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III. Non-Local Density Functionals: Comparison with Exact

Results for Finite Systems.
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1. INTRODUCTION

...."Or, faire de la phiiosophie n'a rien

d'original ou de dificile. Ce qui est

dificile, par contre, c'est de faire

de la bonne philosophie (c'est meme plus

dificile que de ne pas faire de philosophie

du tout)." (M. Bunge )

As is well known, microscopic systems such as subatomic

systems, atoms, or molecules are not described by classical

physics. On this level, matter instead obeys the laws of

quantum theory. The pnysics of atoms, molecules, and

condensed matters which concerns the motion of the electrons

and nuclei is believed to be accurately described by

ordinary quantum mechanics, possibly in its relativistic

version. Thus, we believe that e.g. chemical bonding and

reactions, electronic and mechanical properties of condensed

matter, etc in principle can be understood on the basis of

quantum theory.

Unfortunately, the basic Schrödinger equation of

quantum theory can be solved exactly only for a very limited

set of simple systems. Even for such a simple system as the
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He atom with two electrons one has to resort to

approximations. Whereas few-electron systems such as small

atoms can be treated by numerical methods like

"configuration interaction" (CI) or like those introduced by

Hylleraas, methods which in principle can be converged to

any accuracy, this is hardly the case for large molecules or

solids. In order to treat the correlated motion of electrons

in a solid one has to resort to many-body perturbation

theory and to approximations whose accuracy is very

difficult to assert from first principles.

In the early days of quantum theory simple mean field

approximations, such as the "Hartree" and "Hartree-Fock"

approximations, which neglect the interparticle correlation,

were developed and successfully applied on atomic systems.

In mean field theories the N-electror.s problem is reduced to

N one-electron problems which are, in principle, exactly

soluble. Even today it is for solids difficult to go beyond

such a treatement, but fortunately mean-field "one-electron"

theory often gives useful and quantitative results and

provides a starting point for more sophisticated ways of

treating the interparticle interactions.

The mean-field treatement of many-electron problems was

given a more rigorous theoretical basis by Hohenberg, Kohn,

and Sham ' in the mid-sixties. They showed that the ground-

state properties of any many-electron system could be

considered as functionals of its ground-state particle

density. Their work laid down the foundation of the modern

version of density-functional (DF) theory. This theory



gives, in principle, the exact ground-state energy and

particle density (n(?)) of any interacting many-electron

system, provided one knows a universal functional E [n]

which describes the effects of exchange and correlation.

The great utility of DF theory comes from the fact that

it leads to simple mean-field one-particle equations,

(- i V2 f w + V + v ) <|>. = e. $.
2 H xc i 1 1

(1)

whose solutions give the exact particle density according to

N

(2)

In Eq. (1) w is the "external" potential from the nuclei, V

is the electrostatic "Hartree" potential from the ground-

state electron density n, and v (?), the so-called
X C

exchange-correlation potential, describes the effects of

Fermi statistics and interparticle correlation. The

exchange-correlation potential is formally defined as a

functional derivative of the exchange-correlation energy

functional E [n],
XC

6Exc
Injf)

(3;

The quantities E [n] and v are exactly defined but only

approximately known. Fortunately, even the simplest possible

so-called local density (LD) approximation gives in most
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cases very useful results but is yet simple enough to be

possible to use on realistic systems like large molecules,

surfaces, impurities in solids, etc.

The present thesis is devoted to a study of approximate

density-fuctional schemes. In order to test their accuracy

we have applied the approximations to simple systems such as

small atoms and compared with accurate results deduced from

CI and Hylieraas wavefunctions. We have also studied the Be

metal, where the density is rather accurately known from x-

ray scattering experiments.

The orbital eigenvalues {e.} in Eq. (1) have normally

no clear physical interpretation but are in practice often

used as approximations to one-particle excitation energies.

In fact, the majority of photoemission and other spectra of

solids are interpreted in terms of these eigenvalues as »"hey

come out of approximate Local-density calculations. In the

last few years a renewed interest in the physical

interpretation of fhese eigenvalues has taken place (see

e.g. Ref. 3 ) . Therefore a large part of this thesis is

concerned with these eigenvalues and their connection with

measurable quantities, as well as with the effective DF

potential v
^ xc



2. SUMARY OF THE PAPERS

"the purpose of computing is insight, not

numbers" (R.W. Hamming)

Paper I.

For complex systems the LD approximation is by far the most

commonly used approximation for obtaining ground-state

properties and in many cases the only realistic method which

is possible to use in practise. In order to obtain good

total energies it is important to have a scheme which gives

good densities and thus good electrostatic energies. The

density also determines the Hartree potential Vu which is an

important term in the so-called Dyson equation for the true

excitation energies. In paper I we investigate the accuracy

of the LD densities by studying the systems H , He, Li ,

2 +
Be , neutral Li and neutral Be. We compare with rather

accurate correlated densities obtained from CI or Hylleraas

wavefuntions. We have also included the Hartree-Fock (HF)

results since there seems to be a general belief that this

scheme gives better densities than the LD approximation. Our

calculations show that this is not always the case.

We have also calculated the Hartree potential Vu(?)
H

from LD, HF and exact densities. We have found that the LD



error in Vtt is much smaller than the error in v . The LD
H xc

error in V is also small compared to the expected
n

inaccuracy in commonly used approximations to potentials for

excitation energies.

Paper II.

In this paper we continue our study of approximate density-

functional schemes by comparing approximations to the

effective potential v and the eigenvalues e. (cf. Eq. (1))

with essentially exact results for the case of light atoms.

We have here obtained, for the first time, the exact DF

potential using the following method. According to a

uniqueness theorem by Hohenberg and Kohn the effective one-

electron potential in Eq. (1) is, apart from a constant, in

one-to-one correspondence with the density n{t) it produces

via Eq. (1) and (2). Thus, by finding the effective

potential that reproduces the exact ground-state density one

obtains the exact DF potential without resorting to its

definition as variational derivative (Eq. (3)). In this

work we have used a trial potential involving some 25

parameters which were varied until the density computed from

Eqs. (1-2) agreed with the given correlated density within a

prescribed accuracy. For two electron-systems a simpler

procedure can be used. The procedures give v only within a

constant. This constant was obtained by using the exact

4
result that the uppermost occupied DF eigenvalue, e , gives



the exact ionization potential. Having found the exchange-

correlation potential v it is then possible to construct

the exchanqe-correlation functional E [n] and the kinetic

energy functional T [n].

Comparing with our exact results we have found that the

LD error in the exchange-correlation energy is small but

that the LD error in the v potential is quite substantial.

(Most of the error, however/ is a constant shift of no

importance for the density profile). The error in the

potential gives corresponding errors in the eigenvalues. As

mentioned in the Introduction no formal reLations are known

between DF eigenvalues {e.} in Eq. (1) and true excitation

energies (except for the uppermost eigenvalue e ). However,

the LD approximation to these eigenvalues are widely used

for interpreting experimental spectra. Therefore, it is of

interest to known whether the major error in such an

approximation is due to the principal difference between the

exact DF eigenvalues and true excitation energies or due to

inaccuracies in the LD approximation to DF theory. We have

found in paper II that the inner-shell eigenvalues lie above

the corresponding excitation energies. We have also showed

that the differences between the LD and the exact DF

eigenvalues are larger than the difference between the DF

eigenvalues and the corresponding excitation energies. Thus,

improvements of v beyond the LD approximation would give

better estimates of excitation energies.



Paper III

In this paper we study two different non-local

approximations to DF theory by comparing with our exact

results for light atoms. The non-local schemes studied are

the effective gradient approximations due to Langreth,

Perdew, and Mehl who treat the exchange-correlation energy

functional in reciprocal space, and the so called "modified

weighted density" (MWD) approximation due to Gunnarsson and

Jones who treat the problem in real space. Our general

finding is that the non-local schemes, in particular those

due to Langreth e_t. al., give an improved description of the

exchange-correlation energy compared to the LD

approximation. However, these schemes do not give equally

good improvements of the effective potential v and thus of

the density profiles. Thus, the effective potential v is

more sensitive to approximations than is the exchange-

correlation energy functional itself, an observation made in

other contexts before.

Paper IV

In this work we have calculated ground-state properties of

the beryllium metal using both the LD approximation and the

approximation by Langreth, Perdew, and Mehl (LPM) to

exchange and correlation and compared our results with the

measured cohesive energy and the measured structure factor.
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The calculation was performed using the plane-wave method

and norm-conserving pseudopotentials, which are known to

reproduce the corresponding all-electron DF calculations in

a very accurate way.

As was the case for finite systems we have found that

the LPM scheme gives a substantial improvement of the total

energy as compared to the LD approximation. As far as the

density is concerned, the measured structure factor is

dominated by the core-electron contribution. The LPM scheme

gives a certain improvement of the density in the core

region and thus also for the structure factor for the solid.

However, the comparison with experimental scatterring

factors has not enabled us to judge conclusively which of

the two approximation schemes give the most accurate

valence-electron density in the metal. As an interesting and

important side issue we have found that the traditional

pseudopotential calculations as they have been performed

previously are not accurate enough to judge the quality of

theoretical form factors. We have also found a correction

that will render such calculations useful for this purpose.
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