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ABSTRACT : 

The modem techniques of digital auto- and cross-spectral analyses 

are surveyed for the purpose of the COg-laser scattering experiment on the 

microinstability and the associated anomalous diffusion in TFR tokamak. The 

outline of the practical procedures of spectral estimation and the underlying 

mathematical principles are described with emphasis on the comparison between 

the maximum entropy method and the conventional methods. The statistical 

properties of the spectral estimators are discussed and examined by 

experiments. 
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I - Introduction 

With the recent development of waveform storage devices and compu

ters, the area of the application of digital signal processing is rapidly 

expanding in the research of the controlled nuclear fusion. In this paper, 

the modern techniques of digital auto and cross-spectral analyses are re

viewed, and their application to the CO.-laser scattering system mounted on 

TFR tokamak Is studied in order to monitor the temporal evolution of 

microlnstability during the life of plasma [l] and also, to investigate the 

associated anomalous diffusion with a pair of laser beams [2] . 

The review is made on the practical procedures of spectral analysis 

with attention to the underlying mathematical principles, The relevant digi

tal techniques arc classified into two categories. The first category con

sists of the conventional nonparametric methods based on the Fourier trans

formation [3,4] , namely the Blackman-Tukey (BT) method which relates the 

tapered correlation function to the spectrum estimate under the Uiener-Khin-

chine theorem, and the fast Fourier-transform (FFT) method which achieves the 

smoothing of periodogram with either the spectral window or statistical 

averaging. The second category is a group of the methods based on the concept 

of information entropy [5,6] . Their mathematical backbone is the maxi

mization of Shannon's entropy under constraints that the unknown spectrum 

should be related to the available correlation values in a correct manner. 

The so-derived maximum entropy method (HEM) is almost equivalent to the 

spectral analysis based on the fitting of a parametric model to the given 

signal. This new approach has an advantage of the enhanced frequency resolu

tion especially for short observation time, which will Improve the time 

resolution in tracking the temporal evolution of the spectrum of norstaticnary 

process. 
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After a rough formulation of autospectral analysis in the next sec

tion, the conventional Fourier-based methods are discussed in Sec. Ill with 

respect to the practical ideas of spectral smoothing and their mathematical 

background. It is emphasized that any estimator designs cannot be free from 

the contradiction between the frequency resolution and the statistical accu

racy. In Sec. IV, the principle of HEM and the so-called Yule-Walker method 

and Burg method for reaching the spectral estimate are described briefly and, 

also, discussed from the viewpoint of model fitting, from which we have 

Akaike's criterion for determining the number of the parameters that specify 

the spectral estimator. Sec. V is devoted to the extension of the above 

methods to the cross-spectral analysis. 

Upon the above considerations, computer programs are organized for 

the methods that are suitable for the facility of available computer. In 

particular, the Burg method for auto-spectral analysis and the Yule-Walker 

method for cross-spectral analysis are compared experimentally with the FFT 

method with respect to the numerically generated signals and/or the laser 

scattering signals. The results are shown in See. VI. 

An additional description is found in the appendices with respect to 

the auto-spectral analysis of complex form, which is applicable to the 

homodyne.detection in the system of Thomson scatter radar. A brief summary is 

given in Sec. VII. 

II - Poorer jp^çJti3jiiLOf_d^çrete_randpm, process 

The digital spectral analysis is formulated theoretically upon the 

concept of discrete random process (time series) and its power spectral 

density. The signal to be analyzed is considered to be one realization of a 

discrete zero-mean stationary random process. 



{x } s x(m At) , m » 0, ±l, *2,... (l) 
m 

which represents an ensemble of infinite aeries of observations x 's that are 

made successively with equal time interval it. Then, the autocorrelation 

function R. defined on the ensemble {x } by t m 

R , »<x„x > , m, n = 0, ±1, ±2,... (2) 
m—n n n 

is non négative definite and, thus, by Bochner theorem, may be expressed with 

the so-called auto-spectral density S(f) ; that is, 

4' R 4 - \ S S (f)exp(j2irfl4t)df , 1 - 0 , ± 1, ± 2,... (3) 

with the relations 

a t " R-l <4> 

and 

S(f) - S(-f) ̂  0 , |f| < f N (5) 

where the angular brackets < > dénota the ensemble average and f = 1/2 & t is 

the Nyqulst frequency. Inversely, the density S(f) can be written as the 

Fourier transform of R, : 

S(f) • At£\«xp(-j2«f8.t) , |f|.£f N. (6) 

I = —» 

Eqa. (3) and (6) form the Wiener-Khinchine relations of discrete form. 

I 
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Provided that a finite série of observations x (ra = 0,1,...,M-l) 
m 

are taken on a specific realization of the ensemble {x } (m = o, + 1, + 2,...), 
m — ~ 

the problem of autospectral analysis is to estimate S(f) and, also R from 

the given data x 's. m 

III - AutoBpectral estimation by Four^er^base^me_ttipd3 

a) Blackman-Tukey method (the correlation method) [7] 

On the basis of equation (6), a properly designed estimator of R ( . 

R. , may be related to an estimator of auto-spectral density, S(f), as fellows: 

S(f) B T = it ^ WU/UR exp(-jarf tit), (7) 

it-» 

where W(t/L) is the so-called lag-window, that is, a sequence of positive 

weights such that 

0 < w(-t/L) « wU/L) < 1 , • 0,1,...,L 

w<0) » 1, 

and 

WU/L) > 0 i |t | > L. 

For R& the following unbiased estimator may be used : 

R t«El/<M-«>] " - 4 - 1 x A + t . 4 - 0 . 1 M-l . (8) 



The purpose of using the lag-window is to avoid the effect of the Inaccurate 

correlation estimation for large values of l . The simplest one is the rec

tangular window written as w(l/L) = 1 for |l| i L ; another simple and wide

ly-used window is the Harming window given by w(i/L) = (1.+ cosirl/L)/2 

for | *| « I. 

From (7), it follows that the ensemble average of S(f)_„ is the 

convolution of the true spectral density S(f) and the Fourier transform of 

lag-window, W(f), that is, 

f 

/ • 
< S(f) B I > - | W(f-f')S(f')df , (9) 

" f N 
where 

tf(f) = it £w(!/L)exp(- j2irfiAt) . (10) 

ihis relationship implies that the estimate S{f)__ on the average is the 

result of smoothing the density S(f) around each f value over the frequency 

width of W(f), whose magnitude of the order (Lit)- limits the frequency 

resolution. Additionally, the convolution brings about the so-called sidelo-

bes which appear around a spectral peak ; even a negative spectrum may ap

pear. 

The statistical accuracy of estimation can be evaluated by the fol

lowing asymptotic relation on the statistical variance of S(f)__ [3] ; as 

M»»vith L*»and L/M -0, S(f) B T has a limiting normal distribution with 

variance 

tin [M/L] Var [S(f) ] -oS 2(f) , (11) 
M • « 
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where 

1 

a = I w 2U ) d \ , 
-1 

and w(X) is a continuous function having its discrete form of the above-defi-

ned lag-window. In other words, the standard deviation of S(f)„_ is of the 
v 

order (L/H) , depending further on the type of lag-window. 

equations (9) and (11) suggest the contradictory behaviours of the 

frequency resolution and the statistical variance in designing the lag-win

dow. For example, for given M, the decrease of the variance with the maximum 

lag L leads necessarily to the lowering of resolution and, additionally, to 

the growth of spectral sidelobes. With respect to the type of window, a 

similar difficulty arises ; that is, we have a relatively large value 

of ° for the type of window that gives a high resolution ; for example, a =2 

for the rectangular window and a =0.75 for the Banning window. In general, 

the trial to improve the statistical accuracy encounters the loss of 

resolving power. Conversely, the effort of improving the resolution results 

in the counterbalancing reduction of statistical accuracy. Therefore, the 

point in the BI method is to find the lag-window that compromises the reso

lution and statistical accuracy in a desirable manner. 

b) FFT method (the perlodogram method) 

The Fast-Fourier-transform (FFT) algorithm of Cooley and Tukey[8iena

bles one easily to calculate the discret Fourier transform (OFT) X(f) of the 

data x n (m-0,l,..,,H-l) given by 

M-t 

X(f) - At 5jcroexp(-J2nfmtt) . Ifl <f„ • (12) 
m»0 
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Then the periodogram defined by 

p"(f) E= |X(f)|2/M At , |f| < f K (13) 

la an asymptotically unbiased estimator of S(f) ; that is, the ensemble 

average of periodogram converges to the true spectral density with the In

crease of the sample number M as fol-laws : 

Kim < P (f) > = S(f) . (14) 
M —• 

With the FF? algorithm, one can get X(f) and thus F(f) only at dis
crete frequency values f=f_ = m/MAt (m=0,±l,..., ±(M/2-D). The so-obtained 

m 
série of "P(f ) is transformed by DFT to 

C„ = 2Afr/'2~1P(f )exp(j2*f Ut) (15) 
m=0 

M V M j f - X x ^ , Ô.l....M/2-l 
m=0 

with the definitions of Af=l/MAt and x„ wt for k = 0,1,... ,1-1. 

Inversely, one gets a reciprocal formula of the form 

P(f m)- At f 2 ' 1 0^ exp(-j2»fmi A t) . (16) 

Thus, the periodogram P(fm) and the modified autocorrelation C, upon the 

circular uae of x make a DFT-pair. Furthermore, when we return to the normal 

definition of Fourier transform for arbitrary f value, the relation (IS) is 

reduced to 
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î« 
p(f )exp<-j2irf Wt)df 

Note that the right hand side in (17) is the well-known biased estimate of 

autocorrelation, which is equivalent to the unbiased one R £ weighted with 

the triangular window w(4/L)=l-|l |/L having the maximum lag of L=M and, 

further, is non negative definite with the assurance of the nonnegative value 

of P(f) ; thus, if this biased autocorrelation estimate is used for R in 

(7), then S(f) B„*0 for any f will be guaranteed whenever the window is 

designed such that W(f ) % 0 for any f ; in this case, however, the equation 

(9) will be valid only in the limit of It-, 

This close relationship between the periodogram and the BT spectrum 

estimator permits of the use of (11) with L«M for evaluating the standard 

deviation of P(f), which reduces to be of the order 1. Note also that the 

equation (14) never -«ana P(f)*S(f) as »*- . Hi fact, the phasors in (12) let 

the periodogram have spurious spectral peaks that might be numbered into H 

over the range of |f|<f„ { that is, for large H, the P(f) is given a 

rapidly-varying spectral shape as function of f, which in itself shows the 

increase of the fitting power to the spectral details of S(f) with the 

frequency resolution of about (Mit)- . With this respect a useful relation to 

be noted is the convergence to the cumulative spectral density as follows: 

f f 

(18) Urn I P(f')df' » I S(f') it'. 
M+- J J 

-f -f 
*N *N 

From (14) and (18) we have two approaches to the improvement of the 

spectrum estimator. One is Welch's method [9] based on (14) ; that is, the 

data xm{m«0,l,...,M-l) is divided into K sections of equal length and the 
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average is taken on the periodograms that are calculated from the individual 

sections. As the result, we get a smoothed spectral shape with thi» reduction 

of statistical variance by a factor of K~ . On the other hand, the equation 

(18) suggests anothr• approach using the spectral window that gives a modi

fied spectrum estimator S(f)___ of the form 
fN i S ( f ) m - J W(f-f')P(f')df'.. (19) 

Apparently, the S(f)___ in (19) is nothing but the BT estimate S(f)__ calcu

lated by using the biased autocorrelation estimate and the lag-window that is 

derived by the Fourier transformation of W(f). The integration in (19) is 

practically replaced by the discrete summation of P(f )'a with weights W(f-f ) 

Equal weights may be given to some neighboring P(f )'s, namely, the 

arithmetic mean ; otherwise, only the nearest two values may be given a half 

weight such that W(0)=0.5, W(±l/Mit) = 0.25 and W(f )=0 otherwise, which 
m 

corresponds to the Harming lag-window having the maximum lag of L=M in time 

domain. This summation may be repeated on the so-obtained S(f)„„ until we 

get a sufficiently smooth and statistically stable spectrum estimate. 

Evidently, both approaches lead necessarily to the decay in frequency 

resolution because of the data dividing or the rolling of periodogram and, 

therefore, cannot also be free from the contradiction between the statistical 

accuracy and frequency resolution. The resulting spectrum estimate is similar 

to the estimate that is obtained by the BT method with a properly designed 

lag-window. The advantage of the FFT method may be found in the relatively 

short computation timo especially for large H, while the BT method may be 

convenient to get a highly smoothed spectral shape because its computation 

time is dominated by the number of nonzero terms in (7),i.e,L, which should 
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be set to be small for strong smoothing. 

IV - Autospectral estima.tion_ byjnaximum_ entropy_ jnethpd 

The competition between the resolution and statistical accuracy in 

the above Fourier-based methods is essentially due to the assumption that the 

autocorrelation function is zero outside the given time-lag domain. Without 

using this artificial assumption, a new type of spectral analysis [10] is 

formulated as a problem of the maximization of Shannon's information 

entropy [ll] under the constraints that the given R, 's should be related to 

the unknown spectral density S(f) by the Wiener-Khinchine theorem. 

The entropy H may be defined on the Joint probability density p(x-, x. 

....Xj, ,) of x (m=0,l M-1) as follows : 

H = - .. J ptxg^ x^Jlog P<V X1 xM-l ) d xO dV- d xM-l' ( 2 0 ) 

_„ _» 
It can be shown that H is maximized for the M-dimensional normal probability 

density, i.e., for the Gaussian random process and that, in the limit of 

M * °! the entropy rate h defined on the maximized entropy H is reduced to 

the following simple expression : 

fN 

" fN 
Provided that H 4 is known i » l » 0, ±1,...,±N, these correlation values 

should be consistent with S(f) as follows : 

R & » \ S ( f ) e x p ( j 2 n f l i t ) d f , » 0 , ±1 ±N . (22) 

N 

h = iim [H m a x /M] „ \ «,og S( f ) df. (21) 

•f 
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Assuming further, that h should be maximized for the true spectral density 

S(f ) with the constraints of (22), the Lagrange variational procedure leads 

to the expression of maximum entropy spectrum of the form [12] 

S(f) - »„24t/|l -^a^expC-^uftit)! 2 , Ifl^fj, (23) 

e=i 

where the parameters o,. and SL. (1 =1,2,...,N) satisfy the socalled Vule-tfal 

ker equation : 

'?>• ,H l + o
2 « m , 0 • m ° 0 ' 1 M -

(24) 

equivalently, we have 

R 0 R - 1 

« i V -N+l 

-1 

h "N-I
 H-i R o _ 

•*•.! 

I* MJ L o. 

(24') 

In (24), the S denotes Kroneeker's delta function. 
m,n 

In practice, the values of H, 's may be estimated from the data x 
* . m 

(m=0,l H-1). Then the estimate R may be used for R. in (24) or (24') 

so as to get the solution 3^ and "è^ t , which may be substituted for ° 2 

and 'sL, in (23), respectively. This procedure to determine the spectrum 
A 

estimate S(f)„_, is often termed the Yule-Walker method. Noting the Toeplitz 



13. 

form of the correlation matrix in (24') we find a useful recursive formulae 
with which the procedure for reaching the solution is simplified greatly ; 
that is, o and BJJ j(*-l,2 N) can be expressed with a *^ and a ^ ^ 
(*« 1,2,...,H-1), i.e., the HEM parameters for less knowledge of R by one 
lag, as follows : 

°N 2 * " U - I 2 ' 1 - 8 ^ , < 2 5 ) 

-fc1 2 
aH.H"(VZVl'tRN-t)/0N^l * ( 2 6 ) 

*=1 
V I ' mH-$QftUL.K-t ' l = 1 , Z N _ 1 (27) 

2 * 2 
Therefore, starting with <J Q s R. and a. Q =0 one can arrive it i . and a 

(4=0,1,...,N) using (25), (26) and (27) recursively. This procedure is 
called the Levinaon algorithm. 

In the scheme of equations (21) and (22) the MEM is capable of the 
alternative interpretation of the autoregressive (AR) model fitting to the 
signal to be analyzed. The AR process of N-th order is defined by the rela
tion 

H 
" . - E V A * +em . « - o . t i . ± a (28) 

*.-i 

where (e ) is a stationary Gaussian white-noise process with <e > = 0 and m m 
<e_Ç?» o „ \ _. This relation means that the value of x at time t»mâ t can be 111 n m,n m 
predicted linearly from the previous N values with the unpredictable term e 

m 
,i.e., the prediction error. It can be shown [13] that the above-defined AR 
process satisfies the equation (24) with the spectral density (23) and, 
furthermore, that the least-mean-aquare Identification of AR model baaed on 
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the data x (m»0,l,...,M-l) can be achieved with the procedure that has been m 
termed Yule-Walker method. The close relation between the HEX and the AK 

model fitting is found also in the extrapolation of autocorrelation [14] . 

In fact, the determination of unknown autocorrelation on the maximum entropy 

principle leads to the nature of AH process that, once a., ,'s are given as 

the solution of (24), all the remaining R 's can be determined automatical

ly by 

B„-I>». V .»-»*l."+2. (29) 

the predictive interpretation of HEM attains success in Burg's esti

mation procedure [10] that does not require any apriori estimation of auto

correlation. With an additional assumption that the correlation value for the 

maximum lag, it,, is unknown, his scheme fulfils a new requirement that the 
2 mean-square prediction error a to be evaluated both in the forward and 

backward directions should be minimized with respect to a„ M ; that is, 

a ; N 2 / S a N , H - ° 

with 

•V 5Mi/M] S < v l V « 4 ! 2 + ' w I W w )2 . ( 3 0 ) 

m-1 *=1 =1 

After mathematical manipulations, we get the following recursive formula to 

be used Instead of (26) : 

aN.N- 2L bN.m b ,N,m /L"V m
2 + b ,N,m 2 ) • ( 3 1 ) 

m»l mal 
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where 

V m = bN-l,m" aN-l,N-l b'K-l,m (32) 

b V m " b ' l M . 1 w . r V t , t M b K - l , m + l ' M = 2 

and 

b0,m = b'o,m " *m • b l ,m " Xra ' b ' l ,m* V l ' (32') 

The set of equations (25), (31) and (27) compose a recursive algorithm, which 

2 •« Ç V 1 2 
may be started with aQ 3 R.« >( Xm ^H a n d a 0 0 S °" B y u s i n * t n e paramete1, 

m=o ' 
values for the order N-l, i.e., a„ _ (m»l,2 N-l) and °^ |_ 1 • the a» is 

firstly computed with (31), and the result is used in (27) and (25) for 

determining the remaining parameters for the order N, i.e., a„ (n»l,2,...,-

N-l) and a . Then the correlation IL, can be computed if necessary, by the 

relation 

N 

h "£S. h-i (33) 

«si 

Initiated at N«0, this procedure is repeated to the appointed order N. By 

giving up the apriori correlation estimation, the above Burg method attains 

superiority over the Yule-Walker method in realizing the enhanced frequency 

resolution beyond the capability of the conventional Fourier-based approaches 

especially for short observation time H At. For large H, however, both 

methods for maximum entropy analysis yield similar spectrum estimates ; 

rather, in this case,the Burg method has disadvantages in the computation time 

and the wordnumber in programming. 
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Another fruition of the predictive interpretation is the criterion on 

the choice of the order N of AS model. The experience shows that too small 

value of N leads to an excessively smoothed spectral shape with lowered 

resolution, while too large H tends to give spurious and statistically 

unstable spectral peaks. In regard to this matter, Akaike [15] proposed an 

effective criterion of the final prediction error (FPE) defined as 

N 

4=1 

which can be estimated from the data x (m-0,l,...,M-l) by 
m 

FPE(N) " (M+N+1)/(M-N-1) o^2 , H » M (35) 

Here sL .(4=1,2,...,N) and ô represent the estimates obtained with either 

Yule-Walker or Burg methods, and the average is taken over the underlying 

random process {x } (m=0,±l,±2,...). Note that, therefore, FPE stands for 

the goodness of model fitting to the ensemble {x ) , and differs entirely 

from the mean-square error ̂ „ which is concerned with the given specific 

data x (m«0,l,..., H -1). in 
Generally, with the increase of L over 1, the FPE shows a decrease, 

n 

at first, owing to the decrease of "a„ , which indicates the improvement of 

model fitting to the given data. Attaining a minimum at certain N, however, 

the FPE turns to the increase despite of the continuing decrease of o„ 

because too precise fitting to the data rather gives a large magnitude of 
mean-square error on the ensemble {x } . This deterioration of model fit-in 

ting for large N is expressed by the factor (M+N+1)/(M-N-1) in (35) inten

sively. Upon this performance of FPE, we have a criterion that the order N 

minimizing the FPE will be best in statistical sense. This criterion can be 
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generalized further to Akaike'a information criterion (AIC) for determining 

the number of parameters in the maximum likelihood identification of 

parametric model on the basis of Kullback-Leibler mean information [16] . 

Recently, Iwama et al and Sakai et al. [17] have studied the application of 

MEM to the Fourier transform spectroscopy and introduced the AIC aucessfully 

in identifying the AR model. 

With a suitably chosen model order, the statistical deviation of 

spectrum estimate is not enhanced in spite of the improved resolution. 

Actually, it is shown [18,19] that, in the limit of M » » and then N» » , the 

MEM estimator S(f),_| converges to the true spectral density S(f) in 

probability having a limiting normal distribution with variance 

Var [ S C f ) ^ ] » [2N/M] S 2 (f) , (36) 

which is comparable in magnitude with the variance evaluated from (11). 

Furthermore, the following direct relation between S(f) | ( E H and the 

periodogram P(f) holds for sufficiently large H and suitably chosen N [20] : 

' I G(f,t S ( f ) M E M " J G ( f' f , ) P ( f , ) *•• (37) 

Here the kernal 0(f,f) is a complicated function that depends on S(f) and, 

thus, may produce a complicated spectral distorsion which leads to wrong 

recognition of the true profile of spectral density. From the convolution of 

(9), it is expected that the conventinal methods always result in spectral 

broadening and, also, lowering of spectral peak value. This is not true on 

the MEN. Regardless to this difficulty, the usefulness of MEN will be found 

in the good resolution for short observation time which may be convenient to 
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follow the temporal evolution of the spectrum of nonstationnary process and, 

additionallyi in the strong spectral smoothing which might be expected from 

the kernel G(f , f ) . 

V. Cross-spectral estimation 

The above techniques of autospectral analysis can. be extended to 

multichannel process. For zero-mean jointly stationary k-channel process 

<x >s 
(xx (m it)} 

<x2 (mAt)} 

{x. (mAt)} 

0,±1,±2,.. (38) 

the k by k spectral matrix S(f) is related to the k by k correlation matrix 

R(HAt) by 

S(f) - At^RClWt) exp(-j2irfMt) , ' (39) 

where the (p,q) element of R(lAt) is given by R (lit)s< x (0)x (8.41)> 
pq p q 

(p,q - 1,2 k), and S(f) consists of the diagonal elements S (f) and the 
PP 

nondiagnonal elements S (f) which denote the autospectral density of p-th 

channel and the cross-spectral density of the p-th and q-th channels, 

respectively. These elements may be related to the phase 

6 (f) . tan - 1 [Im S (f)] / [Re S(f)] (40) 
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and the coherence 

W f ) " ' V f , l / I V f ) V f ) 1 ( 4 1 ) 

In these relations, we have R(iAt) Rt(-tat) and S(f) > S*(-f) =[S*(f)] , 

where the asterik denotea the complex conjugate and A is tee transpose of 

Firstly, the extended BT spectrum estimator is written as 

S p q ( f ) B T = "^vfc/DRpqt* 4*) exp <-ja»f*At) , (42) 

where the window v( I/L) may be designed to have the maximum at the maximum 

of |Rpq(iâfc)|. 

Secondly, the periodogram can also extended analogously to the cross-

periodograra 

P p q(f) = X p (f)X* (f)/M4t . (43) 

which should be reformed to an improved estimator S (f)___ on the basis of 
pq rrT 

the relations corresponding to either (14) or (18). Note that, for the 

coherence estimation, the spectral smoothing of periodograms is requisite 

because the periodograms P (f), P '(f) and P (f) obtained from the data"x 

pq pp qq m 

(m-0,1 M-l) always yield a meaningless estimate of Ï (f)=l for any f. 

For the lag and spectral window smoothing», the variances of the 

phase and coherence estimators are evaluated for large H as [ 4] 

Var [e p q(f)]>[L6/2M] [l/Y p q

2 (f)-l] (44) 
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and 

Var r r p q ( f ) ] . [ L e / 2 M ] [ l - r p q

2 ( f ) ] , ( 4 S ) 

respectively where 

+1 

S = ( v*(X) d* . 1 "*'" 
-1 

For toe squared coherence estimator, we have 

Var tï 2(f)l »[as/M] Y 2(f) U - Y 2(f)] (46) 
pq pq pq 

Note that Var [ e (f) is infinite for Y (f) = 0. This divergence corres-
pq pq 

ponds with the fact that, for f O 0(
f)=°> the real and imaginary parts of S 

(f) (p / q) are uneorrelated mutually and, thus, the principal value of "B (f) 

is distributed uniformly over (-*/2, « /Z ] 

Next, the extension of MEM may be made by modifying the entropy 

expression formally for the k-channel Gaussian process as follows : 

fN 
h a laog [det S(f )] df (47) 

-?N 

Some discussions are devoted to this modification in ref. [lOl . With the 

assumption of (47), the constraints with which h sould be maximized are 

S(f)exp(J8irflAt)df , «. «0,±1 ±N (48) R(4 it) - i 

where R(Mt)'s are assumed to be given. The resulting maximum entropy expres

sion of spectral matrix is 
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f(« - at [jyfj] " ^ [ { ^ ( f ) } _ 1 ] (49) 

with 

^(f) = 1 - ^ Â ^ jexpt-jarf tat). (50) 

l»l 

Here 1 denotes the k by k identiy matrix, and S„ -and A„ . are the k by k 

matrices that satisfy the multichannel Yule-Walker equation 

fi(0) R(- it) 

R(At) R(0) 

R(-NAt) 

R((-N+l)flt; 

L R(NAt) R((N-l)At) R(0) 

1 

-v 

s -t 
— I L MN,N. 

(51) 

One can show that S(f) given by (49) is exactly the same as the 

spectral matrix of k-channel N-th order AR process expressed as 

K 

I 
.1=1 

*» * 2 X v * + % ' •»=°.±i.±2.... (52) 

Here u s (u,(ntAt), u_(mAt),... ,UL (mit)) is the k-channel stationary Gaus

sian white-noise process having zero-mean and covariance matrix at zero lag, 

£, whose (p,q) element is given by 

(Z N) »<u (mAt)u (mAt) >, p,q-l,2,...,k (53) 
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The goodness of the fitting of multichannel AR model may be represented by 

the multiple FFE, which can be estimated by [22] . 

FPE(N) » [(M*kN+l)/(M-kN-l)] k det^jj <S4) 

Here L„ is the estimate of S„ obtained from the data. N N 
Corresponding to (25), (26) arid (27), the following recursive formu

lae offer an effective procedure for calculating A_ 'a audi» [22,23] . 

That is, starting with S r**S(0) and A Q =0, one can arrive at the parameters 

of the order N by the following relations recursively for K»0,1,...,N : 

1 = 1 
k 

SK = ff((K+l) fit)-£ SJJ^J if{<K+l-lU t) 
1=1 

K 
?v - R<0) - y . B , , „RUAt) , (57) 

and 

-K--W-£V» 
0 > i f 

K T K 
E K " ° K ^ - K 

(« - K + 1) 

(56) 

: J - I , . : t r - i (58) 

(59) 

- Eg ( 4= K + 1) (59 1) 

'K+1,4 • V r V S c . K + l - t (1-1,2 K) (60) 

(60') 



23. 

where all the quantities marked with arrowhead are k by k matrices. This 

procedure constitutes tiie multichannel Yule-Walker method. The multichannel 

Burg method and its excellent property are read in ref. [24] . 

With respect to the statistical behaviour, the multichannel HEM has 

not been revealed so well as the single-channel HEM. We simply note the 

following theoretical remark on the spectral analysis of multichannel AR 

process [25] . That is, as long as the model order is suitably chosen, the 

variance of S (f)„-„ stands comparison easily with those of the conventional pq run 
••* Fourier-based estimators ; the resulting coherence estimator Y (f) „_,. is 
pa, MEH 

asymptotically unbiased with a limiting normal distribution having 

Var lr„Jt)m„] ' W r Jf] li - Y 2(f) ] , pq HEM pq pq 
(61) 

which is to be compared with (45). 
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VI - Experiments and simulations 

a) Computer programs 

For the purpose of the signal analysis in 00,-laser collective scat

tering experiment, the following computer programs for auto- and cross-spec

tral analyses are organized and tested with numerically-generated signals and 

further with scattering signals observed on TFR plasma. The small capacity of 

32 kilowords and the low speed of the available computer are taken into 

account, especially, in selecting the method of MEM cross-spectral analysis ; 

instead of the 2-channel Burg method, the Yule-Walker method is employed. The 

Ulrych-Jensen approximation [26] is also examined. 

a.l ) Computer programs^ for autospectral^ estimation 

i) BT method 

The prewhitening and recolouring processings [7] can be applied with 

respect to two types of lag-window ; i.e., the Hanning and rectangular 

windows. 

ii) FFT method 

The Bergland algorithm [ 27 ] for achieving the FFT of a real-valued 

signals is used ; thereby, the computation time is reduced by a factor of 2. 

The spectral interpolation, which may be useful for small sample number M, 

can be made by adding zeroes to the data. To get sufficient spectral 

smoothing, the processing of Hanning spectral window can be repeated as 

required. The phase of Fourier component X(f) and the autocorrelation func

tion can be also obained as the result of FFT analysis. 
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iii) Burg HEM with minimum FPE criterion 

The maximum entropy spectrum is computed according to Andersen's flow 

chart [ 28] , and the variation of spectrum estimate with AS model order is 

monitored with the FFE. A subroutine for extrapolating the autocorrelation is 

included. 

All the programs work under the statement of "double precision". 

a.2) Computer £ro£rai^|br_£rossj^pj9cJyal_estimation 

i) FFT method 

A couple of signals to be analyzed are processed individually with 

Bergland algorithm. The resulting Fourier transforms are combined into the 

auto- and cross-spectra, which are related to the coherence and phase spectra 

after the Harming- window smoothing. The spectral interpolation by zero-

addition and the FFT estimation of crosscorrelation are also available. 

ii) Ulrych-Jenaen approximation for HEM 

The cross-spectrum of the given two signals are decomposed into the 

autospectra of themselves and of two artificially composed signals such that 

one of them takes complex values. Each signal is processed by the Burg method 

of complex form and, afterwards, the results are recombined into the wanted 

cross-spectrum (Appendix I). The complex HEM used here is applicable also to 

the signal analysis of Thomson scatter radar (Appendix II). 
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iii) Yule-Walker HEM with minimum FPE criterion 

The cross-spectral analysis by Yule-Walker method is executed for a 

two-channel signal by using the biased correlation estimates in the Levinson 

algorithm. 

All the programs for cross-spectral analysis work with "single preci

sion". 

b) Results of autospectral analysis 

Fig. 1(a) is a typical result of the FFT analysis of CO.-laser scat

tering signal associated with the low frequency turbulence in TFH plasma [1]. 

Here the periadogram obained from a storaged signal of M = 1024 and 

At = 0.5 usee has been averaged once with the Harming weights, i.e., n„=l. 

As seen in this figure, the resulting spectrum still has a rapidly oscilla

ting profile with resolution of about a 2 kHz and should to compared with Fig. 

Kb) , i.e., the result of 500 times averaging (IU = 500), for which threefold 

longer computation time is wasted in the central processor unit (CPU). In 

this subsection, the spectrum estimate is normalized by its maximum because 

of graphic reason and plotted at 512 frequency values in the unit of db ; and 

the CPU time mentioned in figure captions leaves the time for graphic display 

out of count and includes the time for signal generation in the case of 

numerical simulation. 

Similar spectral profiles are obtained also with the BT method using 

a relatively small word-number. The CPU time is more than tenfold longer for 

fitting a result similar to Fig. 1(a) and decreased by a factor of ten for a 

strong smoothing similar to Fig. K b ) , becoming comparable to that of the n„ 
n 

- 1 FFT method. 
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On the other band, the Burg HEM gives the spectrum estimates as 

illustrated in Figs. 2(a), (b) and (c) for various model orders N. From the 

comparison of Fig. 2(a) with Figs.1(a) and (b), it appears that the MEM 

spectrum, for small N, traces the profile of the CL. = 1 FFT spectrum 

moderately in a desirable manner with less spectral broadening and acquires 

the fine spectral structure gradually with the increase of N. Meanwhile, as 

seen in Fig. 2(d), the FPE to be referred attains a minimum at N = 54 and 

thus indicates that the spectrum estimate in Fig. 2(b) might be best, at 

least, from the statistical viewpoint. 

The CPU time consumed for Burg MEM has an empirical tendency to 

decrease linearly with N, having a weak dependence on M as long as H <150 and 

H < 1024 ; and the optimum N under the minimum FPE criterion tends to 

decrease proportionally with M*, i.e., N
o o t»( 1'»' 3)H*. Therefore, especially 

for small H, one gets the benefit of strong smoothing with the well-preserved 

resolution and short CPU time. Additionaly, a continuous spectral curve can 

be always plotted with MEM owing to the validity of equation (23) for any f 

in the Nyquist range. This facility makes a contrast to the discrete plotting 

in FFT analysis and the thus-required spectral interpolation which causes the 

waste of much CPU time in spectral smoothing. An example is shown in Fig. 

3(a) where the periodogram has been interpolated by putting 960 zeroes behind 

the data x(ra=0,l,...,63) and feeding the so-extended data to the 1024-points 

FFT. In order to get a spectrum as smooth as the corresponding HEM spectrum 

displayed in Fig. 3(b), about tenfold longer time ( " 60 sec) would have been 

required due to the repetition of smoothing procedure up to a. » 1000. These 

figures have be<ra obtained from one of the 16 equal-length parts formed by 

dividing the original data of M-1024. The analysis of each part shows that 

each MEM spectrum well follows the corresponding FFT spectrum which deviates 

around the reference spectrum estimate obtained from the whole original data. 
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This fact may suggest the similarity of both methods in statistical 

deviation. 

With respect to the resolution, a remarkable difference as seen in 

Fig.s 4(a) and (b) appears for the narrow-band signal which is generated 

numerically with a sinusoidal signal and additive white noise ; the period of 

duration of the data is 0.64 times long as the period of sinusoid. With no 

additive noise, the MEK tends to give a splitting of spectral peak. This 

phenomenon might be explained by the fact that, for a highly coherent signal, 

the equation (23) meet3 a computational difficulty of a «0 and nearly zero 

value of the denomenator at the peak frequency ; the resulting peak values is 

finite in magnitude and statistically unstable, stimulated by small K of 16. 

More essentially, this might be undestood in relation to the fact that the 

deterministic signal is neither Gaussian process nor AS process. 

Finally, the results of autocorrelation estimation are summarized as 

follows. 

i) The unbiased estimate given by (8) tends to increase in magnitude 

and also in statistical deviation as % approaches H. Meanwhile, the biased 

estimate given by the right hand side of (17) reduces definitely to zero at 

«•= H and, thus, may be suitable for the apriori estimate in the Yule- Walker 

HEM, which will be studied in the next subsection. 

ii) The estimate obtained by the FFT processing of FFT spectrum also 

approaches zero with the increase of time-lag. A strongly smoothed spectrum 

gives a well-smoothed and statistically stable autocorrélation. The same 

correspondence is seen in the FFT cross-spectral analysis examined below. 

ill) The Burg MEM can produce a well-smoothed functional shape of 

autocorrelation corresponding to the smoothing of spectrum. 
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c) Results of cross-spectral analysis 

The computer programs arranged for cross-spectral estimation are 

examined, at first, with respect to the following 2-cbannel 4 th AH process 

[29 j: 

where 

and 

| x 1 (mit) | 

|x 2 (mit) | 

4 fx. ( <m-; 

PA 
£=1 lx2((m-

(<m-D At) 

*)At) 

|u (mi t) ] 

|u 2 (mit) 

n = 0,±1,±2, 

f fl.l - 0.4 | » f- 0.4 O.l] 
4 , 1 I ; A4 2 s 

J0.3 0.9 J ' '* -0.2 -0.6J 

[0.2 0 "I f- 0.3 0 "I 
' 4" 4 = 

0.2 0.3 J L~ 0.1 -O.lJ 

*4 = 
1 0 

0 :] 

(62) 

(62') 

with ta0.5 iisec. The theoretical curves of the coherence and phase spectra 

are demonstrated in Figs- 5(a) and (b), respectively. The signal which ful

fils the above relations is generated numerically by utilizing a pair of 

mutually independent and uniformly-distributed random numbers for the source 

term u . This kind of signal is convenient to cheek the program of MEM at the 

preliminary step of the AR parameter estimation. 

In Figs. 6(a) to (d) are shown the results of FFT analysis to be compared 

with the results of Yule-Walker illustrated in Figs. 7(a) to (g). For the 

latter analysis, the multiple FPE attains a minimum at N«4 as expected ; for 

this model order, the parameters A. . and E. are estimated as : 
4, » 4 
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and 

4,1 

4,3 

1.14 

0.33 

0.22 

0.21 

1.05 

0.10 

0.38 

0.86 

-0.01 

0.25 

0.10 

1.00 

4,2 

4,4 

-0.47 

-0.20 

-0.29 

-0.13 

0 

-0 

io"| 

, 5 3J • 
.oo"[ .«J f 

which are sufficiently accurate yielding very good approximations of the true 

spectra of coherence and phase. Only 5 % of CPU time is consumed for 

calculating A Ai. = 1.....4), S and FPE. Host of the remaining time is 

employed for calculating the spectral matrix at 512 frequency values accor

ding to (49). 

To examine the frequency resolution for short observation time, the 

following 2-channel sinusoidal signal may be convenient : 

1.0 cos(2tifQ mit + 10 ) 

0.5 cos(2¥fQ mit + 80°) 
m = 0,1,... M-l 

with f x 80 kHz, At • 0.5 usee and M = 64 ; the E and C mutually-indepen-o m m 
dent white-noises over (-0.5 ,0.5]. The Figs. 8*9 show the HEM estimates 

determined with the minimum FPE criterion and, for comparison, the FFT 

estimates obtained within comparable CPU time. Note that the coherence 

estimates suffer from the spectral broadening much more than the magnitude of 

cross- spectrum estimates, |S (f)|, which are similar to the autospectrum 
xy 

estimates in this point. Particularly, in FFT analysis, the 3pectral sidelobe 
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caused by the truncation of signal forces the coherence estimate to 1 in the 

frequency domain where it is predominant over the white-noise in magnitude. 

Meanwhile, the MEM coherence isolates the spectral peak better with 

relatively accurate values of the frequency and phase difference of the sinu

soids. However, affected by the inaccurate correlation estimation for small 

H, the Yule-Walker method cannot give so good resolution as expected on the 

Burg method. 

The Ulrych-Jensen method has proved excellent with respect to resolu

tion, procuding a very sharp profile of coherence spectrum with the complex 

Burg autospectral estimation. It has been found, however, that the condition 

of î_a(f)'< 1 is not always satisfied for both AR process and sinusoid. The 

reason has not been identified*. 

• It has been ascertained at Nagoya University that, at least, the subroutine 

for one-channel complex Burg HEM works normally in its BASIC form. 
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VII - Summary 

In the present paper, the modern techniques of digital auto- and 

cross-spectral analysis have been surveyed so as to meet the purpose of the 

CO.-laser scattering experiment in TFR tokamak. In addition to the con

ventional methods, the new methods based on the maximum entropy principle 

have been described and stutied experimentally with attention to the frequen

cy resolution and statistical accuracy by using the arranged computer pro

grams. 

In conclusion, the FÎT method can be appreciated as a reference 

standard because of the well-known behaviour of spectral estimator and the 

relatively short computation time. However, the rapidly-varying and unstable 

spectral shape cannot be improved without loss of resolution. The waBte of 

computation time for spectral smoothing is severe especially for small sample 

number. 

On the other hand, the HEM with Akaike's criterion is excellent in 

the well-preserved frequency resolution. The experimental results show that 

the resolution can exceed the well-known restriction of finite observation 

time by using the entropy concept under the assumption of the 3tationarity of 

signals. In particular, the Burg HEM will be useful, for example, for 

monitoring the rapid evolution of turbulence spectrum during the auxiliary 

heating, and plasma disruption in tokamak. For a small computer, the 

Yule-Walker method is preferable, especially, in cross-spectral analysis. 

Additionally, the autospectral analysis of complex form and the 

associated technique of Thomson scatter radar may be useful for recovering 

the dynamic form factor correctly with homodyne detection and, thereby, for 

inferring the direction of wave propagation. 
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APPENDIX I. AUTOSPECTRAL ANALYSIS OF COMPLEX SIGNAI. AND 

ULRYCH-JENSEN APPROXIMATION OF HEM CROSS-SPBCTHIM 

For a complex-valued stationary random process {z}={z(m4t)} 

(msO, ±1, ±2,...) with zero-mean, its autocorrelation function nay be defined 

by -. 

H = < z *z > , m,n = 0, ± 1, ± 2,... (1.1) 
ra-n n m 

With this definition, we have the non negative autospectral density S(f) 

written by equations (3) and (6), analogously. The methods of autospectral 

analysis described in Sees. Ill and IV can be extended easily to the complex 

form. The points to be noted are the alternations in the symmetricity of 

autocorrelation and spectrum to : 

R t » R_J , S(f) * S(-f). (1.2) 

On the basis of this extension, Dlrych-Jensen's proposition for 

cross-spectral analysis is as follows [26]. Given a couple of real-valued 

zero-mean stationary process x,(m At) and x-{mât), let us form two processes 

(Y > and izj by : 

Ym " 3 c x ( m â t ) + x 2 ( m i t ) 

zn m Xjtm At) + Jx2(m it), m«0, ±1, ±2,... (1.3) 

Then the autospeetra of {y >and Is ),i.e., S (f) and S (f), can be expres

sed as : 

I 
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S y y ( f ) ' S l l ( f ) S 2 2 ( f ) " 2 I m S 1 2 ( f ) (1.4) 
S a B(f) » S u(f) + 522(f) + 2 Re S 1 2(f) 

Thus it follows that 

S 1 2(f) = XfSyyW - S u ( f ) - S ^ (f)] -JJtfS^f) - S u(f) - Sggtf)] . 
(1.5) 

Since the right hand side of (1.5) consists only of the autospectra, one may 
apply the one-channel MEM to each of the processes x,(mit) (1=1,2), y and z 

1 m m 
to get an estimate of S,,(f), which may be used a3 a substitute of the 
maximum entropy cross-spectrum. 

Now, the extension of one-channel MEM to the complex form is based on 
the entropy expression (21), which holds also for complex process. Under the 
constraints of (22), the maximization of entropy leads to the spectrum 
expression (23) and the Yule-Walker equation (24) for the complex-valued a„ 's 

2 and R , ' s. The o„ represents the mean-square of complex white-noise te } 
gi n m 

of the complex AE model : 

N 
î . * L a " . ' V i + e » ' m = 0,±l,±2,... (1.6) 

*=1 

that is, o„ a a < |e | 2 > . 
For that data z m (m • 0, 1 M-l), Burg's recursive relations 

(25), (27), (31), (32) and (32') are modified respectively as follows ; 

°H ' V l 2 ( 1 - | aK.Nl 2 )' « • " 

•»,» • V i / V N VI,M* ( I- 8 ) 
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and 

M-K IM-M 

m=l ' m=l — 

where 

bN,m * bN-l,m " 'tf-l.H-l *b'lf-l. 

b'„ _ » b' _, -a„_, „_, b„_, _, , N i a (1.10) 'HHB * b'l»-l,m+l "^-l.N-l ^-l.m+l 

and 

b- • b'„ » z • b, = z . b ' , 0,m 0,m m l,m m • 1, m n+1' (I.10') 

2 •*> The recursion is started with (1.10') and initial estimates of o Q = R. 
7 * la I /M and a- n s 0. The extended FPE defined by 
m=0 

FPE(N) 
1=1 

can be estimated by (35) for H » N . This algorithm can be carried out easily 
by a little modification of the computer program for real HEM. The increase 
of word-number due to the use of complex variables is more or less twofold. 
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APPENDIX II. HOMODYNE DETECTION IN THE 

THOMSON SCATTER RADAR 

An application of the complex autospectral analysis is the homodyne 

detection in the Thomson scatter radar [31] and its equivalents such as the 

incoherent scatter radar. [32} and the Doppler weather radar [ 33] , which have 

been a powerful diagnostic tool for the density fluctuation of ionosphere 

and atmospheric turbulence and recently tested for laboratory plasma study 

[34]. 

With the Born approximation, the electric field E (t) of the scattered 

electromagnetic wave from plasma is related to the Fourier transform of the 

electron density n (r,t) as follows [35]: 

E3(t) = A Re[ [ n ^ - K8,«0 exp [j(« + «^(t-d/c) d»/2»! , (II.1) 

where 

n (k,u) = I dt 1 dr n (r,t) exp [-j(wt +"k.r)T . (II.2) 

Here A is a real constant) and d represents the distance between the plasma 

center and receiver ; K. = (cii./c)e. and K *[(•• *u )/°] • denote the 

wavevectors of the incident and scattered waves, respectively, with unit 

vectors e. and ê and the velocity of light e. 

As far as the autospectral measurement is concerned, the delay time c/d 

in (II.1) can be assumed to be zero without loss of generality. Thus the 

equation (II.1) is reduced to a simple expression of the form : 

E (t) » A {Re [N(t)l cosu t - Im [N(t)l sinui, t> (II.3) 
s I i 
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where 

N(t) = 1 n6(K.t - K s, u) sxp (j <"t] du /2» . (11.4) 

The right hand side of (II.3) represents a narrow-band signal having a 

slowly varying complex amplitude H(t). Therefore, one can extract the 

signal N(t) using the well-known technique of homodyne detection illustra

ted in Fig. 10. In this scheme, the mixers having the mutually phase-shif

ted reference-waves cos u.t and sin u.t yield the output signals x(t) and 

y(t) given by : 

x(t) » %k Re [«(t) ] , y(t) « HA Im [N(t) ] ; (II.5) 

that is, 

z(t) = x(t) + jy (t) 

= % AN (t) (II.6) 

The so-detected complex amplitude leads to the measurement of the 

so-called dynamic form factor S(k,u). Actually, it follows from (II.6) and 

(II.4) that : 

!js(VV») <z» (t) z(t+T) > - l/4n0A
2 J S(Ka - \ , u) exp [ j U T ] d ù/2ff , (II.7) 

where n Q is the average electron density. This relation implies that 

the spectral density of z(t) related to the correlation<z*(t) z(t+t)> with 

the Wiener-Khinchine theorem is proportional to S(k,u). In other words, the 

autospectral analysis of the complex signal z(t) recovers the dynamic form 

factor as a function of the angular frequency u for the given vectors ÏC. 

and e . 
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The so-obtained frequency spectrum is usually asymmetric aroundu = 0. 

The neglection of the quadrature component y(t) results in the wrong sym-

metrization of the spectral shape owing to the false contribution of wave-

vector component in the reversed direction. This demodulation technique of 

scatter radar may be useful for the study of plasma turbulence having a 

wide-spectral wavevector spectrum as observed in tokamak [36]. 
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FIGURE CAPTIONS 

Figure 1 : FFT estimates of the autospectrum of CO- -laser scattering si

gnal ; H - 1024, it - 0.5 usee (A7S29S, DIFAN 1) : 

(a) n,j » 1 (CPU * 11 sec) ; 

(b) iljj » 500 (CPU • 34 sec). 

Figure 2 : MEM estimates of the autospectrum fo CO, -laser scattering 

signal ; N = 1024, At • 0.5 usee (A75295, DIFAN 1) : 

(a) N « 8 (CPU - 10 sec) ; 

(b) N - 54, for which the FPE i s minimized (CPU = 34 sec) ; 

(c) N - 150 (CPU - 84 sec) ; 

(d) Dependence of the FPE on the model order N. 

Figure 3 : Autospectrum estimates of C0„ -laser scattering signal obtained 

during short observation time ; H » 64, At = 0.5 usee (A7 1056, 

DIFAH 1) : 

(a) The n„=OFFTspec-trura estimate, i.e., the periodogram, obtai

ned with the 1024-points FFT (CPU « 5 sec) ; 

(b) MEM spectrum estimate for N • 3, which gives the minimum of 

FPE (CPU . 6 sec). 

Figure 4 : Autospectrum estimates of the noise-corrupted sinusoid produced 

as x_ • cos (2ir f.m At + 10 s) + 0.2 ; (m = 0,1 M-l) with f. 
m u m o 

» 80 kHz, At = O.s sec, H « 16, and random numbers K distri-
m 

buted uniformly over (-0,5, 0.5] ; 

(a) The a. « 0 FFT spectrum estimate, i.e., the periodogram, 

obtained with the 1024-points FFT ; the peak frequency is read 

as f . - 89.8 kHz (CPU « 5 sec) j 



43. 

(b) HEN spectrum estimate for M » 4, which gives the minimum of 

FPB ; the peak frequency is read as f
o e a k - 79.1 kHz 

(CPU = 4 sec). 

Figure 5 : Theoretical curves of the cross-spectrum of the 2-channel 4th AR 

process written as (62) and (62<) : 

(a) Coherence spectrum ; 

(b) Phase spectrum. 

Figure 6 : FFT estimates of the cross-spectrum of the 2-channel 4th AR < 

process ; N = 1024 ; 

(a) Coherence spectrum estimate, 

(b) Phase spectrum estimate for IL, - 10 (CPU = 49 sec) ; 

(c) Coherence spectrum estimate, 

(d) Phase spectrum estimate for IL, = 100 (CPU = 65 sec). 

Figure 7 : HEM estimates of the cross-spectrum of the 2-channel 4th AR 

process s H =• 1024 ; 

(a) Coherence spectrum estimate, 

(b) Phase spectrum estimate for N • 2 (CPU = 75 sec) ; 

(c) Coherence spectrum estimate, 

(d) Phase spectrum estimate for H n 4, where the FPE is minimi

zed (CPU » 80 sec) ; 

(e) phase spectrum estimate, 

(f) Coherence spectrum estimate for N = 7 (CPU - 90 sec) ; 

(g) Dependence of the FPE on the model order N. 
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Figure 8 : FFT estimate of the cross-spectrum of the 2-channel noise-corru

pted sinusoid ; the 1024-points FFT has been used for M = 64 ; 

iij, « 100 : 

(a) Coherence spectrum estimate (max.Y " 0.397 at 90.3 kHz), 
—y 

(b) Phase spectrum estimate (8 » -66.7° at 90.8 kHz), 
*y 

(c) Absolute value of the estimate of normalized cross-spectrum, 
|S (f) [ < * , 2 > < y m

2 > ] ^ (CPU « 65 sec), xy m m 
Figure 9 : HEM estimate of the cross-spectrum of the 2-channel noise-corru

pted sinusoid ; N = 3, for which the FPE is minimized : 

(a) Coherence spectrum estimate (max.Y • 0.992 at 77.2 kHz), 
—y 

.(b) Phase spectrum estimate (S = -68.6s at 77.2 kHz), 
(c) Absolute value of the estimate of normalized cross-spec

trum : 
l Sxy ( f ) l /I < \ Z > < y ^ * t C P U = 7 5 s e c ) i 

Figure 10 : Homodyne detection in the scatter radar system. 



FFT AUTOSPECTRUM (CO--LASER) 

n = 1 . M e 1024 

At = 0 . 5 usee 

'O.O 20 1)0 6D 80 100 

f (HZ) X 1 0 4 

F i g . 1 ( a ) 

S 

FFT AUTOSFECTRUM (COj-LASER) 

n„= 500 , M = 1024 
H 

At = 0 .5 y sec 

s 

ar •o.o 20 

£ (Hz) 

Fig. Kb) 

80 

XI0 

100 



MEH ADTOSPECTRUH (C02-LASER) HEM AUTOSPECTRUH (CO,-LASER) 

'0.0 20 ^ 6 0 80 100 
f (Hz) xlO4 

Fig. 2(b) 



HEH AUTOSPECTRUM (COj-LASER) 

N = 1 5 0 , M = 1 0 2 4 

At = 0.5 |isec 

O-, 
i 

o. 
I 

I 

DEPENDENCE OF FPE ON MODEL ORDER 

(C02-LASER) 

F P E m i n a t M " 5 4 

i 

'0.0 Û5 i5 |j?D 

ORDER OF AR MODEL N 

Fig. 2(d) 

T60 



s 

FFT AOTOSPECTRUM |C0 2 -LASER) 

n H = 0 , H = 6 4 

At > 0 . 5 usee 

m a 

«H 

<0 

MEM AUTOSPECTRUH (COj-LASER) 

N " 3 ( F P E m l n » 
M « 64 

At s O.S usee 

1S~ ijo" iS" 

f (Hz) 

Fig. 3(b) 

X10 

80 

4 

100 



s 

FFT AUTOSPECTRUM (SINUSOID) 
n(1= 0 , H = 16 

At • 0.5 psec 

'0.0 10 2 0 3 D 

f (HZ) 

Fig. 4(a) 

lb 
xi 0" 

50 

HEM AUTOSPECTRUM (SINUSOID) 

< P WW 



COHERENCE SPECTRUM OF 4TH AR PROCESS 
(THEORETICAL CURVE) 

W 

H PS W 

100 

o 
Q 

(0 

'0.0 

Pig. 5(a) 

PHASE SPECTRUM OF 4TH AR PROCESS 
(THEORETICAL CURVE) 

I T «B io -

f (Hz) 

~ioo 
xi o' 

Fig. 5(b) 



FFT COHERENCE SPECTRUM (4TH AR PROCESS) 
n H« 10 , H = 1024 

At « 0 . 5 usee 

I 
§ 
u 

'VTc I T 40 BO 

f (Hz) 

F i g . 6 (a ) 

100 

x-\a* 

FFT PHASE SPECTRUM (4TH AR PROCESS) 
n,.= 10 , M = 1024 , it s 0.5 usee 

~ ,fl 

Fig. 6(b) 



FFT COHERENCE SPECTRUM (4TH AR PROCESS) 

n R= 100 , H = 1024 

At = 0.5 usee 

20 10 6b 80 

t (HZ) xl 0' 

F i g . 6 ( c ) 

Too 

o FFT PHASE SPECTRUM (4TH AR PROCESS) 

I n„= 100, M = 1024 , At = 0.5 usee 

'oVô ib" ÛB ib" ib~ H)o 

f (Hz) xio 4 

Fig; 6(d) 



MEM COHERENCE SPECTRUM (4TH AR PROCESS) 
2 , M = 1024 

At = 0.5 usee 

100 

MEM PHASE SPECTRUM (4TH AR PROCESS) 
N = 2 , M » 1024 , At » 0.5 Usee 

u 

tTo IS" 40 60 • 

f (Hz) 

Fig. 7(b) 

BO 

xio' 

.100 



4 < F P 1 W 

HEH COHERENCE SPECTRUM (4TH AR PROCESS) 

N 

M = 1 0 2 4 

At = 0 .5 Usee 

^TF 20 U0 60 eo 100 

(Hz) X1(T 

F i g . 7 ( c ) 

MEM PHASE SPECTRUM (4TH AR PROCESS) 

H 
a 

w 
to 

< F P E

m i n > 

M = 1 0 2 4 , At = 0 . S u s e e 

30 40 60 

£ ( H z ) 

F i g . 7 ( a ) 

80 

x i o ' 

100 



MEM COHERENCE SPECTRUM (4TH AR PROCESS) 

N = 7 , M B 1 0 2 4 

At = 0.5 Usee 

f (Hz) 

Fig. 7(e) 

xio^ 

MEM PHASE SPECTRUM (4TH AR PROCESS) 
N = 7 , M = 1024 , At = 0.5 ysec 

\^\J 

20 40 BO 

f (Hz) 

F i g . 7 ( f ) 

80 

X10 

100 



DEPENDENCE OF FPE ON MODEL ORDER 
(4TH AR PROCESS) 

F P E m i n a t | s 4 

8. 12 16 

ORDER OF AR MODEL N 

Fig. 7(g) 

20 

FFT COHERENCE SPECTRUM (SINUSOID) 
n„= 100 , M = 64 

At a 0.5 lisec 



m -)20 

PHASE 6 x y ( £ ) (DG) 

£0 -MO 0^0 «0 60 120 

NORMALIZED | S ( f ) | (DB) 

<n — 
• ss 
a — 
ft" 

x 
o 

s 
X 

II 

(a 
• 3 
H 
3 

g 
O 
"8 

e 
g 
H 
O 

•iS 



« F W W 
MEM COHERENCE SPECTRUM (SINUSOID) 

H = 3 

M = 64 
At = 0.5 usee 

x 

S3 W 
SS O 
o 

"V.a 10 20 30 

f (Hz) 

Fig. 9(a) 

MO 

XI0^ 

MEM PHASE SPECTRUM (SINUSOID) 
At = 0.5 visec 



59. 

o 
01 
D O 
2 0) 
H a CO 3 
" • ' m 
— » t 

>o O 
U c •H II II 

> i fi 
X H S •u CO < 

Eu 
O en 

S il 

3 «r H 

&< Ul 
H 
S 
SI 

0(1- os-
(aa) 

09-
.XX, 

0£- 09-

O 

»̂ a t 
N 
S » ** D> 

06- w 

(?) s aaziiwraoN 

E s<t) 

—«0— 
+ 

COSUlj t 

—13— 
f 

-s inu. t 

lowpass 
filter 

lowpass 
filter 

•+ x ( t )= iu( t ) 

•+ y ( t ) » i v ( t ) 

EgttJ-uttJcosaij^t-vitjsinWj^t 

Pig. 10 


