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Abstract

The Green-function method is applied to the Grad-Shafranov

equation for the plasma in a flux conserver with a rectangular

cross section. The linear and the nonlinear MHD equilibrium

configurations for various strengths of the toroidal magnetic

field B are determined by this method. The average beta value

<(3> and the safety factor are also evaluated. When B is in-

creased from aero, <0> decreases and vanishes at a force-free

configuration. The safety factor takes a maximum value on the

magnetic axis. A sufficient condition for stability to symmetric

perturbations is derived by use of Edenstrasser's condition.

This sufficient condition holds for the flux conserver of any

shape. As an example, the region, in which this sufficient

condition is fulfilled, is shown graphically for the flux con-

server with rectangular cross section.
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§1. Introduction

As is well known, the compact toroid has many advantages

as a reactor over the tokaraak. The most superior point is com-

pactness due to the absence of external toroidal coils and of

the toroidal vessel. Usually the compact toroid is classified

to the field reversed configuration (FRC) and the spheromak.

The former has no toroidal magnetic field Bw, but the latter

has it.

One method to produce the spheromak plasma is to use a

magnetized coaxial plasma gun. The toroidal plasma is formed

in the gun and is ejected into a metallic container called as

a flux conserver. Experiments by this method were carried out

by Alfven and his coworkers, ' and recently at several

laboratories, e.g., at Osaka University and Los Alamos National

Laboratory. Theoretical investigations on the magnetohydro-

dynamic (MHD) equilibrium and stability of the spheromak plasma

are usually made by the force-free model. This force-free

model seems to explain present experimental results, since the

obtained plasmas are of low densities. However, we will not

be able to neglect the effect of the plasma pressure p, when

we will succeed to produce high temperature and high density

plasmas.

The purpose of this article is to study theoretically the

linear and the nonlinear MHD equilibrium configurations of the

spheromak plasma and to make a preliminary consideration on

the stability of them. We can include the FRC plasmas as a limit

of no toroidal magnetic field. We investigate variation of

-2-



beta value with respect to Ba> and calculate the values of the

safety factor.

In §2, a model for the flux conserver is introduced, and

the assumptions used in this article are presented. The defini-

tions of the average beta value and the safety factor are also

given in §2. The Green function for the Grad-Shafranov equation

for our model is derived in §3. By using this Green function,

we obtain practically the MHD equilibrium configuration of Hill's

vortex model in §4. The nonlinear effects on the equilibrium

configuration are investigated in §5. The MHD equilibrium con-

figuration by another model is investigated in §6. By applying

9)Edenstrasser's sufficient condition for stability to symmetric

perturbations, we investigate stabilities of our models in §7.

§2. MHD Equilibrium Configuration

As a model of the flux conserver, let us consider a toroidal

vessel with a rectangular cross section. A schematic picture

of it is shown in Fig.l. The radii of the inner and the outer

walls of the vessel are denoted by R. and R. The height of

it is denoted by h. When the inner wall is absent, we call

the vessel a drum-type flux conserver. Though the drum-type

flux conserver is desirable as a compact toroid, it seems neces-

sary to investigate the plasma in the flux conserver with R.^0

from the standpoint of stability.

The MHD equilibrium configuration of an axially symmetric

plasma is determined by use of the Grad-Shafranov equation. '

Let us use the cylindrical coordinate system (r,<j>,z). The
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Grad-Shafranov equation for the poloidal flux function

is expressed as

3 2,dp . 1 dl 2

where I(I(I) is the poloidal current flux function and equals

to rB». Both p and I are functions of only V- The magnetic

field B and the toroidal current density j«> are givsn by

B= (Br,By,Bz, -A(-£|l, I , £f£) , (2)

where c Q is the velocity of light. Since the flux conserver

is metallic, the boundary conditions for the Grad-Shafranov equa-

tion (1) are given by

,0) = *(r , h) = 0 , (4)

, z) = i|/(R, z) • 0 , (5)

The toroidal magnetic field Bu>must satisfy

B y d ^ , z) = By(R , z) = 0 , (6)

since there is no toroidal coils. The boundary condition (6)

represents the main difference between the compact toroid and

the tokamak.

Let us assume
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p = p . + - ^ = - (a* + W 2 + ciji3) , (7)
0 16ir

I 2 = ij + B0V- + B ^ 2 , (8)

where p., a, b, c, IQ/ BQ, and B. are constants. Under these

assumptions, By and j,. become

B | » I2/r2 = (ij + Bo<|) + B ^ / r 2 , (9)

£ (a + 2b<|> + 3c*2) + 3"j:(B0 + 2 8 ^ ) . (10)
' 8n

By applying the boundary conditions B<p(R.,z)=O and <*(R.,z)*O

to eq.(9), we have I0=0, and

i)»(Bn + B.i|») > 0 . (11)

This inequality must hold everywhere in the plasma. Usually

<i(r,z) has a definite sign in the equilibrium configuration

and can be assumed to be positive in the plasma region. Since

<>(r,z) is small near the metallic wall, B. must be a nonnegative

constant. Therefore, we can conclude that ju> can not vanish

on the inner or the outer wall except for a=0, and the value

of j(« on the wall becomes smallest when B.=0. When BQ=0, B.

should be nonnegative in order to fulfill the inequality (11).

Let us introduce the dimensionless quantities x=r/R, y=z/h,

xi=R±/R, y=«/aR
4, E=bR4, c=caR4, B"0=2n

2B0/aR
2, 51=4«

2R2B1-

Then the Grad-Shafranov equation under the assumptions (7) and
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(8) becomes

4
3x

= -(x2 + B ) - 2b x 2 <F - 3c x 2 f2 . (12)
0

This is a nonlinear partial differential equation.

Next let us consider two important quantities on the equi-

librium configuration. The first is the average beta value

defined by

= 8TT[ pdV/[(B2 + B2,)dV . (13)

Here B =/B +B is the poloidal magnetic field, and the integra-

tions are carried out over the whole plasma region. When p

is proportional to Va (a is a positive number) and Bio is absent,

the value of <|3> is proved to be 2/et.

The second is the safety factor q(ty). As is well known,

it plays an important role in the stability theory of plasmas,

and is defined by 1 3" 1 4 )

Here the integration is carried out along the contour on which

both >l> and cp are constants. Since the flux function takes a

maximum on the magnetic axis ( x
m'

v
m)' *£

 c a n be expressed as
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i (A(x-xJ2 + B(y-yJ2} ,
m

near the axis. Here V- = ¥(x ,y ), A=(32H'/ax2) , and
? O m m xm,ym

B H (3 V3y ) • By using this expression, we can easily
xm'yra

obtain the value of the safety factor on the magnetic axis as

follows:

. _h_ /2g0T0
0; x R V A

nt

§3. Green Function

We use the Green-function method to solve the nonlinear

differential equation (12). The Green function G(x,y;xQ,y0)

is the solution of the differential equation,

V " -
(16)

under the boundary conditions (4) and (5). Let us introduce

two complete sets of the orthgonal functions {sin nity} - ,

and {/fk(
x''xi)^k=lf2,...-

 H e r e» yk^x''xi) i s defined by

; x.) = Jl(akx) - N l ( a k x ) ^ g j - , (17)

where ak is the kth root of the equation cj>, (l;x. )=0, and J,(x)

and N.(x) are the Bessel function and the Neumann function of t

first order. The orthonorraal relation of <f. (x;x. ) is given by
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j xtpk(x;xi)^(x;xi)dx = N k6 k f £ , (18)
Xi

where N. is the norm of <$. (x;x.) and is

N 2 = 2 U 1(a kx i)}
2-{J 1(g k)}

2

k ^4 {^(^JN^^x.)}2

By expanding the delta functions on the right hand side

of eq.(16) in terms of these complete sets of functions, we

obtain

°° 16 (x - xQ) = xQ I - j
K-X Nk

and

<5(y~y0) = 2 I sinniry0 s in
n=l

By use of these expansions in eq . (16) , we obtain

OO 00

G(x,y ; x ,y0 °

where JJ2 = ^

When we take the limit, x. -»-0, 9*k(x;x.) and N. become

Jjfj^x) and ̂ {^(jfc)} ' w h e r e 3fc i s t n e k t n ro°t of the equation
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J,(j. )=0. By using these relations, we can derive the Green

function for the drum-type flux conserver,

'0 k=l n=l

By using the Green function, we can transform the nonlinear

differential equation (12) into the following integral equation,

f1 f1
rj d x Q I dy= 27r| dxn I d y Q x n G ( x , y ;

x {(x2+Bn) +2Ex
2*+3cx2H'2}v,_v . (22)u x-x

0
y=y0

§4. Hill's Vortex Model

When b~=c==0, the Grad-Shafranov equation (12) is linear.
o t

We call this case as Hill's vortex model . Though we can solve

directly this linearized Grad-Shafranov equation under the bound-

ary conditions (4) and (5), let us determine the flux function

-Cfx.y) from eq.(22). On performing the integrations with respect

to x. and y-., we obtain
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mil k^l (2m-l)N2a2

^ (23)

where the relation

B0 X i + B 0

has been used.

As is easily proved, there exists a formula

+ B"

k = 1 Nk ak ak "
(a. )

k
x.N.

F (x;x.
< 2 4 )

Here

V*'*!*
x(xJ+B )

( 2 5 )
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and

W = Jl(^2rn-l)Nl(li2m-lxi)-Jl(li2m-l
Xi)Nl(lJ2m-l)- ( 2 6 )

By using the formula (24) in eg.(23), we obtain

1 I s i n U m - l ^ V ? ^ _ ( X2 +Bf(x.y) =1 I s i n U m - l ^ V ? ^ . _ ( X2 +B 0)}. (27)
11 m=l (SmDu^ W

When V, _•> is a pure imaginary, i.e., p_ -i =^5 -lf w e s n o u i <*

2 —2 —
make replacements, Vom-l * ~'i2m-l' Jl^|i2m-lx^ ~* Il*|J2m-lx^ a n d

Nl ( M2m-l x ) * Kl(^2rn-lx) i n e(3s-(25>' <26>' a n d <27>- H e r e xi< x

and K.(x) are the modified Bessel functions of the first kind

and of the second kind.

We can obtain the flux function for the drum-type flux

conserver by taking the limit x.+O in eq.(27). Here we must

note the limit diverges except for T5Q=O. The limit with kQ=0

becomes

* m=l 2m_l
(28)

Suppose 1L is increased from zero, the flux function ¥(x,y)

given by eq.(27) diverges at the first root of the equation

D.(x.)=0. Here we must note the root is independent of B_.

Let us denote this root as p. . and denote the corresponding
<\, p

value of B, as B. .. The values of B, , =B. ,/4JI for K=37.50cm,
J. X,JL X , X X , J .

h=40.00cm are given in Table 1. When p. is slightly smaller

than p. , (or in other words, IJ<:B", , ) , the magnetic pressure

is much larger than the kinetic one. The configuration is nearly
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force-free. Therefore, we call B, , as a force-free value.
1,1

When M. > y. ., ¥ has at least one negative region and has two

or more magnetic axes. By solving the Grad-Shafranov equation

(1) for p=0, we easily find that the force-free configuration

characterized by vi., ., exists only when BQ=0. When BQ^FO, and
Pn=P, ,, the Grad-Shafranov equation for p=0 has no solution,
i l/i

There exists another force-free configuration when B-*0.

The variations of equilibrium configurations with the toroi-

dal magnetic field are shown in Fig.2. In this figure, ViXjy)

is normalized by its value on the magnetic axis. All figures

shown in this article are drawn for the flux conserver of size,

R.=9.00cm, R=37.50cm, h=40.00cm, i.e., x.=0.24, R/h=0.9375.

The configuration depicted in Fig.2 (b) has two magnetic axes,

since B, = B,/4n =2 is larger than B, ,=0.71047 (see Table 1).
J. .L If 1

Figure 3 shows variations of <0> with B- and with x.. The

average beta <0> is also shown to be a decreasing function of

v
The magnetic field B is obtained by eq.(2), and eq.(27)

or (28). Figure 4 (a) shows how the safety factor qCi") on the

magnetic axis given by eq.(15) change with Bu>. The graphs of

q(f) are shown in Fig.4(b) for oQ=0, and B.=0.2, 0.4 and 0.6.

§5. Nonlinear Effects

When c*0, the Grad-Shafranov equation (12) or (22) is non-

linear. Generally it is difficult to solve it analytically.

We solve numerically the nonlinear Grad-Shafranov equation by

applying the successive approximation method to the integral
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equation (22). The results of computations for B_=0, B\=0.5,

b=0, and c=40, 0 and -40 are depicted in Fig.5. In this figure.

f (x ,-̂ ) for c=0 is assumed to be 1.

§6. Another Model

In the previous sections, we used the assumption a*fO.

As we have seen in §2, the toroidal current density j« does

not vanish at r=R. and R in this model. The purpose of this

section is to investigate the properties of equilibrium con-

figuration for which j<p vanishes at r=R. and R.

Let us assume a=c"=B"«=0, E*sO, and B,*0. The Grad-Shafranov

equation (1) for this model was already solved analytacally

by Maschke. Berk et al. and Satomi also investigated

the equilibrium configuration of this model but they took R.=0.

The solution with a single magnetic axis can be written as

*(r , z)

(b

= C{FQ(n ,\\ x*) - -2
 V Z 1 GQ(n ,/f X

2)}simry , (29)

/

2 2

where C is a constant, FQ(n,x ) and GQ(n,x ) are the regular

and the irregular Coulomb wave functions of the zero order.

The parameter n is defined by
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(30)

and must be the first root of the equation,

B F (n , Jj xh
F o ( n ' /! > ^

G 0 ( n ' &

This equation stems from the boundary condition (//(R,z)=0.

Since n is the root of eq.(31), we get a relation between

b and B. if x. and R/h are given. An example of this relation

is depicted in Fig. 6. The contours of iji(r r z )=constant are

similar to that shown in Fig.2(a).

The safety factor q(0«) on the magnetic axis for this model

is easily obtained as

The graph of q(^) is also similar to that of Hill's vortex model

(see Fig.4).

When R.=0, G0(n» x. -*-0) diverges and the second terms of

eqs.(29) and (31) are dropped out. In this case our results

coincide with that of Satomi.

As will be seen in the next section, the model studied

in this section plays an important role in stability theory.
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§7. A Sufficient Condition for Stability*

In this section, we do not limit our investigations to the

plasma in the flux conserver shown in Fig.], but consider the

plasma in the flux conserver of a more general shape. Corre-

spondingly, the coordinate system is not necessarily the
9)

cylindrical one. By using the energy principle, Edenstrasser

derived a sufficient condition for stability to symmetric pertur-

bations. Consider an eigenvalue problem of the differential

equation

(32)

8irr

under the boundary condition Y=0 on the wall, and denote the

lowest eigenvalue by A... Here r is the distance from the sym-

metry axis and F(x,^) is assumed to be positive definite.

Edenstrasser's sufficient condition for stability to symmetric

modes is given by

XQ >_ 1 . (33)

By using the assumptions (7) and (8) but assuming c=0,

we obtain F(x,<fr)=2b+(4it B^/r ). Since B. is the positive

constant, F(x,<Ji) is positive if b > 0. The eigenvalue equation

A part of the results of this section was reported at

the 4th US-Japan workshop on Compact Toroids.
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(32) and the Grad-Shafranov equation become

1 4 7 T 2 B 1
y . ^ - V Y + X(2b + j± )Y = 0 , (34)

and

4ir B, 2TT2B_
+ (2b f 5-^ )if> = - a j^- . (35)

r r

The boundary conditions for both equations are same, i.e., Y

19)and <C vanish on the wall. As is well known the eigenfunction

Y o of the lowest eigenvalue X-, does not vanish except for the

boundary. The solution of eg.(35) has the same character as

YQ. Therefore, we may conclude that MHD equilibrium represented

by the solution of eq.(35) with a=0 and BQ=0 corresponds to

a.g=l. An example of this case was studied in §6, and the solu-

tion of eq.(35) satisfying the boundary condition was shown

to exist only when B. is a function of b, i.e., B,=B (b). When

b=0, the equilibrium configuration with a=0 is force-free,

because p=0. Next let us remark that b and B. appear only as

products \h and A.B. in eq.(34). Therefore, we may conclude

that \Q becomes larger than unity, when b or B. decreases.

Consequently we arrive at the following conclusion for

the stability of the plasma in the flux conserver. The MHD

equilibrium configuration obtained by using the assumptions

(7) and (8) with c=0 is stable for symmetric perturbations if

0_<B£B (b). We must note here that the above conclusion does

not depend on the shape of the flux conserver. The value of
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B (b), however, depends on the shape of the flux conserver.

A graph of B (b) for the flux conserver shown in Fig.l

is depicted in Fig.6. When b and B, belong to region S in Fig.6,

the plasma is stable for symmetric perturbations.

§8. Conclusions and Discussions

We have investigated equilibrium properties and the MHD

stability of the plasma in the flux conserver. By using Hill's

vortex model, we obtain the following conclusions. 1) When B,,

an expansion parameter of the toroidal magnetic field Bu, is

increased from 0, the flux function </> diverges at B, , . The
ii i

equilibrium configuration with B. . is shown to be a force-free
1 / 1

if B_=0. The value of B. . increases when the inner radius
u if i

R. becomes larger. 2) When B, <B. ., there is only one magnetic
1 1 1, X

axis in the plasma [see Fig.2(a)]. There are two or more magnet-
ic axes when B, >B, , [see Fig.2(b)l. 3) The magnetic axis

i i,i

is shown to shrink when B<p becomes strong. 4) The average beta

value <£> defined by eq.(13) is shown to be a decreasing function

of Bo>, i.e., of B_ and B. (see Fig.3). It vanishes at the

force-free value B, .. 5) When Ba>=0, <p> is 2.0 and is independ-
1,1 7

ent on the shape of the flux conserver (see Fig.3). This fact

was proved generally in a previous paper. When B.^FO, the

value of </8> depends on the shape of the flux conserver. The

value of <0> increases, when the inner radius R. becomes large.

6) The safety factor q(iji) defined by eq.(14) takes a maximum

value on the magnetic axis, and decreases monotonically with

* [see Fig.4(b)J. Though q(0) vanishes when R.%0, it takes
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a finite value when R.=0.

The nonlinear effects on the equilibrium configuration

of Hill's vortex model are shown in Fig.5. From this figure,

we can conclude that the place of the magnetic axis is determined

practically by B., and is almost independent on the nonlinearity

of p(if/). When c >0, the value of V becomes larger than that

of Hill's vortex model (E=c=0). When c <0, it becomes smaller

than that of Hill's vortex model.

9)By using Edenstrasser's sufficient condition for stability

to symmetric perturbations, we arrive at the following conclu-

sion. The MHD equilibrium configuration obtained by using the

assumptions (7) and (8) with c=0 is stable for symmetric pertur-

bations when 0 £B. <_B (b). It must be noted here that this

conclusion is independent on the shape of the flux conserver.
f\j f\,

A graph of B (b)=B,(b) is shown in Fig.6. When b and B, belong

to region S in Fig.6, the plasma is stable for symmetric per-

turbations. Since b is zero for Hill's vortex model, the

equilibrium configurations by this model is stable for symmetric

perturbations when B, <B. ,.
i — 1,1

We are now investigating the MHD stability of the plasma

to nonsymmetric perturbations.
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<\. — 2
Table 1. Force-free values B, . = B. ,/4TT for the flux conserver

of R= 37.50cm h = 40.00cm

X.

0.00

0.12

0.24

0.36

0.48

0.60

0.72

0.84

0.59162

0.62221

0.71047

0.87506

1.18074

1.81266

3.43446

10.00786
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Figure Captions

Fig.l.. The Model of the flux conserver. The radii of the inner

and the outer walls are R. and R. The height is h.

Fig.2. Equilibrium configurations by Hill's vortex model; (a)

'V — % —

Bj=0.5, BQ=0, and (b) B.=2, B-=0. Each curve represents

a contour on which f(x,y) is constant, and y(x,y) is

normalized by its value on the magnetic axis. The size

of the flux conserver is R.=9.0cm, R=37.5cm and h=40.0cm.

(xi=0.24; R/h=0.9375)

Fig.3. Average beta value <&> for Hill's vortex model, a:

xi=Ri/R=0. b: xi=0.24. c: xi=0.5. d: x^O.75.

Fig.4. Safety factor q(V) of Hill's vortex model. The size

of the flux conserver is x.=0.24 and R/h=0.93 75. Numer-

icals beside curves are values of B.. (a) Values of

q(Y) on the magnetic axis. (b) Graphs of q(V) for B =0.

Fig.5. Nonlinear effects on the equilibrium configuration.

The size of the flux conserver is x.=0.24 and R/h=0.9375.

Numerals beside curves are values of c"; the curve with

c=0.0 is for the Hill's vortex model.

Fig.6. Relation between b and B, for x.=0.24, R/h=0.9375.
'v

When b and B. belong to region S, the plasma is stable
for symmetric perturbations.
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