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ABSTRACT 

The design and manufacturing of a waveguide mode converter from 

the TE°o mode in oversized rectangular to the TE°i i mode in oversized 

circular waveguide is described. A differential equation for the 

cross-sectional shape of the converter was solved numerically. A 

stainless-steel mandrel was produced on a numerically controlled 

milling machine. Sixteen converters were produced by means of 

elect reforming on one mandrel. 



1. INTRODUCTION 

This report describes the design and manufacturing of a broad

band waveguide converter from the TE^o mode in oversized rectangular 

waveguide to the T E ^ mode in oversized circular waveguide. The demand 

for such a converter arose during the design of a far-infrared grating 

spectrometer to perform electron cyclotron emission spectroscopy on 

the Joint European Torus [l]. The wavelength range of the spectrometer 

is about 0.5 mm to 5 mm. 

The spectrometer has twelve exit channels, consisting of smooth 

rectangular waveguide tapers from the exit iperture dimensions to a 

cross-section of 20.2x40.4 mm. It is expected that, dominantly, the 

TEJO mode will be excited in the exit apertures, resulting in pre

dominantly the TE^o mode in the 20.2*40.4 mm cross-section*. 
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F i g . 1 . 1 . The TE^Q a n d TE*J i modes. 
a = 20.2 mm, b = 40.4 mm, d = 15.0 mm. 

The r a d i a t i o n has t o be c o u p l e d i n t o 12 d e t e c t o r s w i t h 0 15 mm 

e n t r a n c e a p e r t u r e s . These d e t e c t o r s a c c e p t a l i m i t e d number o f w a v e 

g u i d e modes , ( t y p i c a l l y 3 - 1 0 ) , b u t p r e d o m i n a n t l y t h e T E j i mode. 

T h e r e f o r e , a c o n v e r t e r i s r e q u i r e d t o p e r f o r m t h e c o n v e r s i o n f r o m t h e 

TE'io t o t h e IE i i mode f o r t h e w a v e g u i d e d i m e n s i o n s m e n t i o n e d . 

# ) The normal convent ion i s not fo l lowed for t h i s c r o s s - s e r t i o n . The dimension 
along the x - a x i s , a, i s the smal le r one; a = 2 0 . 2 , b = 40.4 (see f i g . 1 .1) . 
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Twelve of these converters are applied in the coupling waveguide 

structure between exit apertures and detectors. 

Another two converters are applied in the waveguide system 

leading to the entrance aperture. The entrance aperture of the spec

trometer is rectangular, as are the feeding waveguides. Because the 

entrance aperture has to be rotated around its central axis as a func

tion of the frequency selected by the grating*, a rotating section 

consisting of a short piece of circular waveguide was included (see 

Fig. 1.2). Although the radiation incident to the spectrometer will be 

largely in the it-iQ mode (in the sense of Fig. 1.1), the mode 

structure in the entrance waveguide will be rather complicated due to 

the rotation. 

The design procedure as described by Solymar and Eaglesfield 

was used [2J. This method yields a differential equation for the shape 

of an arbitrary transverse cross-section of the converter. By solving 

this equation for a sufficient number of cross-sections the converter 

surface can be completely specified. The method is theoretically ideal 

for infinitely long converters and is approximate for converters of 

finite length. The method gives no predictions about the quality 

(spurious mode excitation, reflection coefficient) if the converter is 

not infinitely long. A length of 400 mm was chosen considering what 

length one would minimally choose for a rectangular taper from 

20.2x40.4 to 15.0*15.0 mm (Solymar [3]), and taking into account 

geometrical restrictions imposed by the spectrometer. 

X 

Fig. 1.2. The rotating section. 

Summarising, the s p e c i f i c a t i o n of the converter are as fo l lows: 

rectangular aperture a = 20.2 mm, b 

c i r c u l a r aperture diameter 15.0 mm 

length 400 mm. 

40.4 mm TEio mode 

TE j | mode 

*) This is a peculiarity of the type of grating instrument. 
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THEORY OF THE CONVERTER 

2.1 Derivation of the converter surface 

In waveguides uniform along the z-axis, the Helmholtz equation 

is reduced to the scalar expression (Collin [4]) 

(V* + k£) +(x,y) = 0 , (2.1.1) 

where 

V(. is the transverse part of the A operator 

kc is the cut-off wave number 

$ is the cross-sectional wave function. 

Modes of propagation are found as solutions of this equation, with 

eigenvalues kc and eigenfunctions *(x,y). 

z = 0 

Fig. 2.1.1. Non-uniform section between uniform waveguides. 

In the non-uniform section, the modes can be approximated by 

making the assumption that the section is locally uniform. 

A given mode in the entrance waveguide A can be converted into 

a specific mode of the exit waveguide B by a suitable choice of the 

shape of the cross-sections of the joining section. Conversion into 

other modes than the desired one can be neglected, provided th*it the 

transition is sufficiently gradual and that no eigenvalue kc of a 

spurious mode is equal to kc of the desired mode in any cross-

section. The fields in the converter section can then be described by 

one, gradually varying, eigenfunction *(x,y,z) with a varying eigen

value k c(z). 

Conversely, if the gradually varying function <Kx,y,z) is 

known, cross-sections of the converter can be found that satisfy the 

boundaiy conditions for 4>. E.g. for a TE mode, the boundary surface 



- 4 -

shou ld always be p e r p e n d i c u l a r to the e l e c t r i c f i e l d . This leads to a 

d i f f e r e n t i a l equa t ion f o r the boundary c o o r d i n a t e s x D , y D 

dx. 3iji/3x 

yt,(xD) can be found by integration of this equation. 

Now the function i|» is chosen to be a linear combination of the 

wave functions of the modes of the uniform section, ty.(x,y) and 

^„(x.y), respectively, 
b 

+ (x,y,z) = gA(z) a \i*,y) + q^z) *B<x,y) . (2.1.3) 

where 

a is the relative amplitude of the mode in waveguide A, 

gA(0) = 1, gA(L) = 0, 

gB(0) = 0, gB(L) = 1, 

L is the length of the converter section. 

In order to satisfy Eq. (2.1.1) in any cross-section, i/. 

and tyn are chosen such that their eigenvalues k . and k „ are equal, 
b eft cb 

This puts a restriction on one of the dimensions of waveguides A o» B. 

The amplitude a is then determined by the requirement that the power 

flows in sections A and B should be equal. 

Only in the cross-sections A and B there is a restriction on 

the starting points of the integration of Eq. (2.1.2), namely, they 

should lie on the boundary curve. For convenience, we choose the 

starting points y0(z) on a curve y = h(z) in the yz-plane. See Fig. 

2.1.1. This curve should be a continuous and smooth function of z so 

as not to violate local uniformity. Then, h(0) and h(L) are determined 

by the dimensions of waveguides A and B. 

The entire surface of the converter can be constructed by 

solving Eq. (2.1.2), with the starting point h(z), for a sufficient 

number of z-values. As mentioned, the requirement that kcft and kcg 

are equal sets a restriction on one of the dimensions of the wave

guides A or B. This may be unsatisfactory from a practical point of 

view. For example, a kc preserving converter from 20.2x40.4 rectan

gular to circular will have a circular diameter of 23,4 mm. Such a 

converter can never be elect reformed on an extractable mandrel. 

However, it is always allowed to change the size of a waveguide 
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without changing its cross-sectional shape (consider any normal wave

guide taper). A z-dependent transverse scaling factor C(z) can be 

applied to a converter which was designed to preserve kc, without 

causing spurious mode excitation or eigenvalue degeneracy. If this 

size multiplication factor is chosen appropriately, a converter will 

result with suitable dimensions of both the terminating waveguides. 

The solutions obtained satisfy the general (non-uniform) 

Helmholtz equation as far as the assumption of local uniformity is 

valid. The weight factors g^ and gg, the starting point curve h 

and the size multiplication factor C should be continuous and their 

derivatives should be sufficiently small to justify the reduction of 

the general Helmholtz equation to the scalar transverse equation 

(2.1.1). 

n o 
2.2 Application to a converter from TEIQ * TEu 

D 

The wave f u n c t i o n • f t ( x , y ) c f the TE i o mode i n u n i f o r m r e c t a n 

g u l a r waveguide reads ( s e e C o l l i n [ 4 ] ) 

= s i n ( i t x / a ) , ( 2 . 2 . 1 ) 

where a is the size of the waveguide in the x-direction. 

The origin of the coordinate system is at the centre axis of 

the waveguide. The cut-off wavenumber kc/\ is given by 

k . = n/a 
cA 

(2.2.2) 

The power carried by the mode is 

(2.2.3) 

where 

b is the size of the waveguide in the y-direction 

Z0 is the vacuum impedance 

k0 is the wavenumber in vacuum. 

.s [3] 
The wave function *|<B of the TE j j mode in circular waveguide 
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• D = JiCk Dr) cos «> , (2.2.4) 

where 

3i is the Bessel function of the first order 

k n is the cut-off wavenumber. 
CD 

kcg is given by the first root of the derivative of the Bessel 

function 

pJl(kcBr)1 = 0 , (2.2.5) 
s 

where s is the waveguide radius. 

The powerfiow associated with this mode is given by 

P R = znk„^ /k* - k?n(k^R s
2 - 1) J2(k Rs) . (2.2.6) 

D O O O CD CO I CD 

Substituting the numerical value for kcg yields 

kcB = 1.841/s , (2.2.7) and 
P_ = 0.2022 Z k * A2 - 3.389/s2 . (2.2.8) 
D O O O 

The condition that the cut-off wavenumbers (in the terminating 

waveguides kc£ and kcg are equal gives a relation between the 

dimensions a and s. Using Eqs. (2.2.2) and (2.2.7) we find 

s = 0.586 a . (2.2.9) 

The dimension b of the rectangular guide is unrestricted. 

To determine the amplitude a of the TEio mode (Eq. (2.1.3)) the 

power flows in the terminating waveguides are set equal. Equations 

(2.2.3) and (2.2.8) then give 
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The weight factor gfl(z) and gg(z) of Eq. (2.1.3) are chosen 

as follows 

gA(z) = 1 - z/l , 

gB(z) = z/L . (2.2.11) 

The composite potential ty is now given by 

* = g i(z) a sin (JL) + g2(z) 3i(kcBr) cos * . (2.2.12) 

The derivatives of •. and • B read 

- = - cos ( — ) 

3 * A 

»y 
= 0 

dv r 

3 * B 3J i . . , Jicost? sini> ,_ „ . . . 
— = TT^-1- cost? s ini» - — l . ( 2 . 2 . 1 3 ) 

or r 

For practical reasons, the starting point function h(z) was not 

chosen linear, but a cosine function of z. This results in a converter 

that hardly tapers at its ends, thus allowing for machining of an ex

ternal cylindrical section near the circular end of the electroformed 

device, 

h(z) = (1 + cos (£*)) I + (1 - cos (If)) I . (2.2.14) 

Equation (2.1.2) is solved, with starting points y0 = h(z) 

for a number of z-values. Because of the 4-fold symmetry a solution 

for one quadrant suffices. 

Finally, the transverse size multiplication factor is applied. 

For given dimensions a and b, the radius s of the kc preserving con

verter is given by Eq. (2.2.9). The size factor is then chosen such 

that the dimensicns of the rectangular end are unaffected, but the 

circular end is scaled to s convenient radius s0 0 5 mm). 
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The funct ion is chosen as: 

c ( 2 ) = 1 + (!° . i ) f . ( 2 . 2 . 1 5 ) 

Figure 2 .2 .1 shows a set of quadrants of cross-sect ions at 

d i f f e r e n t values of z . 

0.000 0.004 0.008 0.012 

Fig, 2 .2 .1 . Cross-sections of the converter 
at intervals of 40 mm. 
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THE TOOL CORRECTIONS: OBTAINING THE MACHINE COORDINATES 

3.1 Data reduction and calculation of normal vectors 

The converter had to b electroformed on a stainless-steel 

mandrel. A numerically controlled vertical milling machine was used to 

manufacture the mandrel. The machine required the coordinates of the 

centre of the spherical mill used as input data. Hence, vectors normal 

to the converter surface had to be calculated. 

It was decided that a series of transverse cross-sections would 

be milled, rather than contours of constant x or y. Because only half 

a cross-section is accessible to the mill in this set-up (see Fig. 

3.1.1), separate machining of the two halves cannot be avoided. 

^ 5 ^ 
:::ïï 

Fig. 3.1.1. 

The set-up on the milling machine. 

Fig. 3.1.2. 

The machining sequence. 

For machining e f f i c i ency the h a l f c ross-sect ions were m i l l ed as 

ind ica ted in F ig . 3 .1 .2 ; sequent ia l l y i n clockwise and an t i - c lockw ise 

d i r e c t i o n . 

The p i t ch distance between cross-sect ions i s determined by the 

surface q u a l i t y requ i red . From simple geometr ical considerat ions for a 

spher ica l m i l l and a plane surface (see F i g . 3.1.3) the p i t ch t i s 

given by 

t 2 / D o , (3 .1 .1 ) 

where 

D is the mill diameter 
m 

o is the peak-to-peak value of the surface structure. 
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mül radius 

Fig. 3.1.3. Spherical mill on a Flat plane. 

However, the use of this equation is doubtful because other 

factors degrade the surface smoothness, particularly on stainless 

steel. 

The position of the centre of the mill corresponding to a point 

on the surface is given by the surface coordinate and the normal 

vector of the length of the mill radius on that point. The mill moves 

in straight lines between consecutive data points. Two factors play a 

role in determining the minimum number of mill coordinates* that is 

required: 

1. the deviation of straight sections between two data points from the 

ideal surface, 

2. the variation of the slope of the cross-section curve between con

secutive surface coordinates. 

To obtain the mill coordinates from the points generated by 

the integration a two-step algorithm is applied. The integration step-

size is much smaller than the minimum distance between coordinates. 

Therefore, in step one, related to point one above, a data reduction 

is done (see Fig. 3 . 1 . A ) . Let x n,y n be a surface coordinate. A 

straight line is set up through x n,y n with the known coefficient 

of direction y' = (dy/dx) 
'n xn 

points generated 
by integration 

Fig. 3.1.4. The data reduction. 
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For the Following points generated by the integration the 

distance d to this line is calculated. If d exceeds a critical value 

ERSIZE for the point xi.»yb» then the previous point x. ,y, is 

added as a surface coordinate. The value of ERSIZE is specified in the 

input data set of the code. 

The second step is related to point 2 above. If the change of 

the derivative y' between consecutive surface coordinates is too 

large, a portion of the surface is cut away. See Fig. 3.1.5. There

fore, when the angle between consecutive normal vectors exceeds a 

critical value ANCRIT - input parameter to the code - extra normal 

vectors are added in between. Then a set of mill coordinates results 

from one surface coordinate. This procedure is particularly relevant 

near the rectangular end, where sharp corners occur. 

motion of 
mill center 

Fig. 3.1.5. Addition of extra normal vectors. 

For this calculation, 'in plane' normal vectors are used, i.e. 

they have no z-component. To complete the calculation of the machine 

coordinates, the z-components of the normals - resulting from the 

shallow tapering - have to be added. The complete three-dimensional 

normal can be written as a normalized vector product of two vectors of 

the surface. One of these is the tangent to the cross-section curve, 

the second is the vector from the current point to the nearest point 

of the next cross-section. 

3.2 Points around the singularity 

The numerical integration is performed in cartesian coordi

nates. Because all cross-sections intersect the x-axis at right 

angles, there is a singularity in the slope dy/dx. dy/dx is a mono

tonously increasing function from x=0 up to the x-value of the inter-
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cept of the curve with the axis. The integration loop breaks off on a 

criterion for the slope dy/dx. Call the last point (xn_i*yn_i). 

The x-vaiue of the x-axis intercept (xn Q) is not yet known then. 

For cross-sections with a sufficiently large z-value (z larger 

than a critical value ZMARK to be specified on input) the value xfy 

can be made equal to xn_i» The last part of the cross-section is a 

straight line parallel to the y-axis. 

For smaller z-values (z < ZMARK) this procedure appeared inade

quate, and obviously incorrect values of xjy were obtained (about 

0.01 mm errors). To solve this problem, for cross-sections with z < 

ZMARK xn(z) is chosen on the straight line from xn(z=0) to 

xn(z=zn), where xn(z=0) is known to be a/2 ( = 10.1 mm) and 

xn(z = zm) is the last x coordinate of the first cross-section with 

z > ZMARK. In practice, ZMARK values of about 5 to 10 mm were used. 
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4. DETAILS OF THE CODE AND THE MACHINING 

4.1 The data transfer 

The dimensions of the converter are as follows: length 400 BIB, 

rectangular aperture: a = 20.2 mm, b = 40.4 RIM, circular aperture dia

meter 15.0 mm. A number of cross-sections is shown in Fig. 2.2.1. 

It was decided that a peak to peak surface irregularity after 

milling of 5 to 10 micron would be desirable for the mandrel. Then the 

amount of polishing required would not be excessive. A mill with a ra

dius of 10 mm was chosen. On the basis of the geometrical considera

tions outlined above, a pitch distance between cross-sections of 1 mm 

was chosen, yielding a total number of 417 cross-sections (401 for the 

actual converter and an additional 8 at both ends)*. On the average, 

about 90 mill coordinates were necessary to describe one half cross-

section. This yields a total amount of data of about 40 k mill coordi

nates. 

Input data to the milling machine is in ASCII (7 bit plus 

parity bit). For each mill coordinate one machine record is required, 

consisting of about 20 ASCII characters (including addressing overhead 

and if written in an efficient way). The 'machine file' thus contains 

about 800 k ASCII characters. 

The machine was fitted with a floppy disc unit as input device. 

This replaced the papertape reader which was originally used. It was 

realized that papertape is not an appropriate medium to transfer 5 H 

bit of information without errors. 

The machine has a data buffer of 54 k characters. Partition of 

the machine file in smaller machine files of less than 50 k each was 

necessary, 4 k being reserved for overhead. 

The mandrel was milled with the side b horizontally, in view of 

the limited length of the mill. Then the transformation between the 

coordinate system used in the calculation end the machine system is 

given by (index c indicating calculation, m-machine) 

xm = zo' ym ' xc» zm s yc * 

The machine coordinates should be w r i t t e n in mm, wi th three 

decimal p laces . The smallest step the machine can take i s 1 micron. 

» The converters are electroformed on a 417 mm long mandrel. During final ma
chining of the converters, the extra 8 mm at both ends are removed. This pro
cedure reduces edge effects of the electroforming. 
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4.2 Some details of the code 

The code consists of two parts. The First part, called MOCO, 

performs the numerical integration, the calculation of the normal 

vectors and the addition of extra normal vectors as described in 

paragraph 2.1. 

The numerical integration is of the Euler type. The step size 

of the algorithm is reduced as soon as the slope (dx/dy) of the cross-

section curve exceeds a given value. The integration terminates when 

the current x-value is within 1 wm of its final value. (Except for 

small z-values. See the remark in paragraph 3.2.) 

MOCO produces a dataset containing the surface coordinates and 

the normal vector for a number of z-values specified on input, de

scribing one quadrant of the cross-section. The surface coordinates 

are in mm. These data are calculated for all normal points and for the 

last point of the cross-section. MOCO also writes a data set for the 

purpose of plotting a number of cross-sections. 

The data set containing the coordinates is read by the second 

part of the code, called MOTO. MOTO also reads the diameter of the 

mill and its initial position in machine coordinates from an input 

data set. It then calculates the mill coordinates and writes them in 

the order appropriate for milling half cross-sections in the sequence 

indicated in Fig. 3.1.2. 

The amount of data transfer to the machine was reduced by using 

it in incremental mode, in which increments between coordinates rather 

than absolute coordinates are given. MOTO calculates the increments. 

The first increment is between the first absolute coordinate of the 

first cross-section calculated and the absolute initial mill position 

specified in input. MOTO writes the final mill position on printed 

output. MOTO produces a data set containing control characters and 

numerical data in the format of the milling machine. After conversion 

of this data set from the internal code of the computer to ASCII, this 

is the machine file. The conversion includes the replacement of some 

internal code characters to ASCII characters that have no equivalent 

in the internal code and omission of all 'carriage return' characters. 

The number of cross-sections treated in one run of MOTO should be 

chosen such that the resulting machine file does not exceed the 50 k 

of the machine buffer. 

To machine the 8 additional cross-sections at the rectangular 

end a small machine file was written manually. Only 4 coordinates are 
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required per half cross-section. The cross-sections are simply rectan

gles of 20.2x40.4 nu, and the normal vectors lie in the xy-plane, i.e. 

these sections do not taper. 

for the 8 additional cross-sections at the circular end, the 

cades HOCO and MOTO are used up to z-values of 408 mm on a 400 mm 

taper l»ngth. 

4.3 The machining 

The mandrel is made of stainless steel 304. After the initial 

shaping, the milling of the mandrel Mas performed in two stages; a 

rough milling stage and two stages of final machining. In all cases 

the procedure is as follows. A machine file (o*" size smaller than bO 

k) is read into the machine buffer, in which a main program resides. 

The corresponding portion of the mandrel is milled. Next, the mandrel 

is rotated 180° about its central axis anc the opposite half is ma

chined. In this way all machine files are treated. For the rough ma

chining a pitch distance of 4 mm between cross-sections was used. 

Crass-sections were calculated that are slightly larger than the 

final ones by entering a mill diameter of 22 mm into the code, while 

the actual mill diameter was Z0 mm. For final machining this distance 

was 1 mm and the correct mill radius of 20 mm was used. 

It appeared that the surface structure of the mandrel was ap

preciably worse than was expected. This is partly due to the inappli

cability of the simple geometrical notions to the complicated milling 

process, and partly to vibrations in the set-up. These problems are 

made worse by the fact that stainless steel is a difficult material to 

machine. To reduce the roughness, the final machining with a 1 mm 

increment was repeated, but with a displacement of 0.5 mm in the 

direction of the rectangular aperture, however, after machining, a 

fair amount of filing and polishing was still required. A picture of 

the mandrel is shown below (Fig. 4.3.1). 
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4.4 The electroforminq and qoldplatinq 

The copper converters were produced by a two-stage electro-

forming technique. After cleaning and degreasing, the Mandrel Mas 

activated in a nitric acid solution. A First copper deposit of about 

20 um thickness was applied in a pyrophosphate copper bath, using 

highly oxygen-Free copper as anode Material. The half bonding charac

ter oF this layer eases the separation of the converter from the 

mandrel. A second deposit of 3 MM thickness was applied by Means oF an 

acid based copper-gleaM p.e. (printed circuit) process, again using 

highly oxygen-Free copper anodes. The converters were separated froM 

the mandrel simply by pushing and pulling. 

Initially, a converter was Formed without Firstly applying the 

20 |im layer. It appeared impossible to separate this one without 

exerting undue pressure, and it had to be milled open. 

The converters were now machined to their correct length and 

external dimensions at the ends, after which the Flanges were soldered 

on. 

After careful cleaning, the converters were activated in a 

hydrochloric acid solution and a nickel layer was applied with a 

thickness of 10 um on the outside and 5 tin on the inside. 

Immediately after this the converters were plated internally 

with a 2 um thick gold layer in a p.c.b. (printed circuit board) gold 

bath, using a carbon electrode. (See Fig. 4.4.1.) 

A 0.5 pm thick intermediate layer oF p.c.b. gold strike was 

used to improve the bond between nickel and gold. 

After the Final cleaning, the converters were ready for use. A 

picture is shown in Fig. 4.4.2. 



carbon anode 

PCB gold _ 
electrolyte 

converter 

Fig. 4.4.1. The internal goldplating. 

Tig. 4.4,2. The final product. 
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