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A NEW ESTIMATE OF THE KHIRZHNITS CORRECTIONS 
TO THE ZERO TEMPERATURE THOMAS-FERMI EQUATION-OF-STATE 

ABSTRACT 

A method Is proposed for estimating the zero 
temperature limit of the Khlrzhnits corrections to the 
Thomas-Fermi equation-of-state by extrapolation of the 
finite-temperature results. The cold curves so obtained 
for Ti, Fe, Cu and Ta are compared with experimental 
results as well as with those calculated using other 
variations of the Thomas-Fermi model. 

INTRODUCTION 
Among the various equation-of-state (EOS) models which describe the 

electronic thermodynamic functions in highly compressed hot matter, the 
statistical Thomas-Fermi (TF) model is the one most often used in hydro-
dynamic codes simulating laser-plasma interactions, magnetic compression 
and electron-beam heating. The advantage over other models lies in its 
simplicity, clarity and validity over a wide range of densities and 

(2) temperatures. Other models, like the average atom ionization model , 
though they may more accurately describe local phenomena of matter in 
certain regimes, are difficult to extend to other regions of pressure and 
density. It is not surprising, then, that for a .long time the TF model 
has been the subject of continuing improvements in order to further extend 
the range of its applicability. In its original form, this model consid
ered only the kinetic pressure produced by electrons moving in a Coulomb 

(3) potential field at zero temperature. Dlracv ' took the first step toward 
including binding forces in the electron statistics by introducing the 
electron exchange correction into the energy equation. This Thonai-Ferml-

(4-6) Dirac (TFD) model has been extensively studied by many authors 
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However, the corrections introduced by Dirac did not succeed in explaining 
the crystal structure of solids, i.e. to minimize the binding energy of 
the electrons. Besides, the TFD model no longer retains the Z scaling 
properties of the thermodynamic functions of the original TF model and the 
equations must be solved for each element separately. Nevertheless, the 
elastic pressure and specific internal energy of a large number of elements 
and compounds have been calculated using the TFD model for the condensed 

f7 8} matter state * . 

Since neither the TFD nor the other models similar to it are able to 
reproduce exactly the thermodynamic properties of solids at low tempera
tures, it is usual practice to describe the EOS in this region by a linear 

(9) superposition of different contributions, viz , 

P . p. + Pth + pth + i 

c e i 

E - E« + E t h + E ? h +. (1) 

where P' and E* are the cold components for the pressure and energy which 
are determined by means of semi-empirical formulations ' , and P 

».• e 
and F are the respective thermal contributions of the electrons to the 
pressure and internal energy obtained by means of the statistical models. 
The remaining terms of Eq. (1) refer to the ion contributions which are 
not considered in this paper. The Helmholtz free energy is also cast In 
the same form as Eq. (1) in order to preserve thermodynamic consistency. 

A more accurate model was suggested first by Kompaneets and 
Pavlovskii t l 2 ) and then by Khirihnits ( 1 3 , 1 4 ). They showed that there is 
an additional term in the operator expansion of the same order as the (135 electron exchange term , namely, a quantum correction term. This 
term makes a gradient contribution to the kinetic energy of the atom which 
is proportional to the Weizsacker correction 

K£A «E - h r— d"n (2) 

whore n is the electron density and h Is a numerical constant. This 
modal is known in the literature as the corrected Thomas-Fermi model (TFC 
or 1FK) of the isolated atom. 



Kalltkin found and tabulated the asymptotic expressions for the 
zero temperature limit of the Khlrzhnits corrections and McCarthy 
numerically solved the temperature-perturbed equations-of-state in the 

4/3 -2 5 scaled temperature region (kT/Z ) from 10 to 10 eV. 

One Important property of the TFK model is that it retains the uni
versal scaling form which Is characteristic of the TF statistical model. 
This is also true for the correction terms themselves and, in fact, in 
order to be able to use the tables for the TFK quantities as found in 
Refs. 16 and 17, one need only know the values of Z and A of the element 
of Interest. One reason why these computations are not more frequently 
used by programmers of hydrocodes Is because the zero temperature isotherm 
li not well defined in the TFK theory, since the Weizsacker correction 
(Eq. (2)) diverges near the atomic nucleus as the temperature approaches 
zero. This singularity disappears with increasing temperature and/or 
density. 

(18) In 1972 Kallckin and Kuz'mina proposed a new method for solving 
the EOS based on the TFK model, by minimizing the Khirzhnits energy 

(13) equation in a manner similar to that performed for the Schrodinger 
equation. This theory, called the quantum statistical model(QSM), has the 
feature of having finite solutions of the electron density, n(r), near the 
atomic nucleus and consequently yielding zero isotherms which are well 
defined over the entire density region. However, once more, the Z scaling 
properties characteristic of the TF solutions are lost. 

(19) More recently, R. More 1 ' gave a more rigorous formulation of the 
QSM theory and Perrot reported on some calculations of finite tempera
ture EOS for Be, M and Cu using a phenomenological extrapolation of this 

(19) 
model. From the comparison of results presented by More for calcula
tions performed with QSM and the TFK model on aluminum, one may conclude 
that the discrepancy between the two models is not appreciable above a 

(21) pressure of about 300Mbar. Kalitkin^ ' goes even further and maintains 
that the discrepancy only becomes significant at pressures below IMbar, 
where clearly both models are inaccurate. The QSM equations have to be 
solved separately for each element and for each mixture and, besides, 
tha finite teaperature solutions cannot be obtained explicitly. There
fore, it does not appear feasible to include them directly in a hydrocode. 



- 4 -

In this paper, we present a rimple method of extending the range of 
validity of the zero temperature isotherms in the TFK statistical model 
to the region of low densities by means of a phenomenological extrapola
tion of the finite temperature isotherms calculated by McCarthy . The 
resulting corrections are tabulated and compared with those obtained by 
Kalitkin . We then apply these results to the calculation of cold 
curves for Ti, Fe, Cu and Ta and compare these curves with experiment. 
He also compare our results with those obtained using several of the 
TF models. 

THE EXTRAPOLATION TECHNIQUE 

In the framework of the TFK theory, the pressure and internal energy 
can be expressed as: 

P/Z 1 0' 3 - ( P T „ / Z W 3 ) + z" 2' 3 C6P/Z8'3) 
T F (3) 

E/Z 7' 3 - (E^/Z 7' 3) + Z- 2' 3 » E / Z 5 / 3 ) 

where P_ p and E__ refer to the uncorrected Thomas-Fermi quantities and 
4P and <5E are their respective corrections for electron and quantum 
exchange forces. In order to use the tables of Refs. 16 and 17, one has 
only to know the 
volume given by 

4/3 only to know the values of ZV and T/Z where ZV is the scaled atomic 

ZV - | (A/NA) (4) 

where A is the atomic mass and N is Avogadro's number. 

Equations (3) and (4) are well defined and give reasonable results 
4/3 -2 

for scaled temperatures of kT/Z > 10 eV. To extrapolate the zero-
temperature corrections from the finite temperature isotherms defined by 
Eq. (3), we have to adopt a phenomenologir.al nodal that is able to describe 
the behavior of matter near zero temperature. Such models have been used 

(22) to Interpret experimental Shockwave data in cold matterv . In these 
semi-empirical models, the electrons are assumed to be performing, aa iona 
would, small vibrations along the crystal axis. The energy of such 

2 electrons la proportional to T and because of the thermodynamic relation 
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2 the pressure is also proportional to T . Furthermore, early studies of 
the low temperature solutions of the Thomas-Fermi equations, first 
discussed by Marshak and Bethe and later by Gilvarry , showed that 
the thermal terms for both energy and pressure for near-degenerate 2 electrons are T dependent. 

We may then write the following relations: 

P - P„ + vT 2 

C , < 6 ) 

E - E + ST c 
where P and E are the cold components predicted by the TFK theory. 
By combining Eqi. (3) and (6) we obtain relations for the corrections at 
zero temperature, viz. 

P(T,) - CT./T,) 2 P(T.) 
5P ± i—±~ i- - P (0) 

1 - CW1 OT 

(7) 
ECT,) - (T./I,) 2 EOT ) 

4 E - 4 - * ^ ^ - E CO) 

The values of P(T) and E(T) in Eqs. (7; are taken for T, and T_, which 
are the temperatures of the first two isotherms in Ref. (17). These 
aquation* are correct only for low temperature* (T, s 1 eV) 
Therefore, tha cold values were calculated for aluminum for which T, 
la sufficiently low and the Z scaling factor was used to obtain tha 
cold valuaa for element* of higher Z. This follows the procedure 
suggested In Ref. (4). 

In Table* I and II we show the value* of Thomas-Fend, model 
(P_ and E _ ) and tha result* of our calculations (SOREQ) and compare 
them with the value* reported by Kalltkln (TFK) U 6 ) for tha scaled 
atomic volumes and tha uncorrected energies and pressures. In our 
calculation* wa taka aluminum (Z-13) a* tha "base" element. It 1* seen 
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Table I 
Khirzhnits corrections to the zero temperature Thoinas-Fermi EOS for 
the internal energy. Columns 1, 2 and 3 are taken from Kalitkin's 
.irticle (Ref. 16), where column 2 gives the uncorrected values and 

column 3 (labeled TFK) his corrections. 
lX 3 « 1x10" 2 4 cm 3 

(X 3) (10I2ern»/atom) <1012erRs/atora) 
WK SOREQ SOREq/TFK 

4.4188(6) 0.0000 4.00OO(-7) -4.7480(-2) - 1 . 1 8 7 0 ( 5 ) 
9.0408(5) o.oooo 4.1000(-6) -2.6993(-2) - 6 . 5 8 3 7 ( 3 ) 
2.3448(5) 1.0000(-7) 3.2100(-5) -1.7089(-2) - 5 . 3 2 4 2 ( 2 ) 
3.9330(4) 2.6000(-6) 4.3100(-4) -8.2704(-3) - 1 . 9 1 8 8 ( 1 ) 
1.6984(4) 1.4000(-5) 1.3790(-3) -4.8513(-3) - 3 . 5 1 7 9 ( 0 ) 
H..1918(3) 5.0500(-5) 3.3762(-3) -6.7199(-4) - 1 . 9 9 0 3 ( - 1 ) 
4.2592(3) 1.9010<-4) 8.4621(-3) 6.5025(-3) 7.6B43(-1> 
3.1529(3) 3,2660(-4> 1.2297(-2) 1.2075(-2) 9 .8194( -1 ) 
2.2<M»<3) 5.7540(-4) 1.8152(-2) l.H839(-2) 1.0379(0) 
1.5910(3) 1.0808(-3) 2.7959(-2) 2.843K-2) 1.0169(0) 
1.1248(3) 1.9569(-3) 4.1916(-2> 4.3194(-2) 1.0305(0) 
8.1519(2) 3.3418(-3) 6.0277(-2) 5.9863(-2) 9 .9313( -1 ) 
6.1577(2) 5.275B(-3) 8.2059 (-2) 8.2626(-2) 1.0069(0) 
4.1240(2) 9.9690(-3) 1.2582(-1) 1.2689(-1) 1.0085(0) 
2.Bt.87(2) 1.7445(-2) l.B273(-l) 1.8489(-1) 1.0118(0) 
2.0701(2) 2.84S3(-2) 2.5264 (-1) 2.5477(-l) 1.0085(0) 
1.4862(2) 4.6147(-2) 3.4716(-1) 3.4930(-l) 1.0061(0) 
1.0150(2} 7.9167(-2) 4.9348(-l) - -
7.1602(1) 1.2772(-1) 6.7196(-1) - -
5.0824(1) 2.0138(-1) 8.9897(-l> - -
3.5927(1) 3.1471(-1) 1.1924(0) - -
2.6012(1) 4.7082(-l) 1.5345(0) - -
1.8739(1) 7.0018(-1) 1.9622(0) - -
1.3114(1) 1.0637(0) 2.5350(0) - -
9.6270(0) 1.5111(0) 3.1355(0) - -
4.7555(0) 3.2458(0) 4.9412(0) - -
2.3973(0) 6.5214(0) 7.4094(0) - -
1.2101(0) 1.2584(1) 1.0759(1) - -
4.1652(-1) 3.2843(1) 1.8279(1) - -
2.64S6(-1) 4.8388(1) 2.2544(1) - -
1.0168(-1) 1.0592(2) 3.4219(1) - -
2.4391(-2) 3.1962(2) 6.0883(1) - -
6.2812(-1) 1.6759(2) 1.0162(2) - -
l.MHJ(-l) 2.2487(3) 1.6484(2) - . 
2.107H(-4) 9.J5470) 3.3829(2) . . 
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Table II 
Khlrzhnlts corrections to the zero temperature Thomas-Fermi EOS for 
tht pressure. Columns 1, 2 and 3 are taken from Kalitkin's article 
(Ref. 16), where column 2 gives the uncorrected values and column 3 

(labeled TFK) his corrections. 
i X 3 . -24 3 1x10 cm 

uv , -10/3 
Z P T F -z*'3 a 

(X'> (Wiar) (MUar) (Wiar) 

TFK S0RKQ S0KEQ/TFK 

4.4188(6) 5.6275(-l?) 1.237?(-13> 8.6663(-U) 700.5 
9.0*06(5) 8.836B(-15) 7.Gj77<-12) 5.3660(-10) 76.25 
2.3448(5) 6.0040(-13) 2.045S<-10) 3.1150(- 9) 15.23 
3.9330(4) 1.3569<-10) 1.5450(- 8) 4.8089(- 8) 3.113 
1.6984(4) 1.6014(- 9) 1.1035(- 7) 2.1480(- 7) 1.947 
8.6918(3) 1.0973(- 8) 5.100H(- 7) 7.8645(- 7) 1.542 
4.2552(3) 8.134S(- 8) 2.5014(- 6) 3.2496C- 6) 1.298 
3.1529(3) 1.8539(- 7) 4.8144(- 6) 6.0100(- 6) 1.248 
2.1919(3) 4<4137(- 7) 9.5619<- 6) 1.1288(- 5) 1.181 
1.5950(3) 1.1650(- 6) 2.060M- 5) 2.3858(- 5) 1.158 
1.1248(3) 2.9238<- 6) 4.261i(- 5) 4.7540(- 5) 1.116 
8.1519(2) 6.7390(- 6) 8.2305(- 3) 8.9298(- 5) 1.085 
4.1577(2) 1.3B04(- 5) 1.4472(- 4) 1.5447(- 4) 1.067 • 
4.1240(2) 3.7795(- 5) 3.1923(- 4) 3.3213(- 4) 1.0404 
2.8687(2) 9.2408J- 5) 6.3314(- 4) 6.5763(- 4) 1.0387 
2.0701U) 2.0338(- 4) 1.1914(- 3) 1.2O60(- 3) 1.0123 
1.4862(2) 4.4678(- 4) 2.2005(- 3) 2.2126(- 3) 1.0055 
1.0150(2) l.ii857(- 3) 4.38B3(- 3) 4.3999(- 3) 1.0024 
7.1602(1) 2.4067(- 3) 8.1334<- 3) 8.1530(- 3) 1.0024 
5.0824(1) 5.1816(- 3) 1.4712(- 2) 1.4750(- 2) 1.0026 
3.5927(1) 1.1094(- 2) 2.64S2<- 2) 2.6526(- 2) 1.0028 
2.6012(1) 2.224K- 2) 4.5150(- 2) 4.527K- 2) 1.0027 
1.8739(1) 4.452K- 2) 7.6876(- 2) 7.6992(- 2) 1.0015 
1.3114(1) 9.346K- 2) 1.3558<- 1) 1.3573(- 1) 1.0011 
9.6270(0) 1.7573(- 1) 2.19SS(- 1) - -
4.7555(0) 7.1642(- 1) 6.4075(- 1) - -
2.3973(0) 2.6900(0) 1.7537(0) - -
1.2101(0) 9.7281(0) 4.6674(0) - -
4.J6S2M) 6.8308(1) 2.0691(1) - -
2.6436(-l) 1.5396(2) 3.8603(1) - -
1.016l(-l) 8.3186(2) 1.4171(2) - -
2.4391(-2) 9.8523(3) 9.6937(2) - -
6.2812(-3) 9.9762(4) 3.95M(3) - -
1.64M3(-3) 9.5M2(S) 3.5577(4) - -
2.107K-4) 3.0412(7) 5.3106(5) . . 
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that beyond a scaled atomic volume of the differences between our 
values and his become appreciable. 

Below the lowest isotherm, the results as seen in Ref. (17) become 
divergent. Calculations were also carried out using for T„, the 3rd 
isotherm (above zero) of Ref. (17) instead of the second. The results 
showed, at most, a difference of 7% compared with those obtained when 
using the second isotherm. Since the exchange corrections may be as high 

-2/3 as 20(Z ) times the uncorrected values, this results in an uncertainty 
-2/3 in the corrected values of pressure and energy of at most 1.4Z . 

With the present method, then, it is possible to obtain the thermal 
electronic contributions predicted by the TFK theory in a thermodynamically 
consistent manner by subtracting the cold components here derived from the 
values obtained by McCarthy for the finite temperature isotherms. Use 
of the Kalitkin cold curves in the above procedure may lead to negative 
values of electron specific heats in the region of low temperatures. This 
difficulty does not arise If the cold components herein derived are used. 

NUMERICAL CALCULATIONS AND COMPARISON WITH EXPERIMENT 

In calculating theoretical EOS curves from the TF statistical model 
or any of Its corrected versions, the values of the specific atomic 
volume CV ) has to be specified. Since in these theories there is no 
prior specification as to what value this quantity should have, what is 
usually done is to calculate it from Eq, (4). Here the value assumed 
for p, the density, is the zero temperature value which is very close to 
the experimentally measured normal density. In doing so, however, one 
should be aware that the value of the specific atomic volume is influenced 
by atomic shell structure effects which are neglected in the TF theory, 
which assumes a uniform electron distribution within the atomic volume. 

The influence of the atomic shell structure can be seen in Fig. 1 
in which the scaled TF electronic zero pressure is plotted against the 
atonic scaled volume and compared with experimental cold isotherms 
obtained from Ref a. (25)-(2fl). Tf the assumptions of the TF theory, i.e. 
a uniform volume electron distribution, are true then one would expect 
Co see a uniform distribution of the zero temperature isotherms as a 
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Fig. 1 
Scaled experimental plots of pressure (P/Z vs. ZV) for various 
elements. Included for comparison is a curve based on TF theory. 

function of Z. Instead, some elements such as Ti, Zn and Sn approach 
the universal TF zero temperature pressure curve more closely than 
other elements do. In general, we observe an "oscillating" distribution 
of Che curves of Che various elements with respect to the TF curve. This 
effect may be explained in Che following manner. The assumption of a 
uniform electron distribution, made in the statistical models, applies with 
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reasonable accuracy to the middle shells of atoms but less well to the 
outer shells. The main contribution to the pressure comes from the outer 
shells because of their greater energies. If the electron density is 
lower in these shells than the average for the atom as a whole, then 

(29) according to the Jensen scaling law 

P v n 5 / 3 (8) 

where n is the average electron density, the TF models will tend to 
predict somewhat excessive pressure and energy values. 

In Figs. 2 to 5 we show the results of computations using all the 
above-mentioned TF i.iodels together with curves based on experiment, for the 
elements Ti, Fe, Cu and Ta. The values taken for V are the experimental 

Even though the first three elements calculated (Ti, Fe and Cu) are 
fairly close together in the periodic table, they show striking differences 
in these plots. While the computed curves for Fe and Cu appear to indicate 
that the present results approach experiment better than those calculated 
using the other models, this does not appear to be the case for Ti. More
over, whereas for Ti the experimental curve reaches the asymptotic portion 
of the computed curves at about 5 Mbar, for Fe and Cu this does not occur 
till approximately 200 Mbar. 

C30 31) 
Some investigators ' have performed calculations at low tempera

tures for various elements using crystalline solid electronic band struc
ture theories. Even though their results are somewhat closer to the 
experimental data near normal density than are those computed using the 
quantum statistical models, they still fail to describe exactly the 
thermodynamic properties of solids. Since these methods are rather 
complex, they cannot easily be included in standard hydrocodes and because 
they still give only approximate results, it is not believed that the 
effort to include than is worthwhile. Instead, it might be more beneficial 
to fit into the TF model some affective specific atoaic volume which takes 
into account mainly the average electron density of the outer shells. 

Another example of the effect of the shell structure Is shown In 
Fig. 6. Here we plot the electronic specific heat 8„, with which the 
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040 050 070 080 090 

Fig. 2 
Plots of pressure vs. log of compression for titanium. Shown are 
calculated curves using several statistical models (TF, TFD, TFK 
and QSM) as well as the Soreq results. A curve based on experiment 

(Ref. 26) Is also Included. 

040 0S0 060 070 080 

Fig. 3 
Plots of preiture vs. log of compression for Iron. The notation a* 

in Fig. 2 but experiments from Ref. 27. 
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Fig. 4 
Plots of pressure vs. log of compression for copper. The notation as 

in Fig. 2 but experiments from Ref. 25. 

Fig. 5 
Plots of pressure vs. log of compression for tantalum. The notation as 

In Fig. 2 but experiments from Ref. 26. 
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2000 

1500 -

1000-

500-

Fig. 6 
Plots of electronic specific heat 8Q as a function of atomic number Z 
for various elements. The calculated values of the TF model and of our 
method are shown as well as experimental points t-akpn from Ref. 32. 
Regions in the calculated curves where no data are available are marked 
by a broken line. 
— • lines connecting adjacent experimental points. 
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constant g in Eq. (6) is generally associated in practice, as a function 
of the atomic number Z. The values calculated by our method as well as 
those predicted by TF theory are compared with experimental values taken 
from Ref. 32. Despite the fact that the effect of shell structure makes 
a direct comparison between experiment and calculation not too meaningful, 
it is seen that our values of S Q are certainly comparable to those 
calculated using the TF model. In fact, they appear to be closer to the 
experimental values for those elements,e.g. Cd and Zn, which are affected 
to a smaller extent by the shell structure. 

Finally, we present in Fig. 7, our values for the computed thermal 
electronic pressure for iron as a function of compression for a number 
of temperatures. Also shown are similar curves calculated using the TF 
and the TFK models. As can be seen, up to at least 5 eV, the TFK model 
gives pressures which tend to turn downwards at low to intermediate 
compressions and in fact can become negative. (At still higher compres
sions they again become positive.) For the 0.2 eV isotherm, the pre
dicted TFK values, in fact, fall below the curve. It should be noted 
that our values are consistently higher than those computed using the 
other models until a temperature of about SO eV. 

Because computations in the thermal region using the TFD model are 
scarce, we could not include them in Fig. 7. Instead we have made a 
tabulation for a discrete number of temperatures and compressions of the 
thermal specific energy as given in Ref. 4. These are shown in Table III 
and compared with both our computed values and those of the TF model. 

CONCLUSIONS 

He have presented a method for estimating the zero-temperature 
limit of the Khirzhnits corrections to the Thomas-Fermi equations-of-
state by means of the extrapolation of the finite temperature solutions 
of these equations. This method allows us to deduce the electron thermal 
contribution to the EOS in a consistent manner. The resulting values 
show appreciable differences from those calculated by Kalitkin in regions 
where the validity of the quantum statistical models is in soma doubt and 
other effects not Included in those models, e.g. shell structure, becoae 
important-
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Fig. 7 
Plots of the thermal electronic pressure for Iron as a function 
of compression for temperatures from 0.2 to 100 eV. The values 
as computed according to the TF, TFK and our models are shown. 
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Table III 

Thermal specific energies, U (In units of 10 ergs/g), for iron for several 
values of temperature and compression. The TFD values are taken from Ref. 4 

T p/p Q U ( 1 0 " ergs/g) 

TF TFD SOREQ 

0.2231 1.4136 1.2638 1.2235 1.2929 
0.4926 1.3636 3.6621 3.5431 3.7466 
0.1476 0.1068 1.0942 1.0591 1.1209 
0.2381 0.0945 2.1191 2.0450 2.1723 
0.5297 0.1105 5.3373 5.1583 5.4640 
0.2366 3.12R7 1.1978 1.1708 1.2111 
0.2923 0.4942 2.1820 2.1083 2.2362 
0.9892 0.1226 9.7809 9.4628 9.9738 
0.3416 0.0357 3.6663 3.6455 3.7593 
0.0326 0.0623 0.1250 0.1118 0.1264 
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