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ABSTRACT 
This course is an introduction to some basic concepts of non-

equilibrium statistical mechanics. We emphasize in particular the 
relevant entropy relative to a given set of collective variables, 
the meaning of the projection method in the Liouville space, its 
use to establish the generalized transport equations for these 
variables, and the interpretation of dissipation in the framework 
of information theory. 
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1. INTRODUCTION 
During the last decade, phenomenological theories of heavy 

nuclei have gradually been superseded by more microscopic approa
ches. It has become feasible to understand and even to compute 
many dynamical processes, for instance to analyse collisions of 
heavy ions, by starting from a many-body model of interacting nu
cléons without any adjustable parameter. This type of studies in 
nuclear physics appears as a new branch of statistical mechanics, 
and it takes advantage of many concepts and techniques drawn from 
the study of other types of matter. 

A specific feature of nuclear systems is their finite size, 
which brings in more complications than simplifications. On the 
one hand, properties associated with the thermodynamic limit of 
statistical mechanics do not hold here : the extensivity of nuclear 
matter can be considered only as an approximation. Surface effects 
are essential, as well as size effects like shell structures. From 
the dynamical viewpoint, the finite size of nuclear systems does 
not allow them to relax towards thermal equilibrium as is usual in 
statistical mechanics, and the analysis of dissipative processes 
requires special care, as we shall see. On the other hand, the num
ber of degrees of freedom is still much too large to allow complete 
microscopic studies. Ue are therefore faced with a standard problem 
in non-equilibrium statistical mechanics : is it possible to des
cribe adequately the system in terms of some small set of collec
tive variables which would replace the untractable set of positions 
and momenta of all nucléons ? 

We shall be mainly concerned in this course with the systema
tic construction of the equations of motion .for a set of collective 
variables, taking the microscopic dynamics as a start. The unified 
framework and most of the techniques which we shall present have 
been introduced long ago i»i the context of non-equilibrium statis
tical mechanics, but they are not so widely known and applied as 
they deserve. The formalism is general enough to encompass many 
existing theories and approximations currently used in nuclear 
theory. In addition, the geometric interpretation which we shall 
give may help to visualize the steps involved in the derivation of 
the collective motion. Our scope will be merely formal, because 
we wish to emphasize the conceptual rather than the technical as
pects. This should help the reader adapting the general theory to 
such or such specific problem. 

Several important qualitative differences exist between the 
dynamics at the microscopic level and at the level of collective 
variables, and the origin of these differences will be enlightened 
by the general approach. As utual in statistical mechanics, new 
phenomena appear when the description is contracted, i.e., when 
the non-collective variables are eliminated : the physics changes 



with the level of description. Let us recall a few general features 
of the type of contraction performed here. On the one hand, the 
Schrodinger equation is linear ; however, isolating the collective 
degrees of freedom leads to non-linearities which may have impor
tant consequences. In contrast to linear equations, which provide 
nothing but superpositions of sinusoidal oscillations, a non
linear dynamics may lead to solitons, as well as to chaotic beha
viors (like in the Euler equations of hydrodynamics or in the Hé-
non-Heiles model). On the other hand, the collective dynamics may 
present a classical structure in spite of the underlying quantum 
nature of the problem. Actually, a nucleus is a quantum object, 
and the quantities characterizing its state are therefore statisti
cal ; but they may follow classical equations of motion of the 
Ehrenfest type. Finally, dissipation, which is absent at the micros
copic level, may take place in the collective equations of motion. 

Our approach will introduce naturally most quantities and con
cepts of current use in the thermodynamics of irreversible proces
ses, such as local temperatures, chemical potentials, hydrodynamic 
velocities, or transport coefficients. In particular, the whole 
course will emphasize entropy, both as a measure of the missing 
information and as a tool for eliminating the non-collective varia
bles considered as irrelevant. For instance, we shall characterize 
the dissipation rate by using the concept of relevant entropy in
troduced in f 5. The more standard approach to this question in 
nuclear physics relies on energetic considerations : the energy 
is split, in a more or less natural way, into a "mechanical" part, 
associated with the collective degrees of freedom, and a "thermal" 
part accounting for the remainder, and the dissipation is defined 
as an energy flow from the former to the latter part. However, from 
the viewpoint of statistical mechanics and of thermodynamics, entro
py is a more basic quantity than energy, since energy is only one 
among the conserved variables of the system. Having defined the 
relevant entropy as the missing information relative to the set of 
collective variables, we shall understand and measure the dissipa
tion as the increase of this relevant entropy, an extension of the 
Carnot principle. 

We shall make use of several techniques of statistical mecha
nics. We shall first introduce (I 2) the Liouvillean formulation 
of quantum mechanics. More general than the standard formulation 
in Hilbert space, it encompasses useful formalisms such as the 
polarization representation for a spin or the Wigner representa
tion. Working in the Liouville space is also essential for the 
reduction of the number of degrees of freedom retained in the 
dynamical description (S 3 and 4). The concept of entropy will be 
used to endow this Liouville space with a natural metric (S 6). 
We shall then interpret the elimination of the irrelevant varia
bles and the construction of the trajectory of the collective 
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variables as a projection ($ 7). The successive steps of the pro
jection method (S 7-9) lead to exact equations of motion for the 
collective variables, which may have the form of transport equa
tions or of balance equations according to the context. The genera
lized mean-field approximation ($ 10) will help us to identify the 
terms in these equations which are responsible for dissipation. 
Finally, we shall briefly review (S 11) various approximation me
thods which provide closed expressions for dissipation or for trans
port coefficients. 

We shall try to avoid all technicalities. The interested rea
der will find more details in an extensive article in preparation 
[1]. Many articles and books [2] deal with the projection method 
and its applications. By commenting here the ideas which underlie 
this method, and by sketching how they should be worked out in 
practice, we would like to make this immense and fruitful literatu
re more popular among nuclear (and hopefully other) physicists. 

2. THE LIOUVILLEAN FORMULATION OF QUANTUM MECHANICS 

Quantum mechanics associates with a physical system two types 
of objects, the observablesy which characterize all possible expe
riments, and the states, from which the expectation value of any 
observable can be derived. Most textbooks introduce the states as 
wave functions or as kets |\|/>, elements of some Hilbert space on 
which the observables act. We shall take however as a starting 
point of our analysis the representation of states as density ope
rators D (or as density matrices when a basis is chosen in the 
Hilbert space). In the special case of a pure ket |i|>>, the density 
operator is the projector |i|»><i|>!. More generally, any state is 
represented by a density operator which is diagonalized as 

n 
where the numbers p n are positive and have a unit sum. The expecta
tion value of the observable A is given by 

<A> - Tr AD (2.2) 

when the system is in the state D. 
Let us resume in this language the postulates of quantum mecha

nics. The set of all conceivable experiments is characterized by 
an algebra of Hermitean observables A. A state of the system is 
represented by a density operator D, playing the role of a probabi
lity distribution and providing the expectation value of any obser
vable as (2.2). Density operators are restricted by their proper
ties of llermiticity, positivity, and normalization, which are equi
valent to the requirements that <A> be real, that <A^> be positive, 
and that the expectation value of the unit observable be 1, respec
tively. Finally, if the system is isolated and if its Haniltonian 
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H i s known, the s ta tes evolve according to the Liouville-von Neu
mann equation (tf » 1) 

i D « [H,D] . (2.3) 

This formulation includes the standard formulation in terms 
of kets and bras as the special case when (2.1) reduces to a sin
gle term. It is however more general and somewhat simpler, both 
formally and conceptually. It is suited to quantum statistical me
chanics, and it allows to deal with situations beyond the scope of 
the quantum mechanics of kets and bras, namely the consideration 
of subsystems of a quantum system, or the analysis of a measurement 
process, or the existence of a random part in the Hamiltonian. 

We are now in position to introduce the Liouvillean formula
tion of quantum mechanics (including quantum statistics). It relies 
on the idea that a state is nothing but a means for evaluating the 
expectation values of all the observables of the system, and that 
the correspondence between the observables and their expectations 
is linear. A state will therefore be defined as such a linear corres
pondence, and the formalism of density operators will appear as a 
special representation of this general formulation. 

More precisely, let us disregard the algebraic structure of 
the set of observables, and let us focus upon its vector space 
structure only. We choose in this set a complete basis of linearly 
independent observables Q^. Then, any observable A is expressed as 
a linear combination of the observables of this basis, with scalar 
coefficients Ay interpreted as the coordinates of the observable A: 

A - I A fly . (2.4) 
u ^ 

A state D is characterized by the knowledge of the expecta
tion values 

D p - <fiy> (2.5) 

of the observables ft of the basis, which are interpreted as the 
coordinates of the state D. The expectation value of any observa
ble (2.4) is then given by 

<A> - I A D M - (A;D) , (2.6) 
y M 

which appears as the scalar product of the observable A by the 
state D. In the following, we shall omit the summation over repea
ted indices. 

The postulates of quantum mechanics are easily expressed in 
this Liouvillean formulation. A system is characterized by the 
algebra of its observables, i.e., by the structure constants C y v 



entering the products 

*V flV = Ç OP . (2.7) 

The expectation value of the observable A in the state D is the 
scalar product (2.6). The coordinates DV of a state are constrained 
by the following requirements : 

a) the expectation value of any Hevmitean observable is real ; 
b) the expectation value of the unit observable is 1 ; 
c) the fluctuation <A2> - <A> 2 of any Hermitean observable is 

positive. 
Finally, for an isolated system with a known Hamiltonian, the coor
dinates D^ evolve according to the (linear) Liouville equation 

i V « L \ D V , (2.8) 

equivalent to (2.3), where L is defined as the Liouville operator. 

The representation of states as density matrices is recovered 
through a special choice of the basis of observables £2U. Denoting 
by |ct> a basis of the Hilbert space, it is easily seen that the 
dyadic operators 

fty » |a><e| , (2.9a) 

labelled by the index y • (a,6), are linearly independent and span 
the space of observables. The expansion (2.4) reads then 

A = I |axa|A|B><6| , (2.9b) 

and Ay is the matrix element <a|A|$>, while ..the coordinate D of a 
state D, defined by (2.5), is equal for y * (ot,3) to 

<fiy> - Tr|ct><B|D * <0|D|CX> . (2.9c) 

The scalar product (2.6), which reads here 

<A> - A D y - I <a|A|8><6|DJa> - Tr AD , (2.9d) 
y a,B 

is identified with (2.2). Finally, the identification of (2.3) with 
(2.8) is achieved by expressing the Liouville operator L in terms 
of the Hamiltonian H through 

L P V ' «SaY <elH|6> - o B 6 <y|H|a> , (2.10) 

y • (a,B) , v • (y,6) 

While the Liouvillean formulation encompasses the usual repre
sentations of quantum mechanics in terms of matrices (2.9b) and 



(2.9c) for observables and for states, it brings in an interesting 
new freedom. Indeed, considering the pair u • (ct,B) as a single 
index allows linear changes of the basis flU which mix the right 
and left indices a and 6 of the matrices (usual changes of repre
sentation in Hilbert space act on the a and on the 3 separately). 
In such changes of basis, the coordinates A u behave covariantly, 
and the coordinates D u behave contravariantly. 

Instead of starting from a Hilbert space representation and 
performing a change of basis, it is usually more expedient to build 
a Liouville representation directly, by starting from the choice 
of a convenient basis $iu in the spacn. of observables. The new re
presentations thus introduced may present attractive features. Con
sider for instance a spin 1/2. The vector space of observables has 
4 dimensions and it is spanned as in (2.9) by the basis 

l+x+l , l+x-l , l-X+l , l -x-l . (2.11a) 

But it may alternatively be spanned by the basis 
1 , a , a , a , (2.lib) 
' x y z ' 

including the unit observable and the Pauli operators. The use of 
(2.11b) defines the polarization representation. In this represen
tation, the 2 x 2 Hermitean density matrix is replaced by the set 
of 4 coordinates D u which are the averages of (2.11b), i.e., 1 and 
the average polarization vector <0>. The Hermiticity and positivity 
requirements on D are expressed by the fact that <0> is a real vec
tor, of length equal at most to 1. Thus, the physical quantities 
<0> enter directly the formalism. If the magnetic moment -a/2 (in 
suitable units) lies in a field B, the Hamiltonian is H S - B . O / 2 , 
and the Liouville equation (2.8) reads 

ir <a> = B x <o> , (2.11c) 
at 

exhibiting the Larmor precession better than the equation of motion 
of the density matrix. f 

Another example is provided by the Wigner representation, 
especially useful when quantum effects are weak. The Wigner trans
form Dw(x,p) of the density operator is introduced traditionally by performing a Fourier transform with respect to x'-x"l (the quan
tity 2x • x' +x" being kept fixed) on the elements <x' |D|X"> of 
the density matrix in the x-representation. Such a construction 
enters the general Liouville framework : indeed, as already indi
cated, the various Liouville representations result from one ano
ther by a linear transform over the operators ftf, and the Fourier 
transform on x'-x" is such a linear transform. More directly, we 
can construct the Wigner representation as a special case of 
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Liouville representation by making the following choice of basis 
OP in the space of observables. Let the index p * (x,p) denote a 
point in phase space (we restrict to a one-dimensional system for 
simplicity). From the conjugate observables x and p, we construct 
the observables 

fl(x,p) m h(2n)~ 2 I da d$ exp[ia(x-x)+ i0(p-p)] , (2.12a) 

labelled by the index u« (x,p) and whose algebra is generated by 
rx,p] • iH. In the classical limit, (2.12a) would become h ô(x-x) 
6(p-p), and ft(x,p) would be identified with the (classical) obser
vable associated with the probability density at the point (x,p) 
of phase space (with the measure dx dp/h). The observables (2.12a) 
are thus a quantum generalization of these classical observables 
localized in phase space. One can show as an exercise that they 
constitute a basis in the space of observables, and that (2.4) 
reads here 

A - h' 1 J dx dp A w(x,p) fl(x,p) , (2.12b) 

where the coordinates Aw are identified with the Wigner representa
tion 

A (x,p) - Tr fl(x,p) A (2.12c) 
w 

of A. One can also verify that (2.5) is identified with 

Dw(x,p) = <G(x,p)> - Tr fi(x,p) D , (2.12d) 

and the expression (2.6) of an expectation value as a scalar pro
duct is 

<A> - h" 1 J dx dp Aw(x,p) Dw(x,p) . (2.12e) 

This expression reminds classical statistical mechanics, D w play
ing the role of a probability distribution ; however, the positi-
vity of any <A^> is not expressed by the positivity of the func
tion D w(x,p). 

The Liouvillean formulation includes classical statistical 
mechanics as the special case in which the algebra (2.7) of obser
vables is cormiutative. In the phase space representation (which is 
the classical limit of the Wigner representation), D^ is recovered 
to be the classical probability density in phase space, while 
(2.8) is replaced by the classical Liouville equation involving a 
Poisson bracket instead of a commutator. Special features of quan
tum mechanics, such as the superposition principle or the uncer
tainty relations, are hidden in the structure (2.7) of the opera
tor algebra which interferes with the positivity constraint (c) 
on the coordinates D^ of the states. 



He have worked implicity in the Schrodinger picture, where 
the states evolve according to (2.8) and the observables remain 
fixed. In the equivalent Heisenberg picture, the states remain 
fixed and the observables evolve according to the equation 
i A = [A,H], which reads in the Liouville formulation 

1 \ ' \ L \ * ( 2 - 1 3 ) 

The Liouville operator L may act therefore either with its lower 
index on the states (eq.(2.8)) or with its upper index on the obser
vables (eq.(2.13)). We shall introduce other such objects having 
an upper and a lower index, called superopevators. They generate 
linear transformations either over the space of states (with their 
lower index) or over the space of observables (with their upper 
index). They are handled like the operators acting on a Hilbert 
space, but here the kets are replaced by density operators (states) 
and the bras by observables. 

The interest of the Liouvillean formulation lies in its flexi
bility. One can for instance decide to take such or such observa
ble of interest (for instance the component O z of a spin) as one 
of the operators of the basis ftu (such as in the choice (2.11b)); 
the corresponding coordinate D^1 will then be just the expectation 
<oz> of interest. This will be useful to split the set of obser
vables into relevant ones and irrelevant ones. 

In addition, although the Liouville equation (2.8) is equiva
lent to (2.3) for a choice (2.10) of the Liouville operator, its 
form is general enough to account for non-Hamùltonîan evolutions. 
For instance, the depolarization of a spin may be described by a 
relaxation equation 

£_ <o> = -y <o> , (2.14) 

which enters the Liouvillean framework (2.8), although no corres
ponding Hamiltonian exists : any evolution of the type (2.3) would 
conserve the length of <C>. A dynamics of the type (2.14) can be 
obtained either if the Hamiltonian contains a random part (several 
evolutions are possible and we have to take an average over them), 
or if the spin interacts weakly with other degrees of freedom. We 
need thus to work in the Liouvillean formalism whenever we are 
interested in the dynamics of some degrees of freedom, the other 
ones being eliminated. 

Notice finally that the Liouville equation (2.8) is formally 
simpler than its counterpart (2.3) in Hilbert space. Its explicit 
solution can be written in Liouville space as 

Dy(t) - U y

v(t,t 0)D
V(t o) , U(t,t0) - e"

i L ( t"*o> , (2.15a) 



which is equivalent to the solution 

D(t) - U(t,tQ)D(t )U(t ,t) , U(t,t ) = e ~ l H ( t " V (2.15b) 

in Hilbert space, but which involves only one evolution superopera-
tor U instead of the two evolution operators U of (2.15b). The 

, form (2.15a) allows in particular to take the classical limit. It 
also affords perturbation expansions having no equivalent in (2.15b), 
since nothing prevents to introduce in (2.15a) unperturbed Liouvil-
le operators L 0 not reducible to a form (2.10), such as the rela
xation Liouville operator (2.14). 

3. CONTRACTING THE DESCRIPTION 

The number of variables characterizing the state of a system 
is most often immense. These variables, the expectation values of 
all the observables, are represented in the Liouville formulation 
as the coordinates D^ of a point in a many-dimensional space (if 
the Hilbert space associated with the system has n dimensions, we 
need n* real numbers to specify D). Both experimentally and theo
retically, it is out of question in practice to describe the tra
jectory of this point. It is necessary to contract the description, 
i.e., to restrict to some limited number of variables, which should 
be chosen adequately by taking into account both experiment and 
known general characteristics of the dynamics. These variables are 
the expectation values of some selected observables, called accor
ding to the context collective, simple, relevant, macroscopic, 
coarse-grained,... . We shall most often use the term relevant. 

In the Liouvillean formalism, the relevant observables ui1 are 
some linear combinations oik ftV1 of the operators SP of the basis. 
Instead of characterizing the state by the whole set of coordinates 
nP m <$*> , we content ourselves with following only the small 
number of expectation values <u t>. We have thus to distinguish 
between a microscopic state, specified completely (albeit statis
tically) by the set of averages <fl̂ >, and a macroscopic state, in 
which the description is incomplete and limited to the knowledge 
at each time of the averages <(iil>. 

Geometrically, the relevant observables are represented by 
the points of a p-dimensional plane spanned by the set w' ,(*>%..yP 
in the space of observables (fig.l). In the space of states, the 
knowledge of the expectations <u)̂-> • wîj D*1 characterizes a plane A 
of codimension p (fig.2). All the points D of this plane are equi
valent from the viewpoint of the relevant variables. A microscopic 
state is represented by a plane A passing through D, the dimen
sionality and direction of which depend on the choice of the 
relevant observables. 



Fig. 1. The space of observables. An observable (2.4) is visuali
zed as a point in the vector space spanned by the basis 

,ft ... . The subspace of relevant observables is a 
plane, spanned by the observables w. We have chosen here 
two relevant observables u>, identified with the first two 
operators ft. The projector F of S 7 performs an orthogonal 
projection with respect to the metric referring to D 0 . 

The number and the nature of the relevant observables w 1 de
pend on the physical system, on the circumstances, and on the qua
lity of the approximations which one is ready to accept. One should 
include in this set the conserved observables (energy, momentum, 
angular momentum, number of nucléons), since the constraints impo
sed on the dynamics by their constancy are obviously essentialO). 
It is also natural to include the slow variables, which are the 
most accessible experimentally and the most significant theoreti
cally. In particular, the reduction to hydrodynamic variables is 
suited to situations in which the system remains locally close to 
equilibrium. In this case, the variables <ui*> characterizing the 
macroscopic state are chosen to be the densities at each point of 
conserved quantities (densities of energy, of momentum, of parti
cles, of charge). If the system is well described in terms of bro
ken invariances, one should select among the relevant variables 

(I) In particular, the unit observable will always be included 
in the relevant set and denoted by u>°. 



0 2=<fi 2>=<ui 2> 

D 1s<n 1>s<u 1> 

Fig. 2. The space of states. The knowledge of the variables <wt> 
characterizes a plane A. A completely specified state is 
represented by a point D, an incomplete description by the 
p"ane A. Among the points D of A, which are equivalent 
with regard to the collective variables <w>, the point D 0 

represents the reduced density associated with a minimum 
amount of information (§ 4). The surface R of reduced sta
tes is parametrized by the variables <u» or the multipliers 
A. With the metric of S 6, A and R are orthogonal. The tra
jectory of D is given by the Liouville equation, the resul
ting trajectory of D 0 by the generalized transport equa
tion (8.4). 

the order parameters (possibly the local order parameters). For 
instance, if a system is ferromagnetic, the states close to thermal 
equilibrium are characterized by the global or the local magnetiza
tion. Similarly, when pairing takes place, the dynamics should fol
low the motion of the pair <c a cg>. 

If a system is described as a collection of weakly interac
ting particles or quasi-partides, it is natural to disregard 
their correlations. The relevant observables are then the single-
particle observables. In classical mechanics, a basis u> for this 
set is \ 6-*(r.-r) ô3(p.-p), where j-1,... N denotes the particles, 

j J J 

V 



and the variables <u> are identified as the density f(r,p) of par
ticles in the one-body phase space. In quantum mechanics, taking 
as a basis u the set eg c a provides as relevant variables the expec
tation values p ag » <cjt ca>, which are the quantum mechanical 
counterpart of the density f(r,p). This correspondence is made more 
precise by taking as a basis in the single-particle space the ob
servables (2.12a), generalized in an obvious fashion to 3 dimensions. 
The average of these observables is a function f(r,p), which is the 
Wigner transform of Pgg, and the quantum equivalent of the parti
cle density in phase space. 

Nuclear physics makes an extensive use of the idea of contrac
ting the description, although with a more phenome no logical scope 
than here. Besides the examples just given, incomplete descriptions 
involving a smaller number of collective variables are of current 
use. One would like for instance to consider only the energy, the 
number of nucléons, and some variables characterizing the shape of 
the nucleus considered as a liquid drop. 

An important general problem in the dynamics of many-body 
systems consists in the establishment of the equations of motion 
for the relevant variables <wil> only. The equations (2.8) couple 
all the variable <QP> - W(t). We wish to follow the motion of 
a.subset containing only some of their linear combinations,<ut> = 
Up Wit), and to eliminate all other coordinates of D, extremely 
numerous and uninteresting. We shall sketch in the following the 
projection method, a general and systematic technique for perfor
ming this elimination once the relevant observables tii1 have been 
selected. 

4. REDUCED DENSITIES 

We have seen that the sole knowledge of the variables <tol> 
is not sufficient to specify the microscopic state D of the system, 
and that it characterizes but a plane A. A question then arises : 
among all the microscopic states D compatible with the given 
values 

<U)*> - w* D y - Tr (d* D , (4.1) 

which one is the least biased state D 0 that should be assigned 
to characterize the system ? This question is analogous to a stan
dard problem in statistics : which probability distribution should 
be assigned to a statistical ensemble of events on which only 
partial information is available ? When nothing is known, it is 
reasonable to associate the same probability with each possible 
event. The knowledge of some expectation values provides constraints 
on the probabilities. The probability law to be used for making 
further predictions should be compatible with these constraints, 
but otherwise should be as random, as widely spread, as possible. 



In order to decide which probability law is the least biased, it 
is necessary to be able to measure the bias, or the amount of ran
domness of a law, and to look for the maximum value of this ran
domness . 

In statistical mechanics, the role of the probability law is 
played by the density operator (2.1), the randomness of which is 
usually estimated by means of the statistical entropy, defined as 

S(D) - -Tr D In D = £ p In p . (4.2) 
n 

This quantity vanishes when the state is specified as much as pos
sible, i.e., for a pure state D » |i|i><î| . it is largest when all 
probabilities p^ are equal in (2.1), i.e., for a density matrix D 
proportional to the unit matrix. The form (4.2) is a consequence 
of the requirement of additivity : if a system is composed of two 
parts a and b, and if these two parts are uncorrelated, its density 
operator has the form of a tensor product D = D a 8 Db, and its as
sociated statistical entropy S(D) should be equal to the sum S(Da)+ 
S(Db) of the entropies of the two parts. The statistical entropy 
measures the dispersion of the distribution D. It may also be in
terpreted as a measure of disorder, or as a measure of the infor
mation which is missing because the state D is known only in a 
probabilistic fashion. 

It is therefore natural to select, as the microscopic proba
bilistic state representing the most adequately a system specified 
only by the variables (4.1), the density operator D 0 which renders 
the statistical entropy S(D) maximum subject to the constraints 
(4.1). This density operator D 0 is the least biased one in the 
sense of information theory, among the microscopic states D belon
ging to a plane A which represents the macroscopic state (4.1). 

By introducing a Lagrange multiplier X^ for each constraint, 
the research of a maximum entropy provides for D 0 the generalized 
canonical form 

D « exp[-X. »*] , (4.3) 
o t 

where the values of the parameters X^ are related to the expecta
tion values <uSl> through 

<j> - - jf- Tr expt-Xj J'] . (4.4) 

The normalization of D 0 is ensured by the constraint <w > • 1, 
where u>° is chosen as the unit observable. The density operator 
(4.3) is the one which corresponds to the largest disorder in the 
plane A. In the language of information theory, D 0 is the density 
operator in the family A which contains no more information than 
the minimum required to account for the knowledge of the variables 



Reduced densit ies of the form (4.3) are encountered in varied 
circumstances, depending on the choice of the relevant set of ob
servables. When the observables ai1 are the energy, the particle 
number and unity, D 0 is the gvccnd canonical equilibrium density 
operator. This equilibrium state is the most disordered one for 
given values of the constants of the motion. The corresponding 
multipliers A^ are identified simply in terms of the temperature, 
the chemical potential and the grand potential. In the reduced 
hydrodynamic description, for which the variables <uiz> are the 
densities of energy, momentum and particles, D 0 is a state of lo
cal equilibrium, and the multipliers are interpreted in terms of 
a local temperature, a local velocity and a local chemical poten
tial. In the quantum one-body reduction, D Q is an independent-
particle state. For a system composed of several parts, if the 
correlations between these parts are disregarded, the reduced den
sity D 0 is a tensor product of density operators related to each 
part. 

The reduced states D 0 of the form (4.3) are represented in 
the space of states (fig.2) by the points of a p-dimensional sur
face R. This surface is parametrized either by the variables <uit> 
themselves, or equivalently by the multipliers X^ which are rela
ted to the expectations <wl> through (4.4), and which often have 
a thermodynamic interpretation as we just saw. 

The above analysis applies in particular to the initial spate 
of a system. Preparing the system at the time t 0 amounts to pro
vide the values of some variables, and.it is natural to include 
these variables in the relevant set <uîl>. The density operator 
describing such a situation in a non-biased way has the form (4.3), 
in which Lagrange multipliers are introduced only for the quanti
ties given at the time t 0 . The other relevant quantities do not 
appear in this state D 0(t 0). Equivalently their associated multi
pliers \>i are set equal to zero. For instance a chemical potential 
vanishes if the associated particle number is not specified. 

At a later time, in a Hamiltonian evolution, the state is 
given by (2.15). Çxcept in special cases (for instance when all 
the observables w 1 are constants of the motion), D(t) will not 
retain the form (4.3) although we have D(t 0) • D 0(t 0) at the ini
tial time. The knowledge of the microscopic state D(t) then pro
vides the values <wl> of the relevant variables at the time t, 
and the associated macroscopic state is represented by a plane 
A(t) (fig.2). If we are only interested in the variables <u>̂ > , 
and if we disregard any other information contained in D(t), we 
are compelled to choose as a representative point in the plane 
A(t) the maximum entropy state D0(t) instead of D(t). We thus 
associate with the microscopic state D(fc) a reduced density D 0(t) 
defined by (4.3) and (4.4). With regard to the useful information, 
the densities D(t) and D0(t) are equivalent, since they provide 
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the same values for the variables <w >. However, D(t) involves a 
statistical bias with respect to the other (irrelevant) variables, 
which has been introduced by the dynamics. Contracting the descrip
tion leads to follow two trajectories in the space of states (fig. 
2). The Hamiltonian trajectory of D(t), generated by the equation 
of motion (2.8), represents the evolution associated with a comple
te statistical description. The trajectory of the corresponding 
reduced density D 0(t) represents the evolution associated with the 
considered incomplete description. Although the trajectory of D(t) 
is easier to characterize formally, it contains lots of irrelevant 
information. The trajectory of D 0(t) in the surface R of reduced 
states, or equivalently the motion of the relevant variables <w l>, 
or of the parameters \^, is the only dynamics of interest. We shall 
write in S 9 this dynamics, eliminating the irrelevant parts of 
the microscopic state D(t). 

5. RELEVANT ENTROPY RELATIVE TO A SET OF VARIABLES 

The statistical entropy S(D) defined by (4.2) is identified 
in the textbooks of statistical mechanics with the entropy of ther
modynamics, at least when D describes an equilibrium situation. 
However, during the Hamiltonian evolution of an isolated system, 
the statistical entropy (4.2) remains constant in time. Indeed, 
(4.2) and (2.3) yield 

S = -Tr D(ln D +1) » i Tr[H,D](In D +1) 
= i Tr H[D,(ln D+l)] - 0 . (5.1) 

This property seems to contradict the second principle of thermo
dynamics, and constitutes the paradox of irreversibility. 

In order to solve this paradox, let us remind that the con
cept of state in thermodynamics is a macroscopic one. Consider for 
instance a situation in which two systems a and b, initially at 
thermal equilibrium but at different temperatures, evolve slowly 
towards an overall equilibrium, by means of heat exchanges through 
the wall which separates them. We assume this wall to be thin 
enough to retain no energy, but not much permeable to heat. At each 
time, the thermodynamic variables characterizing the state of the 
system are the energies E a and Ej, of each part. The thermodynamic 
entropy is the sum S a + S D of the entropies of both parts, each 
one evaluated as if the subsystems were at equilibrium at the con
sidered time. At the microscopic level, the energies E a and E D are 
the expectation values <Ha> and <H^> of the Hamiltonians of the 
subsystems. The total Hamiltonian involves in addition a very 
small coupling term responsible for the energy (heat) exchanges 
between a and b. A contraction of the description in which the 
only relevant observables are taken to be Hfl and Hj, (and the unit 
observable) provides at each time a reduced density (4.3) of the 



form 

D o » e* P[-6 aH a - e ^ - Ç] . 

The multipliers B a and 3̂ , are identified with the inverse macros
copic temperatures of the subsystems a and b, and Ç is a normali
zation factor. Since D Q is factorized into two parts D^ 8 D^, its 
associated statistical entropy (4.2) is of the form S a + S D, where 
S a and St, are the equilibrium entropies of each part : 

S «* -Tr D a In D a n a - exp[-B H -ç 1 . 
a o o * o r a a a 

We recover therefore in the framework of statistical mechanics the 
properties postulated in thermodynamics and observed at the macros
copic scale, provided we describe the microscopic state by the re
duced density D 0(t), instead of the density D(t) evolving along 
the Liouville-von Neumann equation (2.3). This replacement has no 
incidence upon the macroscopic variables E a(£) and Ej,(t). It is 
however necessary for a correct microscopic interpretation of the 
thermodynamic entropy and of the temperatures of the subsystems a 
and b (which in the state D(t) are not quite at thermal equilibrium), 

More generally, the thermodynamics of a system evolving in the 
vicinity of equilibrium requires that the system can be divided 
into volume elements small enough to be nearly homogeneous and 
nearly at equilibrium. From the viewpoint of statistical mechanics, 
this means that a hydrodynamic contraction of the description has 
been performed, the whole set of microscopic variables being repla
ced by the sole densities of conserved variables(energy, momentum, 
particle number). The correlations between volume elements have 
in particular been disregarded. Here again, whereas the statistical 
entropy S(D) associated with D(t) remains constant in time along 
the Hamiltonian evolution (2.3) of D(t), the thermodynamic entropy 
(which is defined as the sum of the entropies of each volume ele
ment) should be identified with the statistical entropy S(D Q) as
sociated with the reduced density D 0(t) pertaining to the hydro-
dynamic contraction. Nothing prevents then this entropy from in
creasing. 

The interpretation of statistical entroj... as a missing infor
mation helps to understand better the connection between macros
copic thermodynamics and statistical mechanics. The full density 
operator D of a system at a given time gathers all conceivable 
predictions, and its associated entropy S(D) measures the amount 
of missing information corresponding to this (statistical) know
ledge. Among all.states equivalent to D with regard to the expec
tation values <iiil>, the reduced density D 0 has been defined by 
expressing that the statistical entropy S(D0) is largest. This 
quantity is interpreted as the missing information associated with 



the sole knowledge of the expectations <wl>. It is a function of 
the variables <ul> (or equivalently of the multipliers Xv), given 
by (4.2), (4.3) as 

S(<W>) - S(D ) = X. <o)t> , (5.2) o % 

where the A^ and the <a)l> are related by (4.4). Returning to the 
state D itself, we may also interpret S(<u>) as a relevant entropy 
of the state D relative to the observables <w*>. The difference 
S(<oi>) - S(D), which is positive by construction, is interpreted 
as the information lost when disregarding the irrelevant variables 
other than <ul>. 

The constancy in time of S(D) expresses that we lose no infor
mation when following the Hamiltonian motion of all the variables 
Df » <ftu>. However, we are interested in practice in a smaller num
ber of relevant variables <ut>, and the corresponding missing infor
mation or relevant entropy S(<u>>) may rise. We can thus interpret 
dissipation as a leakage of information from the relevant towards 
the irrelevant degrees of freedom, produced by their coupling. The 
total information is conserved, but part of the relevant informa" 
tion may be lost by flowing towards the irrelevant variables. Dis
sipation takes place because we are discarding some information, 
associated with degrees of freedom considered as inaccessible. 

The entropy of non-equilibrium macroscopic thermodynamics, 
defined by dividing the system into small elements, has been iden
tified as the relevant entropy relative to the hydrodynamic densi
ties. However, the above analysis allows to face situations beyond 
the scope of thermodynamics. For instance, the interpretation of 
spin echo experiments in magnetic resonance or the understanding 
of Boltzmann's H-theorem rely on various relevant entropies, as
sociated with different choices of the observables ui1 considered 
as relevant. The concepts of disorder and of dissipation present 
thus a relative and even anthropomorphic character, depending on ^ 
the variables <w l> on which we focus. Disorder (at a given time) 
is relative to the variables on which information is available, 
and is measured by the associated relevant entropy S('u>). Dissi
pation during the evolution also depends on a selection of rele
vant variables, and is measured by the rate of decrease dS(<w>)/dt 
of the useful information relative to these variables <uil>. 

6. METRIC STRUCTURE OF THE SPACES OF STATES AND OBSERVABLES 

In sections 4 and 5, we have not taken full advantage of the 
Liouville formulation. Actually, the statistical entropy S(D), 
which is a function of the coordinates Df of D, has a simple expres
sion (4.2) only in the Hilbert space representation (2.9). Accor
dingly, the expression (4.3) of Che reduced densities D 0 also came 
out written in the Hilbert space representation of states as 



density matrices. Expressing quantities such as S(D), D 0 or S(D0) 
in arbitrary Liouville representations requires a rather complicate 
change of basis, and the reader may wonder why we have bothered to 
introduce such more general representations. The interest of the 
Liouvillean formulation will become apparent soon, when we shall 
need to introduce superoperators acting on the spaces of observa
bles or of states. 

The consideration of entropy in the Liouvillean framework 
allows us in addition to enrich the geometric structure of the 
spaces of states and of observables represented by figs. 1 and 2. 
In S 3, these spaces have been defined as two dual vector spaces : 
the only existing structure was the scalar product (2.6) of an 
element of one space by an element of the other. It was not possi
ble to consider the scalar product between two elements of the 
same space ; there was no metric. In order to define in a natural 
fashion a metric in the space of states, we notice that, besides 
the scalars (2.6), there exists another scalar, i.e., another quan
tity which is invariant in a change of basis, namely the entropy 
S(D). For an infinitesimal variation ÔD of D, the second differen
tial of S which reads in the Hilbert space representation 

d 2S - - Tr 6 In D 6D (6.1) 

is a quadratic form in ÔD. In an arbitrary Liouville representa
tion, ÔD is represented by its coordinates 6D^, and (6.1) has the 
form 

d 2S » - G v ÔD P 6D V (6.2) 

where G is some known function of the point D. The reader will 
check as an exercise, by evaluating G in the Hilbert space repre
sentation, that the matrix G„ v is symmetric and positive (for 
Hermitean density matrices). This expresses the concavity of entro
py. Therefore, (6.2) defines a Riemannian metric, with G y v and 
its inverse G W as metric tensors. 

The existence of a natural metric allows to define distances 
between neighbouring states, and angles between two directions in 
the space of states. The tensors Gy V and GV V define local canoni
cal isomorphisms from one space to the other. In particular, the 
coordinates of 6 In D considered as an element of the space of 
observables are related to 6D by 

6 In D - G ÔD V . (6.3) 

The metric tensor G*™ also defines the scalar product of tuo obser
vables AC) and A w as 

Gyv A ( l ) A (2) ( 6 # 4 ) 



This quantity depends on the state through G. 

We have noticed (fig.2) that a plane A representing a macros
copic state and passing through the microscopic state D intersects 
the surface R at the point D 0 representing the reduced state asso
ciated with D. It is an easy exercise to show that the plane A and 
the surface R intersect at D Q perpendicularly with respect to the 
metric tensor Gp V(D Q). Therefore, the correspondence between D and 
D 0 defined in f 4 can be visualized as an orthogonal projection of 
the microscopic state D onto the surface R of reduced states. In 
the sense of the metric just defined, D 0 appears not only as the 
point of the surface R of reduced states which has the same coor
dinates <ut> as D, but also as the point of R which is the closest 
to D. 

7. PROJECTION IN THE LIOUVILLE SPACE 

We are going to take advantage of this remark and deduce from 
the Liouville equation of motion (2.8) for D(t), namely 

i D - L D , (7.1) 

the equation of motion for its associated reduced density D Q. The 
latter is defined by its form .(4.3), and by the identity between 
the expectations <0Jt-> as expressed by (4.4) and as evaluated with 
D. Having set 

D » D o + Dj , (7.2) 

we thus wish to eliminate Dj. 

We have just seen that D 0 is the orthogonal projection of D 
onto R. The mathematical object performing this projection, the 
projector P^v, is a superoperator (f 2). The above geometric consi
derations suggest that P should be constructed from the metric ten
sor 6ijv(D0) with respect to which the angle of Dj « D-D 0 with the 
surface R is evaluated. Thus, the projector ? depends on the point 
D 0 itself. One can check as an exercise that the explicit expres
sion of P is given as follows. Let us denote by (•& (as in S 3) the 
components of the relevant observables w 1 on the basis ÎÏM (with 
ial « fa&ft ), and let us consider the components DH of D 0 as func
tions of the averages <ui> through (4.3) and (4.4). The projector 
P associated with the metric 6y V at the point D 0 is then 

3D^ . , . 
F»1 - - i - • £ . rf «J . (7.3) 

v 3<c/> v z v 

It is easy to verify that the superoperator defined by (7.3) 
is a projector, i.e., that it satisfies 

(7.4) 



Indeed, the objects 

3 D 3D 3 X. 
a. * — = -5*— s— 

x 3<a)l> 3 A j 3<a)l> 

span a subspace of the space of s tates which i s the tangent plane 
to R at the point D . This subspace, the relevant subspace of sta
tes (which depends on D 0 ) , can be considered as the dual of the 
relevant subspace of observables spanned by the set w*. The pro
perty 

(b) ;o.) - TJ-T— ~ • 5 - (7.5) 
1 3 A J 3<w*> * 

is easily checked and it implies 

i* pp = OÏ u>k oe «* « oH «* « p^ 
p v fepiv * v v 

Because the unit observable u belongs to the relevant subset, 
we get from (4.3) D 0 * -3D 0/3X 0. Hence D 0 is a linear combination 
of the elements O^, and we have 

P D - D . (7.6) 
o o 

Moreover, taking.into account the identity between the expectation 
values <W^> » (w*-;D) - <w*;D 0), we get from (7.3) PD « PD 0 = at-<w*>, 
and therefore P realizes as anticipated the correspondence from D 
to D Q : 

P D - D . (7.7) 
o 

The superoperator P y acts with its upper index on the obser
vables, and AP is some linear combination of the relevant obser
vables (i)1', depending on the state D 0, and given by 

A P - (A;a.) M * . (7.8) 

In the sense of the metric G (D Q), it may be checked that AP is 
the orthogonal projection of A on the relevant plane (fig.l). In 
other words, AP is the relevant observable closest to A. In par
ticular, the projector P leaves the relevant observables invariant: 

w* P - w* . (7.9) 

We are now in position to project the equations of motion 
(7.1) and get the dynamics of D Q (or equivalently of the <w'

t>, or 
of the X^). Let us introduce the projector Q. complementary to V, 

d- I - P (7.10) 



where I is the unit superoperator. The equations (7.2),(7.6) and 
(7.7) read 

D Q * P D , Dj = £ D (7.11) 

By taking the derivative of (7.11) and using (7.1), we get the set 
of coupled equations for D and D. : 

i D - PLPD + iPD + Pi-«2D. , (7.12) o o o *• 1 * 
i Dj - (U£Dj - i P D Q + <UPD o . (7.13) 

The projectors P and Q. depend on time seIf-consistently through 
D 0, which enters the definition (7.3) of o^. He made use in (7.12), 
(7.13) of the property 

p = dp ? = -k f (7.14) 
a consequence of (7.3),(7.4),(7.10) . 

8. MEMORY KERNEL 

It remains to eliminate from (7.12) the complicated part D] 
of the state D in order to obtain the motion of the simple part D Q . 
This elimination can be performed formally by introducing the 
Green's function ill(t,t') associated with the equation (7.13), which 
is defined by 

i §£ W P
v(t,*') - [QLQfp «%<*,*•) , (8.1) 

and by the initial condition at t = £' : 

v\(t,t') - a y
v(f) . (8.2) 

The superoperator W plays the role of an evolution superopera
tor, in the irrelevant space characterized by the projector Q. It 
is similar with the complete evolution superoperator U entering 
(2.15a) and associated in the Liouville space to the equation of 
motion (7.1) : U would result from the replacement of Q. by unity 
in (8.1) and (8.2). The superoperator W is also termed the memory 
kernel, because as we shall see it describes memory effects due to 
the coupling between the relevant and the irrelevant spaces. 

It is easy to check that the formal solution of (7.13) can 
be expressed in terms of W as 

D,(t) - W(*,to) D,(to) • J df W(t,t')[-P-idLP]Do(t,),(8.3) 
o 

for a given initial value D.(t ). We have indicated in f 4 that D 



should take the reduced form (4.3) at the initial time. Hence, 
D](t 0) vanishes, and only the second term of (8.3) exists. 

By inserting (8.3) into (7.12), we get an integro-differential 
equation of motion for D 0 : 

i D Q = (PLP+iP)D o-PL£ At1 W(t,t')(P + ïQLP) Do<t') . (8.4) 

o 
The dynamics of the variables <iiil> is obtained by taking the scalar 
product of (8.4) with di1, which provides 

i |^ <hi%> « <j LP> + (w* L ; D ^ , (8.5) 

where D. should be replaced by (8.3). 

The first term of (8.4) describes an evolution which would be 
generated by the part PLP of the Liouville operator acting within 
the relevant space. The second term, involving P, arises from the 
motion of the relevant space (spanned by the moving frame a). The 
remainder is a memory term. Its factor P + i QLP • Q.(P+iL)P couples 
D 0(t') to the irrelevant sub space at any time t' between t Q and t . 
The kernel W(£,t') then describes a truncated evolution in this 
irrelevant subspace. The last coupling factor PLQ, leads back to 
the relevant space at the time t. 

Notice that the last factor in (8.4) is also equal to 

(P+i£LP)D o - a(D 0 + iLD o ) , (8.6) 

where we made use of (7.6). It is therefore small, and retarded 
effects are weak, if D 0 follows a trajectory close to the Hamil-
tonian flow D • i LD » 0. 

9. GENERALIZED TRANSPORT EQUATIONS 

The equations (8.4), or (8.5), or the equations of motion for 
the variables X^ (deduced from (8.5) and (8.3) through use of 
(4.4)), take varied forms, depending on the nature of the relevant 
observables wi1. Since we are restricting ourselves to the concep
tual aspects, we refer to the literature'»2, which is extremely 
rich, for the applications to such or such problem of statistical 
mechanics or to such or such many-body system, as well as for the 
discussion of approximation techniques. We shall only illustrate 
the flexibility of the method by alluding to a few examples. 

In the hydrodynamic contraction, the time-derivatives <w> 
represent the variations of the densities at a given point of each 
conserved quantity. The right side of (8.5) is identified with the 
divergence of the flux associated with the transport of energy, 
matter or momentum causing the variation of the local density. For 
charged particles, (8.5) describes similarly the macroscopic charge 



transport. The transport coefficients are obtained in such cases 
by expressing the right side in terms of -he variables X, which 
are related to the local temperature, tht» local velocity or the 
local electrochemical potential, and by working out the expressions 
so as to exhibit the gradients of such quantities. In the linear 
regime, it is sufficient to stop the gradient expansion to lowest 
order. The ratio between flux of conserved variables and gradients 
of variables X then definesthe thermal or electrical conductivity, 
the viscosity, the diffusion coefficient, and any other transport 
coefficient. 

When the observable o> is a projector on a region of Hilbert 
space characterized by some property, its expectation <iùL> is the 
probability that this property be satisfied. The equation of mo
tion (8.5) for <U)l> is then interpreted as a balance equation, of 
the type of the Pauli master equations. 

The formalism is also suited to the study of open systems, 
interacting with sources or external baths through a coupling 
vhich produces exchanges of energy (or of particles, or of any 
other conserved quantity). The observables w 1 suited to account 
for such situations are the collection of all observables of the 
open system, plus the Hamiltonian (or the other conserved observa
ble considered) for the union of the system with the reservoirs. 
The equations (8.5) are then the equations of motion of the open 
system. For instance, if the system is a spin which may exchange 
energy with other degrees of freedom behaving as a thermal bath, 
these equations are directly adapted to the study of magnetic 
resonance. The coupling between the spin and its surroundings is 
responsible for the relaxation. Similarly, if the system is an 
atom, and if its surroundings are the vacuum with which it may ex
change photons, the formalism is suited to .the study of emission 
and absorption of electromagnetic radiation, and in particular of 
line shapes. 

Similarly, for a Brownian classical particle, heavier than 
the particles of the fluid in which it is moving and with hich it 
exchanges energy through collisions, a possible choice of élevant 
observables is 6^(r-r) 6^(p-p) together with the overall Hamilto
nian of the particle and the bath. The averages of these observa
bles represent the probability f(r,p) that the particle lies at 
the point (r,p) of phase space, and the overall energy. The equa
tion of motion (8.5), (8.3) is a generalized Fokker-Planck equation 
for the evolution of the probability f(r,p). 

It is also possible to derive generalized Langevin equations 
by applying the projection method to the equation of motion (2.13) 
in the Heisenberg picture. An observable A, which depends now on 
time, is split into its relevant part A? given by (7.8) and its 
irrelevant part AQ. The t'ne-derivative of A appears then as the 
sum of 3 terms, an instantaneous term in the relevant space, a 

» 



random force evolving in the irrelevant space with the kernel ill, 
and a retarted friction term arising from the coupling between 
both spaces. The last two terras are related by a generalized fluc
tuation-dissipation theorem, a relationship which may be useful 
when writing Langevin equations on a semi-phenomenological basis'»2. 

Notice that, in agreement with the remarks made in the intro
duction, the elimination of the irrelevant variables has led to 
the generalized transport equations (8.5) which present important 
qualitative differences with the original microscopic Liouville-
von Neumann equation. The transport equations are non-linear, 
through the dependence of P and W on the state D 0 . They involve 
retardation effects governed by the memory kernel W. They present 
a classical structure : while the quantum mechanical character was 
obvious on the matrix form of the Liouville equation (2.3), the 
transport equations (8.5) do not have a different structure for 
classical and for quantum,systems. Finally, as discussed in S 5, 
the relevant entropy S («•)*>) may increase, in contrast tc the 
microscopic entropy S(D). Dissipation has been introduced when 
going from the microscopic detailed description to the macroscopic 
description involving only the relevant variables. 

10. MEAN-FIELD APPROXIMATIONS 

The generalized transport equations (8.4) or (8.5) are exact. 
They contain however the memory kernel W defined by (8.1),(8.2), 
which is very complicated, because the irrelevant space in which 
QLQ_ and W act has an extremely large number of dimensions. It is 
therefore always necessary to resort to approximations or to pheno-
menological assumptions. 

The simplest approximation consists in-neglecting the second 
term of (8.5) which describes the coupling between relevant and 
irrelevant spaces. This decoupling leads to the approximate equa
tions for the relevant variables : 

1- <J-> - -i <wlLP> - -Kci^D ) . (10.1) at o 
The observable -iu L • ,-i[u ,H] is interpreted as a velocity or a 
force associated with w l. The right side of (10.1) accounts only 
for its projection on the space of relevant observables (fig.l), 
which is interpreted as an average, non-fluctuating part of the 
total force -i [u^,H]. The equations (10.1) are non-linear .diffe
rential equations involving only the relevant variables <u>l> . The 
retardation terms which described the coupling with the irrelevant 
space have been dropped, and the retained instantaneous terms beha
ve as a mean field. 

The dissipation rate of the relevant entropy (5.2) is equal to 



h s ( < u > ) - - dV T r D o l n D o - "Tr K l n D o 
m \ h < ^ > - (,0-2) 

The approximation (10.1) provides, together with (4.3), 

4r S(<u)>) - i(ln D L;D ) - i Tr tin D ,H]D av o o o o 

= i Tr H[D ,ln D ] - 0 . (10.3) 
o o 

A mean-field evolution (10.1) produces therefore no dissipation. 
Dissipation arises from the coupling between relevant and irrele
vant degrees of freedom. It should be remembered that this coupling 
involves the memory kernel : hence, dissipation is the result of 
retardation effects. 

The mean-field approximations are self-consistent and non
linear, although instantaneous. These properties appear as a result 
of the elimination of the irrelevant part Dj of the density opera
tor, and of the approximation naturally induced by the projection 
method. 

As an exercice, the reader may recover the time-dependent 
Hartree-Fook equations#in the present framework by selecting as 
relevant observables 0)r the single-particle operators c? c„ (and 
the unit observable). The reduced densities D 0 defined by (4.3) 
are then the independent particle densities exp[~Eag^gcjj Cg-m]. 
The expectation values of the relevant observables p ag "<cï c a> 
are the Wick contractions with respect to D Q (and unity). By expres
sing an observable A as a sum of Wick normal products with respect 
to D 0, it can be shown that the projector P "associated with D 0 , 
when applied to A, keeps unchanged the normal products involving 
either 0 or 1 pair of non-contracted creation and annihilation 
operator, while suppressing the normal products involving more 
non-contracted operators. The mean-field approximation (10.1) is 
then identified with the time-dependent Hartree-Fock approximation. 

A similar construction provides mean-field equations for any 
set of relevant observables ui1 chosen beforehand. In order to work 
out the formalism, the only technical requirement is the possibi
lity of expressing explicitly the variables X^ in terms of the 
<wil> by means of (4.4), i.e., we need to evaluate the generalized 
partition function 

Tr exp[-X . w ] 
t 

Once this is done, the construction of the projector P is straight
forward and the approximate equations follow. 

The mean-field equations associated with the hydrodynamic 



contraction of the description are dissipationless transport equa
tions equivalent to the set of the Euler equations and conservation 
equations. If the observables vfl- describe occupation numbers of 
fermions in single-particle states, dissipqtionless balance equa
tions are obtained. If these observables o>1 are chosen as collec
tive variables characterizing for instance the deformations of 
a nucleus together with the conjugate momenta, the mean-field 
equations will describe a dissipationless collective motion, having 
a classical structure although quantum mechanics is properly taken 
into account. 

11. PERTURBATION METHODS AND SHORT-MEMORY APPROXIMATIONS 

The dissipative term of the exact transport equations (8.A) 
or (8.5) is difficult to evaluate for two reasons. On. the one hand, 
it involves the memory kernel W defined by the equations (8.1), 
(8.2), which are practically impossible to solve. The evolution 
superoperator W is even more complicate than the full evolution 
superoperator U, since it depends self-consistently on the projec
tor &. On the other hand, even if W were known, the dissipative 
term of the transport equation would be difficult to handle in view 
of its retarded character. 

The first difficulty is usually overcome either by simulating 
W with more or less crude approximations presenting the expected 
behaviour, or in more elaborate treatments by resorting to various 
types of perturbation methods*»2, that we restrict ourselves to 
list here. If the equations (8.1)(8.2) can be explicitly solved 
for an unperturbed Liouville operator LQ not too different from L, 
expansions in terms of a coupling L-LQ may be used. In regimes 
close to equilibrium, it is natural to take as an expansion para
meter the deviation from equilibrium. This allows to make use of 
a simpler unperturbed metric and a simpler unperturbed projector, 
referring to the equilibrium state rather than to the time-depen
dent reduced state D 0 . Similarly, in the regimes considered in 
non-equilibrium macroscopic thermodynamics, the small quantity is 
the deviation from local equilibrium. In such hydrodynamic regimes, 
the natural expansion parameters are the affinities, defined as 
the gradients of the intensive variables X^(temperature, chemical 
potential, local velocity), which vanish in the state of global 
equilibrium. To lowest order, this expansion provides again the 
dissipationless hydrodynamic equations, previously obtained as 
mean-field equations in the projection method context. To first 
order, hydrodynamics in the linear regime is deduced from statis
tical mechanics, and explicit expressions for the transport coef
ficients are obtained. An example of such a treatment, for a 
classical gas, is the Chapman-Enskog solution of the Boltzmann 
equation. 

The second difficulty, the retarded character of the dissi
pation, is usually by-passed through a suitable choice of the 



relevant observables bi1. It i s required that the characteristic 
time-scales associated with the dynamics of the variables <ur> 
are much larger than the time-scales associated with the motion 
of the irrelevant variables. This requirement i s natural : c o l l e c 
t ive or macroscopic variables <o>t> should evolve more slowly than 
the other variables . 

If th i s condition i s f u l f i l l e d , the kernel W(t , t ' ) which des
cribes the motion in the irrelevant space has very short characte
r i s t i c t ime-scales . In addition, since i t involves a very large 
number of degrees of freedom, i t i s expected t o have a rather 
errat ic behaviour as t-t* increases. Thus, in the integral of (8 .4) , 
W(t,t*) o s c i l l a t e s rapidly with t-t*, while the last factor given 
by (8.6) i s a slowly varying function of £ ' . The contributions 
from large values of t-t* interfere destructively, and we may re
place t1 by t in the factor (8.6) of ( 8 . 4 ) . Moreover, in the same 
short-memory approximation, the time-dependence of Q.(t) may be 
disregarded in the equations (8 .1 ) (8 .2 ) defining W, which are then 
solved formally as 

» ( * , * ' ) ~ d ( t ) exp[-i<U<? ( t - f ) ] . (11.1) 

Integration over t' provides a factor [i Q, L Q.+- 0] , the inverse of 
the Liouville operator in the irrelevant space (the term + 0 is 
introduced to account for the vanishingly small real eigenvalues 
of Q.LQ). Insertion in (8.4) finally yields 

i D - (PLP + iP)D + i P L < n ! H ! K o r 1 ( P + i ( U P ) D o • 

(11.2) 

The exact integro-differential operator.(8.4) has thus been 
replaced in the short memory approximation by a differential equa
tion involving only one time t. Besides the mean-field term, (11.2) 
contains a term which comes from the coupling with the irrelevant 
variables . The form of this approximate term w i l l be adequate i f 
the separation of the variables into a relevant and an irrelevant 
set implies also a clear-cut separation in the t ime-scales . 

I t can be shown » 2 that, in rather wide circumstances, the 
second part of (11.2) produces dissipation, i . e . , , a n increase of 
the relevant entropy re lat ive to the variables <wfî,>. This fact i s 
understood by reminding that the irrelevant variables have short 
time-scales and are extremely numerous. When the coupling trans
fers some amount of information from the relevant to the i rre l e 
vant s e t , th i s information remains trapped : i t gets los t in 
experimentally inaccessible degrees of freedom, from which i t 
cannot usually return in a f in i t e time. This produces an irrever
sible transfer of disorder from the complicated towards the simple 
variables. 



Dissipation, which is in principle a retarded phenomenon, 
appears as instantaneous in the considered approximation. In parti
cular, in the hydrodynamic regime, the only slow variables are the 
densities of conserved quantities, and hence the short-memory appro
ximation is justified. This is why hydrodynamics, heat or charge 
conduction, in situations to which we are accustomed at the macros
copic scale, can be described in terms of instantaneous transport 
coefficients. 

An interesting exercise consists in applying the above forma
lism to the classical Brownian motion of a particle in a fluid'»^. 
Various equations, usually written on the basis of phenomenological 
arguments, will thus be recovered by using the short-memory appro
ximation in the generalized transport equations after some choice 
of relevant observables has been performed. He have already indica
ted (S 9) which choice leads to the Fokker-Flanck equation. If the 
set of observables a1 is restricted to 6^(r-r) and to the overall 
energy, (11.2) provides for the density of Brownian particles in 
ordinary space a diffusion equation. If the choice is further res
tricted to the momentum p of the Brownian particle and to the 
overall energy, (11.2) describes the slowing down of the Brownian 
particle by a friction force proportional to its velocity. 

For less simple problems, an explicit evaluation of the dissi
pa tive term of (11.2) may still remain impossible in practice, 
and more or less coarse approximations are further required. For 
instance, by neglecting the structure of the Liouville operator in 
the irrelevant space, (11.1) may be simulated as 

W(t.fc') *d(*) e" (*"*' ) / T , (11.3) 

where T is a unique short time characteristic of the evolution 
in the irrelevant space. By working out (11.2), we obtain then the 
relaxation time approximation for the transport equations, 

<£*> »-i <[(/,H]>-T <[[(/,H]a,H]> , (11.4) 

where the averages are meant on D Q. We could imagine accounting 
better the structure of QL(l by introducing several relaxation ti
mes, or form factors, or by combining (11.2) with a perturbation 
expansion. For instance, a dissipative term can be introduced in 
this fashion in the time-dependent Hartree-Fock equation. 

These examples illustrate tht usefulness of the exact gene
ralized transport equations (8.5). Although these equations as 
they stand cannot be dealt with explicitly, various approximation 
schemes may be worked out on them, discussed, and hopefully justi
fied. The projection method is thus a guide to a safe phenomenology. 
It helpd to analyze better the approximations leading to the dyna
mics of a reduced set of variables, to keep some control on these 
approximations, and to derive improved new approximations. 



12. CONCLUSION 

The method which we have sketched constitutes a general, power
ful and systematic approach to the dynamics of many-body systems. 
It relies crucially upon a choice of variables considered as the 
most representative, either because their characteristic time-scale 
is the largest or because they are weakly coupled to the rest. This 
possibility of choice brings in a great flexibility, while the exis
tence of a general theoretical framework allows the unification of 
various approximations and a better understanding of their meaning. 

However, not only the technical tools, reduced density, pro
jector, memory kernel, depend on the choice of variables conside
red as relevant, but the concepts themselves are relative to this 
choice. For instance, the temperature of a system off-equilibrium 
is defined naturally as the inverse of the Lagrange multiplier B 
associated with energy, but the value of this multiplier depends 
on the number and on the nature of the other observables w*. The 
entropy is also, as we have seen, a relative quantity : we have 
distinguished the detailed entropy S(D), associated with the whole 
algebra of observables and remaining constant, from the relevant 
entropy relative to the hydrodynaoic densities, which is larger 
and which is identified with the thermodynamical entropy. For a 
gas, Boltzmann has also introduced another relevant entropy, inter
mediate between the latter entropies, and relative to the single-
particle observables. This entropy disregards the information con
tained in the correlations between the particles of the gas, and 
the H-theorem of entropy increase applies to it. 

Thus, dissipation depends on the level of description. The 
larger the number of degrees of freedom studied, the weaker the 
dissipation is. Some choices may even give rise to a negative 
dissipation : in a spin echo experiment, the relevant entropy 
relative to the average magnetization of the sample increases 
during the relaxation process, but it decreases after the impulse 
which rotates the spins by ir. Such a phenomenon is the signature 
of an inadequate description : it indicates the existence of hidden 
Variables, able to restore some information which they have stored 
up. Such variables must be taken into account for understanding 
the observed dynamics. 

REFERENCES 

1. R. Balian, Y. Alhassid et H. Reinhardt, Physics Reports, in 
preparation. This article treats with more details most of 
the themes presented here, and includes a bibliography. 

2. The projection method underlies many articles, quoted in the 
books of F. Haake, Statistical treatment of open systems by 
generalized master equations, Springer Tracts in Modern Phy
sics, vol. 66 (Berlin, 1973) and of H. Grabert, Projection 



operator techniques in non equilibrium statistical Mechanics, 
Springer tracts,vol. 95 (Berlin, 1982), as well as in the 
review article of 0, Penrose, Hep. on Progress in Phys. 42 
(1979) 1937. It has been introduced by S. Nakajiaa, Progr. 
Theor.Phys. 20 (1958) 948, by R. Zvanzig, J.Chea.Phys. 33 
(1960) 1338 ; Physica 30 (1964) 1109, and by H. Mori and 
K. Kawasaki, Progr.Theor.Phys. 27 (1962) 529. Its Metric in
terpretation is given in ref. 1. 


