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I. INTRODUCTION

Supergravity theories in six [1,2], seven [3], eight [It], nine [5],

ten [6,'f] and eleven [8] dimensions have been constructed. No compactifioations

to maximally symmetric four-dimensional spa.ce-time have been found so far for

the theories ofRef s .[1,3,5,7]« In this paper we study the d = 7 supergravity

theories [3], and ve find that there exist certain compactifications to d = U

of the gauged H = 2 supergravity with the topological mass term [3.b], as well

as of the gauged N = h supergravity in d = 7 [3.a], provided that the usual

Freund-Rubin ansatz [9] is abandoned, in the sense that the fourth rank field

strength is identically zero: F-nipQ = ° (M. = °»1>•••,6).. Furthermore

the gauge fields of an S0(3) sector of the Yang-Mills group in D = 7 super-

gravities [3a,b] are identified with the spin connection of the internal

manifold [lO]. The theories ofRefs.[3d,e] do not seem to admit such

compactifications. However, there is a possibility of finding a a-model

induced compactification [11] to (Minkowski)^ x Tear Drop x S of the ungauged

N = 2 d = 7 theory coupled to a single vector multiplet. This is elaborated in Sec.V.

Our results are tabulated at the end of this section.

The fact that the fourth rank field strength (in particular F v 0»

U = 0,...,3) had to vanish in the d = 7 compactifications motivated us to

search for compactifications of the d = 11 supergravity to d = h where the

same thing happens. We find that with vanishing F , but non-Vanishing

F (a = 5 8) and F
abed

(i = 9,10,11), there exist two compactifications

to d = It. All of our results can be tabulated as follows

ABSTRACT

It is found that the N = U gauged supergravity in d = 7 spontaneously

compactifies on direct product of anti-deSitter space (AdS) with a 3-sphere

(non-supersymmetric: N = 0 ) , or with 3-hyperboloid (H = 2 ) . Similarly the

S = 2 gauged supergravity in d = 7 compactifies on AdS x H (N = 1).

The possibility of o-model induced eomp&ctlfication of ungauged d = 7 N = 2

supergravity coupled to one vector multiplet on (Minkovskl)^ x Tear Drop x S

is discussed. The case of d = 11 supergravity is also studied, and two new

compaotifications are found: AdS x non-Einstein squashed 5 (n = 0) and

AdS x non-EInsteln SU(£) bundle over CP£ (H = 0).
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d = 7 B = 2 AdS x H

AdS x H

(3=0)

{H = 1)

Sec.II Eqs.(6),(7),(8b),

(12),(13),(1^),
and (15)

Sec.II Eqs.(6),(7) and (22)

*) A tear drop [ll.b] is a two-dimensional topologically non-compact surface

of finite area with a compact U(l) isometry group.

•*) H denotes a three-dimensional upper sheet of a hyperboloid which can

also be viewed as a coset space SO{3,l)/SO(3).

***) This H denotes the supersymmetry of the background.

To be submitted for publication.
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d = 7 U = It

d = 11 H = 1

AdS x H

AdS x H

AdS x H°

AdS x SJ

(H = 2) Sec.Ill Eqs.(10),(l3),
(30) a n d (31)

(N = 0) Sec.Ill Eqs.(lO),(13)
(32) and (33)

(N = 0) See.Ill Eqs.(1O),(13)
(36) and (37+)

(1J = 0) Sec.Ill Eqs.(10),(13),

(36) and (37-)

AdS x Non-Einstein (K = 0) Sec.IV Eqs.(li) ,(9) ,(11)

squashed a n d

AdS x Kon-Einstein (N = 0) Sec.IV Eqs.(15),(20),

(25) and (26)

SU(2) bundle over CP2

This paper is organized as follows. The N = 2 and N = h supergravity

compactifications are discussed in Sees.II and III, respectively. In Sec.IV

the new eompactifications of d = 11 supergravity are given. In the conclusions,

we discuss certain aspects of harmonic expansions on non-compact internal mani-

folds, and the question of whether o-model induced compactifications [ll] occur

in d = 7 supergravities.

^ i 3-
(2.2)

* * ( ? i •

where the potential is given by [12]

(2.1*)

(2.5)

g is the gauge coupling constant and h is the topological mass term parameter.

The field strengths are P | f f l p Q = te[H A ^ j , and F ^ = ^ M ^ ^ " "

( i i j = 1,2,3). The rest of the notation and conventions are essentially as in

Eef. [3.b] . (Note that we have switched from the SU(2) notation of Ref.[3.t>] to the

S0(3) nota t ion by^rfe la t ion A . * ~ i> (cf™). A * l . ) Demanding compactif ieat ion t o
y i id KJlin i p

. ~ i> (cf™). A
y i id KJlin i p

product of a maximally symmetric space-time ( l abe l led by u,u = 1,2,3,^) with

a t h r ee dimensional i n t e r n a l space ( l abe l l ed by o,B = 1 ,2 ,3 ) , the agy component

of Eq.(2.3) r equ i res t h a t

= 0 (2.6)

II. SPONTANEOUS COMPACTIFICATION OF GAUGED N = 2 SUPERGRAVITY

We begin by considering the bosonic field equations of the SU(2) gauged

pure « = 2 supergravity in d * 7, vhich contains a topological mass term [3.b].

They are,

vith this ansatz Eq.(2.3) is satisfied. Turning to Einstein's equation, we

see that F^ must be non-vanishing for a non-trivial compactification.
dp

Assuming that a is constant, according to Eq.(2.*t) F ^ . ^ must be covariantly

constant. Recalling that the Riemann tensor of a symmetric space is covariantly

constant, i t is seen that Eq.(2.1t) can be satisfied by identifying, in the

background, the S0(3) gauge potential with the spin connection of S or H [10],

and noting that in cabe F becomes the Riemann tensor on S

A* =

Thus

(2.7)

(2.8a)

-3-



where a in the inverse radius, of the internal space and

-2
(2.8b)

We no« consider the superaymmetry of thia aolution. To thia end,

we first examine the condition $\ - 0. From the results of Ref.[3.'b] in

the background discussed above one obtains

There remain Eqs.(2.1) and (2.2} to fulfil. The scalar field equation gives

lii

Fina l ly E i n s t e i n ' s equat ion , toge ther with (2.9) y ie lds

( 2. 9 )
For the T-matrices our convention is

r
y " V * 1

_ 0 IS.16)

(2.17)

"

The consequence of (2.11), in view of Eqs.(2.5) and {2.8b) is

Defining the AdS Eicci tensor as

Eq.(2.l) together with (2.5) gives

Consistency of Eq.(2.9) implies the condition

u

(2.10)

(2.11)

(2.12)

(2.13)

(2.H0

(2.15)

This condition is consistent with (2.lk). The fact that (2.12) is consistent

is manifest. Since the 5 parameters (g, h, c, a, b) are related by Eqs.(2.9),

(2.12) and (2.1M, ve have a two parameter solution in which the parameters obey

the inequality (2.15) and the background is AdS x iv'.

-5-

where T are the ususal Paul! matrices. The matrix
HI

has four eigenvectors

which satisfy the relations

(2.18)

(2.19)

(2.20)

Inserting e into (2.l6) one obtains an equation which contradicts Eqs.{2.9)

and (2.12). On the other hand, introducing ejt into Sq. (2.16), one finds

•d
20

(2.21)

Remarkably, thia Is one of the four roots of the equation obtained from Eqs.(2.<?)

and (2.12) which is quartic in the variable (hc5/g). The conditions

= 0, &i> = 0 are also satisfied. Using (2.21) in (2.12) and (2.lit) one

finds

-6-



1.-1.

Although It seems that there are two independent parameters in the background,

namely g and c, since they always appear in the same combination, ge~ ,

(modulo field redefinitions), effectively we have found a one parameter family

of H =1 supersynraietric compactifying solution on AdS x H . Therefore, the

isometry group of the d = h effective action will be S0(3,2) x S0(3,l).

Notice that there is no compactification with internal manifold S .

where the potential is given by

' TT 3

J,(U)

(3.5)

III. SPONTANEOUS COHPACTIFICATIOK OF GAUGED H = U SUPERGRAVTTY

Compactification of d = 11 supergravity to d = 7 on (AdS) X 3

was studied in Ref,[13]. The linearized results of these authors were recently

used in Ref.[3a] in constructing the full S0(5) gauged H = k supergravity

Lagrangian in d = 7* The remarkable feature of this Lagrangian is that it

does not admit a vanishing coupling constant limit. In this section we study

the compactifications of this model.

The full bosonic equations of the 30(5) gauged M = h d •= T supergravity

are [3a]

'XT (3.6}

Dotation and conventions are as in Hef.[3a], In particular, i,J = 1,...,5

are S0(5) indices, while I, J,...= 1,... ,5 -are SL(5,R) indices.

SMHP,I - FMNPQ

fcT

The S0(5) l o c a l x S 0 ( 5 ) c o m p o s i t e l o c a l gauge covariant derivative is given by

V M A.I = (3.6)

p and the composite So(5) connection

Maurer-Cartan form;

are defined by decomposing the

(3.2)

« ̂  C C Cl
(3.3)

TT- r vHTTj j = TT-' -.̂  . 0.9)

We r e c a l l t ha t I I 1 i s an 5 x 5 unijnodular matrix which i s function of

sca l a r f i e lds parametrizing the SL(5,R)/SO(5) cose t .

As before Eq..(3.!O demands

F = 0 .
yvpo

(3.10)

With this ansatz, (3.3) reduces to



(3.11)

How, In general H can be chosen diagonal and parametrized by four arbitrary

3 3parameters. However, taking S or H as internal space, and furthermore

as in the H = 2 case, identifying the spin connection of these space with

the gauge fields of the S0(3) subgroup of SQ(5),

" (3.12)

where »,!> » 1,2,3 are the tangent space indices of the internal space and

c is a constant, Eq.(3.1l) is easily satisfied provided that

- £ A + -1
(3.13)

where X and e are two constants to "be determined. Hote that I,J = 1,...,5

have been restricted to a,b = 1,2,3.

Considering the Uh and 55 entries of the scalar field equation (3.2),

using (3.12) and recalling Eqs,(3,5) and (3.6) one finds

i-1
C3.1U)

Two cases mist be distinguished.

Case 1; (e = 0) In this case, the scalar field equation is satisfied

provided that

0

(3.15)

Hote that the factor e~ on the right hand side of (3.15) is due to the fact

that F1^ involves the contraction of the Fa
n define

dp op

of II-matrices. Finally, Einstein's equations lead to

that F1^ involves the contraction of the Fa
n defined in (3.12) with factors

dp op

V = i~ (3.16)

-9-

(3.17)

From (3.12) and (3.IT) it follows that

(3.18)

Eqs.(3.15) £Lnd (3.18) give the solutions

(3.19)

In summary, we have found two distinct AdS x H compactifications.. As-before,

the supersymmetry of the background is decided by examining the fermionic super-

symmetry transformations. Let us choose the following convention for T-matrices

(3.20)

where p ' are the usual Pauli matrices. Using the reuslts of Eef.[3a], in

in our background SX = 0 reads

1"- ̂  )£ + H

Similar equations for fiX£ and cSA then imply

= o -

X Xt £ = ^ x % = r-'tt (3.22)

(3.22) is solved by

S - (3.23)

where n is any tvo component spinor acted upon by the p-matrices. Substituting

(3.23) into (3.21), one finds

-10-



(e - ) - 2— c" (3.2M

(3.33)

We have checked that no other relation arise from the vanishing of gravitino

transformation law. It is worth mentioning, however, a sublety which comes about

in the variation of i|i . After using (3.23) one finds

Recalling that

Now, observing that Eq.(3.9) Implies (in the background)

Eq.(3.26) is seen to reduce to

(3.25)

(3.26)

(3.27)

3 E = 0
a (3.28)

which is,of course, solved by (3.23). Turning to Eq.(3.2M, together with

(3..18) it fixes the value of e 5 X to be

e 5 X = 1/2 (3.29)

-5*Thus, we conclude that for e = 1/2, the folluing background is N = 2

supersymmetrie

Case 2: (E J* 0) From E4.(3.11*) one now has

- 3e 5 X = 0

The only other relation which results from the scalar field equation is

(3.314)

(3.35)

As before, from (3.12) and (3.13) one obtains an analogue of Eq.(3.l8). Solving

that equation simultaneously with (3.35) one finds

Einstein's equations now read

(AdS)

(3.36)

(3.37+)

(H for + sign,

S for - sign)

(3.30)

It is found that these two solutions have no supersymmetries. The isometry

group of the effective action will be S0(3,2) x SO(U) and S0(3,2) x S0(3,l)

for theoompactifications ™ AdE x S and AdS x H3, respectively.

We would like to mention that the N = k d = 7 supergravities with

S0(i*,l) or SO(3,2) gauge groups [3.c] do not admit solutions similar to

the ones described above.

(3.31)

The case of eJly = 1/10 has no supersymmetry, and it gives the background

(3.32)

-11-

IV. HEW COMPACTIFICATIONS OF d = 11 SUPEEGRAVITY TO a = h

The fact that the vanishing of F in AdS vas necessary for

compactification of the d = 7 N = k supergravity, and the close relationship

which is known to exist between this theory and the d = 11 theory motivated us

to investigate similar compactifications in the latter. Setting F
ux)pp

-12-
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to zero frcsm the outset .-the tiosonic a = 11 supergravlty field equations [Ik]

become

,; = i £ *v , i'

= —̂— \̂ r.«. fir- 'n - |̂- Sun fyjrJ- r '' J
= 0

= o

cc,B « l,2,3,!t and m,n = 5,...,11 are the tangent space indices. We have found

two solutions to these equations, which we now describe.

1: (AdS x Sew squashed S ) - Let us consider AdS x squashed seven sphere

background, and let the self-dual SU(2) instanton field over S^ be denoted

by B a , vhere i = 1,2,3 and a = l,...,k are the tangent space indices on

S . This SU(2) gauge field, as is well-known, is given by [15]

where U) are spin connection coefficients on S and n.1 is the usual

•t Hooft tensor [16] which satifies the following relations

t

(14.5)

where the hat signifies seven dimensional objects. From (U.7) it follows

that [17]

(U.Sa)

w - -4 Civ C*,. -ifig . (lt.Bc)

Mow, in this squashed S we propose the following ansatz for compactification

to d s I

yields

^ ^ j f"Jk E^ B
(It.6)

Let us first consider the Maxwell equations Ct.3). All the components

of this equation are automatically satisfied, with the exception of

D. F = 0 which requires

(It.10)

The spin connection coefficients on squashed S , which will be needed 'below,

are [17]

where Eqs.(lt.l*)-(U.7) have been used. We see that the value of the squashing

parameter g a is not the one which corresponds to the round S (g a = 1 ),
T "? P

or the Einstein-squashed S (g a = 5 ) . We have checked that the
identities, Dr Fr F i

[m npqr]
= 0. are satisfied in our background.

-13- -lU-



As for Einstein's equations, (.It.l) gives

U a s )
In terms of the Weyl tensor

Eq. Ct.Bb) is satisfied, since n is eovariantly constant. Eq.(lt.2) together

with Eqs.CU.Sa) and (4.8c), on the other hand, give the following relations

J»V ?U J

(It.12)

.13)

2 2Using the value of the squashing parameter, g a = 2, in (4.12) and Ct.13),

f2 and S get fixed

the Riemann tensor, (It,15), now reads

Note that tf ^ ^ is self-dual [20]
abed

(it. 16)

(It .19)

f\JL *.

Thus, our solution is completely characterized by Eqs. (it.li), (U.9), (It.10), (U.ll)

and (l*.lM. Note that from (It.12), (It.13) and (It.10), the eigenvalues of the

Ricei tensor on our squashed S are (XAA^TTT), with X = ~ r , T = ̂ 4 ^ •

Therefore, this squashed S is not Einstein. This should be constrasted

vith the usual squashed 7-sphere solution of d = 11 supergravity [18]. We

have checked that this solution has no supersyinmetry.

n

Case 2: (Ads x New squashed SU(2) bundle over CP ) - The solution we find here

is very much like the one discussed above. Let us first consider the Riemann

curvature tensor on CP [19]

Consider now an SU(2) "bundle over CP [17], and l e t F vanish. The
yvptf

field equations to be solved are {lt.l)-(U,3) and the Hicci tensor is given

in (It.8), as before. We propose the following ansatz

r » ^ j - f -
( l t < 2 0 )

where f,3 are constants to be determined, B is the SU(2) gauge field, and

u , is the spin connection in CP , while n1. is the anti-selfdual 't Hooft
abe c • ab
tensor satisfying

i"

where a is the radius of CP , and J is the complex structure tensor

satisfying [17,19]

?he factor -l/2g in (lt,20) is fixed by requiring that the Biemann tensor occur

in the following equation

(It. 2

(lt.16) This equation also explains our use of n . as opposed to n . in our ansatz

- 1 5 -
- 1 6 -



for B , since in vieu of Eq.(4.l8) and (U.19) the Weyl tensor drops out

in (4.22). Consequently, inserting (4.18) into (4.22) one obtains

As before, let us first look at the Maxwell equation, (it.3). All components

of (It.3) are automatically satisfied except D.F ̂  which requires

2 2
8 a (4.210

where ( 4 . 7 ) , (4.20) and (4.23) have been used. We have also checked that the

Bianchi i d e n t i t i e s , Dr P n = 0, are s a t i s f i ed . As before, we now turn
Lm npqrj

our a t ten t ion to E ins te in ' s equations (4 .2) . Using (4.8) and the background

given in (4 ,20) , together with the value of the squashing parameter, g a = 4 ,

we find that (4.2) i s s a t i s f i ed provided that

7? (4.25)

Thus, the solution is fully specified by BIB.(4.15), (4.20), (4.25) and via

(4.1) by

(AdS) (4.26)

The eingevalues of the Ricoi tensor on the squashed SU(2) bundle over CP

now are (AXXATTT), vith A • — ^ , T * ̂ — . Therefore, this space is not
2a^ ef-

Einstein. As before, we find that this solution has no supersynmetries.

The First two are infinite dimensional unitary representations, while the

third is non-unitary. We do not knov how to make physical sense out of the

infinite dimensional representations of the internal space isometry group, in

the present context. On the other hand, if one employs the finite dimensional

non-unitary representations in the harmonic expansions on H , we conjecture

that one would obtain a consistent theory in d = h with local non-compact

gauge group S0(3,l) which should resemble the results of Hull [22] in the context

of non-compact gaugings in d = 4, ot the aero mode sector.

As mentioned in the introduction, the ungauged d = 7 supergravity

theories [3.d,e] do not admit compactifications of the type described above.

However, one may consider the possibility of employing the o-model sector of

these theories to trigger a compactification along the lines of Ref.[ll].

These authors either identify the scalar manifold with the internal manifold [ll],

or in the presence of an H a-model, the internal space is taken to be [ll.b]

a conformal map of H into a two-dimensional tear drop (see footnote on p.3).

As an application of these ideas, let us consider H = 2 d = 7 ungauged

supergravity coupled to a single vector multiplet. The vector multiplet

contains three scalars which parametrize the coset H3 = SO(3,l)/SO(3). This

theory can be straightforward obtained from the one given in [3.e] by consistent

truncation of two vector multiplets. If one sets all the fields in the back-

ground equal to zero except the scalar fields and if the scalar fields do not

depend on d = 4 space-time coordinates, then the field equations reduce to

h- -

(5.X)

(5.2)

V. DISCUSSION

It is interesting that a non-compact internal space, H_, has turned
3

up in the compactification of the d = 7 supergravity. Since H has the

isometry group S0(3,l), harmonic analysis on H will involve the representation

functions of this group. It is well-known that all the irreducible

representations of S0(3,l) can be characterized by tvo labels j ,j [21], and

they are

(1) principal series {j = non-negative half integer, Ĵ  = pure imaginary);

(2) supplementary series (J = 0, 0 ̂  j v<l);

(3) finite dimensional (,1 s o m e integer n ).

(5.3)

where i,j label the internal space coordinates, say, y, y, 8, g = det g ,

and r" is the Christoffel symbol on the scalar manifold H2 = S0(3,l)/S0(3).
By

If one identifies the internal space with the scalar manifold, then (5.3) is

trivially satisfied, but (5.2) gives B. , = - g±, which is contradictory since

in our conventions R must be positive for H . To solve these equations

we propose the following ansatz. Let the internal space be a direct product

of a tear drop (see footnote on p.3) vith a circle. And let us map conformally

the tear drop into a geodesic submanifold [23], H , of H :

-6 .
g .
ab

h ,
ab

(5.4)

-17- -18-



where h is the metric on the geodesic submanifold H
ab

on the tear drop, and

[11.b].

e.ab is the metric

fi is a conformal factor which is fixed by (3.£) tq be

= (1 - x - y ) (5.5)

where x and y are the (conformal) coordinates of the tear drop. Eq..(5.3)

also appears to be satisfied by our ansatz, essentially due to the fact that
2

the two-dimensional manifolds are eonformally flat , and that the H siibmanifold

of H is totally geodesic. Note that the important difference between the

tear drop campactification discussed aljove and that of Ref. [ll.ti] is that we do
2 o

not need an H a-model in the theory, instead we embed an H in a higher

dimensional scalar manifold. Further work along these lines will be reported

elsewhere.
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