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- "Every one loves a buckling 
problem" 
(Budlanby « Hutchinson) 

- "More buckling theories are 
available than there are 
researches in the field" 
133] 

ABSTRACT 

Sixteen Torispherical Heads have been tested under in
ternal pressure. All these heads were made by cold spinning from 
mild steel plates. Deflections on the axis and in the knuckle 
region have been recorded. As an practical result of these expe
riments, buckling pressure is given for each tested head. It is 
also indicated the maximum pressure reached during the tests, 
this pressure is very higher than the buckling pressure. It is 
also seen that buckling pressure is little sensitive to initial 
geometric imperfections. 

These experimental buckling pressure are compared with 
computation results obtained by plastic bifurcation analysis. Five 
different models of bifurcation matrix have been considered. If 
tangent matrix is unconservative, the use of tangent modulus 
(in lieu of YOUNG'S modulus) is overconservative. Finally a 
mixing of tangent normal modulus and secant shearing modulus 
seems to be a good enough model (not to far from experimental 
results, and with not to large standard deviation). 



- 1 -

1 - INTRODUCTION 

The possibility of non symétrie buckling of internally 
pressurized dished heads was first recognized by GALLETLY [ 1J . 
Fig. 1 shows the result of such a buckling. 

In order to avoid failure by buckling, important 
studies have been made I 2 1[ 3 ] especially for the main vessels of 
Liquid Metal Fast Breeder Reactor of pool-type (like Super Phénix). 
Nevertheless analytical methods for computation of buckling pres
sure are not definitively fonded and validation by experiments is 
needed. 

The aim of this paper is first to report experimental 
tests performed at Saclay on buckling of dished heads, and then 
to compare these results with those of computations made by 
using elastic-plastic bifurcation method. 

2 - PREVIOUS EXPERIMENTAL WORK 

First experiments were those made by MESCAL I 4 ] , then 
by ADACHI and 3ZNICEK [ 5 ] on dished heads made out of thin foil 
of plastic PVC. In 1972, KEMPER 16] reported buckling behavior 
of fabricated heads. Though no buckling occurence was reported, 
tests by SAVE [ 7 ] are of great interest. 

Experimental tests on machined heads were performed 
at Liverpool by GILL [ 8 ] I 9 ] . Similar tests were performed by 
GALLETLY I 10 ][ 12 ] . Tested heads were small (10") and very thin. 



An important program on buckling of torispherical head 

was carried out by STANLEY Ï12] [ 13 1 [14] . Seventeen large heads 

(1.4 to 2.8 m diameter, thickness 3 mm) were tested. They were 

fabricated by welding spun and pressed parts. Material was stain

less steel. 

Other tests on buckling of dished heads were performed 

at SACLAY [ 15 ] [ 16 ] [ 17 ] on heads made by cold spining. 

3 - DESCRIPTION OF TESTED HEADS 

Sixteen torispherical heads have been tested under 

internal pressure. All these heads were made by cold spining 

from mild carbon steel sheets, grade A42T3 of the French Stan

dard NF-A-35-501 Ï18 ] . Nominal dimensions of the heads are 

given on table 1. 

Examination of preceeding tests has shown that a 

carefull definition of tested heads is necessary. Fabrication 

by cold spinning was chosen in order to obtain axisymetric,heads -

machining process of thin shells cannot assuring the thickness 

being axisyzietric. Carefull examination (by ultrasonic testing 

and by template) has been performed prior testing. Tested heads 

are axisymetric (thickness accuracy 0.03 ram) and their meridional 

profile is very near the theoretical one (accuracy 0.5 mm) except 

three heads (?3, T12, T14) which presented local geometric 

imperfections^initial buckles). 

In counterpart, thickness shows meridional variation, it 

was therefore measured, first by U.S. prior tests and then by 
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cutting each head after testing. Measured thickness is given 

in table 2 as a function of curvilinear abscissa. 

Due the fabrication process, real material properties 

are very different from those of as received plates. Hence, 

after testing was completed specimens were cut out from the 

knuckle area (in the circumferential direction) to obtain actual 

stress strain curve of the material of each head. As other expe

rimental results, fac-similes of these curves are included in the 

original report [ 18 ] . Nevertheless, values of the yield strenght 

and ultimate stress are given in table 3. 

4 - INSTRUMENTATION AND TEST PROCEDURE 

Test equipment and procedure are very similar to those 

used for the ellipsoïdal head tests performed earlier at Saclay 

[ 15 ] [16 ] I 17 1 [ 20 J. As a detailed description of the tests and 

their results is given in [ 18 ] (including fac-similes of original 

recordings), only a brief description is given below. 

. Instrumentation. (Essentially, facilities for measuring 

deflection at head center).This deflection was plotted on a x-y 

recorder against internal pressure. Fig. 2 shows such a recor

ding (head Til). 

In addition/ sensors mounted on a turnstile arrangement 

were provided for measuring changes in deflection along parallel 

circles (in the knuckle area) at different pressure levels. 

Figure 3 shows a recording giving normal deflection against polar 



angle. This device was used for all the tested head, but heads 
Tl f T2, T3 and T4. 

This instrumentation, together with a buckled head is 
shown on fig. 4. 

. Test procedure. Tested heads are welded to a circular 
shell (with a bottom) in order to be a part of a vessel contai
ning water, the pressure of it being progressively increased 
during the experimental test. 

It was chosen a volume controled loading in order to 
obtain as stable as possible a behavior (pressure control loa
ding leading to very quick behavior). The water volume inside 

* the vessel is increased at constant rate by a positive displa
cement pump. 

5 - TESTS RESULTS 

. Guenine results are : 

- Recordings (axial deflection as a function of 
internal pressure - deflection in the knuckle area against polar 
angle). Fac-siniles of these records are included in reference 
[ 18 ] . Figures 3 and 4 give examples of obtained records. 

- Visual observations during and after the test 
- Stress-strain curves of material samples cut out 

of tested heads (see reference f18 J ) - '"-" '"-' 

. Buckling pressure. Strickly speaking; buckling1 

pressure is not a test result. There is no clear signal of buckling. 
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A beginning of interpretation is needed to define buckling pres
sure. 

Fortunately, for most of the tested heads, examination 
of axial deflection-pressure recording shows a quick pressure 
drop when buckling appears (see figure 2). Such a pressure drop 
could be explained as follows : when buckling wave appears, they 
bring bending stress leading to local plastic instability and a 
buckle is suddenly formed. This buckle increases the vessel 
volume. As the pump flow is rather low, pressure cannot be main
tained and there is a characteristic pressure drop. It must be 
pointed out that buckle apparition is sudden and not prévisible. 
It can be seen on figure 5a that buckle is not the growing of 
initial geometric imperfection. 

Therefore sudden pressure drop was chosen to define 
pressure buckling (definition A). 

Clear pressure drop did not appear during testing of 
the thickest heads. As a mater of fact, if buckles appear sud
denly for thin heads (with quick pressure drop), they appear 
slowly for thick heads. Definition A is of no use for thick 
heads. As no measurement of knuckle deflection was made during 
testing of heads Tl, T2, T3 and T4, visual observation of buckling 
forming was retained as a definition of buckling pressure (defi
nition B). This is a rough method and probably leads to over
estimate buckling pressure. 

Another definition was adopted for heads T5, T6, T9, 
T10 and T15, T16. Knuckle deflection - polar angles records were 
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used. At a certain pressure there appears (rather suddenly) a 

very small deflection waving roughly sinusoïdal as a function of 

polar angle (wave number between 20 and 40). As the pressure in

creases on,the wave amplitude increases too and changes of shape 

to reach a small number (around 6) of hight peaks which are the 

visible buckles. Birth of a small amplitude waving is adopted as 

a definition of buckling pressure (definition C) . Such a definition 

leads at lower values that definition B. Figure 5b shows that 

buckling pressure is 1.15 MPa with definition C (waving of small 

amplitudes) and 1.30 with definition 3 (visible buckles). 

Buckling pressures were given on table 3. 

6 - ADDITIONAL COMMENTS ON TESTS RESULTS 

Effect of geometric imperfections 

As said above, heads are axisymétrie, it is to say 

that geometric imperfections (in the knuckle area) are of small 

amplitude. However, three heads were manufactured with noti

ceable geometric imperfections (initial buckles in knuckle area). 

Heac_73 - Initial buckle (hight 4/10 mm - about 80 % 

of thickness). This geometrical defect does not increase during 

test and final buckling (under pressure) appears in another place. 

Head_T12 - Very significant initial buckle : two times 

the thickness (heigth 2 mm,"thickness 0.5 mm) . This buckle" 

evolved during pressure increase and became notable. It was the 
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origin of final buckling. Buckling pressure is 0.158 MPa to 
be compared to the buckling pressure of it-s brother Til (same 
geometry but no initial buckle) : 0.256 MPa. Therefore a very 
important initial buckle (two times the thickness) leads to a 
pressure buckling reduction equal to 40 %. This is not too 
large for an inadmissible defect. 

Head_Tl4 - Initial buckle two times the thickness 
(buckle height 2 mm, thickness 1 mm) . No evolution of this 
buckle and the instable buckle appears in another area. Never
theless its buckling pressure (0.54 MPa) is smaller than this 
of its brother (heat T13 - 0.617 MPa), the pressure buckling 
reduction is equal to 10 %. 

It can be concluded that head buckling is little 
affected by geometrical imperfections. This can be attributed 
to the stable post buckling behavior of dished heads. 

Elastic or Elastic - plastic buckling 

All the tested heads show plastic distorsion before 
buckling occurs. Table 3 gives the pressure at which this non 
lineary comes out. 

Post buckling behavior 

As defined above, buckling Is not fracture of the head, 
it is only the apparition of the first buckle. If pressure 
increases on, other buckles are formed (see fig. 2). Therefore 
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it is possible to increase the internal pressure well above 
the buckling pressure. In the tests reported here, it was 
possible to reach a pressure near two times the buckling pres
sure without instability (tests were stopped because of the 
behaviour of cylindrical shell). The pressure reached during 
testing is given in table 3. 

7 - BIFURCATIONS METHODS - BRIEF CRITICAL REVIEW 

Very comprehensive review on buckling of shells have 
been written by D. BUSHNELL [21] [22] , therefore it is pos
sible to restrain this paper to only two points : first to 
recall what is bifurcation analysis (elastic behavior), then 
to point out the problems arising when such an analysis is 
applied to elastic-plastic behavior. The last point is of prime 
interest for practical applications because plastic bifurcation 
analysis if an inexpensive way to compute instability loads. 

Elastic bifurcation 

It is the conventional way to compute buckling load of 
elastic structures [ 23] [ 24 ] [ 25] . Bifurcation can occur when 
displacement as a function of the applied load is given by two 
or more different curves (and not by only one continuous curve). 
One of these curves is a linear relation between deflection 
and load and is representative of a smooth evolution of the shell 
shape. The others are corresponding to shapes different of the 
initial one (generally buckle formation). 

As an example deflection u can be given by the follo
wing function of load p 
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(p - ku) ( p - p Q + au ) = 0 

giving two curves 

- p = ku normal behavior (initial shape) 
- p = p - au buckled shape 

For low values of p, deflection is given by u = pA/ 
but at higher values it is given by u = (p0~p)/a- The change 
occurs at the crossing of the two curves : it is the bifur
cation. According to POINCARE there is exchange of stability 
between the two branches. The corresponding value of the load 
is the initial load p = kp /(k+a). The computation of p is 
well known in mathematics (eigen values computation). 

Such a behavior is only possible for particular 
shape of shells. These shapes are generally chosen by designers, 
because they are more efficient. Unfortunately, there are al
ways geometrical imperfections and bifurcation does not really 
occurs and maximum may be reduced. Nevertheless bifurcation ana
lysis is a very convenient way to appraise admissible load 
(fig. 6). 

Plas-tic bifurcation 

All the test results reported here show that plastic 
deformation occurs before buckling. Therefore bifurcation theory 
is not theoretically applicable. Nevertheless, it would be 
useful to applied a similar type of analysis in the plastic 
region. 

The first attemptwas made in 1889 by ENGESSER [26 ] . 
For columns, he proposed to use elastic bifurcation method in 
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using tangent modulus (to the stress-strain curve) in lieu of 

YOUNG's modulus. On the base of theoretical considerations 

CONSIDERS I 27 1 and VON KARMANN [ 28 1 showed that such a method 

was incorrect. They proposed a "reduced" or "effective" modulus 

E r based on the assumption of the column unloads elastically 

on the concave side during buckling. However, experiments show 

better agreement with tangent modulus than with reduced modulus. 

This paradox was explained in 1947 by SHANLEY Ï 29 ] who showed 

the strong effect of small geometrical imperfections. 

This first case shows the type of difficulties met 

in elastic plastic bifurcation methods : "How to choose the 

matrix to be used in lieu of elastic matrix ?" in other words 

"How to change values of YOUNG's modulus and POISSON's ratio for 

plastic bifurcation ?". 

A typical example is given by buckling of axially 

compressed cruciform column [ 30] . Before bifurcation, the 

stress state is uniform compression, but bifurcation mode in

volves pure shear. It seems convenient to choice the elastic 

shear modulus for bifurcation because no plastic shearing occurs 

before. Unfortunately such a point of view does not agree with 

experimental results. These later agree with the use of the 

secant shear modulus. 

ES ES E S 
Gs " 2 (1 Î v s)

 V S = ^ V + 0 - 5 (!-•#> 

E and v being elastic YOUNG's modulus and POISSON's ratio and 

E s tangent modulus on the stress-strain-curve (E„ = a / e ). 
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Such a choice is in agreement with plastic deformation 
theory (considered as incorrect) . An explanation based on the 
strong effect of very small geometric imperfections has been 
proposed I 311 . 

As a conclusion of this short review, it can be said 
that plastic bifurcation method is not the consequence of a 
definitively founded theory, but rather a tool for computations 
in which a good engineering judgment is needed. 

Very small geometric imperfections can lead to change 
the type of matrix to be used in bifurcation analysis. The in
dustrial practice is to carry out an elastic bifurcation analysis 
with an equivalent modulus (and equivalent POISSON's ratio) using 
a combination of the tangent modulus and the secant modulus (in 
addition of elastic YOUNG's modulus and POISSON's ratio) [32 H 33]. 

The ai3 of this paper is to show how different combi
nations (in the matrix used in bifurcation analysis) lead to 
different results and to compare them with experimental results 
reported above. 

8 - COMPUTATIONS OF TESTED HEADS WITH DIFFERENT BIFURCATION 
MODELS 

General indications on numerical analysis of axisymetric 
shells and bifurcation procedures can be found in open littéra
ture I 34 ] I 35 ] (36 ] [ 37 ] . In the computations presented here, 
the INCA computer program was used [ 40 ] . This programm is a 
part of the CASTEM computer system [38] [ 3f ] . It is based on 
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Finite Element Method with global plasticity model [41 ] . Five 

different bifurcation matrix have been used : 

1) Elastic matrix multiplied by E./E where E is elastic YOUNG's 

modulus and E tangent modulus 

2) Elastic matrix multiplied by E /E where E is the reduced 

modulus for plates 

fË^. /Ë /È^ 

3) Axisymetric part of elastic matrix multiplied by Efc/E and 

shear part obtained in using G as shearing modulus 

4) Axisymetric part of elastic macrix multiplied by E./E and 

shear part unchanged (elastic shearing modulus G) 

5) Axisymetric part of elastic matrix multiplied by E /E and 

shear part unchanged. 

Each tested head has been computed by each of the 

five models in order to obtain five computed values of the 

buckling pressure. Results obtained by the last model are not 

given here because no bifurcation was obtained (no buckling). 

This model is representative of pure tangent matrix and it seems 

to be unconservative (probably because the strong effect of 

very small geometric imperfections). 

The others results are given in the table IV. It can 

be seen that Engesser method (model 1) is very conservative. It 

gives a mean value of about 60 % of experimental value with a 

standard dispersion rather high (20 % ) . Other models are also 
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conservative, but nearer experiments. The better one is the 
forth. It gives a mean value of 75 % of experimental values 
with a standard dispersion of 15 %. 

9 - CONCLUSIONS 

- Sixteen torispherical heads have been tested under internal 
pressure. Values of buckling pressure have been extracted of 
the recordings. 

- It appears that initial imperfections have little effect. 
Initial buckles smaller than the thickness do not increase 
during pressurization. Larger buckles can evolve during in
creasing of pressure, but reduction of buckling pressure is 
limited. 

- Buckling is only apparition of buckles, but it is not fracture 
of the tested head. Generally pressure can be increased to 
values very higher than buckling pressure. No head rupture 
occurred during testing. 

- Computation cf buckling pressure of each head has been perfor
med by elastic plastic bifurcation methods. Five different 
models (with different matrix) have been used. Tangent matrix 
does not give conservative results (no buckling) . On the 
contrary tangent modulus seems overconservative. The better 
results were obtained with a combination of tangent modulus 
(on normal part) and elastic modulus (on shearing part). 
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TABLE 1 

Nominal Knuckle Crown 
thickness radius radius 

Tl 
t(mraî r (mm) R(mmî 

Tl 1. 30 550 

Ï2 1. 30 550 

T3 1.5 30 550 

T4 1.5 30 550 

T5 1. 20 500 

T6 1. 20 500 

T7 0.5 20 500 

T8 0.5 20 500 

T9 1.5 20 500 

T10 1.5 20 500 
Tll 0.5 50 500 

T12 0.5 50 500 

T13 1. 50 500 

T14 1. 50 500 

^15. L.5 .,_,_. -. .^^ 50 .... :.__.£ ^SjWW^w^ 

TÎ6 1.5 50 500 



TABLE II 
MEASURED THICKNESS (mm) AS A FUNCTION OF CURVILINEAR ABSCISSA (FROM THE POLE) 

Tl 

0 50 100 150 170 190 210 230 250 270 

Tl 0.98 0.965 0.955 0.95 0.95 0.93 0.92 0.915 
T2 0.98 0.965 0.94 0.925 0.92 0.925 0.935 0.93 i 

T3 1.43 1.405 1.4 1.395 1.385 1.37 1.365 1.32 
T4 1.43 1.425 1.395 1.39 1.39 1.39 1.375 1.355 
T5 0.99 1.00 0.98 0.96 0.95 0.93 0.925 0.93 0.94 
T6 0.985 0.985 0.965 0.95 0.94 0.945 0.92 0.92 0.93 
T7 0.51 0.515 0.515 0.51 0.50 0.49 0.48 0.485 0.505 
T8 0.505 0.50 0.51 0.52 0.51 0.52 0.49 0.52 0.515 
T9 1.45 1.465 1.44 1.40 1.385 1.39 1.395 1.37 1.375 
T10 1.46 1.455 1.44 1.43 1.435 1.40 1.375 1.40 1.415 
Til 0.51 0.50 0.52 0.51 0.495 0.50 0.475 0.47 0.46 0.445 
T12 0.505 0.525 0.51 0.515 0.51 0.465 0.47 0.47 0.47 0.445 
T13 0.995 0.995 0.965 0.95 0.945 0.94 0.925 0.915 0.835 0.795 
T14 1.00 1.00 0.965 0.97 0.95 0.925 0.93 0.90 0.80 5 0.855 
T15 1.475 1.465 1.445 1.45 1.425 1,415 1.305 1.295 1.3.™ 1.33 
T16 1.475 1.475 1.455 1.465 1.44 1.43 1.40 1.34 1.313 1.235 

I 



TABLE III 

TEST RESULTS 

Head MPa 
Ou 
MPa 

1 Py 
MPa 

Px 
MPa D Pra 

MPa 
Tl 230 290 0.24 0.425 B 0.97 
T2 259 302 0.15 0.438 B 0.92 
T3 290 324 0.35 1.13 B 1.41 
T4 280 322 0.28 1.19 B 1.33 
T5 320 351 0.25 0.36 C 1.0 
T6 300 352 0.22 0.345 C 0.78 
T7 228 317 - - -
T8 276 337 0.12 0.158 A 0.80 
T9 321 393 0.35 0.75 C 1.40 
10 315 400 0.40 0.72 C 1.40 
Til 290 337 0.20 0.255 A 0.60 
T12 270 315 0.12 0.176 A 0.33 
T13 300 348 0.40 0.617 A 1.00 
T14 288 374 0.35 0.54 A 0.92 
T15 327 394 0.70 1.15 C 1.70 
T16 330 

. .. 
405 0.70 1.10 C 2.57 

o y i e l d s trength 
o u l t imate strength 
Py y i e l d pressure (apparition of p l a s t i c deformation) 
Px (experimental) buckling pressure 
D d e f i n i t i o n of buckling pressure (see s e c t i o n 5) 
Pm (înaxinum) pressure ( t e s t stopped without fracture) 

T7 f a i l e d during,water f i l l i n g -.-s**r 



TABLE IV 

COMPARISON BIFURCATION RESULTS AND EXPERIMENTS 

Tl 
T2 
T3 
T4 
T5 
T6 
T7* 
T8 
T9 
TIO 
T i l 
TlS* 
T13 
T14 
T15 
T16 

E. ( t a n g , m.) E ( r e d u c . m . ) E t a n d G s E. and G 

Tl 
T2 
T3 
T4 
T5 
T6 
T7* 
T8 
T9 
TIO 
T i l 
TlS* 
T13 
T14 
T15 
T16 

P 1 C 
MPa & 

P 2 C 
MPa 

P 2 c / P x 
% 

P 
3C 

MPa 
P 3 c / P x 

% 

P 4 C 
MPa 

P 4 c / P x 
% 

Tl 
T2 
T3 
T4 
T5 
T6 
T7* 
T8 
T9 
TIO 
T i l 
TlS* 
T13 
T14 
T15 
T16 

0 .205 
0 .230 
0 .410 
0 .420 
0 .264 
0 .255 

0 .099 
0 .432 
0 .482 
0 .18 
0 .156 
0 .350 
0 .355 
0 .755 
0 .655 

48 % 
53 % 
36 % 
35 % 
73 % 
74 % 

62 % 
58 % 
67 % 
70 % 

55 % 
65 % 
65 % 
6C % 

0 .215 
0 . 2 5 1 
0 . 4 8 0 
0 . 4 6 5 
0 .300 
0 .274 

0 . 1 1 
0 . 5 4 5 
0 .585 
0 . 2 0 
0 . 1 8 
0 .380 
0 .416 
0 . 7 9 5 
0 .795 

50 
57 
42 
39 
83 
79 

70 
73 
81 
78 

62 
77 
69 
72 

0 .232 
0 .245 
0 .490 
0 .478 
0 .315 
0 .308 

0 .11 
0 .550 
0 .567 
0 .198 
0 .178 
0 .390 
0 .410 
0 .79 
0 .78 

55 
56 
43 
40 
87 
89 

70 
73 
78 
77 

63 
76 
68 
71 

0 . 2 7 2 
0 . 2 9 0 
0 . 5 9 2 
0 . 5 4 9 
0 . 3 4 2 
0 . 3 3 7 

0 . 1 1 8 
0 . 5 8 5 
0 . 6 5 5 
0 . 2 0 5 
0 . 1 8 8 
0 . 4 2 5 
0 . 5 1 4 
0 . 9 5 
0 . 9 2 5 

64 ~ 
66 
52 
46 
95 
98 

75 
79 
90 
80 

69 
95 
82 
84 

Mean 
V. 59 % 66 67 77 

S t . 
Dev 20 % 1 4 . 5 

1 5 

« 

* failed during water filling 
** significant initial geometric imperfection 



FIGURE CAPTIONS 

Figure 1 Buckled Head 

Figure 2 Axial deflection as a function of pressure 

Figure 3 Knuckle deflection against polar angle 

Figure 4 View of instrumented head 

Figure 5 Deflection near buckling 

Figure 6 Bifurcation 
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