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I. INTRODUCTION

The methodology for flow-rate and average velocity measurement in rivers ,
as well as the determination of its dispersion characteristics using tracers is
well established by now. The supporting theory is soundly grounded on the
transport equations of dissolved constituents in fluid flow.

Flow rates in streams can be measured with tracers by the classical
dilution method or the "total count" method developed by Hulll1! . This last
method, which has the advantage of being applicable to large streams and of
requiring only une measuring station, can be rigorously derived from the mass
conservation differential equation including advection and transport terms. The
average stream velocity can be either infered from the flow rate or directly
determined by the tracer transit time.

The theory of tracer dispersion under the effect of both turbulence and
shear flow stems from the pioneer work of Taylor!2) , who analysed the transport
of mass in one-dimensional flow in tube and arrived at a quite simple relationship
between the longitudinal dispersion coefficient and the geometrical and flow
parameters. This work generated an extensive development and a profusion of
applications, of which the literature is copious. However, the two most
significant milestones following Taylor's contribution can be credited to
Elderi3] who extended Taylor's analysis to two-dimensional flow, and to gating
Fischer["] . This last author thoroughly reviewed the theory, investigated its
limits of application, made use of the method of moments and developed a
methodology for the computation of the dispersion coefficient which requires only
flow meter data such as obtained in ordinary river gaging. The importance of
this method has to be reckoned, and one may think after a first thought that
tracer methods, with their higher demand on skilled labor and equipment, are done
for.

Actually, a more balanced estimate of the subject discloses a less onesided
situation: there are certain particular cases in which tracers can be not only
superior but sometimes even a must. These are the situations in which
with mechanical flow meters become problematic: highly turbulent, very narrow and
shallow or quite large rivers, or streamj which by any reason do not afford a
convenient section for gaging. There, neither flow rate measurement with
conventional gauges nor dispersion evaluation by Fischer's method may work. It
must also be recognized that Fischer's method gives the dispersion coefficient
with data taken from a single section and thus it has to be representative of
the whole stretch of interest, e.g. that along which the behavior of an effluent
is being evaluated.

Nevertheless, the fact that tracer methods are more costly cannot be
belittled and accordingly every effort must be attempted to optimize its
application and improve its efficiency. We believe these are the developments we
can expect for this technique in the future.

It is the purpose of this paper to present a procedure in this line. It
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allows the determination of the dispersion characteristics and residence time
distribution in a series of adjoining stretches of a river with one single tracer
injection, thus minimizing the amount of work and tracer spent in the measurement
of riverine transport over long or heterogeneous river courses.

II. METHODOLOGY

After the instantaneously injected conservative tracer has travelled
farther than a convenient mixing length, it will be uniformly distributed over
the river width and depth and a one-dimensional form of the mass balance equation
is adequate to describe the tracer transport:

3c 3c _. 32c ,,*
+ u D (1)

in which c is the tracer concentration, u is the average flow velocity and D the
longitudinal dispersion coefficient; t and x are the time and length independent
variables. The solution of this equation requires proper boundary conditions
which correctly describe an instantaneous injection of a definite amount of
tracer at the entrance of a system that represents the river stretch; i.e. a
system in which dispersion (turbulent diffusion plus shear flow) occurs both at
the entrance and exit sections. When this is done [&] one obtains the solution
given in Equation (2). r

c(«.t) = * — exp I- <«-«*)' | (2)
r

I -
I
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in which A represents the amount of tracer injected and S the cross-sectional
surface over which it has been distributed.

II.1 Flow-rate and velocity measurement

The zeroth moment of the concentration funtion,

c(t) dt (3)
cjo

calculated at a fixed distance x from the injection section, gives a relationship
between the amount of tracer and the flow-rate. Thus, substituting (2) in (3)
one finds A A ...

Mo " TT " T (4)

where Q is the flow-rate.

The tracer concentration is measured by some detector for which a
calibration factor F between c(t) and the observed count rate R(t) has been
determined:

R(t) - F c(t) (5)

Entering (5) in (3): fT

N - J R(t) dt - FMQ (6)
in which N, the integrated count-rate, is called the "total count" produced by
the tracer as it noves past the detector and T is a time limit beyond which the
count rate returns to the background value.

Comparing (4) and (6) the following result is obtained

Q " T T (7)

which is the basic formula of the "total count" method for flow-rate measurement.
It is nothing more than the expression of a tracer balance over the river stretch.
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It is recalled that the only assumption required for its derivation was the
homogeneity of the tracer distribution over the measuring cross-section.

From the values of the flow rate and of a representative cross-section S ,
the average velocity u may be estimated. Alternatively, u can be obtained in a
usually more accurate manner from the residence time of the tracer between the
injection and measuring sections

x [J R(x,t) dt x

[T t R(x,t) dt t
(8)

0

where t stands for the normalized first moment of the tracer response, or mean
residence time of tracer in the stretch.

These methods can be used to obtain flow-rate and velocities in a series of
contiguous stretches with only one tracer injection. For any river stretch after
the first measuring section the velocity will be calculated using Equation (9):

2

where the subscripts 1 and 2 indicate: the_entrance and exit sections,
respectively. Instead of the first moment t , the peak of the response or some
other characteristic coordinate of the tracer response curve can be used with
less computational effort and without loss in accuracy. One other possibility
for estimating the value of u will be considered further on.

II.2 Dispersion coefficient determination

The longitudinal dispersion coefficient D appears in Equation (2) as a
parameter. Since u can be independently determined, D is the only unknown
parameter in the tracer response function. Thus the obvious way of evaluating the
value of D is by a trial-and-error scheme of fitting the theoretical expression
in Equation (2) to the experimentally obtained tracer response. One minor
difficulty with this procedure is that Equation (2) is non-linear with respect to
D since it is both inside the exponential and outside it. This however is not a
serious drawback once an adequate nonlinear least-squares search algorithm is
available [6] .

A more difficult question is the determination of the dispersion coefficient
in a series of contiguous stretches with only one tracer injection. Obviously
the dispersior coefficient for that stretch extending all the way from the
injection section to the measuring section can be determined with the help of
Equation (2). But in many cases a river may exhibit a different dispersion
behaviour in physically differentiated stretches, such as regions of quiet flow
interspersed with regions of rapid, turbulent flow and high hydraulic gradient.
It would then be desirable to determine a dispersion coefficient which is
representative of each of these distinct stretches. To fit Equation (2) to each
one it is necessary either to make a tracer injection at the beginning of each ,
which is cumbersome, or to devise a practical procedure to get the tracer impulse
response function when the input is an arbitrary function.

One such procedure is to use the basic relation that the dispersion
coefficient measures the rate of change of the variance of the tracer
concentration distribution. On this basis the following working formula can be
written:
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fT _*
\ (t - t) R(x,t) dt

Jo

"1T R(x,t) dt

a relation that has been introduced by chemical engineers I 1 . The trouble with
this otherwise straightforward procedure is the error produced by the long
erratic tails of the R(x,t) curves at long distances from the injection site
which tails are more heavily weighted by (t-T) : than the well defined values
near the peak.

Convolution techniques can also be used for this purpose. This has to do
with the fundamental relation between a forcing function yi(t) to a linear
system and its response y 2(t): (t

y,(t) - I h(t-T) yi(T) dT (12)

Jo
where h(t) is the impulse response function which can be thought as a function
that act" on the input y. (t) transforming it into the output y, (t), i.e.
transfers a signalfrom the entrance to the exit of the system. Actually the
Laplace transform H (w) of the function h (t):

His) - j~ h(t) e"st dt (13)

s being complex, is called the "transfer function" of the system. Besides, there
ists a relation between the Laplace transf
very important in practical applications:

s being complex, is called the transfer function of the system. Beside
exists a relation between the Laplace transforms of y^(t), y~(t) and h(t) which
is very important in practical applications:

Y2(s) - H(s) Y^s) (14)

where Y.(s) and Y2(s) are defined in a form analogous to H(s) in Equation (13).

Now, if the river stretch can be considered to behave as a linear system
with respect to concentration fluctuations in its flow, the convolution in
Equation (12) offers a possibility of relating any arbitrary tracer pulse at the
entrance saction with the pulse at the exit section and the tracer impulse
response, i.e. that response corresponding to an instantaneous injection at the
entrance. This impulse response includes the diffusion parameter as in the
model of Equation (2), hence this offers a mean of determining its value in a
series of stretches by a mathematical fit of the model to the experimentally
detected functions z(t) and y(t) so that the equality in Equation (12) is
reproduced.

To be rigorous the function to be used as h(t) in this fitting procedure
should not be Equation (2). This is a matter of the appropriate boundary
conditions to be used when solving Equation (1) in different situations and has
been extensively studied by many authors 1*1. Equation (2) was obtained for the
injection at a boundary surface subject to diffusion in which the tracer can be
transported both upstream and downstream, even if the predominant effect of
superimposed advection eventually flushes it completely downstream. Thus it does
not fit into the role of a true transport function which, once the tracer gets
into the system, carries it all the way to the exit without letting it leak back
through the entrance section. The boundary conditions applicable to this
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non-return situation lead to the following solution of Equation (1):
A x e x p Í (x - ut)t *c(x,t)

Í _ (x - ut)' 1

I 4Dt J
(15)

In the chemical engineering jargon Equation (2) corresponds to an infinite system
and Equation (15)to a semi-infinite system. In the convolution procedure of
Equation (12), z(t) is a tracer signal subject to diffusion at the entrance
boundary and hence it would not be correct to convolute it with a function wich
also allows for diffusion at this section,because in this case the effect would
be twice taken into account. In streams, where advection predominates, the
results corresponding to the use of the two response functions are usually very
small and become concealed by experimental errors or the error involved in
modelling the flow by Equation (1), as will be seen latter in this paper. However,
in a slow flow such as occur with underground water the distinction may become
important.

The determination of the dispersion coefficient can be performed finding
the value of D which minimizes the function:

Í
Tf ft f ' I 1*

Jy, ( x , t ) - [ X exp - *x~u,(t~T>' yi(x,T) dT
n I in /4IlD(t-T)J [ 4D(t-T) J > ,,,.
0 I J0 k (16)

by trial-and-error. Again we have a nonlinear least-squares search. The
integrations must be done numerically with a discretization corresponding to the
sampling interval of functions y,(t) and y»(t).

The above procedure is still cumbersome since the inner integral has to be
evaluated for each value of t. This is where the property of Equation (14) can
help. Instead of working with Laplace transforms it is preferable to shift to
Fourier transforms for ease of computation. The Fourier transform of function
y.(t) is defined /•+»

'" . Y^t) e" j 2 n f t dt (17)

where j»/-Tand f is real and has the dimension of a frequency. The Fourier
transforms of h(t) and y-(t) are similarly defined. A theorem due to Parseval
states that for any Fourier transform pair g(t) and G(f) the following identity
holds: r - * r*-

[g(O] dt - |G(f) |* df (18)

where |G(f)| is the modulus of the complex valued G(f). Thus from (14), (16) and
(18), the minimization has to be performed with the function:

• (D) Y.2(x,f) - H(x,f) Yi(x.f) df

Y,(x,f) - exp
4Dj.2flf

Yi(x,f) df (19)
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Thus the convolution integral changed to a much simpler product in the
transform domain. Of course the Fourier transforms Y(f) and Z(f) of the
tabulated tracer signals have to be numericallv computed but this can be quite
easy with the use of the Fast Fourier Algorithm (FFT)l8] . Once D has been
found in the f-domain there is n> need to invert back to the time-domain. As has
been mentioned, the infinite system impulse response, Equation (2), can be used
without too large an error. In this case one will have for H(f) to be used in
Equation (19):

H ( £ ) . • „ „ _ ! - _ , _ \ / i + ^ ± ^ j| (20)
(1 • «D.2nf/u»)X/ [ 2D

One might think of the apparently much more straightforward procedure
suggested by Equation (14): Y ,^

H(f:D) = —- (21)
Yi(f)

but this division generates accurate values of H(f) only for the small
frequencies, whereas for medium and large frequencies the enhancement of noise by
the division completely corrupts the results!6] .

Incidentally, one further advantage of the frequency-domain fit of Equation
(19) is the possibility of filtering off noise corrupted frequency bands.

It is interesting to note that the flow velocity u, which also enters as a
parameter in Equation (19), can be estimated together with D by the least-squares
fit. In this case D will have a different value from that obtained keeping u
constant at its independently determined value although the quality of the fit
will improve. Both a one-parameter and a two-parameter fit have been attempted
in this study as the similarity of the u values in the two cases can be used as a
check on the adequacy of the model.

III. DESCRIPTION OF EXPERIMENTS

The method has been tested at the Paraopeba river in central Minas Gerais
State, downstream of a thermal power station site, as part of a study of the
behavior of the cooling water effluents on the river. The experiment was carried
in July 28, 1977, during the dry season. Radioactive Br 82 was used as the
tracer. The amount injected was 1 Ci. The radioisotope was produced at the IPR 1
Reactor at CDTN in the form of KBr tablets and dissolved in 1 i of water just
before the injection. The injection point was at the weir of a dam for
accumulation of cooling water at the site and where the heated water also
discharges. The mixture of the tracer with the river flow was thus rapidly
achieved. The response was measured at four stations at distances of 3.9 km,
8.7 km, 20.2 km, and 32.1 km. The tracer signal was still quite marked when it
went past the fourth section, ca. 20h after the injection time, thus showing that
a much longer river extension could have been observed if desired.

The signal at each measuring section was recorded using two immersed
scintillation probes, one at the center of the channel an another halfway the
center and the left bank. This served to check the mixing assumption and allowed
calculations of both flux velocity and dispersion coefficient by a cross-scheme.

At the two first measuring stations, the flow rate was also gaged by means
of flow meters by ar. independent party (DNAEE - National Water and Electric
Energy Department) and this allowed the calculation of the dispersion coefficient
by Fischer'* method!"] » besides providing a check on the accuracy of the
flow-rate measurement by the tracer. For this reason only the results at these
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two sections will be considered here. A map of the region is given in Figure 1.
The channel cross-sections and position of the probes are shown in Figures 2 and
3.

Average values obtained at Section 1 by DNAEE in 1975 were:

. average flow-rate: 68.8 a./s

. Maximum flow-rate: 357 u Is

. minimum flow-rate: 20.9 m3/s

The tracer response recorded with both probes at these two sections is
shown in Figure 4.

The shear velocity
\1 <22)

at the two sections was also estimated, g is the gravitational constant, IL. the
hydraulic radius, and S the slope of the energy grade line. This parameter is
needed in Fischer's formula, as can be seen in Section IV.

I One other application of the methodology presented in this paper to a

sanitation problem in which four stretches were modelled, has been performed

One other application of the methodology presented in this paper to a river
ition problem in which four stretches were model
the present study and is presented elsewhere!9]

IV. DATA REDUCTION

The measured_counts were initially corrected for background and decay. The
mean transit time t was then computed, both by the first moment as in Equation
(8) and by the cross-correlation of the two responses. This latter procedure
is a question of finding the value of t which maximizes:

FT .. ,_x „ /..._x dT (23)- Í

where yi(t) and y2(t) are the tracer signals at stations 1 and 2.

This procedure has the advantage of not depending on the erratic initial
and final points of the tracer response curves, whereas the moments method does.
The value of u follows from T .

The dispersion coefficient was computed by six methods:

Method A: The moments method of Equation (10)
Method B: The least-squares fit in the frequency domain using the semi-

infinite system impulse response, Equation (19).
Method C: The least-squares fit in the frequency domain using the infinite

system impulse response, i.e. Equation (20) substituted for
H(f) in Equation (19).

• Method D: By direct division in the frequency domain (Equation 21) followed
by least-squares fit using the semi-infinite system response for
H(f).

Method E: Same as D using the infinite system response for H(f).
Method F: Fischer's formula, which is:

, fb fy . ry
D " - - T " 1 q'<y> I l q ' ( y ) d y d y d y (24)

s JO JO 0.23u^d(y) ->0

whereJ
(<Ky)

q'(y) - u'(y,z) dz
Jo
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S is the cross-section area, b the channel widen, d its depth, u* the deviation
from the average velocity at the section, y and z the transversal and vertical
coordinates respectively. Despite its appearance Equation (24) can be easily
programed, even in a hand calculator.

Since two tracer signals have been measured at each section this allowed
further possibilities for correlation of the responses in methods A to C. These
are:

CASE Yx (t) Y 2 (t)

1 center probe center probe
2 left probe left probe
3 left probe renter probe
4 center probe left probe

V. RESULTS

The physical characteristcs at the two sections are given in Table 1. Ay
refers to the transversal length discretization used for the numerical integration
of Fischer's formula.

PARAMETERS SECTION 1

Width 63,0 m
Shear velocity 0,089 m/s
Cross-section area 95,9 nr
Wetted perimeter 64,4 m
Hydraulic radius 1,49 m
Flow-rate 35,02 n»3/s
Ay 3,0 m

Table 1 - Characteristics of Measuring Sections

The results obtained for the flow velocity with the help of flow meters
were:

Station 1: u • 0,36 m/s
Station 2: u - 0,50 m/s

the corresponding flow velocity values obtained with the tracer method are given
in Table 2. It must be recalled that in methods B to E the value of u is obtained
by curve fitting, and theoretically their result deserves less confidence then the
moments and cross-correlation methods.

METHOD CASE 1 CASE 2 CASE 3 CASE 4

SECTION 2

65,0
0,076
72,4
66,6
1,09

35,33
3,0

m
m/s
2

m
m
nrV
m

B
C
D
E

Moments (Eq. 8)
Cross-corretation

0,47
0,50
0,48
0,51
0,47
0,50

Table 2 - Flow

0,45
0,51
0,46
0,35
0,47
0,50

Velocities

119.

0,46
0,50
0,49
0,51
0,47
0,50

(in ro/s)

0,45
0,50
0,46
0,51
0,46
0,50



Figures 5 to 7 show the frequency domain fit in a typical case. These
figures show the amplitude and real and imaginary components of the Fourier trans_
forms of tracer response at the second section, Y_. The continuous line
corresponds to the numerical transform of the measured signal. The other symbols
show the values obtained by the convolution of the measured signal at the first
section with the semi-infinite system impulse response. The + symbol stands for
the one-parameter fit (u kept constant at the value obtained by the moments
method) and whereas x stants for the two-parameter fit (both D and u could vary
to arrive at the best fit). The agreement was generally quite good. .

The numerical results thus obtained for the dispersion coefficient are i
given in Table 3.

Further results are presented in Reference 6.

METHOD No. OF PARAMETERS IN FIT CASE 1 CASE 2 CASE 3 CASE 4

A - 57.7 70.5 58.7 69.9

B 1 37.A 52.7 37.8 52.1
2 39.0 54.9 39.6 54.3

C 1 35.6 53.8 41.6 53.1
2 35.8 55.3 41.9 54.4

D 1 32.7 47.9 33.4 47.1
2 34.1 50.2 34.7 49.5

E 1 42.7 60.2 36.4 59.9
2 41.3 61.4 35.9 60.5

F - 54.3 64.4
(Section 1) (Section 2)

2 '
Table 3 - Dispersion* Coefficients (in m Is) \

VI. COMMENTS

The flow velocity determined by all methods and in all cases (Table 2) are
quite similar. It is interesting to notice that even when determined by the two-
parameter fit the values were not corrupted. The tracer method measures a
velocity value averaged for the whole river stretch whereas the conventional flow-
meter determines a value at one single section. In this study the averaged
values were nearer to the value at Section 2, even those methods whose accuracy
is warranted: the moments and cross-correlation methods. This allows the
suspicion that after all the first station may not be very representative. Whether
or not this is real1' true, at least it shows an advantage of the tracer method
over methods that rc*y on data taken at only a river section.

Also the dispersion coefficient values (Table 3) did not exhibit a
noticeable difference between the methods. These results demonstrate that the
river system is not too sensitive to the boundary conditions.

However a difference is evident between the results of ID in cases 1 and 3
and those of cases 2 and 4. This indicates that the tracer signal becomes
dispersed more quickly near the left bank than at the channel axis, i.e. the
variance increases at a higher rate near the left bank. On the other hand this
behavior is not restricted to the frequency domain fit methods investigated in
this paper. Method A (moments method) which explicitly reckons with the
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variation of the variance also suffers this discrepancy. The possible reasons
for it have been discussed by Carvalhot6) and are beyond the scope of this paper.

There is also a discrepancy between the values of D determined by methods -
A and F (time-domain methods) on one side and methods B to E (frequency-domain
methods) on the other. This difference is more important in the present context.
One possible manner of testing the accuracy of the two classes of methods is
through comparison of the deviations between the experimental and computed
results. Thus y^(t) was repeatedly convoluted with h(t), each time using the
value of ID determined by one the methods. The computed y2(t) signals in each
case were then compared with the recorded signal calculating the sum of the
squares of the residuals, point-by-point:

where the subscript i indicates that the signals have been sampled at discrete
time intervals, N is the to'al of samples. y2 is the recorded signal and y~2 is
the calculated one.

Since the values of D determined by the various frequency domain fit
methods were too similar they have been combined in one single test. The results
are shown in Table 4, where <t>2 is the sum of the squares of the residuals. Data
corresponding to Case 1 have been used in the test. This comparison has also
been plotted in the frequency domain in Figure 8.

A (moments) 57,7 0,2823
B - E (frequency domain fit) 34,1 0,0672
F (Fischer) 54,3 0,2493

Table 4 - Comparison of frequency and time domain results

It must be recognized that this test assumes the applicability of the one-
dimensional dispersion model to the river, i.e. the same model which was used in
the frequency domain fit (methods B to E), whereas methods A and F do not require
this assumption. On the other hand, even though the moments method is
irreproachable in concept, in practice it is harassed by the inherent inaccuracies
of the numerical computation of the second moment of recorded signals. Actually,
Fischer considers the convolution of the input signal with the 1-D dispersion
model to reproduce the output signal as the best check in an objective sense. He
even suggests that the value of ID calculated by the moments method should be used
as a mere first guess in a trial-and-e'rror procedure to optmize the match between
the experimental output and that one calculated by convolution, or routing as he
calls it(i°) . Anyway the coefficient D will generally be utilized in
connection with a dispersion model.

VII. CONCLUSION

A method for the calculation of the dispersion coefficient in a series of
river stretches with a single tracer injection has been presented. It makes use
of the convolution technique together with the appropriate model response. The
numerical convolution procedure is simplified by transforming the signals to the
frequency domain using the FFT algorithm. A nonlinear least-squares search then
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finds the value of the dispersion coefficient which results in the best match of
the experimental and calculated response signals. Since convolution is used any
arbitrary tracer signal can be used as the input. The output of any stretch
serves as input to the next stretch downstream.

The method was tested in a medium sized river (35 m /s) in which the
radioactive tracer signal w«s still quite'neat 32 km away from the injection
point.

The method was checked against the moments method and Fischer's method and
displayed the best match between calculated and measured signals.

Flow velocity (and volumetric flow-rate) can also be calculated with the
same tracer results, either independently using the moments method or by means
of a two-parameter fit.

The convolution method can be subsequently used for the prediction of
pollutant dilution and concentration profiles. Again, it is more economical to
work in the frequency domain, but the response will have to be transformed back
to the time domain after the cor olution has been accomplished. However, this
does not mean much additional work if the FFT algorithm is used.
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APPENDIX

BOUNDARY CONDITIONS OF THE 1-D TRANSPORT EQUATION

It has been mentioned that different boundary conditions should be used to
solve Equation (1) depending on the behavior of the traced particles. These are
now considered.

1. INFINITE SYSTEM

If diffusion occurs at both extremities of the System the traced particles
can go in and out of the System at these two locations. Thus there are no
barriers preventing such a particle that has entered the System at its upstream
boundary to get out at this same boundary, even if only momentarily, and
conversely to get in again at the downstream boundary. This is physically
possible in the case of a tracer impulse since concentration gradients which
generate transport by diffusion will be formed in both directions, even though
the predominant advection component will eventually transport all the tracer
particles in the downstream direction. In this case the appropriate boundary
conditions to use with Equation (1) are:

c(x,0) - -|- Ó(x) (A.t)

lim c(x,t) < « (A.2)

where A is the amount of tracer injected, S the cross-setcion area, and 6(x)
is the Dirac delta function defined is:

6(x) » 0 if x * 0 (A.3)

" 6(t) dx - 1 (A.4)

The solution of Equation (1) with these B.C.'s generates Equation (2).

2. SEMI-INFINITE SYSTEM

In order to act as a transfer function an impulse response should not allot
any tracer particles to get out of the system by diffusion at the entrance
section, otherwise these would be counted twice. Thus the System must introduce
a barrier against particles moving in the direction opposite the flow at the
entrance. This is analogous to the situation at the entrance of a packed bed in
process equipment and the corresponding B.C. has been widly used by chemical
engineers:

c(0,t) - -£- 6(t) (A.5)

c(x,0) - 0 for x > 0 (A.6)

lia c(x,t) < • (A.7)

which, when used to solve Equation (1) generate Equation (IS),
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