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Abstract

Some topics studied within the Winfrith Nuclear Data Group in
recent years, and still of current importance, are briefly reviewed.
Moderator cross-sections; criteria to be met for reactor applications
are listed; thermal neutron scattering theory is summarized, with the
approximations used to facilitate comutation; neutron age data test
stringently the accuracy of epithermal cross-sections; a modification
of the CFS effective range treatment for S-wave scatter by H is presented,
and new calculations with up-to-date slow neutron scattering data are
advocated.

Use of multilivel resonance formalisms; the top bound resonance
should be included explicitly in calculations; additive statistical
terms are given to allow for "distant" negative and positive resonances,
in both HLBW and R-M formalisms; formulae are presented for estimating
R-M level shifts for 1^0 resonances.

Resonance mean spacings; the Syson-Mehta optimum estimator
is utilised in a method which up-dates the staircase plot. Resonances of
Fe have been resolved tofuoOOkeV, over which range the level density

for given JTT should increase 2-fold; this variation is allowed for in
the mean spacing calculations.

Fission-product decay power; present status of integral data and
summation calculations for U and ^ Pu fissions is summarized,
with a variety of intercomparisons including 239pu/235[j r a ti o s.

Data uncertainties are considered, but the sequence of data on V^
for the 27.8keV resonance of ̂ Fe provided a cautionary example.

1 INTRODUCTION

Pita evaluation is the art of putting together experimental data, theory and
guesswork so as to make something more useful and attractive out of
indifferent beginnings. I do not feel that I can offer you any general
theory for evaluation, and to try and write down those parts of nuclear theory
which are relevant to particular fields - neutron resonance cross-sections for
example - would only lead to tedious repetitions of what has been done so well

by others in earlier years here a t Trieste - on applied neutron resonance
theory", for example, you wil l find the review paper by Fritz Frthner (1978)
emarkably informative.

It may b<; more useful, i t seems to me, i f I try to i l lustrate the theme by
discussion of some of the evaluation work which has interested me during
the . last 10 years or so.

For nuclear data, the professional évaluator should be aware of the latest
evaluation of the fundamental physical constants, by Cohen and Taylor (1973).
In nuclear physics the standard reference energy in the thermal region i s that
of a neutron whose velocity i s V« = 2200 tn/sec

V ( 1 . 1 )

in which the neutron mass is given in ami), c is the velocity of light, and
Faraday's constant F is in C/(gmole); the factor 1000 appears because,
in SI units, the kg mole is the logical entity. Using the 1973 physical
constants

Eo = 0.02529907 eV + 2.8 ppm;

the relativistic correction term is negligible.

(1.2)

Another numerical factor much used in neutron cross-section theory i s that
for conversion between neutron energy E and i t s radiom wavelength v^ or
wavenumber k. Writing

X 2 E =• E/fc* = y ban-7v eV.

The constant q i s given by

O.3)

which may be written

± 3.1 fciWï ( 1 4 )
the uncertainty arises almost exclusively from the two factors containing h.
Special tools for nuclear data evaluation have been greatly developed during
the last decade. The CIKDA reference index i s now fa i r ly well-known - the
Computer Index of Neutron Data; this i s published by the IAEA and i s maintained
by the four nuclear data centres at Brookhaven, Obninsk, Sac lay and Vienna,

Frohner F H (July 1978) KfK-2669, presented at the 1978 Winter course on
nuclear physics and reactors, part 1, nuclear theory for applications

Cohen E R and Taylor B N (1973) J Phys Chem Reference Data 2_ 663; see also
Cohen's paper in "Atomic Masses and Fundamental Constants 6_" (Plenum
Press 1980)

173



with help from a network of voluntary readers. Most of the measured neutron
cross-section, data are now available too from the four data centres, on
magnetic tape or in tabular l i s t ings , and there i s a greater awareness among the
measurers of the necessity for the availability of new measurements. There
has been good coverage too, by practising évalua tors, in the proceedings of the
winter courses here at Trieste in 1978 and 1980, of many aspects of the
nuclear theories and of computer codes needed for the prosecution of
their arts*.

I was asked to discuss principally the nuclear data for thermal reactor
systems. Hitherto primary interest has been given to the neutron cross-
section data for the main f i s s i l e and fert i le materials, because of their
importance for reactor core calculations and fuel economy. However, although
there s t i l l remain discrepancies amongst these data, and inconsistencies
with integral experience, reactor technologists have long been accustomed to
methods of adjustment for improving the accuracy and r e l i a b i l i t y of integral
parameters calculated from these data; these adjustment procedures are
a l l based in one way or another on careful comparisons of calculations with
well-chosen integral "benchmark" experiments on comparable systems. Because
of this long-established use of aîjustaent processes relating to the
principal nuclear data, Rowlands (1981) has suggested to me that more
attention should be given by evaluators to other classes of nuclear data, and
in what follows I have concentrated predominantly on the following topics.

Moderator cross-sect ions , at thermal and epithermal energies.

Some problems in the resonance cross-sections of iron (relevant to the other
structural materials) .

Fission product decay heating.

and in this section have added a few remarks on the thermal neutron
cross-section data for the principal f i s s i l e nuclides, and on the slow
neutron capture cross-section of the reference standard l97Au.

1.1 Thermal Cross-Sections of the Principal F i s s i l e Nuclides

A few comments on the status of the thermal cross-sections of the main f i s -
s i l e nuclides nay be of interest . Conclusions from the latest least
squares evaluation commissioned by the IAEA were reported by Lemuel (1975),
and the subsequent paper by Lemmel (1977) gives an interesting commentary
on the residual systematic discrepancies encountered in that evaluation.
Already in 1973 Lemuel had set out significant evidence that the value of
24380 + 50 yr then in use for the 239Fu h a l f - l i f e was probably too high;
subsequent measurements lead to a preferred value of about 24100 + (24) yr.
In a l l direct measurements of the 239Pu f iss ion cross-section the 239Pu
fiss ion f o i l s vere assayed by alpha counting, and consequently the
239Pu f iss ion cross-sections derived from these measurements are inversely
proportional to the h a l f - l i f e .

174 Rowlands J L (1981) Private Communication

The value of nu-bar^ neutron yield per fission^for spontaneous fission of
2S2Cf has long been the primary reference standard for the nu-bar data
for the principal fissile materials. At the time of the previous IAEA
review, by Hanna et al (1969), the experimental data on nu-bar for
252Cf formed two distinct groups differing by about 2.57., and consequently
had very little weight in the fitting procedure in comparison with the
more precise data on eta and alpha for 233U, 235U and 239Pu. By 1975
however, in consequence of revisions and new measurements, the discrepancies
between the nu-bar data for 252Cf had been much reduced, and yielded a
relatively low weighted mean value of about 3.737 + 0.008 which was in
conflict with the eta and alpha measurements mentioned. Thus the
outcome of the 1975 review was very unsatisfactory; while one important
discrepancy had apparently been resolved, the resolution raised new doubts
arbout a number of other classes of data.

A more recent review of the data on nu-bar for 252Cf has been carried out
by Smith (1979); after correction of a number of small errors in earlier
work, the revised value of Vfc = 3.753 + 0.008 is obtained, or 3.766 + 0.007
if a preliminary now measurement by Spencer (1977) is taken into account. A
least-squares fit to the thermal neutron parameters of the fissile
nuclides, by Holden and Stehn, is presented by Leonard (1979) in the
same report.

Leonard et al (1975, 1976) have reported the conclusions of extensive work
on the simultaneous multi-level resonance analysis of neutron data for 235U
in the thermal region (below 1.0 eV). This is a very interesting study,
but it is based on four resonances only, from -0.916 eV to 1.135 eV. Since
the mean resonance spacing of 235U is only 0.41 + 0.04 eV we should
expect as many as 6 resonances over this interval, probably 3 of each of the
two s-wave spin states. This consideration warns us, for 235U at the least,
to treat with reserve the use of multi-level param&terisations as a means
of analysing the shape and consistency of the various slow neutron cross-
section data.

Lemnel H D (1975) Washington Conf on Nuclear Cross-Sections and Technology;
NBS special Publ425_, Vol 1, 286.

Lemuel H D (1977) NBS special Publ 493_, 170.

Hanna G C, Westcott C H, Lemnel H D, Leonard B R, Story J S and Attree P M
."'96'') Atomic Energy Review 7_, No 4.

.i h J R (1979) EPR1 MP-1098, Section 5.

Spencer R R (1977) private communication to the 252Cf nu-bar workshop

Leonard B R (1979) EPRI NP-1098, Section 1

Leonard B R, Kottwitz D A, Jenquin U P, Stewart K B and Heeb C M (1975) EPRI-221_.

Leonard B R, Kottwitz D A and Thompson J K (1976) EPRI-NP167.



1.2 197Au; The Parameters of the 4.9 eV Resonance, and the Thermal Neutron
Capture Cross-Section

197Au. provides the principal activation cross-section reference standard both
for thermal neutron cross-section measurements and for resonance integrals.
Both the thermal capture cross-section and resonance integral of 197Au arise
predominantly from the 4.9 eV resonance, and there are only two significant
sets of experimental data on the parameters of this resonance, those reported
by Wood (1956) and those of Tellier and Michel (1969), which are listed
in Table 1.1 below, in which

(1.5)

using the usual well-established notation.

T A B L E 1 . 1

Resonance

Efi

rg
ffwot

r,,

parameters of 197Au,
Wood (1956)
4.906+0.010 eV
725+15 b eV2

5180+130 b eV
3700Ô+500 b
l50+3~meV*
5 / 8
11.1+0.8 b
I5.6Ï0.4 meV*
124+3 meV*

as reported
Tellier and Michel (1969)
4.900+0.005eV

36200+600 b
137.5+2.0 meV

15.00+0.20 meV
122.5+2.5 meV*

•Derived values

It is easily confirmed that, in both data sets, the reported values of IV\
are inconsistent with those of 0*̂ .1* except if we suppose that the factor
(l+m/M)2 _ 1.0102682 was ignored (taken as unity). If this interpretation
is correct, the effect would have been, most nearly, that the reported
values for 1%^ should be taken as representing FVi. (' + m/M) 2. Revised
parameter values would then be as given in Table 1.2 below: the uncertainties
quoted by Wood for T" , !"V\. and Vf appear to be too large ¥ ; I retain
them however because perhaps they contain systematic components of
uncertainty.

TABLE 1.2
Revised values for the resonance parameters of 197Au

Wood (1956) Tellier a Michel (1969) Preferred Value
Er eV 4.906+0.010 4.900+0.005 4.9012+0.0045
J 2+ ~ 2+
O».tt> 11.1+0.8 11.1+0.8
T meV 140.Ô+3 137.5+2.0 138.26+1.66
IV meV 15.45+0.4 14.85+0.198 14.967+0.177
r v meV 124.5+3 122.65+2.01 123.29+1.67

The most accurate and reliable determinations «if the slow neutron capture cross
section of 197Au are those derived from transmission measurements at energies
below the Bragg limit at 3.7 neV, where the scattering contributions are
relatively very small; from these measurements the capture cross-section
is derived absolutely. The most recent aid most precise measurements,
by this method, are those of Dilg et al (1973), who also summarise
the majority of the earlier measurements; for a more complete summary
see Holden (1981).

In considering extrapolation to 2200m/s of the low energy capture cross-
section it has usually been overlooked that only about 91.197. of the
measured capture cross-section stems from the 4.9 eV resonance, and it is
only this part which increases slowly above the 1/v form with increase
of neutron energy in the thermal region; the remaining 8.912 stems from
more distant resonances at negative and positive resonance energies
(mostly from the former) and therefore follows the 1/v - law more closely
or falls slightly below it. Consequently the capture cross-section
measured by Dilg et al just below the Bragg cut-off, in the wavelength
range 4.8 to 7.5A, has to be increased by only 0.841 barns above the
l/v-form, and their measurement at long wavelengths by 0.923 barns.
As weighted mean from these two measurements I obtain

CTy[l97Au ] = 98.614 + 0.105 barns

at 0.02529907 eV.

Wood R E (1956) Phys Rev \Ojt_ 1425; Wood R E, Landcn H H and Sailor V L (1955)
Phys Rev 98 639

Tellier H and Michel A (1969) CEA-N-1230

Dilg W, Mannhart W, Steichele E add Arnold P (1973) Zeits Phys 264^ 427

From r l / O V ] and «/"£OVr* Gri we should obtain

T-*. ' 15.454 + 0.194 meV andr » 139.98 + 1.73 meV,
r\ = 124.53 + 1.66 neV

(from page 4)

Holden N E (1981) BNL-NCS-5I388, Section 2 175



2 NEUTRON SCATTERING BY MODERATORS

To be of use for thermal reactor calculations neutron scattering data for
moderators must satisfy the following conditions.

(i) They must give realistic values for the thermal neutron diffusion
coefficient D(T), or for the related diffusion constant DO(T) and
diffusion length L(T), for a range of moderator temperatures up to
the highest likely to be required for examination of accident
conditions.

(ii) There should be an adequate representation of slow neutron inelastic
scattering, so that the variation of neutron spectra in the
neighbourhood of boundaries and temperature discontinuity can be
calculated with reasonable accuracy.

(iii) The slow neutron inelastic scattering must satisfy the condition of
detailed balance, so that the scattering terms do not act as neutron
sources or sinks in a reactor calculation.

(iv) The cross-section data for epithermal and fast neutrons must give
realistic values for the slowing down age of the neutrons evolved in
fission.

2.1 The Thermal Neutron Diffusion Parameters

No exact relationship between the diffusion coefficient, or the diffusion
length, and the differential cross-sections has been rigorously
established, but the following formulae are thought to be reasonably
accurate.

(diffusion coefficient) (2.1)

(diffusion constant) (2.2)

(diffusion length) (2.3)

in which

denote the macroscopic absorption and scattering
cross-sections for neutrons of energy E.

, E)

(2.4)

is the average of Z A I E J over the Maxwellian neutron
flux distribution at temperature T,

E tKbC-E/ftWn <*E (2-5)

which is normalised so that

/o°° M(T, E) JE = \. (2.6)

The spectrum averaged transport cross-section in (2.1) may be defined,
following Askew et al (1966),

in which the mean scattering cosine, 'pL(E), is

p. {£} = J™ j _ * (JlE-••£'} p\ y. Ay*, d e ' / CTS(E). (2.8)

Note that ^S^E) and CT(E—-*-te.j J*} may each have some temperature
dependence.

Finally V ( T ) is the most probable neutron velocity in the Maxwellian
spectrum,

V ( T ) » J\7.k£Tl'rft.-ru = i'i.i-'ici'njTry^-Js ±{\f> b>-»«.) (2.9)

in which fc j is Boltzmann's constant and n^ is the neutron mass.

Experimental data on the diffusion constants for H20 and D20 have been
compiled by Butland and Chudley (1974), and for graphite by Butland (1973).
The measurements extend only to 295°C for H2O to 250°C for D20, and to
600°C for graphite. For the two liquid moderators it is convenient to remove
the density dependence of the data, by considering the functions

as these allow more reliable extrapolation of the measured data to
higher temperatures. The densities /3lT) of H20 and D20 have been
tabulated in the paper of Butland and Chudley referred to above. Reactor
grade graphites may contain impurities which contribute appreciably
to the absorption crossrsection. They are usually very porous, with
densities "**1.6 g/cm? as compared with the theoretical maximum of
2.25 g/cm3; supposing that the pores are filled with air at ambient
temperature and pressure, the nitrogen content adds appreciably to the
absorption especially at low temperature. Neutron diffusion measurements
in graphite may also be affected by the presence of water. These
various impurity effects must be eliminated, so far as is practicable, when
comparing measured and calculated values of the neutron diffusion parameters
of graphite.

Askew J R, Fayers F J and Kemshell P B (1966)
Society 5_,4.

J British Nuclear Energy Butland A T D and Chudley C T (1974) J British Nuclear Energy Society J3. (I) 99.

Butland A T D (1973) AEEW R 882



2.2 Slow-Neutron Scattering Cross-Sections

For an adequate treatment of slow neutron scattering by moderators we must
turn to the complex anl troublesome theory of the thermal neutron
"Scattering Law"*. In simplest form

us) (2.10)

in which is the bound atom scattering cross-section,

(2.11)

where M i s the atomic mass of the scattering atom and f4t,
neutron scattering cross-section of a stationary free-atom. It is'very
commonly assumedv in discussions of slow neutron scattering that CTu
and &£r*c. are constants at low neutron energies ( •$ 4 eV); this i s
certainly a val id approximation for the common moderators and coolants,
but i t i s not true in general because of the effects of nearby resonances
and i s not a very good approximation for 235^0- f ° r example.

In (2.10) k_ i s f?ia wave-vector of the incident neutron'and Is1 i s that
of the scattered neutron, with k = | ^ | etc;

g = k-k1 i s *:he scattering vector (2.12)

W = * (k2 - k'2)/2mn (2.13)

so that 1iQ i s the momentum, and

liuJ i s the energy., transferred from
the neutron £p_ the scattering medium.

So far as the discussion of slow neutron scattering i s concerned, a l l
the usual moderators can be considered as isotropic, in the sense that
whatever their orientation with respect to the incident neutron beam the
scattering probabilit ies are unchanged. In rea l i ty reactor grade graphite
often shows a small orientation effect related to the direction of extrusion
(see for example Egelstaff, 1957), but the effect on the inelast ic neutron
scattering i s quite small.

Because of the isotropy we are interested only in die average of
(2.10) over a l l directions of k, the shape and dimensions of the
wave-vector triangle depicted above being conserved. It i s easi ly
seen from (2.10) that this i s equivalent to averaging S(Q,oï> over
a l l directions of Q, so that instead of (2.10) may be written

*See for instance Marshall W and Livesey S W "Theory of Thermal Neutron
Scattering (OUP, 1971); Egelstaff P A and Poole M J "Experimental Neutron
Thermalisation" (Pergamon, 1969); Williams H O "The Slowing-Down and
Thermalisation of Neutrons" (North-Holland; 1966); Parkes D E, Nelkin M S,

Beyster J R and Hikner N F "Slow Neutron Scattering and Thermalisation"
(Benjamin, 1970).

Egelstaff P A (1957) J Nucl Energy 5_, 203.

in which JJL is the cosine of the angle of scattering,

S(Q, O ) = (1/UTT)/S(Q, tô)
where

The detailed balance condition may be expressed by

(2.15)

(2.16)

(2.17)

in which M(T,E) is the Maxwellian neutron flux distribution function
(2.5). Provided that 0"^ *s sensibly independent of the neutron
energy in the energy range of interest (E i 4 eV), this implies that

(-Qj-ui) (2.18)

Introducing the modified scattering function S(Q,u) by

£(Q, co) * oxf (.&<a/2fc*~O S(Q, iO), (2.19'/

(2.14) i s rewritten as

From (2.18)

, J>) x S(-Q,-«a). (2.21)

S(Q,u) is an even function of i t s arguments, and under this
constraint (2.20) satisfies the detailed balance condition
automatically.

In practical applications i t has been found convenient to introduce
the dimensionless variables

Wi.:h

§ CQ, <̂
equation (2.20) may be expressed as

<AE') =

(2.23)

(«*, fi) (2.24)

The scattering law S(o(, /3) expresses the laws of conservation
of momentum and energy in the context of the kinetics of the
scattering system, be it monatomic gas, molecular gas, liquid,
polycrystalline or amorphous solid. It has other functions, which 171



account for the complexity of iïs construetion: for a polycrystalline
scatterer, for example., the effective mass of the scatterer for very slow
neutrons is that of a typical crystallite (effectively infinite), and
the mean scattering cosine ïi in the laboratory frame is zero.
For neutrons of ^ I eV however the scattering atoms are effectively
free, so that the mass ratio is A and \*- - 2/(3A). It is the
function of the scattering law to describe this transition with energy.

The scattering law for a monatomic perfect gas is simply

, fi) = (2.25)

178

The notation is self-explanatory in the main; k v *s t n e Doutid atom
coherent scattering amplitude for the atoms indexed by V . The mass
ratios A v v '

 t o b e u s e d i n defining <*vv' f o r interference terms
arising between atoms of different mass may be set at 1 or may be assigned
differently as the user prefers. The chief difficulty in using this
general form (2.35) is that of providing the various scattering laws
which are needed, unless simplifying approximations can be made. For
HjO for example various alternative models are available for Sj(»£, fli}
for the self-scattering bv_the hydrogen atoms, a aonatomic gas model
is customarily used for 6% (,«£, /i) for the oxygen atoms
(whose contribution to the scattering cross-section is small), and
interference effects (which are weak) are neglected altogether.

Even for materials such as D20 and graphite, for which the coherent
scattering cross-section is not small, the incoherent approximation
obtained by "snoring the interference terms has proven adequate, or
nearly adequate for reactor physics calculations, so that the various
models used for calculation of the incoherent scattering laws
must claim principal interest. The interference terms are most
important for small values of ot and of fi} they fluctuate about
zero and fall in amplitude as oi and (i increase, becoming zero for
large values of these arguments. The interference effect is seen at its
most striking in the Bragg structure of the elastic scattering by polycrystalline
materials such as graphite. Butland (1973) used the incoherent
approximation for generating sets of multigroup thermal neutron cross-
sections for graphite: however the elastic terms obtained in this way were
revised usiig detailed coherent elastic cross-sections calculated from
the "cnown crystal structure of graphite; notice that this alteration
does not upset tha detailed-balance test (2.17), but that it
reproduces the total scattering cross-section and mean scattering cosine
rather accurately so that some confidence could be placed on the derived
values for the diffusion coefficient.

Similar calculations for D20 were reported by Butland and Oliver (1974)
using the incoherent approximation exclusively; this reproduces the
total cross-section reasonably well down to 0.005 eV, and adequately
down to 0.0018 eV. A more complete treatment for D20, including
interference effects, was developed by Butler (1962, 1963) but only very
restricted calculations have been reported.

Butland A T D and Oliver S M (I97A) AEEW R 950.

Butler D (1SS2) Eng Elec Co W/AT 849; (1W3) Proc Phys Soc 81, 267,294.

Before going on to a brief j^iscussion of models used for the "self" or
incoherent scattering law S j O f , >8) it is worth while to set down
Placzek's (1952) energy moment theorems with first the moment of zero
order:

,tot, fi)

. fi)

(2.36)

(2.37)

(2.38)

(2.39)

(2.40)

No equivalent formula is available for Jj^ S^oc, /3) yB2 ot/3.
Notice from (2.38) and (2.39) that the mean energy transfer depends
only on the momentum transfer and the mass of the scattering atom, but not
at all on the chemical hording of the scattering system. In (2.40) ÎC is the
mean kinetic energy of the scattering atoms in kgT units. Wick (1954) gave
the following expression for the total scattering cross-section, valid
for large incident energies (above the energy of the highest bound state
of the scattering system)

K (2.41)

This fornula describes how the scattering cross section approaches the
free-atom value; i t is not rigorously valid for scattering by hydrogenous
media.

2.3 The Gaussian Approximation for Tft

The major contribution to the incoherent or "self" scattering law
is given by the so-called "Gaussian component" for which

•t . (2.42)

The integrand is Gaussian in the momentun transfer, since ot** Q3.,
and depends only on the "width function" w(t). In (2.42) t is a
ditnensionless variable, being the time in units of fi/kflT; w(t) is an even
function of t, hecause S t(ot, /3] is even in

on account of (2.36) and

(2.43)

(2.44)

on account of (2.38), where w(t)

Placzek G (1952) Phys Rev 86_ 377.
Wick G C (1954) Phys Rev 94, 1228



For a monatomic perfect gas, from (2.25)*

(2.A5)

To represent the diffusive motion of molecules in a liquid another very
simple model has been proposed by Egelstaff and Schefield (1962),
entitled the "effective width model", with only a single adjustable
parameter q>

-O. (2.46)

It is readily confirmed that this form satisfies the conditions (2.43)
and (2.44); moreover the scattering law derived from (2.46) can be
represented analytically

(2.47)

in which c - 4/q% and Kj(x) is the modified Bessel function of second
kind.

More generally w(t) may be expressed in the form

in which, on account of (2.44)

4/3 - i.

(2.48)

(2.49)

For a harmonic crystal p {t£) may be identified with the frequency
distribution of normal modes, and in the context of thermal neutron
scattering is rather more generally referred to as "the phonon frequency
function". Frequency distributions derived from differential cross-
section measurements for a number of moderators and for UO2 have been
presented in tabular and graphical forms by Page and Haywood (1968).
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Figure 2.1 Form of the Width
Function w(t)

IO|-

Figure 2.2 Forms of the Frequency
Function j>(& )

1-0 fi

*This is easily established with the help of the definite integral

Egelstaff P A and Schofield (1962) Nucl Science and Eng 21. 260

Page D I and Haywood B C (1968) AERE - R 5772

FIGURE 2.3

Frequency distribution
of Graphite at 1300K
(Page & Haywood, 1968)
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The form of the width function w(t) is illustrated schematically in
Figure 2.1 for various simple models, and in Figure 2.2 are depicted
representative forms for the frequency function/»^). For a
crystal the distinguishing features are that w(t) remains bounded at t
increases, and /><S>~i is zero.

For polycrystalline materials the relationship between the specific
heat add the phonon frequency function is given by

4/3j (2.50)

in which R is the gas constant

R = 8.31441 J/g-mole °K + 31 ppm

Butland (1973) made use of the relationship (2.50) in developing,
from the single frequency function given for graphite (at 1800°K) by
Page and Haywood, a whole set of frequency functions spanning
smoothly the temperature range from 293K to 3273K; the specific
heat data for graphite were taken from the review by Butland and
Maddison (1972), who present H srsooth functional representation.

As has been mentioned already, in these scattering models for
graphite were included the interference effects arising in the
coherent elastic cross-section. For these calculations the Debye-
Waller coefficient % ( T ) was required at each temperature; this too
was calculated from the corresponding phonon frequency function using

(2.51)

For completeness may be remarked that the mean kinetic energy of the
scattering atoms, T i n k^T units, can be obtained from (2.41)
but is calculated more directly from

••**
(2.52)

For a proper representation of scattering by molecular fluids it may
prove convenient to decompose the width function w(t) into a
component representing diffusive motion and a component which is
bounded for large t

ufa it)

Then

(2.53)

(2.54)

on using the convolution theorem for Fourier transforms.

But land A T D and Maddison R J (1972) AEEW R 8JL5

Butland A T D (1969) AEEW M 954; (1972) AEEW M 1136;
180 AEEW M 1200 and AEEW M 1201

(1973)

In practical applications i t has usually been necessary to set limits
on the complexity of the treatment because of computational constraints,
and on the nature and number of tes ts applied to a set of multigroup thermal
scattering cross-sections once they have been computed. Butland (1969,
1972, 1973) has described some of the computer codes available for thermal
neutron scattering calculations, and some comparative tests between
different codes; i t appears from his remarks that the code SLAB, evolved
by Hutchinson and Schofield (1967) for computing SJ.(««,/© from
photon frequency functions, could be developed both in speed and
precision by the introduction of Fast Fourier Transform techniques;
i t might then have clear advantages over alternative codes such as LEAP.
The mesh of (ot , / î ) -values at which the scattering law i s to be calculated
must be carefully chosen and the number-of mesh points i s necessarily
restricted. When i t comes to the calculation of multigroup cross-sections
from a tabulation of S(o< , /S) values, computational accuracy might be
improved by careful consideration of the formulae to be used in
interpolating S(ol , /3) between mesh points.

The effective width model described at (46) and (47) above i s one
useful and very simple model that has been used for calculating thermal
scattering cross-sections for H2O and D2Û, the values of the single
parameter q being chosen so that the derived cross-sections are
consistent with measured values for the neutron diffusion coefficient.
Nelkin (1960) devised another very simplified description of the
frequency f u n c t i o n ^ ( £ ) for H in H2O, using 4 delta functions
as shown in Figure 2.4.

Butland and Chudley (1972) present comparisons of measured and calculated
values for a number of representative integral parameters for four H2O
moderated reactor cores; several different thermal neutron scattering
models were used in the calculations. With the exception of the simple
free gas mc'el, the calculations using the other models appear to be in
surprisingly good agreement with one another and with the experimental
values. I t i s interesting to consider vhat other and perhaps more stringent
tests might usefully have been applied.

Nelkin's model for H in H.,0

A
B
C
D

function

translational
notational
bending modes
stretching "

eV

0.0

Height

1/13
0.06 1/2-32
0.205 1/5.84
0.481 1/2.92

Figure 2.4

Hutchinson P and Schofield P (1967) AERE R 5S36

Nelkin M S (1960) Phys ev J_l£, 741

Butland A T D and Chudley C T (1972) AEEW



2.4 Moderator Cross-Sections for Epithermal and Fast Neutrons

As was noted at the beginning of Section 2, the differential cross-sections
for epithermal and fast neutron interactions with a moderator must give
realistic values for the slowing-down age of the neutrons evolved in
fission.

Neutren Age Goldstein et al (1961) say that neutron age is a measure of
the sp_:icl dispersion of slowing-down neutrons about their source, and
that i t i s best defined in terras of some functional F of the neutron
angular flux density 0(r,A.,E). Examples given are the neutron flux
density

û , £) 4û (2.55)

or the slowing-down density, or the current: the functional F must at
least be a function of position. Given F and the material the age is a
function of the energy spectrum of the neutron source, symbolic," by S,
and of the final energy parameter E. The age is then defined in terms
of the neutron distribution about an isotropic point source in an
infinite medium by

Figure 2.5

FeV

•091 loo

A consequence of this model is the additivity property

(2.58)

E) = -L
' 6

( 2 . 5 6 )

Without going into the derivation, which belongs to the theory of
reactor physics, see Wigner and Weinberg (1958), the neutron
age may be estimated from the neutron cross-sections by means of

To reduce this to more practical terms, the neutron age is usually
measured by using In activation detectors, shielded with Cd to
eliminate virtually a l l the neutrons of i£ O.S eV. Natural In
contains 95.72Z 115In, and radiative capture of slowing-down neutrons,
predominantly in the strong resonance at 1.457 eV, produces the metastable
state activity of II6ln with a convenient 54 minute half- l i fe .

In practice therefore the functional F should be represented by

in which

E> ( 2 - 5 7 )

where <S(E) i s the neutron cross-section of In for production of 54 min.
In 116m, or one might elaborate this to represent also the effect of the Cd
shielding of the In fo i l s . In principle the integral should extend far
enough to include the source neutron energies, and in practice i t should
certainly embrace Che whole of the 1.46 eV resonance.

Formally, age theory is based on the concept of replacing the l i fe
histories of individual neutrons by an average history in which the
neutrons are assumed to lose energy continuously in such a manner that
to any given neutron age there corresponds a definite value of the
energy.

Goldstein H, Sullivan J G, Coveyou R R, Kinney W E and Bate R R (1961)
ORNL 2639

is the scattering mean-free-path

=• 10** M/[NA/> OVE)] «a,

is the average logarithmic energy loss in a
scattering collision

2M-»n. - -m.

(2.59)

(2.60)

(2.60

constant, if the scattering i s isotropic in the
centre-of-mass frame of reference,*

|A.{£) i s the average cosine of the scattering angle in the
laboratory frame,

= 2m/3M

if the scattering i s isotropic in the centre-of-mass
frame.

Weinberg A M and Wigner E P "The Physical Theory of Neutron Chain Reactions"
(U Chicago Press, 1958)
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These expressions for J and yx. relate to a monoisotopic medium*.

One should not expect exact agreement between the formal age based on
differential cross-sections, which can he calculated from (2.59),
and the practical age based on the spatial distribution cf In-resonance
neutrons, which can be calculated from (î.56) using a multigroup or
Monte Carlo neutron transport calculation. Nevertheless (2.59) should
serve very well for estimating the change in the practical age which
would result from small changes in the scattering cross-section fl(E)

A variety of neutron sources have been used for experimental measurements
of the neutron age, including 14MeV neuts from the TD reaction and 252 Cf
spontaneous fission neutrons, but for fission reactor applications the
measurements made with 235U neutron induced fission neutrons are of most
interest, and the values listed in the upper part of Table 2.1 are
believed to be the most reliable.

TABLE 2.1
AGE OF 235U FISSION NEUTRONS

Moderator
Density g/cm3

Experimental Values
Faschall (1964-6)

TO IN RESONANCE AT

Spencer & Williamson (1967)
Olcott (1956)] Extrapolated
Wade (195S) > to 1005!
Graves (I962)J Purity
Campbell 4 Faschall (1964)
Calculated Values
Spanton (1973)
Spanton (1973)
Kemshell (1969)
Kemshell (i969)
Dunford S Alter
Dunford & Alter (1970)
Dunford & Alter (1970)

Data F i l e
DFN-67X
DFN-68D
DFN-218/-
DFN-256
MAT-lOOljî
MAT-1003*
MAT-! OU

o"?
26
26

26

26

0
9972

.61+0

.24+0

.08+0

.22+0

1.46

.32

.33

.08

.13

eV

D20
1.1046

112+2
110+3
112+2

108.3
115.9

117.9

Graphite
1.600

307.8+2.0

302.5

295.7+0.5

XDFN-33 for oxygen 7"DFN-37 for oxygen MAT-1013 for oxygen

*More generally, for a mixture

in which S-^(E") is the macroscopic scattering cross-section of the
medium for the i-th nuclide;

where f* (E, («) <L}K is the elastic angular distribution of the i-th
nuclide, and
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All the calculated age values in the lower part of the table have been
revised to agree with the material densities quoted at the head of
the table, and to a fission spectrum with a mean energy of 1.98 MeV.
The uncertainty of Olcott1s result has been increased to allow fox
variations of the D2O purity during the course of the experiments.

The measured values of the neutron ages appear to be good to 1 or 2
per cent, and it is easily seen from (2.59) above that + 1/2 per cent
accuracy is needed overall in the moderator scattering cross-section
to give + 1 per cent in the calculated age. The calculated ages listed
in the table were derived using rather elderly data files, and it
would be valuable to have revised calculations for the most up-to-date
data files and 235U fission spectrum (Adams and Johansson 1979).
The required revisions could be calculated quite easily by difference,
using (2.59) and the tables ofT(E) given by Goldstein et al (1961).

In order to match the accuracy of slowing-down age measurements the
moderator scattering cross-sections need about +1/2 per cent accuracy over
a good part of the energy range from 1 eV to about 2 or 3 MeV. For
graphite^several sets of good quality measurements of the total cross-section
have been reported during the last 10 or 20 years and, apart from the
narrow d-wave resonance at about 2.08 MeV, the cross-section can be well
represented from a few eV to nearly 3 MeV by means of a simple
polynomial in the neutron energy, or by a more elaborate resonance
formulation.

The radiative capture cross-sections of the moderators are small at
thermal energies and decrease like lA/E with increasing neutron energy,
so that the epithermal scattering cross-sections are almost identical
with the total cross-sections, and these have been measured with fairly
good accuracy. However the slow neutron scattering parameters have been
determined with particular care, by measurements at thermal energies and
in the eV region. In consequence, for H and D particularly, the energy
dependence of the scattering cross-sections can be identified somewhat more
precisely with the help of the "effective range" theory.

Paschall R K (1966) Nucl Sci Eng 26_ 73; ibid (1964) 20, 436.

Spencer J D & Williamson T G (1967) Nucl Sci Eng 2J_, 568.

Olcott R N (1956) Nucl Sci Eng X, 327.

Wade J W (1958) Nucl Sci Eng 4, 12.

Graves W E (1962), Nucl Sci Eng J_2, 439.

Campbell R W, Paschall R K and Swanson V A (1904) Nucl Sci Eng 20, 445.

Spanton J H (1973) AEEW 1172.

Kemshell P B (1969) Private Communication.

Dunford C L and Alter H (1970) AI-AEC-Memo-12915

Adams J M and Johansson P (1979) AERER8728. The mean energy of the 235U
fission neutron spectrum is given as 2.016 + 0.044 MeV



Scattering by IJJ is predominantly isotropic, in the centre-o£-mass frame
of reference, to quite high energies; even at 20 MeV for example the
higher partial waves contribute only about 7 mb to a total scattering
cross-section of about 500 mb. This partial cross-section f o r t > 0
can be inferred, with sufficient accuracy, from one or another of the
extensive phase-shift analyses which have been carried out on the many
and various nH and pH interaction data at energies up to about 500 MeV,
see Figure 2.6, and can be subtracted from the neutron total scattering
cross-section data so that the s-wave component is well determined from
the data.

The representation of the s-wave scattering data by means of effective
range expansions

fc* - (2.62)

for i = i, 3 denoting the singlet and triplet states, was reviewed
crit ically by Noyes (1963), who showed that the standard form of
this expansion has to be modified to take account of, and to exploit, the
predictions of the One Pion Exchange theory of the long range nucleon-
nucleon interaction, and that for this purpose the approximation due to
Cini et al (1959) should be reasonably adequate for neutron energies up
to about 10 MeV. The s-wave phase shifts &X. derived from this theory
do not change sign, as they should, at about 310 MeV; but this fault can be
rectified by a simple modification (due to Pope and Story, (1972) to the
expansion proposed by Cini et a l , and thereby the range and reliability
of the method are enhanced, up to 20 MeV at least.

According to the theory of Cini et al, the s-wave effective range formula

in which 0-1
E , JJilA. E u*> M*V

k is the neutron wave number in the centre of mass frame

E is the energy of the incident neutron in the laboratory frame

Triais the average pion mass,

has to satisfy the conditions

(2.64)

(2.65)

a

A

1 H SCATTERING

- j - Livertnore constrained.
jsK&ses

0-i 10 wo

2/3

< 2 - 6 6 >

(2-67)

Noyes H P (1963) Phys Rev 130, 2025; see also Noyes (1972) Annual
Rev Nucl Sci 22, 465.

Cini M, Fubini S and Stanghellini A (1959) Phys Rev Wi, 1633.
Pope A L and Story J S (I97 2) Unpublished. FlC. 2.-6 hi a*. 4-wa.ve contribution to -n. H cress- section. fj3



when

with

= -1/2 (2.68)

(2.69)

in which g^*- is the pion-nucleon compling constant and M is the
ratio of the average nucléon to the average pion mass;

g^l = l!f2B * 0-18 (2.70)

according to Bugg et al (1980),

M - 6.76948. (2.71)

From the binding energy of the deuteron,

EB as 2.224564 + 0.000017 MeV (2.72)

according to Greenwood and Chrien (1980), may be derived, in the
triplet state

-i/*«*l (2.73)

(2.74)

when k = -ieC, that is to say when

ta = -ca3= -(otro)
z « -oioa6o3,

with

(2.75)

Because the singlet and triplet s-vave phase shifts change sign at
about 280 and 340 MeV respectively, we require further that

co (2.76)

as E approaches this energy region from below. The modified form of the
Cini et al effective range representation is now written as

H:ci)l (2.77)

The H£ were zero in the original formulation of Cini et a l , but are
chosen so that (2.76) i s satisfied, which requires

H,«s 0.1464, H3 «• 0.1205

From (2.66) and (2.67) it may now be shown that

(2.78)

(2.79)

Bugg D V, Edington J A, Gibson W R and others Phys Rev C2_l., 1004

Greenwood R C and Chrien R E (1980) Phys R e v j ^ , 498

art

Cju* Ai'(lf+
lDiH4)-/a'a-l>t)ta+HA) ,

in which

A

fi'= /8+/(</8) = 2-

For the triplet state from (2.73)

Comparison of (2.77) with the standard form of effective range
expansion, (2.62), gives

y. * -T©/Qi(o) - -

(2.80)

(2.81)

(2.82)

(2.83)

(2.84)

(2.85)

expressing the low energy effective ranges r^ in terms of B^, and

^i = CBI(»<- H O - cj (*o/n)* <2-86>
for the low energy shape parameters Pj ,

The Aj are determined at once, by (2.84), from the zero energy
scattering lengths a^, which may be derived from the measured values
of the bound coherent scattering amplitude

J>çofc x ^.^ifOQ <jx O*OOil £>rv (2.87)

(Koester and Nistler, 1975), and from the low energy free-atom scattering
cross-section

relating A^ to the zero energy scattering lengths aj,

i(o^ = 2r S i

tffr«e. ~ Î.O-V73 * O-O3U (2.88)

which is the weighted mean of measurements by Neill et al (1968),
Houk (1971) and Dilg (1975), noting that

with

» (2.91)

Koester L and Nistler W (1975) Zeits Phys A272, 189

Neill J M, Russell J L and Brown J R (1968) Nucl Sci Eng 33, 265

Houk T I (1971) Phys Rev C3_, 1886

Dilg W (1975) Phys Rev C U , 103



Finally, it should be noted that at low energies, for neutron
energies from about 0.5 eV to 1 KeV, the scattering cross-section
for H in ĤO has the form

tfs(E) [t + K/13AE) - (2.92)

in which A is the ratio of the mass of the hydrogen atom to that of
the neutron (A = 0.99916735), and. K may be considered as representing
the mean kinetic energy of the hydrogen atoms in H9O; by analysing their
measured data above 0.6 eV on the total cross-section of H20, Neill et al
(1968) obtained the value

K - (p-<SS<) * 0-Ot«7')e.V (2.93)

for water at about 20°C. For the final term in (2.92), from the effective
range formalism

(2.94)

•ar O.oooooiSS

An analysis using the modified effective range formalism (2.77) was
carried out by Pope and Story (1972) for the epithermal scattering in the
current file (DFN-923) for H in H2O in the UK Nuclear Data Library.
With rj = 2.640 fm to f i t to the s-wave scattering cross-section data,
particularly in the range 0.4 to 50 MeV there was found to be also
excellent agreement with the s-wave phase shifts. Revision would now
be worth while using the most up-to-date phase shift data and other
nuclear data as listed above.

In this application to nH scattering the effective range formalism
has played a dual role

(i) as a smooth fitting function

(ii) conforming to the known physical and theoretical constraints.

Similar roles are served in applying a suitably modified effective range
theory to the epithermal cross-section data for deuterium; i t was by this
means that the shape of the total cross-section below about 500 KeV
was first identified, and the discrepancy with the integral measurements
of neutron age in D20 was eliminated. The analysis has not been revised
however since the total cross-section data of Stoler et al (î 972)
became available, spanning the energy range fron 2 keV to 1 MeV.

For s-wave neutron interactions with deuterium, an effective range
expansion of standard form (2.62) appears adequate for the
dominant quartet state (J - 3/2), but for the doublet state an anomalous
form such as

(2.95)

Pope A L and Story J S (1972) unpublished work; but see Figure 2 .7 .

Stoler P, Kaushal N N, Green F, Harms E and Laroze L (1972) Phys Rev
Let ters 29, 1745.

is required. The underlying theory of this particular 3-body state
seems not yet very clearly established, but fortunately the doublet
contribution to the scattering cross-section is small.
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For deuterium the higher p a r t i a l waves ( v ^ 0) contribute much
more s trongly to the c r o s s - s e c t i o n s below 20 MeV than for *H, and in
consequence the a n a l y s i s of the deuterium c r o s s - s e c t i o n s depends quite
s trongly on the phase - sh i f t information a v a i l a b l e . Above the (n,2n)
break-up threshold a t 3.34 MeV the p h a s e - s h i f t s are complex, which
leads to some complication of the formulae.

At low e n e r g i e s , above the energy of the lowest v ibrat ional s t a t e of
the D2O molecule a t about 0.35 eV, the c r o s s - s e c t i o n for D in D̂ O should
have the form ( 2 . 9 2 ) . The t o t a l c r o s s - s e c t i o n data for D2O are sparse
near t h i s energy, however a value of R = 0.168 + 0.039 eV i s indicated for
D in D20, from Figure 2 . 8 . Although t h i s est imate i s not very r e l i a b l e ,
i t i s not incons i s t en t with va lues of 0.114 eV and 0.210 eV derived by
Butland (1973) us ing r e s p e c t i v e l y the phonon frequency functions of
Page and Haywood (1973) and of Honeck (1962).

ON EVALUATING THE RESONANCE CROSS-SECTIONS OF THE STRUCTURAL MATERIALS

3.1 Level Spacing Studies for Resonances of Iron

Can the observed resonances of the iron i so topes be r a t i o n a l l y assigned
as to spin and p a r i t y , so as to command some degree of credence? The
narrow p - and d- wave resonances of iron make a contr ibut ion to the
Doppler temperature c o e f f i c i e n t in a f a s t reactor so we are concerned with
something more than simple average c r o s s - s e c t i o n s .

For many of the f i s s ion-products the d i f f e r e n t i a l neutron c r o s s - s e c t i o n
data ara r e s t r i c t e d to the low energy range, or are non-ex i s t en t , and
recourse must be made to s t a t i s t i c a l theor ies and to sys temat ics .
This has been one of the motivat ions for the considerable e f f o r t s which
have been given r e c e n t l y to development of codes for est imating resonance
s t a t i s t i c a l parameters from s e t s of experimental resonance parameter data .
Frotmer, for example, i n h i s remarkable paper to the course held here a t
Tr i e s t e i n Jan/Feb 1978, has described a quite sophis t icated code for
est imat ion of s trength funct ions and average l e v e l spacings . The main emphasis
behind t h i s , and behind s imilar codes evolved elsewhere, has been on the
importance of examining the d i s t r i b u t i o n of the observed va lues of the
reduced neutron widths Ty^'^ in order t o a s s e s s the numbers of missed
resonances . I t i s reasonably wel l e s tab l i shed that the family of reduced
neutron widths of a se t of resonances of part icu lar spin and par i ty JIT
w i l l have the Porter-Thomas d i s t r i b u t i o n

in which « t / O ) i s the ganrna function, and x has been used to denote the
reduced neutron width X\£*•' ;

\
(3.2)

dLx. (3.1)

Rainwater L J, Havens W W, Dunning J R and Wu C S (1948) Phys Rev 73_, 733

Butland A T D (1973) Private Communication

Page D I and Haywood B C (1968) AERE - R 5778

Honeck H C (1962) Trans American Nucl Soc 5_ (I) 47

Frbhner F H (1978) IAEA-SMR-43; 59; CTK-2669

and V s 1. p is the number
of channel spin states involved
( = 1 or 2).
This is a very.skew distribution,
especially if V = 1 as is
certainly true for s-wave
resonances. It tells us that
the resonances vith smallest
values for the reduced neutron
widths, those which are most likely to be missed, are the most probable.
By assuming that all resonances below some bias level x o have been
missed, the distribution of observed widths greater than x0 can be
fitted with a truncated Porter-Thomas distribution and the number
and mean reduced width of the missed resonances can be assessed.

Benchmark testing has shown that, used with care, these codes can be
fairly reliable, especially if the resonance sample is fairly numerous
However I believe that the older method, based on careful examination on
the "staircase plot" of the number of resonances H(E) up to energy E,
still has a role to play.

FrSJhner has illustrated his theme by analysing the s-wave resonances of
some of the iron isotopes, and his values for the mean spacings
indicate that several resonances have been missed in each. However
the neutron widths of the s-wave resonances of iron are quite broad,
typically of the order of 1 keV, and should, in the main, be easily
detectable with modern neutron spectrometers. In measurements of the
total cross-section the s-wave resonances are easily distinguished by
the characteristic interference dip a little below the energy of the
resonance peak. If the resonance is relatively narrow, so too is the
interference dip, and occasionally a narrow s-wave resonance may have
been wrongly assigned to the non s-wave set because its interference dip
is obscured, by the presence of a p-wave resonance for example; however
it seems doubtful that chance coincidences of this kind can be often
invoked to account for many missed resonances.

There is another factor affecting the mean spacing of resonances of the
isotopes in this mass region. Resonances of 56Fe have been observed and
analysed up to about 800 keV, and over such a wide energy interval the
ordinary theory of level density predicts that the mean spacing should fall
by a factor of about 2. The level spacing statistics of Dyson and Mehta
(1963) are based on the assumption that the mean spacing D does not vary
with the neutron energy. In order to use their theory for analysing the
resonance spacings of materials such as 56Fe we set up a (1,1)
correspondence between the resonance energies Er and a set of energies
Yr in a modified energy scale, with the requirements

Dyson F J and Mehta M L (1963) J Mathematical Phys 4, 701



( i ) The mean spacing of the Yr does
not vary with Y and has the
value DQ

( i i ) The mean spacing of the Er varies
with E in accordance with a suitable
Fermi-gas model of level densi t ies ,
y9(U), in the same compound
nucleus

= Do

o O p c g pg
specified energy Eo . In this formula U, Uo are the excitation
energies of the compound nucleus for incident neutron energies
E, Eo , with appropriate modifications for pairing energy etc
according to the p ascriptions of the level density formalism
adopted, e .g.

(iii) The expected number of resonances in the interval (Yo, Y), with
Eo, is equal to the expected number in the corresponding

(3.4)

in which SR is the neutron separation energy from the compound
nucleus, and A = back shift - pairing energy for example.
In practice it proves convenient to set E o = 0, so that 1/DO
is the mean level density of the compound nucleus at the separation
energy; ^(U o) in contrast is merely an approximate estimate of
this level density.

TABLE 3.1 Gd-152; MEAN RESONANCE SPACINGS (eV UNITS)

Res No ERES DBAR +-ERR0R E SPACE

2
3
4
5
6
7
8
9
10
II
12
13
14
15
16
17
18
19
20
21

(-1.2)
3.31
8

12.35
21.2
36.86
39.3
42.7
74.3
85.
92.

100
124
140
185.
202
223
231
238
252
293

4.4627
4.5587
4.4880
5.5576
7.7034
7.1145
6.6922
9.5627
9.9508
9.8907
9.7977

10.800
11.297
13.726
14.219
14.622
14.710
14.515
14.508
15.526

1.745
1.240
0.937
0.940
1.112
0.917
0.767
0.937
0.899
0.827
0.759
0.754
0.737
0.830
0.821
0.812
0.775
0.735
0.696
0.690

4.51
4.69
4.35
8.85

15.66
2.44
3.4

31.6
10.8
7.3
7.6

24
16
45.2
16.8
21
8
7

14
41

interval (EO,E), namely

so that, using (3)

«*£'

d U ' .

(3.5)

(3.6)

The requirements ( i ) to ( i i i ) and formulae (3.3) to (3.6) are intended to
apply to the resonances of a single or multiple family; to a l l the
resonances of definite spin and parity JIl , for example, or to a l l
p-wave resonances ( i f these can be ident i f ied) . With this understanding
the Dyson-Mehta theories can be applied to the set of energies Y .
However the theories are valid only if the set i s complete within an
interval; there should be no missed resonances and no intruders from a
different family or from an isotopic contaminant.

TABLE 3.2

Fe-58; MEAN SPACINGS OF S-HAVE RESONANCES (keV UNITS)

ERES E SpaceRes No

1
2
3
4
5
6
7
8
9
10
II
12

First 3 values of D are based on inadequate statistical sample; next 4
values of D are all consistent with D «: 6.5 or 6.6. For k 5>- 9 the D values
increase fairly steadily because resonances have been missed experimentally.
If D really is ~ 7 eV the energy interval of 31.6 eV between the 8th
and 9th resonances is improbably large.

The Do values show a jump increase between 6th and 7th resonances,
suggesting that one has been missed at about 150 or 210 keV

- 1 0
10.339
43.55
67.18
93.9

121.67
179.5
241.2
266
309.9
321
348.105

19.858
27.077
26.465
26.904
27.518
33.449
39.417
39.189
40.916
39.312
38.817

7.721
7.402
5.581
4.593
3.947
4.113
4.310
3.905
3.673
3.295
2.974

20.339
32.211
23.63
26.72
27.77
57.83
61.7
24.8
43.9
11.1
27.105

In this table E-Space denotes the spacing between corresponding value»
of Yr (see text) 187



The Dyson-Mehta optimum statistic is used for estimating the mean spacing
D o + A D O from the energies of the first k resonances of the set;
with k » 2,3,4... N in turn; this represents a modernisation of the
tradiational "staircase plot" of the number of resonances N(E) up to
energy E. The formulae for calculating DQ are set out in Appendix A.

For small values of k it is to be expected that statistical fluctuations
between successive values of Do will be quite large, and their estimated
uncertainties are unreliable because in principle the theory is valid
only for large k, terms 0(l/k) having been ignored; with k ~ 10 the
fluctuations should be much smaller and mostly within the calculated
uncertainties. At the higher energies, if resonances have been missed
for example because of loss of resolution, successive values of D Q

may show a fairly steady increase with increase of k. Table 3.1
of DBAR values for the resonances of 152Gd illustrates these trends;
Table 3.2 for 58Fe is another example. From this kind of tabulation a
tentative assessment of the completeness of the set of resonances
(up to what value K of k is the set complete?) and of the best value
of D o may be made. Sometimes the inclusion of 1 or 2 more resonances
artificially into the set, where adjacent resonances are rather far
apart, will considerably extend the range up to which the set appears to
be complete and may allow an improved assessment of Do.

Table 3.3 of DBAR=DO values for the s-wave resonances of 56Fe (which
span the range from -3.5 to 785 keV) shows exceptional uniformity
in the different estimates of Do, and good consistency therefore with
the hypothesis that D(E) has the energy dependence specified by (3.3).

Dyson and Mehta have emphasised the long-range order, "thp essentially
crystalline character" of a single level series. In effect this means
that, for a single level series (for a set of resonances of the same JIT),
there should be a (1,1) correspondence between the energies of the set
and the energies of a ladder of evenly spaced energy rungs

TABLE 3 . 3

E e - 5 6 ; MEAN SPACING OF S-WAVE RESONANCES (KeV UNITS)

r> * a,...K
supposing that D o has been well-chosen and
that the set of resonances is complete and
contains no impurities.
By choosing

188

(3.7)

'2 ~ — (3.8)
1 -/ —

the mean square of the fractional deviations - ~
(Yr-Lr)/Do of the {Y r) from their
corresponding l\} *s minimised. - —
Tabulating the two sets of energies alongside -
each other, along with the fractional deviations, provides a further
opportunity of looking at the completeness and purity of the set of
resonances. The comparison gives some indication of the approximate
location in energy of vacancies due to missed resonances, or of possible
intruders from other JÏI states or from isotropic contaminants.

Res No
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33

ERES
-3.4756

27.66
73.98
83.65

129.8
140.4
169.2
187.6
220.5
245
276.6
317
331.2
356.9
362
380.9
403.5
437
469.2
500.2
535.67
560.82
575.87
603.16
609.77
613.67
665.72
693.18
716.8
742
752.97
769.7
785

DBAR

31.363
39.483
31.052
34.286
30.769
30.316
29.097
29.526
29.410
29.921
31.262
30.705
30.727
29.792
29.268
28.995
29.304
29.766
30.255
30.989
31.306
31.192
31.435
31.067
30.618
31.239
31.558
31.764
32.006
31.859
31.790
31.683

+-ERR0R

12.324
10.787
6.710
5.790
4.492
3.748
J.180
2.829
2.549
2.349
2.238
2.072
1.928

.790

.643

.521

.428

.366

.316

.280

.241

.197

.154

.114

.075

.019
0.992
0.966
0.941
0.917
0.890
0.863

ESPACE

3 1 . 1 3 6
46.32
9.67
46.15
10.6
28.8
18.4
32,9
24.5
31.6
40.4
14.2
25.7
5.1
18.9
22.6
33.5
32.2
31
35.47
25.15
15.05
27.29
6.61
3.9
52.05
27.46
23.62
25.2
10.97
16.73
15.3

This comparison must be used with caution however, because the picture
may change i f a different value of K or of D i s adopted for input to
the ladder calculations. This warning i s a u tue sere necessaxy
because the comparisons are very persuasive as may be seen from

Table 3.4 for 152Gd and Table 3.5 for 56Fe. It should be reiaarked that
the resonances of 152Gd extend only to 293 eV, and over so narrow an
energy range no allowance i s needed, nor was any made, for energy dependence
of the DBAR values; for this set of data therefore YT must be replaced by
Er in (3 .8 ) . For 56Fe with resonances spanning several hundred keV,
the ladder calculations were carried out as specified in (3.7) and (3.8)
above, but conversion was made from the Y-scale back into the E-scale (see (3 .6) ) ,
for the user's convenience, before printing.



TABLE 3.

Gd-152;

E-Ladder

-15.98
- 9.38
- 2.78

3.82
10.42
17.02
23.62
30.22
36.82
43.42
50.02
56.62
63.22

4

RESONANCE ENERGIES

ERES

-15.86
- 9.12
- 1.2

3.31
8 . 0

12.35 *
21.2
36.86 **
39.3
42.7
74.3 *
85.1
92.4

COMPARED WITH

(ER-ED/D

0.240
-0.0766
-0.366
-0.707
-0.366

1.007
0.376

-0.108
3.679
4.316
4.422

THE RUNGS OF

E-Ladder

69.82
76.42
83.02
89.62 /
96.22 / ,

102.82 ' f
109.42 / /
116.02 / /
122.62 / /
129.22 /
135.82 /
142.42 •'
149.02

THE ENERGY

ERES

y 100
/•124

/ / 140
/ / 185.2
1 202
/ 223
' 231

238
252
293

LADDER (eV UNITS)

(ER-EL/D)

4.573
7.210
8.634

14.48
16.03
18.21
18.42
18.48
19.60
24.82

*has been introduced whenever the absolute value of the fractional difference
exceeds 0.5.

The comparison suggests that, if the value of D (6.6 eV) used in setting up
the ladder was correct, about 4 resonances have been missed above 43 eV
and many more at the higher energies.

TABLE 3.5

Fe-56; RESONANCE ENERGIES

E-Ladder

- 65.52
- 34.33
- 3.723

26.33
55.85
84.84

113.34
141.36
168.91
196.01
222.68
248.93
274.77
400.21
325.27
349.96
374.30
398.28
421.93

ERES

C- 63 .30 )
(- 32.40)
- 3.4756

27.66
73.98 *
83.65

129.8 *
140.4
169.2
187.6
220.5
245.0
276.6
317.0 *
331.2
356.9
362.0 *
380.9 *
403.5 *

COMPARED WITH

(ER-EL)/D

0.00815
0.0447
0.624

-0.0415
0.585

-0.0345
0.0106

-0.312
-0.0823
-0.151
0.0716
0.668
0.239
0.284

-0.507
-0.726
-0.780

THE.RUNGS OF

f E-Ladder

445.24
468.24
490.92
513.30
535.39
557.20
578.72
599.97
620.96
641.69
662.17
682.41
702.40
722.16
741.70
761.01
780.10
798.99
817.66

THE ENERGY

ERES

437.6
469.2
500.2
535.67**
560.82**
575.87*
603.16**
609.77
613.67

665.72
693.18*
716.8*
742.0 **
752.97*
769.7
785.0

LADDER (KeV UNITS)

(ER-ED/D

-0.355
0.0423
0.413
1.013
1.167
0.867
1.151
0.465

-0.349

0.174
0.537
0.727
1.015
0.582
C.455
0.258

*has been introduced whenever the absolute value of the fractional difference
(ER-ED/D exceeds 0.5.

Note that the resonance energies ERS> 665.72 have all been shifted or.s rung
downwards, to give a better fit to the ladder. In fact the ladder
comparison suggests that a resonance may have been missed at about 513 or
640 keV, and perhaps another at about 679 keV.

Ideally we should expect that

(3.9)

in (3.3), and the adopted value of Do can be used for revision of the
parameter values in the level-density formula so that (3.9) i s
satisfied; the revised values can be used in the input for any subsequent
re-run. The level-density parameter values currently available, from the
tables of Gilbert and Cameron (1965) for example, were mostly obtained in
just this way from earlier consideration of mean spacings of resonances,
or from systematic comparisons with data for neighbouring nuclides;
consequently the proposed revision is fully justifiable.

The level density formula can also be used to estimate, from the D^-value
adopted for the s-wave resonances, the mean spacings for other spin/parity
states JTT of the same compound nucleus.

For several of the isotopes of materials such as iron, numbers of non ŝ wave
resonances have been reported. Some of these can be assigned as p-wave
resonances because they are too strong for d-wave assignments (L • 2).
With the help of the estimated mean spacings i t has been found possible to
make plausible JTt assignments for a l l the non s-wave resonances of the
even isotopes of iron. The measured capture areas Q^"^^/!* a r e a l s o

useful in this partitioning process; a large value may indicate that the
spin statistical factor g is large, suggesting an -t=2. , J=S /2 assignment,
for example.

Admittedly much guesswork has been involved in these examples of
"evaluator's art1, what benefits are gained?

(i) The resonance structure has been reasonably interpreted within
the framework of current theoretical models.

( i i ) Though later experimental work may well show that some of the JIT
assignments are wrong, at least a basis for argument has been provided.

( i i i ) The partitioning has helped in estimating mean Py values and in
reducing their dispersion, and this has helped in the attribution of
partial widths r\v and Py for the non s-wave resonances. These
narrow resonances of iron contribute to the Doppler temperature
coefficient in fast reactors.

Gilbert A and Cameron A G W (1965) Canadian J Phys 43, 1446 189



If the mean spacing of resonances varies with energy as has been proposed,
if the neutron strength functions

(3.10)

do not, as is usually supposed, the mean reduced neutron width
must itself vary with energy because of (3.10). Then it should
be expected that the neutron strengths of the individual
resonances, defined by

(3.11)

should have a Porter-Thomas distr ibut ion, rather than the reduced
neutron widths.

It i s interesting to compare the two different assessments made of the
mean spacings of s-wave (£, = 0) resonances of iron isotopes by
Frohner (1978-79) using the STARA code, and by Smith and Story (1981)
using DEEBAR: i t wi l l be recalled that STARA estimates the number of
missed resonarces from the distr ibution of the reduced neutron widths.
The comparisons are presented in Table 3.6 following:

TABLE 3.6

Fe ISOTOPES: ESTIMATES 0? THE MEAN RESONANCE SPACINGS

Isotope

Fe54
Fe-56
Fe-57
Fe-58

Frohner (1978-9)
STARA Code

20.4 + 2.7
21 .4 + 1.9

6.5 ± 0 .8
21 .6 + 5 . 6

Smith and Story (1981)
DEEBAR Code

23.9 + 0.8
27.0 + 1.2

( 9.15+ 0 .5 )
29.1 + 2 ,0

STARA makes no allowance for energy dependence of the mean spacings. For
comparison therefore the values quoted from the DEEBAR code have been
adjusted to relate to the mid-points of the energy ranges studied with STARA.

The STARA calculations suggest that about 20% of the s-wave resonances
have been missed experimentally, even in the energy range below 400 keV.
We are skeptical about this, for reasons given earlier; however it must be
stated that the DEEBAR calculations cannot disprove the hypothesis,
because it is always possible to put the observed resonance energies
into (1,1) correspondence with a subset of the rungs of an energy ladder
constructed with a smaller value of Do.

Fr'dhner F H (1979) NEANDC Topical Discussion (revised values)

Smith R W and Story J S (1981) DIDWG(81)P256

TABLE 3.7

Fe-56; COMPARISON OF MEASURED F y VALUES FOR SOME S-HAVE RESONANCES

27 .8
7 3 . 9 5
83.6

129.8
140.3

Pandey et al
(1975)

1500

1300
600

2800

Allen et al
(1976)

1.43
0.73 "*
1.28 *
0.79 *
2.19 *

0.07

Frohner
(1977)

1.25 + 0.2
0.65 + 0.15
0,58 + 0.22
1.30 + 0.40
1.48 + 0.31

*statistical uncertainties 10Z

ErkeV

52.62
71.75
98.61

130.1
147.8
174.0

1

Pandey et a l
(1975)

1950
1540
550

3340
3380
3680

Allen et al
(1977)

2.4
1.32
1.65
3.22
2.31
3 .5

Beer and Spencer
(1975)

1.8
0.8
3 .2
3 . 0
3 . 0
2 .4
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TABLE 3.9

Fe-56; PARAMETER VALUES FOR THE 1.15 keV AHD 27.8 KeV RESONANCES. FROM VARIOUS

TABLE 3.8

Fe-56; EXPERIMENTAL VALUES FOR Vn AND Ty FOR THE 27.8 KeV RESONANCE

Reference t-j\ eV

Bilpuch et al (1961) 1670 + 200

Macklin et al (1964) 1600 + 100

Moxon (1965)

Hockenbury et al (1969)

Ernst et a l (1970) (1600+ 100)

Garg et a l (1971) 1520 + 40

Pandey et a l (1975) 1500 + 50

Allen et al (1977)
re-evaluation of 1.43 + 0.07 eV
reported by Allen (1976)

FrBhner (1977) 1400 + 200

Brusegan (1979)
(provisional only)

Allen et al (1980) 1520

Wisshak & Kappeller (1981)

Moxon (1979,1981) 1450 + 50

\ M eV

1.5 + 0.3

1.A4 + 0.14

l.A + 0.3

1.6 + 0.3

1.25 + 0.2

0.80 + 0.20

0.82 + 0.11

1.011
+ 1.3% stat
+ "57, syst

0.85 + 0.09

EVALUATIONS

ENDF/B4

ENDF/B5

UKNDL

KEDAK 3

JENDL1

Recent
estimate
by Moxon

Accuracy of

Er
i .

l .

i .

i .

...

l .

the Capture

1.

keV
15

149

154

1A8

15

1519

Data

15 KeV Resonance

T-neV
0.086

0.06

0.0592

0.068

0.068

0.0575
+Û.001

r^eV
0.600

0.600

0.581

0.600

0.600

0.598
+0.011

What of the accuracy

27.8 KeV

Erk«V
27.9

27.67

27.7

27.81

27.66

27.821

of available

Resonance

rntv
1670

1520

1400

1430

1600

1450
+50

capture

TytV
1.44

1.4

1.39

1.00

1.45

0.9

data for iron isotopes? Some idea of the difficulties of accuracy
assessment is given by the three tables that follow, Tables 3.7, 3.8
and 3.9. The first of these, Table 3.7, compares, for a few of the s-wave
resonances of 56Fe and of 54Fe, the radiation widths f-y reported by Allen et al
(1976, 1977), from measurements at the Oak Ridge electron linear accelerator
(0RELA), and by Frohner (1977) at Geel, and by Beer and Spencer (1975) at
Karlsruhe. At some resonances the two measurements differ by a factor 2, and
even the comparatively good agreement between the two measurements at the
27.8 keV resonance of 5<>Fe £s seen to be illusory when we turn to Table 3.8,
which shows that the most recent measurements have resulted in smaller
values for both the neutron and radiation widths of this resonance. These
recent changes in the parameters of the most prominent resonance of °Fe
make it difficult to have much confidence in any sort of average of the
measured values of the radiation widths at any other s-wave resonance:
how would you assess the uncertainties?

It should be added in conclusion that the variations of T y from one
s-wave resonance to another has been explained in terms of the so-called
valence model; see for example Allen (1976, 1977) and Beer et al (1979).
However Moxon has emphasised that at these resonances TV, is very much
larger than Vf and that, in consequence, a positive correlation between
the measured values of f ^ and 1"y may occur, at least in part,
because of inadequate suppression of the response of the capture gamma
detector to the much larger flux of scattered neutrons.
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3.2 Some Remarks Relating to the Use of Multi-Level Resonance Formalisms

3.2.1 Negative Energy Resonances

It i s my personal opinion that, as a general principle, an
evaluation of resonance parameters in the resolved range should
always include an assessment of the parameters of the top s-wave
negative energy resonance, or of the two top negative energy
resonances, one for each spin state, i f the target nucleus has odd
mass number. Terms should alr_> be included to allow for the effects
of more distant resonances, both at negative and positive energies,
as wi l l be discussed in the next section.

For some nuclides the large value and energy dependence of the
low energy scattering cross-section may determine the resonance
energy and reduced neutron width of the principal negative
energy resonance. This i s exemplified by the low energy scattering
data for 56F Ê (see for example Moore et al 1963), and likewise for 5 8 Ni.
For many nuclides however, perhaps even for the majority, the
significance of the top negative energy resonance i s less obvious;
for a start therefore one might suppose the resonance energy i s about
1 mean spacing D below the f i r s t positive energy s-wave resonance
(or belou the f i r s t positive s-wave resonance of the same spin), subject
to the condition that Er i s to be negative, and that the reduced neutron

and radiation width f y have their expectation values,width f-h
(and the fission width also, if the material i s f i s s i l e ) .

TV^-s-^.T», rY = <rv>
in which S f i i s the s-wave neutron strength function.

(3.12)

192

Next should be considered whether these values for the parameters
result in too small or too large a contribution to the thermal
neutron capture cross-section, when the contributions of a l l
the known posit ive energy resonances have been taken into account.

Macklin R L, Pasma P J and Gibbons J H (1964) Phys Rev B136, 695.

MOXOR M C (1965) EANDC Antwerp Conf on Stud? of Hncleat Structure, with
Neutrons 88.

Moxon MC (1979) Private Communication cited by Wisshak and I&ppeler F (1981),
below; see also Moxon M C (1981) NEANDC(E) 222_ Vol 8, 24.

Pandey M S, Gars J B, Karvey J A and Good W M 1975 Washington Conf on
Nuclear Cross-Sections and Technology 2, 748.

Wisshak K and Rappeler F (1981) Nucl Sci Eng 'iT_, 58.

Moore J A, Palevsky H and Chrien R E (1963) Phys Rev 23_2, 801

The contribution of this negative energy resonance i s

in which o<
(3.13) may b

= 2.603939 x 106 (1 + m /̂M)2 barns eV.
approximated by

Usually

(3.14)

showing that a small change in t r has the same effect on
as a larger fractional change in I^J* .

Usually the required contribution ACTy( .£ o ) to the thermal
neutron capture cross-section, be i t large or small, can be
obtained without the need for extreme values for the parameters;
as a rough guide, i t would be a matter for comment and for
further investigation i f the resonance energy has to be shifted
by more than D/2 from i t s expected value (the expected value i s not
necessarily very easy to identify, since the f i r s t posit ive s-wave
resonance may be below or above i t s 'expected' energy), or i f the
reduced neutron width l i e s outside the range (0.3 Kjfy!^ f .
1.5 ( 1 % ^ ^ ) . If extreme values are needed for the parameters
of the top negative energy resonance the partial widths of one or two
of the low energy posit ive energy resonances may nead reconsideration.

The low energy coherent scattering amplitude (or amplitudes) should
also be considered, i f experimental data are available, when trying
to assess the parameters of the top negative energy resonances;
see for example James and Story (1966).

3.2.2 Distant Resonances

The more distant s-wave negative energy resonances also contribute
to the thermal neutron capture cross-section, and they have a larger
effect on the slow neutron scattering cross-section. The scattering
effect may be understood in a qualitative sense by considering the
asymmetric shape of a typical
s-wave resonance. The Breit-
Wigner single level formula for
the total cross-section in the
neighbourhood of one of these
resonances may be written

in which the Breit-Wigner denominator BWD i s

James M J and Story J S (1966) IAEA Paris Conf on Nucl Data for Reactors 2_



Bv/i>r (3 .16)

and

A n (3.17)

i s the potential scattering cross-section. The second term on the
right in (3.15) arises from the interference between the resonance
and potential scattering i ponents and i s the cause of the
asymmetric shape of the s-u^^e resonance. Away from the
resonance peak the Breit-Wigner denominator may be approximated
by BWD = (E-Er)2, showing that the asymmetric term approaches
the potential scattering background only l ike

1/(E-Er) ,

much more slowly than the !/<E-Er) of the resonant terra
alone. Consequently the effect of the asymmetric interference
component extends over a much greater energy range than the
symmetric resonance peak.

All the s-wave resonances to the l e f t of a specified energy E
tend to raise the background cross-section at E, and a l l those
to the right of E tend to depress the background cross-section
at E.

So far as the scattering cross-section i s concerned, the effects
of the unresolved negative energy
resonances, and of the distant
posit ive energy resonances
beyond the resolved range are to
modify the potential scattering
as shown in the picture.

The formulae for the multi-level Breit-Wignar approximation are
set out in Appendix B. The neutron partial cross-sections are
expressed at (BI5) and (BI6) with (BI8) in terms of the factors
AJJCE), B(E) and C(E) defined by (B19) to (B2I), which sum1 over
a l l resonances of the same (1 ,J); only single sunmations are
involved, but they run in principle over a l l resonances, resolved
and 'distant' of the specified (1 ,J ) . We may write

and likewise for B and C, (3.18)

where A^1 sums over a l l the resolved resonances which are represented
exp l i c i t l y in the calculations, and A x " sums over a l l the
'distant' resonances at negative and positive energies. Because
they are distant we can use the simplification

(3.19)

Then for example

C"(E) = o/z) 2 rw rr/îwi>r
summing over all "distant" resonances. The expectation value is

(3,20)

According to James and Story (1966) the frequency function F(X)
may be represented
sufficiently accurately by FOO

F(X) = 0 in the interval
(E^, EJJ) occupied by
the "known" resonances

S T ( E L - X ) / D 2 C , ( X - E H ) / D 2 C on the two sloping

segments with 0 i E^,—X«Dt and O < X

= l/D i f I < ETu-Ie or i f X •*- K

(3.22)

with

C = 0.7268. (3.23)

In general D = D(J, X) is a slowly varying function of X but
may be replaced with sufficient accuracy by

(3.24)

(3.25)rv+rF)>

In (3.21)

<rT1{E).

supposing T"y is not correlated with fri (no valence
contribution); and

(3.26)

in which ^TV. ) is the mean reduced neutron width and

< 3- 2 7 )

The mean reduced neutron width is determined as usual from the
neutron strength function

(3.28)

Averaging over the Porter-Thomas distribution of neutron widths
gives

(3.29)

in which V is the number of effective neutron channels 1S3



V * i if 1=0, |er every t
t = O, far

£>o,

After some algebra one finds that

Ax"(E) =
B"(E)=

C"(E) -

in which

un, E
with a similar expression for ^ S p

The energy dependent factors oL ,

(3.3D

(3.32)

;Ef, E)lWt«Ji Ei-, E) (1+3/V) (3.33)

S ^

are given by

(3.34)

(3.35)

(3.36)

(3.37)

Replacing the sums over distant levels by an integral in
(3.21) is only valid if

F-EL ^
} » • 38) •n

o
otherwise the uncertainty in the estimate diverges. So there must be
at least one negative energy resonance represented explicitly amongst
the resolved resonances, and at least one resonance represented
explicitly (with the specified (£,J)) above the top of the energy
range in which the cross-sections are to be calculated.

It should be mentioned that in the derivation of (3.32) the cancellation
of two infinities is incurred. These occur as a consequence of the
excessive simplicity of the model used for the distribution of the
neutron strength.
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The formulae developed above can also be used with the multi-level
Reich-Moore formalism for e las t ic scattering and radiative capture
only; only the distant level terms

B"
are required.

3.2.3 Use of the Reich-Moore Multi-Level Formalism for Elastic
Scattering and Radiative Capture Only.
from the Level-Shift when S. 5» 0

A Problem Arising

The multi-level Breit-Wigner (MLBW) formalism for neutron resonance
cross-sections i s less accurate than the Reich-Moore formalism,
because the unitary condition on the co l l i s ion matrix i s violated.
Frohner (1980, Figure la ,b ,c ,d) has i l lustrated some cross-section
errors incurred by using the MLBW formulae with medium mass and f i s s i l e
nuclides. It i s natural that the Reich-Moore formalism has long been
used for shape analysis of s-wave resonances observed experimentally
in materials such as iron and nickel , and i t must be anticipated that
i t wi l l begin to be applied, using resonance analysis codes such as
FANAC and *S)FIT, to the analysis of the non s-wave resonances a lso .

With both the MLBW and Reich-Moore formalisms the resonance energies
or eigenvalues of the theory are shifted, i f t - > - 0 , from the
observed resonance energies. In MLBW the level shift stems only
from terms belonging to the particular resonance under consideration;
the exact amount of this shift i s eas i ly calculated, and indeed in
the formulation presented in Appendix B the shift has been formulated
as zero at the observable resonance energy.

With the Reich-Moore formalism, even in the relat ively simple form
taking account of e las t ic scattering and radiative capture only,
there are contributions to the level shi f t from a l l the other
resonances; moreover these contributions do not appear expl ic i t ly
in the formulae, but only implicit ly .

If one sets out to generate tabular cross-sections from the
resonance parameters, i t i s essential to know the amount of the level
shift fa ir ly accurately so that an adequate energy mesh can be set-up
at which the cross-sections are to be calculated and tabulated, a
fine mesh to define the narrowest of the p- and d-wave resonances
and a broader mesh in between, so as to avoid an excessive amount of
calculation and tabulation.

Frohner F H (1980) BNL Conf on Nuclear Data Evaluation Methods and
Proced' , INDC (USA) 85̂ , Vol 1, 398-399.



One method of dealing with this problem, which has been used in computing
the cross-sections of 58Fe, is to use the Reich-Moore formalism for
calculating the contributions of the s-vrave resonances, and to switch
into the multi-level Breit-Wigner formalism for the £ > 0 contributions.
However James (1982) has recently been exploring the problem of
estimating fairly accurately the total level shift of L- "=» 0 resonances
in the Reich~Moore formalism; the method appears interesting, but
has not yet been fully tested and would possibly break down for two very
close resonances of the same (C ,J).

Using the formalism given in the final section of Appendix B, put

so that

Now decompose Q

in which

(3.39)

(3.40)

(3.41)

(3.42)

is the contribution from the specific resonance of interest,
and

is the contribution from all other resonances

After some manipulation

in which

the denominator appearing in (3.42).

O.43)

(3.44)

(3.45)

James M F (1982) Unpublished work- I am indebted to Mr James for permission
to present this preliminary account

Now look at the denominator o£ the fractional part of W in (3.44):
This is:

p c r
n i

in the approximation which treats the small term q as xeal,
w'sieh can be written

with

as the observable resonance energy, and

The amount of the level shift in (3.48) depends first on

With the conventional boundary condition 8 j = 0

in which p s

By choosing

and

(3.46)

(3.47)

(3.48)

(3.49)

(3.50)

(3.51)

(3.52)

the shift factor S^ is much reduced, and so too is the factor &
appearing in (3.48) as a multiplier of the small term q. This change
appears sufficient to allow the amount of the level shift in (3.48)
to be calculated with reasonable accuracy. The numerator of H-l
in (3.44) s t i l l needs further exploration, and further testing is
needed.

Some conclusions may be drawn however. In particular an experimenter
or evaluator fitting non s-wave resonances with the Reich-Moore
formalism should : -

(1) Quote the boundary conditions used

(2) Give the complete set of parameters for a l l resonances used in
the fi t
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4 FISSION-PRODUCT DECAY HEAT

When a reactor i s shut-down, for whatever reason, the evolution of heat wi l l
continue in consequence of the beta decay of the accumulated f ission-prodiicts,
with some addition from the decay of shorter-lived act inides such as J*U,
239[[P and, on a somewhat longer timescale, 24'Ara. Immediately after shut-down
the fission-product decay heat output i s about 6.32 of the preceeding
operating power; for a power-station reactor operating at 3000 MW thermal,
the fission-product power at shut down i s therefore about 190 MW, and for reasons
of safety the standby cooling provisions must be capable of removing this
heat. Design engineers, conscious of the cos t of the standby cooling
plant, which they hope wi l l never be needed for emergency, are naturally very
much concerned with the accuracy of decay heat estimates.

In rea l i ty of course for a limited period, up to perhaps 100 sees after
shut-down, there are other heat sources which contribute importantly to the
uncertainty in the shut-down power; for example shut-down i s in i t s e l f not
an instantaneous event, and after i t has been effected there wi l l continue
to be some f i s s i o n heating induced by residual delayed neutrons; in consequence
the accuracy requirement on the fission-product decay power i s most stringent for
cooling times greater than about 50 sees after shutdown. An approximate
indication of the reduction in fission-product decay power as a function
of cooling time t after a long-continued period (assumed inf in i te ) of steady l

operation of a reactor fuelled with 235u i s given in Table 4 . 1 , taken from
a review made in 1965. Even after 3 hours cooling the evolution of decay
heat in a power reactor i s s t i l l very large.

TABLE 4.1

Cooling Time
Seconds

1
10
100
1000
I04(2.78h)

Beta and Gamma
Power, as 7.
of Operating Power

6.35
4.77
3.09
1.82
0.96
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Fission-product decay heat can be calculated by summing the contributions
of every fission-product, using tabulations of the average yield per f iss ion
of each one, and of the average beta and gamma energy evolved in i t s decay.
The anti-neutrinoes which accompany the beta particle emissions, and
which carry off about 402 of the total decay energy, nay be supposed to
escape into the void without interaction. In tables of radio-activity
decay data, such as the "Tables of Isotopes" (1978) i t i s customary to give

the end-point energy of each beta branch, which i s the total kinetic energy
of electron and anti-neutrinoes together. In setting up tables of decay heat
data i t i s therefore necessary
to calculate from the end-point
energies the average electron
energy for each beta branch ,
of the decay scheme (the P
transit ions represented by
the sloping l ines in th i s
schematic diagram).

The average length of beta decay chains in fission-product can be estimated
quite eas i ly , and the values shown in Table 4.2 are from the reports of
James (1969).

TABLE 4.2
Fis s i l e Nuclide Average Ho of / 3 's

U233
U235
U238
Fu239
Pu241

thermal f i s s i o n
thermal f i s s i o n
fast fission
thermal fission
thermal fission

2.61
3.02
3.57
2.74
3.16

+ 0.
Î °-

035
025

However, in order to cover completely a l l the fission-products which are
produced in appreciable yie lds in the f iss ion of 235u, decay heat data must
be provided for about 6 radioactive nuclides in each mass chain, at least
for those whose masses l i e near the peaks of the f iss ion yield curve. Taking
into account the f i ss ion products from other f i s s i l e nuclides of importance
increases the number of nuclides for which decay data are required.

The earl iest elements (of lowest atomic No. Z) in each decay chain have the
greatest energy release and consequently the shortest ha l f - l i ves , but because
of the short hal f - l ives detailed and accurate decay data are hard to measure,
though a great deal of information has been obtained during the last decade
through the use of on-line electromagnetic separators, such as LOHENGRIN at the
high flux reactor in Grenoble, and OSIRIS at Uppsala, and i t continuing to
come forward.

To i l lustrate the magnitude of the task, the following s t a t i s t i c s on the
contents of the fission-product decay data f i l e UKFPDD-2 have been drawn
from the report by Tobias and Davies (1980). Comparable fission-product decay
libraries have been produced in France and America, a l l in the ENDF/B4 or ENDF/B5
formats, and there has been a good level of co-operation in these developments.

"Tables of Isotopes, 7th edition" edited by Lederer C M and Shirley V S
(Wiley 1978)

James M F (1969) J Nucl Energy 23, 517; 25_, 513

Tobias A and Davies B S L (1980) RD/B/H4942



Total number of nuclides

Stable nuclides

Radioactive nuclides
Ground state
First isomeric state
Second isomeric state

Nuclides with beta/gamma spectra

Nuclides with estimated decay energies

Nuclides with estimated half - l ives

855

119 1

736.
596
133

390

346 .

197

855

736

736

Yoshida and Nakasima (1981) give these s ta t i s t i c s on a preliminary version
of a new fission-product decay data library being produced for the Japanese
Nuclear Data Conraittee

Total number of nuclides
Nuclides with >• 5 MeV decay energy:

I Half- l i fe and decay scheme both known
II Half- l i fe known, but not decay scheme

III Neither h a l f - l i f e nor decay scheme known

1100

88
98
298

Concerning the nuclides with large decay energies, they report further
that those in category III make only a minor contribution to the total decay
heat, even at vsry short cooling times; those in category II contribute
nearly 15% of the total decay heat at 10 seconds cooling time after an
instantaneous burst of U235 fissions. However their further studies point
to the contributions from the nuclides in category I as predominant in the
cooling time interval up to several hundred seconds, and strongly indicate
the need for further work on the decay schemes of these nuclides.

For a radioactive nuclide with a high energy release, the decay scheme
is likely to be very complex, and unless it can be studied in great detail,
with/îy- and Y V"" coincidence spectrometry for example, the true structure
may not be properly identified. For example, the relative intensities of
the various gamma rays evolved in the decay may have been measured, and if
these can be assembled into a decay scheme the relative intensities of the beta
branches to the excited states of the daughter nucleus can be determined, but
the absolute beta intensity to the ground state of the daughter may be unknown.

The decay data alone are not sufficient for summation calculations of fission
product decay power; fission-yield data are required also, and not only the
chain-yield data which are relatively well-established for the principal fissile
nuclides, but the independent yield for each separate fission-product, and for
each fissile nuclide of interest. Crouch (1977) gives a succinct account
of compilation of experimental data on fission product yields from thermal,
fast and 14 MeV neutron induced fission for a considerable range of fissile
nuclei, and of his evaluation of these data.

Yoshida T and Nakasima R (1981) J Nucl Sci and Technology J_8, 393

Crouch E A C (1977) Atomic Data and Nuclear Data Tables 19, No 5

For the principal fissile materials reasonably good data are available
for the rajority oi the cumulative chain yields, but the information
availat e on the independent yields of the short-lived fission-products is much
more limited, though more has become available since the Crouch review was
written, and has been compiled in his computer file of fission yield data.
For the majority of fission products and fissile nuclides, except perhaps
for thermal neutron induced fission of 235uf the independent yields mist be
estimated using systematic arguments; the basis and origins of these
methods are conveniently summarised in Crouch's review.

A properly evaluated set of fission, yields, relating to a particular
class of neutron induced fissions of the fissile nuclide (Ap, Zj) must
satisfy (through the use of adjustment procedures if need be) the following
physical constraints

for conservation in the mean of the number of nucléons, after emission
of the prompt neutronsj

(4.1)

(4.2)

a

the requirement that the yields of complementary elements be equal,
for conservation of the number of protons; with (4.1) this is equivalent to

(4.4)

In these formulae y(A,Z) is the independent yield for production in fission
of the nuclide (A,Z) and Y A is the chain yield in the chain of mass
number A; Vj> is the average yield on prompt neutrons.

These constraints are extremely important and go far to balance out the effects
of errors in the estimation of independent yields; they ensure for example
that if the average length of the chain of mass A is made rather too long,
the complementary chain (or chains) will be shortened to correspond.

From what has been stated above it will be clear that summation calculations
of decay heat involve very large numbers of input data, and that particular
uncertainties attach to the short-lived fission-products, those which
contribute most to the decay power shortly after shut-down. How can we assess
reliability of calculations based on these data?

Firstly a number of sensitivity studies have been made of the uncertainties
in the summation method. These studies have been sunmarised conveniently
in Section 5 of the review paper by Tobias (1980), and he gives a comparative
table of the estimated uncertainties in decay heat from the fission-products
arising from long-continued (12 to 120 day) steady thermal neutron irradiation
of "5u- results are given for decay times from 1 to 108 sees (120 days), and
a selection from Tobias' table is given in Table 4.3 below. It is not clear

Tobias A (1980) "Decay Heat", Progress in Nuclear Energy 5_, No 1, 1 197



TABLE 4 . 3

ESTIMATED UNCERTAINT1 S OF FISSION-PRODUCT DECAY HEAT FROM SUMMATION CALCULATIONS

(from Tobias (1980) Prog Nucl Energy 5 (1 ) 1, review paper)

I r r a d i a t i o n Time(10 7 secs) I .28 1.0 8 3 1-10
Decay Source of
Sees Uncerta inty

Yields
1.0 Hal f - l ives

Decay energies
TOTAL

Yields
10 Half-lives

Decay energies
TOTAL

Yields
100 Hal f - l i ves

Decay energies
TOTAL

Yields
10* H a l f - l i v e s
(2.8h) Decay energies

TOTAL

Yields
106 H a l f - l i v e s
( l -2d) Decay energies

TOTAL

Yields
108 Half-lives
(120d) Decay energies

TOTAL

Uncertainties, Per Cent
(a) (b) (c) (d) (e)

1.22 0.9 0.6! 0.92 0.95
0.2 0.31 0.46 0 .2

7 .12 6 .5 1.68 2 .19 7 .12
7 .30 6 .9 1.81 2.42 7 .19

0.89

5.26
5.34

0.36

2.17
2.20

0.17

1.61
1.61

0.8
0.3
4.3
4.8

0.6
0.4
1.4
2.5

0.3
0.8
1.1
2.0

0.51
0.23
1.55
1.65

0.32
0.36
1.18
1.27

0.29
0.18
0.72
0.79

0.89 0.77
0.43 0.3
2.20 5.26
2.41 5.32

0.98 0.51
0.34 0.4
1.76 1.79
2.05 2.26

2.47 0.34
1.01 0.8
0.47 1.15
2.71 1.44

0.3 0.37 7.84 0.44
0.7 0.14 0.41 0.7
0.6 1.42 0.22 1.01
1.1 1.48 7.85 1.39

0.4 0.45 5.62 0.63
1.0 0.44 0.40 1.0
1.6 2.72 0.34 2.16
2.0 2.89 5.64 2.48

(a) Trapp et al (1977) OSU-NE-7701

(b) Schmittroth 4 Schenter (1977) Nucl Sci Eng 63, 276

(c) Devil lers (1977) IAEA-213, review paper No 4

(d) Yamamoto & Sugiyama (1978) Ann Nucl Energy 5_, 621

(e) Tobias, estimated for UK decay data f i l e s

why Yamamoto and Sugiyama attributed such large values to the uncertainties
induced by the fission yield data at the longer decay times; on the other
hand they seem to have been more optimistic than others about the accuracy
at the longer decay times of the ha l f - l i f e data and decay energy data.

Sensitivity studies cannot take into account the possible consequences
of gross experimental errors, such as the wrong assignment in Z or A of some
short-lived ac t iv i ty , nor can they readily make allowance for unknown systematic
faults in evaluations of the energetic short-lived fission-products. Since
questions of reactor safety are involved i t i s essential to test the
accuracy and r e l i a b i l i t y of the very complex summation calculations with
integral measurements of decay heat.

The integral measurement methods f a l l into two classesi

( i ) Measurements of beta and gamma spectra, with subsequent numerical
integration, or measurements of the beta or gamma power with
counters which integrate over the whole spectrum.

( i i ) Calorimetric measurements.

The dif f iculty in applying the calorimetric method to the gamma heat output
i s that the calorimeter has to be massive enough to absorb the whole gamma
ray energy, although the gamma spectra extend to 5 MaV at least . But a
massive calorimeter has a slow response-time in general, so the method has
not been very useful for measurements down to '«'100 sees decay time. This
problem was resolved recently by Yarnell and Bendt (1977) at LANL with
their "cryogenic boil-off claorimeter". Essentially a massive copper calorimeter,
52kg, was used, but by operating at liquid helium temperature the specific heat i s
reduced very greatly and the calorimeter has a time constant of only 0,85
sees.

Decay heat comparisons between summation calculations and integral measurements
were carried out by James (1981) and were reported to the NEA Committee on
Reactor Physics during its meeting at Winfrith in September 1981; this work
was subsequently up-dated by James (1982) for presentation to the UK Nuclear
Data Forum, and he has generously made his notes and tables and graphs available
to me. Host of what follows is from his work.

A brief summary of recent integral measurements of fission-product decay
heating may be useful and is given in Table 4.4: a summary of earlier work
may be fcuni in Section 2 of the review by Tobias (1980), aid some comparisons
between summation calculations and those integral experiments may be found
in the same review.
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Yarnell J L and Bendt P J (1971) LA-NUREG-6713; see also (1978) LA-7452-MS,
NUREG/CR-0349.

James M F (1981) NEACRP-A463_; (1982) unpublished work.



TABLE 4.4

RECENT INTEGRAL MEASUREMENTS

CALORIMETRIC

Lott + (1973) U235 ) ,
Fiche + (1976) Pu239)

Yarnell 4 Bendt (1977/8)
U235 4 Pu239 LANL

BETA AND GAMMA SPECTROMETRY METHODS

BETA + GAMMA

Dickens + (1977/8)
U235, Pu239 4 Pu24l
ORHL

Friesenhahn + (1976/7)
U235 4 Pu239 IRT

{1978) U235Schrock
UCB

Gunst + (1974-7) Th232,
U233, U235, Pu239
(cooling time 14 hr)
BAPL

BETA

Dickens + (1977/8)

Friesenhahn + (1976/7)
Alain & Scobie (1974)
U235 Scot URRC

Murphy + (1979)
U235 & Pu239 AEEW

Taylor 4 Murphy (1980)
U235 4 Pu239 (AEEW)

GAMMA

Dickens + (1977/8)

Taylor 4 Murphy (1981)
U235 4 Pu239 AEEW

Each measurement can be compared directly with a sumnation calculation effected
for the corresponding irradiation time I and decay time t, and the values of
the ratio of calculation/experiment can be compared by graphical representation
on a convenient scale.

Several comparisons of this kind were given in James' paper, Figures 4.1 and
4.2 probably deserve most study. They show calculation/experiment ratios for
both 2 3 5U and 239Pu total decay heat, using the measurements of Dickens et al
(1977, 1978) at ORNL and of Yarnell and Bendt (1977/8) at LANL. In each
graph the curves for the two fissile nuclides are similar in shape, but
the ratio calculation/experiment is about 7% smaller for 239Pu than for 2 3 5U.

Comparisons of calculation/experiment were made also using the measurements
of Friesenhahn 4 Lurie (1976, 1977) following a. 20,000 sec ( 5.56 hr)
irradiation of 2 3 5U, and it was noted that their data are systematically
about 17. lower than those of Yarnell 4 Bendt, who used the same irradiation
period, for decay times from 20 to 1300 sec; at longer decay times the
agreement is better, but the scatter in both sets of data inplies an increase
in the random error to about + 1%.

Comparisons of calculation/experiment were made using the measurements
of Friesenhahn 4 Lurie (1976, 1977) following 1000 sec irradiations
of 235u and of 239Pu. For 235u there is good agreement with the
measurements of Lott et al (1973) for the same length of irradiation,
except below about 300 sec decay time where systematic errors in the
calorimetric measurements by Lott et al may be appreciable. From 1 to 1300
sees decay time the calculation/experiment ratios for 239pu are about
2 to 3% below those for 2 3 5U.

On the other hand comparing the total decay heat measurements of Friesenhahn et al
(1976, 1977) following 1 day irradiations of 235U and 23^Pu, in contrast
to the information from other measurements, the calculation/experiment ratios
for 239Pu are about 2 to 37. above those for 2 3 5U. Consideration of the beta
decay heat alone shows, in Figure 4.3, rather good agreement between
calculation and experiment for 235u. with the measurements of Murphy et al
(1979) following a 105 sec (1.16 day) irradiation of 2 3 5U, the calculation/
experiment ratios lie in the range 0.98 to 1.02 up to 1900 sees decay tune;
using the data of Friesenhahn et al (1976, 1977) following a 1 day irradiation
of 235u, the calculation/experiment ratios are about 3 to 67. lower.

Because of the different irradiation times that have been employed it is a
more difficult task to compare the different sets of data, and to check the
consistency of measurements made after different irradiation periods. With
this problem in mind we introduce two decay functions.

m(t) the average decay power per fission at t sees after an
instantaneous burst of fissions

M(I,t) the average decay power t sees after steady irradiation of the
fissile material for I sees at I fission/sec.

/fc
£+t-*n.(b'> eft' =

From their definitions it is easy to see that

) t'.T«{fc') <l{t~t') (4.5)

- M(oo, t) - M(oo, I+fc). (4.6)

If (I+t) i s large a summation calculat ion value may be used for the
small correction term on the r ight , so that the i n f i n i t e irradiation
function M(oo,t) may be derived from M(I , t ) .

Lott M, Lhiaubet G, Dufreche F & de Tourrail R (1973) J Nucl Energy 27, 597

Fiche C, Dufreche F 4 Honnier A M (1976) CEA - Internal Report

Schrock V E, Grossman L M, Prussin S G, Sockalingen K C, Nuh F, Fan C-K,
Cho NZ 4 Oh S J (1978) EPRÏ-NP-6J£ Vol 1; see a l so Schrock V E (1979) Prog Nucl
Energy 3_, 125

Gunst S B, Connor J C 4 Conway D E (1974) WAPD-TM-1182, -1183; (1975) Nucl
Sci Eng 56_, 241; (1977) Nucl Sci Fng 64, 904

Dickens J K, Emery, J F, Love T A, McConneil J W, Northcutt K J, Pee l le R W
R Weaver H (1977) ORHL/NUREG-JU; (1978) ORHL/NUREG-34; NUREG/CR-0171;
ORNL/mJREG-47

Friesenhahn S J, Lurie N A, Rogers V C * Vagelatos N (1976) EPRI-NP-180;

Friesenhahn S J 4 Lurie N A (1977) IRT 0304-004

AlatnB 4 Scobie J (1974) Ann Nucl Sci Eng X, 573

Murphy M F, Taylor W H, Sweet D W and March M R (1979) AEEW - R 12:2
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The functions m(t>, M(I,t) may be applied
to discussion of Che beta decay power,
Co Che gamma decay power, or Co
cheir sum. In principle there is a
dependence on Che neucron flux level
used in Che irradiacion, because of
Che effects of neutron capture, but
chese effeccs are very small except
ac long decay times. To understand
this it is helpful to consider the
effect of neutron capture on the
concentration of a particular fission
product. The rate of change of the
concentration during irradiacion is

such formula i s

t.-mtb)

(4.7)

The f i r s t term on the right denotes the rate of loss through decay, and
the second term i s the rate of loss through neutron capture; the final
term i s the source term, denoting new production by f i s s ion . Thus the
effect of the capture term is to replace X by X.+-£O*-j . How
do X and {9 0*y compare?

(4.8)

with 0 in neutrons/cm sec, O"y in barns, and Tj in hours.

Taking 135Xe by way of example, with the largest measured capture cross-
section, we may sec

and le t us assume that 0 = 10'^ neutrons/cm^see. Then

0<Tv/X. (4.9)
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If C'y i s only 3000 barns, which i s s t i l l a very large neutron cross-
section, the h a l f - l i f e must be **• 1 year for the same level of
competition between capture and decay. For the great majority of
nuclides the capture cross-section i s much smaller than this , which
explains why the effects of capture may be ignored in decay heat
calculations, except at very long decay times when only a few long-
lived a c t i v i t i e s remain. Such neutron capture as does occur generates,
in general, other active nuclides, a l i t t l e more neutron rich, which
must be expected to evolve as much decay heat, or s l ight ly more, than
the a c t i v i t i e s destroyed.

Some generalisations of (4.5) and (4.6) may be written down:

Ml-nl, t) = S M(l, fcl+t) (4.10)

which enables data for Che longer irradiation ni to be built-up, by
summing data from measurements made with the shorter irradiation I . provided
that Che measured values extend to sufficient!? long decay times. Another

2M 0

Which may be useful if t^ — tf *%• X>

If I ̂ fi. t, the approximation

) » I. 7n.lt +-1/2.) (4.12)

may allow the more sensit ive "burst-fjnction" m(t) to be generated from
short irradiation measurements.

A variety of different methods have been employed for comparing measurements
taken after differing periods of irradiation. One convenient method i s to
f i t the measurements, alternatively, with

(a) cubic spline functions
(b) a sum of exponential functions

and then to derive the burst function m(t.'l or the infinite irradiation
function M(0O , t) analytically. Burst functions m(t) for the total decay
power from 235JJ anij froTn 239pu fission products have been derived in this
way and are illustrated in Figures 4.4 and 4.S; the corresponding summation
calculations made with the 1981 UK Fission Product Decay Data library are
included for comparison; the fission-product yields used in Che calculations
are from a revised set compiled by Crouch, and include yields for production
of isomeric states (chis is the set C3I).

An important new development in these studies is that of comparing calculated
and measured values of the ratio

[M(I, t) for"Pu.-a3<-)]/[fUI, t) .for U-Z351 (4.13)

That this i s useful for the summation calculations was point-ed out by
Trapp and Spirxad (1978). Although the f iss ion yield data are somewhat
different for the two f i s s i l e materials, the f iss ion product decay data
(half- l ives , energies and branching rat ios) are the same for both; however
the data for the chains of masses A = 100 Co 110 are more important for
239Pu, because of their larger y ie lds .

So far as measurements are concerned, one expecCs that some of the
systematic errors of a particular experimental method may cancel on taking
the ratio; for example detector e f f ic ienc ies , and in methods of determining
the numbers of f i s s i ons .

Trapp T J and Spitirad B I (1978) OSU-NE-7801



By using equation (4.10) the fission-product decay data of Dickens et a l
(1977, 1978), following re la t ive ly short irradiations of 2 3 5U and 239Pu,
were combined to provide data corresponding to 20,000 sec irradiations, the
irradiation period used by Yarnell and Bendt (1977, 1978). The rat ios R(I,t)
of (Pu239 total decay heat)/(U235 total decay heat) were found to be in
reasonably good agreement between the two sets of measurements, as shown
in Figure 4.6, at least in the time range t = (20, 3000) sees. The
corresponding rat ios obtained from summation calculations show a similar
variation with decay time, to the experimental data, but are 7 to 9% lower.

Busrst functions derived from the ^̂ U and ^39pu fission-product decay
data measurements of Lott et al (1973) and Fiche et al (1976) at the CEA,
of Dickens et a l (1977, 1978) at ORNL, and of Yarnell and Bendt (1977, 1978)
at LANL, have also been compared. There i s excellent agreement between the
two sets of calorimetric measurements from the CEA and 1ANL over the time
interval t = (60, 105) sees, and with the ORNL measurements over the narrower
interval t = (200, 6000) sees; outside this interval the ORNL data fa l l
considerably below the calorimetric ratio data. The corresponding ratios
derived from summation calculations have a broadly similar time dependence,
especially in comparison with the calorimetric data, but are 8 to 10% lower.
It i s interesting to speculate whether the resolution of this discrepancy
in the burst function rat io

it) (4.14)

would also resolve the discrepancy in the ratio R(20000 sec,t) values which
was mentioned in the preceding paragraph, but at present further work will
be needed before the discrepancies between different sets of measurements
and the faults in the sunmation data have been positively identified and
sufficiently reduced.

In conclusion:

(1) There are systematic differences between the decay heat measurements
at different laboratories. Some may arise from errors in estimating
the numbers of fissions, but as the discrepancies show some variation
with cooling time, presumably part must be caused by errors in
estimating detector efficiencies (possibly because of variations
of beta or gamma spectra).

(2) For some of the sets of measurements, the discrepancies are appreciably
reduced if the ratio of Pu239/U235 decay heat is considered, implying that
some of the systematic errors are independent of the fissile nuclide,
(or if dependent on fissile nuclide are the same at each laboratory).

(3) Calculated values for 2 3 5U decay heat fall roughly between the
different sets of measured values, but for 23'Pu calculation
generally underestimates the decay heat. However, when the ratio of 239Pu
to 235u decay heat is considered the calculated values have roughly the
same variation with cooling time as the measured data, which indicates
significant faults among the decay data affecting the sunmation
calculations for both fissile nuclides.

(4) Until the discrepancies have been definitively resolved, the following
uncertainties are proposed for decay heat calculations with the UK
Fission-Product Decay Data Library:

(a) For 2 3 5U, the uncertainty in the total decay heat following
an infinite irradiation should be:

+ 77. for cooling times less than 200 seconds
+ 5% for longer cooling times,

both for 1 standard deviation.

(b) For 23^Pu, the uncertainty in the total decay heat following
an infinite Irradiation should be + 10%, for 1 standard deviation.

A basis for these uncertainty recommendations may be found in the following
table.

FISSION PROD DECAY HEAT, CALCULATION/EXPERIMENT COMPARISONS

Experiment

ORNL
1=1, 10, 100 secs

LANL
1=20,000 sees

IRT
1=20,000 sees

Calc/Expt

I.00 to 1

0.96 to 1

0.94 to 1

.06

.02

.00

U235

Av«.

Av*0

AvsO

. 0 3

.99

.97

Calc/Expt

0.91 to 0.

0.88 to 0.

99

95

Pu239

Av = 0

AvasO

.93

.92

For 239pu decay heat calculations the proposed uncertainty of + 10!J
certainly does not appear excessive, if one looks at the largest
discrepancies. However it should be borne in mind that in practice the
decay heat may be allowed slightly to exceed the estimate for a short time,
provided that thereafter it falls below the estimate.

Further work, based on the measurements of Dickens et al (1977, 1978),
suggests that at short cooling times, up to about 300 seconds, the
beta power is being overestimated in the summation calculations, both
for 235u fission-product decay heat and for 23'pu, whereas the gamma
power is being underestimated. The implication is that too much of the total
decay energy is being assigned to the anti-neutrinoes. Much the same
conclusions emerge from the calculations of Yoshida and Nakasima (1981) -
reference on page 47 above. They tried the effect of replacing the beta and
gamma decay energies, which had been inferred from experimental measurements
of 87 of their category I fission-product nuclides, with values
calculated using the gross theory of beta decay. This had the effect
of reducing the beta power and increasing the gamma power in their summation
calculations, and it was found that for " 5 U , 239pu a na 24lpu the summation
calculations were brought into reasonably good agreement with burst
functions derived from the integral measurements of Dickens et al (1977, 1978).
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APPENDIX A

THE DYSON-MEHIA OPTIMUM ESTIMATOR FOR MEAN LEVEL SPACING

The authors set up an energy interval of length 2L, and
examine the energies of a U, U >{*• L.
family of resonances in this I 1

al of

I
| |

1
II Ii n t e r v a l : t h e f a m i l y i s a s s u m e d I | | | | I I I I I I I I I I I I I I I ! I )

to consist of one R t S O n V n c t 0 EVi.c_f j<«.s
or more level sequences and i s assumed
to be complete and uncontaminated within
the interval. For convenience in
derivation the zero of energies i s shifted to the mid-point of the interval.
Then the optimum linear s t a t i s t i c a l estimator for the mean level spacing
gives

(Al)

supposing the family of resonances contains m independent sequences
(e.g. the s-wave resonances of an odd-mass isotope, with 2 spin s tates ) .

Note that approximately 2L/D *• n, the number of resonances in the
interval, so the

Fractional Uncertainty « ( 2 flftl) -m-/y\. « O>

This i s quite good already i f n = 10 for m = 1
•n - 20 for m = 2

In practical application the energy zero is linked to the set of Er, not
the arbitrary interval 2L. With E = 0 for zero kinetic energy of the
incident neutron

2L - H-*.- E t . _
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to

The formula (Al) now becomes

in which

(A3)

(A4)

Since Q contains D in a fa ir ly complicated way, (A3) i s solved
approximately by inputting an i n i t i a l guess D = Dj, to which corresponds
Q = Q|. Then to f i r s t order

Q,

with

With a l i t t l e algebra, and using (A2) to (A6)

D =
with

A =

B -

C =

Choice of

and

and i s arbitrary, subject to

(A5)

(A6)

(A7)

(AS)

(A9)

(A10)

(All)

(A12)

since the 2L interval must not be expanded enough to include any
additional reasonance. As has been stated before, the Dyson-Mehta
formulae are valid only for large n; however we now choose X i , X. j ,
so that the formula for D i s self-consistent when n = 2, that i s to
say we require the result

D = E2 - E[

With X^ = A.j>_

( X + 1/2)1 a (

whence

X = 0.64556

A. for simplicity, the requirement i s

(A13)

(A14)



This value for X may perhaps enable the formulae to give "sensible"
values for D even when n i s small. For large n the results should be
insensit ive- to the exact values chosen for X4 and X ^

As for the i n i t i a l guess input for D|, an improved value nay be input each
time the code i s re-run on the same problem.

APPENDIX B

NEUTRON RESONANCE CROSS-SECTIONS

B . i Prel iminary Remarks

The targe t nuc leus i s c h a r a c t e r i s e d by i t s mass M, spin quantum number I ,
p a r i t y TT0 and neutron i n t e r a c t i o n rad ius R. The resonant s t a t e of the
compound nucleus i s c h a r a c t e r i s e d by i t s t o t a l angular momentum (or sp in)
quantum number J and p a r i t y Tl . and can be exc i ted by p a r t i a l waves wi th
any o r b i t a l angular momentum quantum number f_ s a t i s f y i n g both

M)4 =
Li ^ t L*

with

L, = Mi.MlJ-U-1/zll, |J-I-'/2|)

(Bl)

(B2)

(B3)

(B4)

In practice it is nearly always sufficient to attribute the whole
interaction to the smallest i. which satisfies (Bl and B2), and this
approximation has been followed universally in what follows. With
this approximation it becomes possible to write

ffj.CE-) = 1 1
l

O i e ( E ) i = -aT (B5)

and further

(B6)

in which the sum over J runs through the resonance J-values which have
the specified t

J = (It-U-Vaii,

B.II The Multi-Level Breit-Wigner Formalism

For a particular target isotope and ( l , J ) value the elastic, capture
and fission cross-sections may be calculated by the formulae given below,
and the total cross-section i s then derived from their sum,

however i t should be remarked that the multi-level Breit-Wigner formalism
involves approximations which destroy the unitarity of the collision matrix.

It is convenient to start by writing for the Breit-Wigner resonance denominator

BWI>r = (ET' - E) + T^/U ; (B9)
* * ^ n

Er denotes the observed resonance energy, and ̂ is the shifted
resonance energy, or eigenvalue, of the formal theory. Setting

{BID

has the consequence that

but note, from (BIO), that
4

(B12)

shifts a«ay from E when E does so,but note, from (BIO), that Ef shifts a«ay from E when E does so,
except i f - 4 = 0 . For -t = 0 the shift factor S£ CE) = 0 and then
Er' = E r = Er.

In (B9) the total width

rv 3 r r IE) * nn

and

in which, of course, P £ (E) is the penetration factor.

The capture and fission cross-sections in the state (C,J) may be
written

and the scattering cross-section

(BIS)

(B16)
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in which a denotes the complex forward scattering amplitude

(BI7)

In this formula the phase factor has been chosen to conform with
measurers' practice. Decomposition into real and imaginary parts gives

- B

In this presentation of the multi-level Breit-Wigner formulae al l
summations are contained in the factors A(E), B(E) and C(E), with

BOD = Z rnT.(Er'-E)/»Wl>r
rT/Bwa>r.

(B18)

(BI9)

(B20)

(B21)

Only single summations are involved.

The formulae for the penetration factors, shift factors and phase-shifts
are set out below for K. - 0 to 3, with f> = kR.

Penetration Factors

Shift Factors

s 0 » o

Phase Shifts

^>0 = O 0J * /»

>̂j r /) - arctic [/> CIS

V1

B.III The Reich-Mocre Hulti-Level Formalism, for Elastic Scattering
and Radiative Capture Only

With only a single particle channel the neutron elastic element of the
collision matrix is, for specified (-t-,J),

with

or more generally, if the boundary constant B£ is non-zero,

in which .

and

is the eigenvalue,

(B22)

(B23)

(B24)

(B25)

(B26)

Then the cross-sections are

as before, where a i s the complex forward scattering amplitude

or-r (E) - 2n X> 11 - Rt
CTT -

(B28)

(B29)

•, (B30)

The latter is preferable for calculation of the capture cross-section,
in order to avoid rounding errors caused by the subtraction of two nearly
equal numbers.
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