection operator 
Many inversion formulas make use of the back-projection 

operator. 

B : p( |R x ;O,IT]»|R) — up (!R2_|R) 

Where Z?p(x,y) is defined by 

|3p'x,y) = / p(x cos 9+ y sin9,e) de 
/ 



2.3. Reconstruction by filtered back-projection 

This inversion formula is easily deduced by first expres
sing in polar coordinates the 2.D Fourier relationship between 
the image f.x.y) and its spectral representation 

•»•» 
ft \ f f • i - o , o • i 2 r r i R(xcos9+ysin6 ) , . 
f (x ,y) = / l , -!-- ' Rcos e,R sine) .e dRdô (10) / / 

S^raith ^ward use of the slice projection theorem 
to express •:',?'• in terris of P(R ,ô », then definitions of 
1-D Fourier transform and of the back-projection operator 
leads to a first inversion expression : 

'- = à 3 r-\ is: e A- (ID 

This expression is very easy to compute by digital proces
sing and has very nice properties. 

A"i and F~ are one dimensional tranformations for which 
the efficient Fast Fourier Transform (FFT) algorithm is used. 
The optimal filtering to smooth original data according to signal 
to noise ratio in reduced to a one-dimensional problem. The 
back-projection operation may be restricted to any desired re
construction domain (zone of interest) and permits g^oroetrical 
scaling or zooming effects from the same filtered projections. 

Moreover it has been demonstrated that an extension 
of this inversion formula is possible for fan beam geometry 
(back-projection is in that case a little more complex).(7) 

As only one projection is processed at a time it is 
easy to imagine a pipe-line hardware structure and real 
time imaging is then conceivable. 

2.4. Reconstruction using 2-0 Fourier inversion 

2.4.1. Estimation in the Fourier domain 

The projection-slice theorem suggests a rather direct 
method for inversion. 

From (8) we formally obtain an expression for /?"' : 
-, - i - - l - l r-% « >i • C 0 T, 



That is 

Step 1 . Take the 1-D Fourier transform of each projection 
Step 2 . Change in the Fourier domain the coordinate from polar 

to cartesian 
Step 3 . Take the 2-D inverse Fourier transform 

Step 1 and 3 are easily implemented in a numerical way ma
king use of 1-D and 2-D FFT algorithms. But step 2 in spite of 
an apparent formulation simplicity contains real numerical dif
ficulties. In fact the problem is to construct a good represen
tation on a cartesian grid for f,f, knowing noisy data samples 
on a polar grid. 

A simple way is to compute the cartesian version of Ft f by 
local interpolation (nearest neighbor or bilinear interpolation). 
But important estimation errors may occur chiefly in the high 
frequency area where the polar sampling is looser and the signal 
to noise ratio lower. Thus, sophistication of the method is nee
ded to insure as efficient reconstructions as those obtained by 
filtered back-projection. 

2.4.2. Rho-filtered Layergram method 

Taking equation (10) and computing the right side double inte
gration without R factor has a two faced interpretation : 

. Taking R away has the effect of producing a filtered ver
sion of the image 

. Without R factor (10) reflects simply the back-projection 
operator. 

So back-projection results in a filtered version of the prior 
image. A new formula inversion can then be expressed as : 

7i~ = Ft~ o C~ o |R| o C , Fz> Û (12) 

Where Ft stands for the cartesian version of the Fourier 
transform and C~ o |R| « C is the polar expression of the fil
ter with circular symmetry. 

Implementation of inversion formula (12) has two tricky 
points. 

It needs two bidimensional Fourier transforms, and the 
computation of the |R| filter in cartesian coordinates requires 
careful attention. 

Moreover the image of Op (backprojection of the raw projec
tion data) cannot be restricted to the |D domain so the computa
tion, the smoothing and the first Fourier transform has to be 
done with at least twice the image size to avoid aliasing effects. 



An exa-pie of the generalization of that algorithm 
is giver, ir. 5 » • è': to reconstruct positron emission images 
using tir.e-of-f light information. The smoothed "histo-projections" 
are back-projected, then a bi-dimensional filtering is done using 
Fourier transform. Of course the filter to be used takes into ac
count the spreading value o in time-of-flight determination ; in 
that case the appropriate filter is : 

e ' ' ' I, ' - * c P. ; 

where I, is the modified 3essel function of first kind. 

3 OPTIMIZATION THEORY AND ITERATIVE TECHNIQUES 

3.1. A priori discretisation of the problem 

We have pointed out previously 'paragraph 1.3.) that as 
seen as linearity is assumed in the measurement procedure a gene
ral ~odeiiz3tion for data acquisition may be : 

I y. = II *.x,y> f'x.y dxdy - c. i = 1 M (101 

where . fix.y) is the function (generally real and positive) to 
be evaluated en a domain !D - |R2 

. $. 'x,y> are known distributions directly related with 
trie measurement procedure 
(a simple case is to consider j.(xrV' as *••• indicative 
function of an integration strip L.) 

. y. are the M measurements belonging to or.-? -rquisition 
set 

. e. are unknown errors for which statistical properties 
may be conjectured. 

The formulation of the problem is then : 
Can we find a "nice" function f(x,y) satisfying the V. constraints 
of equation \10 ;. 

"Nice" is a property that is necessary to be precised in 
order : 

. To insure- a numerical solution of the system 

. To propose a solution respecting the ir.for-ati jr. a priori 
known on the object f°(x,y) 

. To be coherent with the statistical assumptions concer
ning the physical properties of noise. 



Looking for f(x,y) in a numerical way means that we are li
miting ourselves to a finite set of parameters describing f(x,y). 
More formally xe look for a discrete decomposition of the form : 

N 
f(x.y) = Z f n *n(x,y) n € 1,2, , N (11) 

n = 1 
Sone cc-irr.only used discrete decompositions are : 

a) square pixels 
b'• polar pixels 
c'' strip pixels. When using that last sort of decomposition equa
tion (11) is determining f(x,y) in term of back-projection. 

Other series expansions are possible for f(x,y) which allow 
to govern accuracy, and a priori properties of the solution. 

Combining equations (10) and .11) leads to the discrete 
problem : 

N 
v. = Z. <$.,*) f • e. l i r» n l n = 1 

We take a matrix notation 

y is the M -dimensional data vector 
f is the N - dimensional desired picture vector 
H is a M x N-elements matrix 
e is the M-dimensional vector of statistically known errors 

With that notation the system becomes : 
y = Hf • e (12) 
Estimation of f satisfying the constraints of equation 

(12) for a given data set y is a linear estimation problem 
for which many approaches exist. 

We have to keep in mind that in imaging situations 
the matrix H contains from 10* to 10 s elements and that 
it is very sparse. Happily the geometry of acquisition offers 
rotational invariance that we shall take into account for astute 
decomposition. 

With respects to the pioneer work of hounsfield we 
first recall in 3.2. how the fir3t commercial CT scanners 

4 
dealt with the problem through rather intuitive iterative 
methods. This approach could be considered as now completely 
upset by analytic approaches such as filtered back-projection. 
But some new promissing results in optimization theory (as 
shown in 3.3. and 3.4.) combined with always increasing 
computing power could reverse the actual supremacy of transform 
methods. 



3.2. Principle of iterative techniques 
The reconstruction principle used by Hounsfield in the first 

X-ray 07 scanner (10) takes its inspiration from a very intuiti
ve way of solving the system (12) by an iterative procedure : at 
any step i of the algorithm we predict a set yi of projections 
corresponding to the actual estimate of the image f 1 at step i 
by y 1 = Hf l. 

We examine the infidelity between the data y and the predic
ted projections y 1 by computing for instance the euclidian norm 
\\y - y1!! in F.''1. This distance is statistically compared to the 
assumed accepted error e. The algorithm then stops or proceeds to 
a next estimate f 1 ^ by back projecting some correcting factor 
cl = giŷ - , yi. The choice of g specifies the nature of the cor
rection •'additive or -ultiplicative) as well as the amplitude of 
the corrective contributions, thus : 

f U 1 - f l - •>;• (13) 

The first step consists in the back projection of the col
lected data 

f. = ->y as y° = y 
Therefore this method may be considered as an iterative ap

proach to carry out the Rho filtering step of the reconstruction 
algorithm depicted in 2.4.2. 

3.3. Non iterative regularized solutions 
We have seen in 3.2. that ||Hf - y||2 is a measurement of 

the residual estimation error. The purpose of reguiarization me
thods is to realize an agreement between that resid'-ni error and 
a measure of the irregularity of the solution f. 

We define the irregularity of f by ||Lf|| where L is a chosen 
(N - P) x N matrix and the norm is the usual Euclidian norm in 
|R . L is most often a discrete approximation of a derivative 
operator (gradient or laplacian for instance). 

The regularization method produces a set of estimates f 
which are the minimizers of : 

J p (fJ = i|Hf'- yllj • P llLf||^_p with o >0 (14) 
This formulation is the so called Tichonov regularization of 

the all conditioned system Hf » y. 



Assuming weak hypothesis about L, minimization of 
J if. is -•-.-*" -11; (12) to have only one solution f given by 
o * P 

f = H t H • p L* L ) " 1 H* y (15) 
P 
When the discretization scheme leading to the numerical 

i.-sage f is suited to the geometrical properties of the collec
tion of lata y, one can take profit of the block-circulant 
properties cf the matrix Hfc H to implement efficient computation 
of (1SÎ. See 13) for an illustration of the method applied to 
positron er.ission imaging using time-of-flight measurement. 

The value of p (regularization parameter) is critical to the 
quality off : if p is too small the data error induces a solu
tion which is too irregular and if a is too large f is less 
sensitive to noise but Hf may be too far from the data. 

So the optimum choice for p is one of the difficulty of this 
approach. 

Some results reported in ( 12 ) give an answer for that 
problem using generalized cross validation : one omits a 
single data and studies the validity of different p by measuring 
how the corresponding estimates f (computed without this 
data) can predict it. We choose the p which gives the best 
prediction, in the mean, for all possible omissions. 

The point is that, though theoretically accessible, the 
solution requires very large computational efforts (much 
more than computing the solution f itself by equation 
(15)). ° 

Fortunately it has been recently shown ( 1- ) that the 
optimum value of p could be reached by transforming the 
expression of the initial problem into an equivalent problem 
of smaller size. So it is possible now to present algorithms 
which estimate p # (optimum value of p) and compute f # (the mi-
nimizer of J f ) with a cost (number of operations ana memory 
place) nearly identical to the minimum cost of the computation 
of one estimate for formula (15). 

These developments seem to be very promissing chiefly when 
very noisy data are only available. 

3.4. Maximum llkehood approach 

In the applications of emission tomography a basic 
assumption is the Poisson stochastic model of the counting 
process. When the counting statistics is low it is no longer 
possible to use appropriately deterministic models considering 
noise as an additive perturbation. 



It is a distinct advantage of maximum likehood algorithms 
(15), (16) to incorporate a proper statistical model. These algo
rithms estimate iteratively the values of the activity in each 
pixel from the random vector of experiments by maximization at 
each step of the likehood. The model has to be previously descri
bed in term of probability (or something related to the probabi
lity that a photon leaving pixel j contributes to the i-th com
ponent y^ of the data). The probabilities must be specified in 
order to take into account physical features such as detector 
geometry, calibration, attenuation. 

The evaluation of the quality of the estimate in term of 
likehood has some nice convergence properties and it allows the 
inclusion of non-negativity constraints. 

4 RECONSTRUCTION METHODS FOR 3-D DISTRIBUTIONS.VOLUDENSITOMETRY 

4.1. From 2-D to 3-D imaging 

The final purpose of medical imaging is to provide 
better insight of morphological and physiological properties 
of human organs ; all these phenomena occur in both time 
and space so the previous problems are intrinsically 4-dimensio-
nal (3 space coordinates and 1 time coordinate). 

Dynamic studies are achieved by sequential time sampling 
of imaging procedures ; but complete 3-D analysis of an 
organ in medically significant time scales is often uncompatible 
with repeated application of 2-D procedures. So there would 
be great potential medical benefits for rapid fully three-
dimensional image reconstruction. 

Happily the physical phenomena involved in most imaging 
devices are basically three dimensional ; 2-D data collection 
is generally the result of geometrical or electronical collima-
tion. For instance cone-beam illumination is the natural 
use of diverging X-ray souces. Associating such a source 
with a bidimensional detector and selecting proper trajectories 
provides sufficient conditions for 3-D densitometry. 

Gamma emitting radionuclides naturally label an entire 
volume of interest and, as the photons are emitted on full 
4ir solid angle, estimation of three dimensional distributions 
is a quite reasonable goal. 

In NMR the great versatility of gradient generation 
allows to get estimation of spin-density integrals along 
any chosen plane ; these data are then considered as samples 
of the 3-D Radon transform of the volumic spin density distribu
tion. (17) (18) 



So it is an actual trend to all imaging devices to 
perform computational estimations for the total object (or 
interesting sub-volumes) and this within a single acquisition 
reconstruction procedure. 

This purpose may only be reached by the way of new 
improvements concerning : 

. the technologies of data collection 

. the strategies of acquisition modalities including opti
mization cf the trajectories 

. the generalisation of reconstruction algorithms 

. the techniques for 3-D display 
In the next paragraph we present results concerning 

voludensitometry as an illustration of some new problems 
occuring in a fully 3-D context. 

4.2. Voludensitometry by inversion of estimated 3-D Radon trans
form 

The purpose of voludensitometry is to restitute in 
one single experiment the absorbance distribution in the 
whole volume of interest. The acquisition system is composed 
of an X-ray source providing cone beam illumination and 
of a bi-dimensional photon detector ; there is a great degree 
of freedom when defining the trajectories of such an acquisition 
device in order to insure correct volume reconstruction 
( 19), (20 ). One more time Radon transform provide- the mathema
tical frame for that reconstruction. 

We suppose that the distribution to be reconstructed 
f°(x,y,z) is defined on a bounded domain |C (for instance the 
unit ball of |R J). Each plane P intersecting the domain ID can be 
parametrized by n (an unitary vector of |RJ ) and u (related 
to the distance of the plane from the origin), n is associated 
with two angular values 9e [0,tr] and <> € [0,2i^, u is a real 
value in range [-l,*l]. 

The 3-D Radon transform 71 : f _^ p = ftf is then expressed 
by 

p(u,n) = p(u,|,9) = II f°(M) dM where M stands as tr.e vector 
'J of coordinates for points in 

the plane P. 
Just as in the 2-D case some mathematical results exist 

that provide inversion formulas for the 3-D trar.sfon •' IS i. 



One verv simple formulation is : 
2 if » 

f (x.y.z) = - -g^T / d* f P"(u,9,0)sine de (16) 
0 0 

where P" u,^,î is the second derivative on the variable u. For
mula (16) describes in fact a filtered back projection algorithm. 
Calculation of the second derivative can be done by a finite im
pulse response filter ; the number of coefficients depends on 
the noise in the estimation of Radon transform. 

The important point concerning X-ray voludensitometry is 
that a value in the 2-D projection (what we call a radiograph) 
corresponding to' one position of the source,cannot be directly 
interpreted as a sample value of the 3-D Radon transform. In fact 
~any samples of the 3-D radon transform may be computed by inte
gration along lir.es in the 2-D projection. 

It has been shown (20) that a good estimate of the Radon 
transform is possible through numerical approximation of plane 
integral using ponderated values of the measured lines belon
ging to the plane. 

The different steps of reconstruction can then be summarized 
as following : 

. Selecting a trajectory amid all admissible trajectories 

. Selecting the sampling rate for source positioning on 
the trajectory 

. Selecting the appropriate sampling for evaluation of the 
Radon transform (21) 

. Estimation of the Radon transform from the measured pro
jections 

. Computation of the second-derivative on Radon estimates 

. Back-projection (using linear interpolation) 

5 CONCLUSION 

In this article we have proposed a very quick survey 
of various mathematical aspects of image reconstruction 
as they are or will be soon widely used in medical imaging 
systems. Though* always referencing to a common mathematical 
formulation a lot of different methods and numerical implementa
tions have arisen , reflecting the particularities of the 
different measurement procedures and of application fields 
(X-rays transmission, emission tomography, ultrasound or 
NMR...). 

http://lir.es
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On c ? side simple and robust algorithms are now daily 
at *ork ar.i ;ommercially available in imaging systems, on 
the other 5lie, more and more complex situations are taken 
into account, rising new difficult mathematical and computatio
nal problems. 

3o it appears that, in spite of tremendous recent advances, 
many interesting developments are still to be expected. 
Moreover i.̂ age reconstruction from projection appears now 
as a -otivatir.g research area for image processing, numerical 
analysis and optimisation theory. 
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