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INTRODUCTION 

Dans cette thèse, nous étudions l'interaction électromagnétique 

des particules dans un faisceau avec la charge d'espace du faisceau ad

verse, lorsqu'ils son£ stockés dans un accélérateur â haute énergie. 

Nous nous intéressons en particulier à la perturbation du mouvement des 

particules par leurs collisions répétées avec les paquets du faisceau 

circulant en sens inverse, au cours desquelles elles voient, à chaque 

fois, le champ fortement non-linéaire généré par la distribution de 

charge des paquets adverses. Nous concentrant sur les anneaux de 

stockage e e , nous décrivons et essayons d'expliquer l'instabilité 

et l'important gonflement des dimensions transverses provoqués par 

cette "interaction faisceau-faisceau". 

De tels effets faisceau-faisceau furent mis en évidence dès les 

débuts de la technique des anneaux de stockage, il y a une vingtaine 

d'années, et apparurent comme la limitation essentielle de leurs perfor

mances. Depuis, malgré de nombreux efforts de recherche aussi bien théo

riques qu'expérimentaux, qui ont, certes, permis de progresser, ces 

effets demeurent mal compris et constituent toujours une limitation et 

un problème de première importance pour la conception et l'optimisation 

d'un anneau de stockage. En fait, aucune théorie prédictive ou même une 

loi d'échelle sûre concernant les effets faisceau-faisceau n'ont pu être 

développées. Pis encore, le ou les mécanismes physiques responsables des 

comportements observés apparaissent difficilement compréhensibles. 

Et pourtant, tout un ensemble d'anneaux ont été construits dans 

le inonde et d'autres vont l'être. Four les premiers, la conséquence a 

souvent été des performances bien décevantes tandis que pour les der

niers, l'utilisation considérable de simulations numériques, qui, si 

elles peuvent parfois fournir des prédictions assez précises, n'ont 

cependant pas permis de résoudre le problème de la limitation faisceau-

faisceau. 



Ces dernières années, des chercheurs d'autres domaines de la phy

sique ont été intéressés, notamment parmi les spécialistes des systèmes 

dynamiques non-linéaires et des processus stochastiques. En effet, plu

sieurs paramètres, y compris l'intensité du champ faisceau-faisceau 

perturbateur, sont contrôlables expérimentalement. De plus, les fais

ceaux sont parfois stockés avec des durées de vie de l'ordre de 1 0 1 1 

périodes, ce qui dépasse largement le nombre de périodes planétaires 

dans notre système solaire depuis son existence. Les anneaux de sto

ckage constituent donc potentiellement des instruments exceptionnels 

pour l'étude des oscillations perturbées non-linéairement et des proces

sus stochastiques. 

Malheureusement, cet intérêt n'a pas encore débouché sur une 

théorie "complète" du phénomène. Le problême est en fait réellement, de 

plusieurs points de vue, un problême difficile. D'abord parce qu'il est 

non-linéaire, ensuite à cause des difficultés mathématiques liées à 

toute description auto-cohérente de l'évolution des deux distributions 

de particules, lorsque couplées l'une à l'autre par l'interaction fais

ceau-faisceau, et finalement parce que les données expérimentales sont 

souvent confuses. 

Ici, notre motivation n'est pas de développer une théorie com

plète. Nous cherchons plutôt à isoler un mécanisme pertinent dans la 

situation particulière d'un anneau tel que le LEP, en construction au 

CERN, et permettant d'expliquer au moins qualitativement quelques com

portements faisceau-faisceau typiques des anneaux travaillant en fais

ceau plat, et de faire, dans certaines conditions, des prédictions. 

Dans le premier chapitre sont rappelés quelques éléments de 

dynamique des faisceaux ainsi que la terminologie essentielle. 

Dans le second, nous décrivons en détail le problème de l'inte

raction faisceau-faisceau du point de vue phénoménologique et expérimen

tal. Les résultats de plusieurs expériences faites auprès de machines 

e e existantes sont reproduits pour illustrer les comportements de 

faisceaux en collisions. Des concepts typiques tels que le glissement 

du nombre d'onde maximal sont discutés en liaison avec le problème de 

l'optimisation de la luminosité. 



Le troisième chapitre est consacré à l'approche théorique. Deux 

catégories principales de modèles d'interaction faisceau-faicceau sont 

examinés : ceux considérant la cohérence, ou au contraire l'incohérence 

des mouvements, comme le facteur dominant. Dans la partie consacrée aux 

modèles incohérents, nous rappelons aussi le formalisme élémentaire des 

résonances non-linéaires et nous l'appliquons au cas de l'interaction 

faisceau-faisceau. 

Dans le quatrième chapitre, nous nous intéressons à la situation 

particulière des faisceaux plats. Il apparait que la distortion géomé

trique des champs provoquée par la platitude des paquets a des consé

quences importantes dans le choix a'un modèle adéquat et sur la perti

nence des différents mécanismes proposés. D'une part, l'apparition d'un 

important grossissement vertical, spécialement dans les queues de la 

distribution, peut être considérée dans le cadre de l'approximation dite 

"fort-faible". D'autre part, les résonances de couplage non-linéaires 

sont amenées à jouer un rôle particulièrement important comme mécanisme 

forçant les particules vers des oscillations de grande amplitude. Des 

résultats sont présentés pour la résonance de ce type d'ordre le plus 

bas. Une simulation numérique permet de vérifier les résultats et de 

tester l'approximation "résonance isolée", de manière à faire quelques 

prédictions concernant le fonctionnement du LEP. 



RESUME DU TEXTE ANGLAIS 

Pour commencer, nous rappelons succinctement les principaux élé

ments d'un anneau de stockage, ainsi que les caractéristiques dynamiques 

essentielles des faisceaux accélérés, qui sont utiles pour la compréhen

sion de ce travail. Les particules des faisceaux stockés effectuent des 

oscillations transverses, dites bétatroniques, de part et d'autre d'une 

orbite idéale définie par des aimants dipolaires. Ces oscillations sont 

dues aux propriétés focalisantes du champ de guidage, générées au moyen 

d'aimants quadrupolaires. On montre que ces oscillations peuvent être 

ramenées à des oscillations sinusoïdales moyennant une transformation 

adéquate des variables, dite transformation de Courant-Snyder. Dans le 

cas d'un anneau à électrorsou à positrons, l'énergie perdue par rayon

nement synchrotronique est compensée, à chaque tour, dans des cavités 

de radio-fréquence. Il en résulte pour les faisceaux une structure en 

paquets, à l'intérieur desquels les particules effectuent des oscilla

tions longitudinales dites synchrotroniques• A l'intérieur de ces pa

quets, la distribution des particules est approximativement gaussienne 

dans chacune des trois dimensions, à cause de l'effet conjugué de 

l'amortissement radiatif et des fluctuations erratiques de l'énergie 

des particules, produite par le caractère quantique du rayonnement 

synchrotronique. 

Dans un anneau de collisions, deux faisceaux, un d'électrons et 

un de positrons, sont accélérés et stockés en sens inverse de manière 

à produire des interactions frontales dans le centre de masse. Les 

deux faisceaux peuvent être composés de un ou de plusieurs paquets syn

chronisés de manière à ce que les collisions se produisent en des points 

d'interaction donnés. 

Les dimensions caractéristiques des distributions et le nombre 

de particules stockées déterminent les performances essentielles 
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d'un anneau de collisions. Ces dernières se mesurent en termes de la lu

minosité -ou taux de collision- atteinte lors de la mise en interaction, 

et de la durée de vie des faisceaux stockés. 

Dans cette thèse, nous étudions le problème limitant le plus ces 

performances, à savoir l'effet de l'interaction électromagnétique entre 

les particules d'un paquet et la charge d'espace des paquets du faisceau 

circulant en sens inverse. 

Essentiellemnt, cette interaction "faisceau-faisceau" produit un 

grossissement, parfois résonant, des paquets et une déformation de leur 

distribution d'équilibre. L'effet est particulièrement critique lorsqu'on 

accroît le nombre de particules. Les durées de vie deviennent alors en 

général mauvaises, et, passé un certain seuil, si courtes que les fais

ceaux sont presqu'instantanément perdus. On dit alors que la limite 

"faisceau-i.aisceau"est atteinte. 

Du point de vue physique, il faut tout d'abord noter le caractère 

fortement non-linéaire du champ électromagnétique, généré par la distri

bution de charge des paquets, et vu â chaque point d'interaction, par 

les particules circulant en sens inverse. On montre que l'effet princi

pal de ces interactions répétées est un glissement des fréquences béta-

troniques, maximal pour des particules de petite amplitude bétatronique, 

qui décroît et s'annule à grande amplitude. L'analyse phénoménologique 

montre que ce glissement est le paramètre essentiel du problème, mesu

rant la force de l'interaction. C'est ainsi que la limite "faisceau-

faisceau" dans chaque anneau peut se traduire par une valeur maximale 

de ce glissement de fréquence. 

Différents modèles ont été proposés pour décrire physiquement et 

tenter de comprendre le grossissement et l'instabilité faisceau-faisceau. 

Le problème est, dans toute sa généralité, extrêmement complexe, aussi 

bien du point de vue théorique que du point de vue expérimental. 

Dans une analyse théorique "complète", il faudrait écrire et 

résoudre les équations régissant 1'évolution des distributions de par

ticules, et couplées par l'interaction faisceau-faisceau. Le problême 

est doublement difficile puisqu'il touche en même temps à la physique 
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des systèmes dynamiques non-linéaires et à celle des processus stochas

tiques. Du point de vue expérimental, les observations sont souvent 

confuses et pas toujours reproductibles, ce qui ne facilite pas la phé

noménologie. 

La plupart des modèles n'abordent donc le problème que par l'in

termédiaire d'approximation simplificatrices drastiques, dont la nature 

dépend bien sûr du type de collisions étudiées, mais aussi d'arguments 

expérimentaux ou intuitifs. 

Ces modèles peuvent, pour la plupart, être regroupés suivant qu'ils 

font jouer un rôle dominant à la cohérence, ou au contraire à 1 ' in

cohérence entre les mouvements des particules. 

Les modèles cohérents considèrent l'évolution couplée des deux 

distributions comme une superposition de modes d'oscillation multipo

laires. Pour simplifier le calcul, un de ces modes est en général 

traité de manière isolée et le champ électromagnétique est linéarisé. 

Les pertes de faisceau sont attribuées à la possible instabilité d'un 

de ce s modes cohérents. 

Les modèles incohérents se placent, le plus souvent, dans l'ap

proximation "faisceau fort-faisceau faible". Le faisceau fort n'est 

alors pas perturbé et le mouvement des particules composant le faisceau 

faible est régit par un système d'équations d'oscillateurs harmoniques 

forcés à une ou deux dimensions, que l'on traite par une méthode de per

turbations . A cause du caractère non-linéaire de l'excitation, le pro

blème n'est pas toujours intégrable, et souvent, le développement per-

turbatif que l'on obtient diverge. Il est cependant possible, pour des 

excitations pas trop intenses, de trouver des invariants approximatifs 

décrivant assez précisément le mouvement. C'est en particulier le cas 

lorsque l'oscillateur est dominé par une résonance non-linéaire isolée, 

c'est à dire lorsque la fréquence d'oscillation est voisine de nombres 

rationnels d'ordre bas. On peut alors calculer explicitement le mouve

ment. On montre que, à cause de la forte dépendance en amplitude du 

glissement des fréquences bétatroniques, de telles résonances n'affec

tent que de manière très limitée le mouvement, dans le cas uni-dlmen-

sionnel.Elles ne suffisent donc pas, à elles seules, à expliquer les 

effets "faisceau-faisceau". 
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Afin d'y remédier, les modèles incohérents proposent en général 

de relâcher certaines des hypothèses simplificatrices ou d'introduire 

quelque phénomène supplémentaire, qui, combiné avec une résonance iso

lée, permet d'en amplifier l'effet jusqu'à, parfois même, l'apparition 

d'une instabilité. 

Malheureusement, il est difficile de vérifier proprement les 

prédictions de ces différents modèles, cohérents ou incohérents, parce 

que les expériences systématiques sont longues et difficiles et ne 

permettent pas toujours de conduire à une amélioration rapide et 

substantielle des performances. 

La comparaison avec l'expérience îe fait donc en général par 

l'intermédiaire des performances ultimes telles que la luminosité 

atteinte ou la durée de vie des faisceaux stockés. Dans les deux cas, 

l'accord est en général mauvais. Qui plus est, les différents mécanis

mes proposés n'apparaissent pas, du point de vue expérimental, de manière 

isolée, et ont en général tous, ou presque, une importance dans le com

portement des faisceaux. 

Cependant, suivant la situation précise étudiée, leurs rôles 

respectifs peuvent être très différents. C'est à ce niveau que les ana

lyses phénoménologiques et théoriques peuvent être utiles. En effet, 

en étudiant de manière détaillée chaque situation spécifique, il est 

parfois possible de déterminer un mécanisme dominant, et de comprendre, 

au moins qualitativement, une partie du comportement. 

C'est ce que nous tentons de faire dans le cas d'un anneau élec

tron-positron tel que le LEP, en construction au CERN. Comme dans tous 

les grands anneaux électron-positron, les faisceaux stockés sont très 

plats. Ceci a pour conséquence une importante distortion du champ élec

tromagnétique généré par chacun des paquets, et conduit à amplifier 

fortement l'effet des résonances non-linéaires bi-dimensionelles, qui 

couplent les oscillations bétatroniques dans les deux dimensions tranc-

verses. 

Il est aussi possible de montrer que l'approximation "faisceau 

fort-faisceau faible" est alors assez bonne, surtout pour des particules 
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qui oscillent avec des amplitudes correspondant â quelques écart-types, 

c'est-à-dire principalement dans les queues de la distribution d'équi

libre . 

La résonance de couplage produisant l'effet le plus fort est la 

résonance "différence" d'ordre le pius bas, à savoir : 

20 - 20 = entier 
*x "y 

où Q senties nombres d'onde, c'est-à-dire les fréquences bëtatroni-

ques normalisées à la fréquence de révolution dans l'anneau. 

Nous en calculons l'effet de manière détaillée et nous trouvons, 

d'une part, qu'elle affecte principalement les queues de la distribution 

transverse verticale. Ceci correspond bien à des observations faites 

auprès de l'anneau SPEAR, à Stanford, qui avaient montré clairement 

l'apparition d'un important gonflement des queues verticales. 

D'autre part, nous trouvons qu'elle a un effet particulièrement 

important lorsqu'elle est approchée par le haut, c'est-à-dire lorsque 

le nombre d'onde Q approche la valeur résonante par valeurs supérieures. 

Ce fait est bien connu expérimentalement et conduit des anneaux tels 

que PETRA à Hambourg .ou le LEP â choisir des points de fonctionnement 

juste en dessous de cette résonance de couplage. En effet, la proximité 

de cette résonance présente l'avantage d'une relative faible densité 

d'autres résonances d'ordre bas. 

Ces deux effets ne caractérisent en fait pas seulement cette 

résonance de couplage particulière, mais toutes les résonances "diffé

rence". C'est pourquoi nous pensons que ce type de résonance fournit 

un mécanisme de grossissement particulièrement pertinent dans le cas 

de faisceaux plats. 

Dans le choix d'un point de fonctionnement optimal pour le LEP, 

il importe de savoir de combien la résonance peut être approchée, sans 

que le grossissement des faisceaux ne devienne critique. Il est possible 

d'extrapoler une prédiction à partir du calcul théorique. Cependant, le 

modèle utilisé qui traite les résonances comme étant isolées a des limites. 



aussi nous avons vérifié les résultats par une simulation numérique, 

suivant tour par tour les particules. Nous pouvons ainsi indiquer les 

limites de validité du modèle et donner quelques prédictions pour le 

grossissement vertical des faisceaux dans le LEP et pour la distance 

à cette résonance qu'il faut respecter. 
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CONCLUSION 

Dans cette thèse, nous avons analysé, du point de vue phénomé

nologique, le problème limitant le plus les performances des anneaux 

de collisions électron-positron, â savoir l'interaction "faisceau-

faisceau". Nous avons examiné en détail comment ces limitations appa

raissent dans différents anneaux déjà existants,tels que SPEAR et PEP 

à Stanford, ACO et DCI à Orsay, PETRA à Hambourg et CESR à Cornell, et 

nous nous sommes, intéressés au cas du LEP, actuellement en construction 

au CERN, 

La complexité du problème n'ayant pas permis, jusqu'à ce jour, 

d'élaborer une explication sûre des effets de l'interaction "faisceau-

faisceau", il n'est malheureusement pas possible de prédire des para

mètres essentiels tels que la luminosité, ou la durée de vie des fais

ceaux, qu'il est possible d'atteindre dans une situation donnée. 

Un grand nombre de modules simplifiés, mettant en avant un méca

nisme particulier, ont cependant été proposés. Bien que tous, ou pres

que, peuvent jouer un rôle dans les comportements observés, nous avons 

tenté de déterminer, dans la situation spécifique d'un accélérateur tel 

que le LEP, un mécanisme dominant permettant de comprendre en particu

lier l'important grossissement dans les queues de la distribution ver

ticale observé dans d'autres anneaux du même type. 

Nous avons trouvé que, du fait de la configuration du champ 

électromagnétique généré par les faisceaux très plats stockés dans ce 

type d'anneau, des résonances non-linéaires bi-dimensionnelles, couplant 

les oscillations bétatroniques verticales et horizontales, se trouvent 

fortement excitées. Nous avons calculé l'effet de la résonance de cou

plage d'ordre le plus bas, c'est à dire 2Q - 2Q = entier. 
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Bien que le modèle utilisé ne permette pas de déterminer la dis

tribution d'équilibre perturbée au voisinage de cette résonance, il est 

possible de prédire que le grossissement apparaît surtout au-dessus et 

que ce sont précisément les queues de la distribution verticale qui 

sont affectées le plus. 

Afin de déterminer les limites de l'approximation "résonance 

isolée", nous avons aussi écrit et utilisé un programme de simulation 

numérique. Nous avons trouvé un bon accord avec les prédictions du 

calcul théorique, aussi bien du point de vue quantitatif que qualita

tif, jusqu'à des glissements de nombres d'onde de l'ordre .06 à .08. 

Au delà, la -résonance de couplage interagit avec des résonances voisi

nes d'ordre plus élevé et il n'est plus possible de distinguer les 

battements couplés caractéristiques. Les amplitudes évoluent alors au 

cours du temps avec peu ou pas de structure, sans ' toutefois grandir 

indéfiniment. Il est aussi intéressant de remarquer que même dans ce 

cas, la proximité de la résonance de couplage amplifie fortement le 

domaine dans lequel les amplitudes verticales se répartissent. 

Finalement, nous donnons un critère concernant l'écart entre 

les deux nombres d'onde bétatroniques qu'il faut respecter pour mini

miser le gonflement des-queues de la distribution verticale, dans le 

cas d'un accélérateur tel que le LEP. Les deux nombres doivent vérifier : 

.05 < Q -Q < .10. 
*x *y 
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INTRODUCTION 

In this thesis, we study the electromagnetic interaction of the 
particles in a beam with the space charge of the counter-rotating beam, 
as they are stored in high energy particle accelerators. In particular, 
we investigate the perturbation of particle motions as they repeatedly 
collide with the opposing bunched beam, experiencing each time the 
strongly non-linear field generated by its -harge distribution. Empha
sizing on e +e~ storage rings, we describe and attempt to explain the 
instability and large "blow-up" of transverse beam sizes arising from 
this "beam-beam interaction". 

Such beam-beam effects struck the first storage ring pioneers, 
some twenty years ago, as being a major limitation to the performances 
of the accelerators they were operating. Since then, in spite of ex
tensive both theoretical and experimental efforts that have brought some 
insight, they are still not fully understood and remain an outstanding 
problem to storage ring designers. In fact, not only has it been imposs
ible to derive a predictive theory, or even a good scaling low concer
ning beam-beam effects, but even the basic physical mechanisms respon
sible for the behaviour observed have proved elusive. 

And yet a whole generation of storage rings have been and will 
be built throughout the world. For the former, the consequence has often 
been disapointingly poor performances whereas for the latter, even the 
use of extensive computer simulations, which sometimes do allow accurate 
predictions, has not enabled to overcome the beam-beam limitation. 

Over recent years, interest in the problem has grown also outside 
the accelerator physics community, mainly among non-linear dynamicists 
and specialists of stochastic processes. In effect, since several para
meters, including the strength of the perturbing beam-beam field, are 
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under experimental control, and since typical beams can be stored with 
lifetimes greater than 10 periods which is more than the number of 
planetary periods in our solar system, colliding beam accelerators pro
vide a unique tool for the investigation of non-linearly perturbed 
oscillations and of stochastic processes. Even so, no "complete" theory 
has yet been made available. In fact, the problem is really, from sev
eral points of vue, a difficult one. First because it is non-linear, 
second because of the mathematical difficulties encountered in any self-
consistent description of the evolution of the two particle distribu
tions, when coupled to each other by the beam-beam interaction, and 
third because the experimental data are often confusing. 

Our motivation here is not to develop such a complete calculation 
Instead, we are interested in isolating a mechanism relevant to the 
particular situation of a storage ring such as the planned LEP acceler
ator (CEHN), explaining at least qualitatevely some typical beam-beam 
features of flat beam operated storage rings, and allowing, under cer
tain conditions, to make predictions. 

In the first chapter, the basic dynamics of particle beams cir
culating in a storage ring is shortly reminded together with some 
essential terminology. ' 

In the second chapter, the beam-beam problem is described exten
sively from the phenomenological and experimental points of vue. Results 
from several experiments performed with existing e +e~ storage rings are 
reproduced to illustrate the behaviours of colliding beams. Typical 
concepts such as maximal tune-shift are discussed together with the 
problem of luminosity optimization. 

The third chapter is devoted to the theoretical approach. Two 
main categories of beam-beam models are discussed : those assuming 
coherence and those assuming incoherence as a dominating feature of the 
problem. In the section devoted to incoherent models, we also review 
the elementary non-linear resonance formalism and apply it to the case 
of the beam-beam interaction. 
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In the fourth chapter, we investigate the specific situation 
arising when two flat beams collide. We find that the geometric dis
tortion of the fields arising from the flatness of the bunches has im
portant consequences in the choice of a suitable model and in the re
levance of the different mechanisms proposed. In particular, the ap
pearance of vertical blow-up, especially in the tails of the distribution, 
can be described in the so-called "weak-strong" approximation. Moreover, 
non-linear coupling resonances appear to play a major role as a mecha
nism driving particles to large amplitudes. Results are presented for 
the lowest order such resonance and then checked with an elementary 
tracking program, in order to test the single resonance approximation 
and allow some predictions concerning the operation of LEP. 



CHAPTER I 

ELEMENTARY BEAM DYNAMICS AND BASIC TERMINOLOGY IN A STORAGE RING 

The purpose here is not to give a complete description or deri
vation of the dynamics in a storage ring, since this is already done in 

[18 29 47] several classical references, for example ' ' . The aim is rather 
to review its main features and to define some of the terminology useful 
in this thesis. 

[18] 
A typical storage ring is sketched in figure I.a. It is mainly 

composed of a roughly circular vacuum chamber in which the stored par
ticles are confined, transversely, by magnetic fields. These fields are 
mainly of two types : vertical fields produced by dipole magnets bend 
the trajectories in order to ensure roughly circular orbits ; quadru-
pole lenses produce the necessary focussing. The dipole fields define 
the ideal design orbit about which the circulating particles execute 
pseudo-harmonic oscillations called betatron oscillations. These can 
be described defining a moving reference frame, as sketched in figure I.b, 
in which x and y are the radial and vertical displacements around the 
design orbit, and s the curvilinear coordinate along the orbit. 

The equations of motion are obtained from the Lorentz force. 
Neglecting the longitudinal dimension, we way, as is customary, write 
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M O ] 
F i g . I . a : Typical s to rage r ing (from ) 

X = Radial displacement 
in the median plane 

Y = Vertical displacement 
perpendicular 
to median plane 

Fig. I.b : Moving coordinate system 
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them for the two t r ansverse coord ina tes , in the form of two H i l l ' s 

equations : 

*2, 
^ + K z ( s ) Z = 0 Z= x , y 1.1 

where the functions K (s) contain all the necessary information con-
cerning the structure of the magnetic fields and are periodic with 
period L = circumference of the ring. Moreover s =ct =R6 is taken as 
a time-variable, where R is the average radius of the ring, c the 
speed of light and 8 the azimuthal angle. 

The Floquet theory ensures the existence of a periodic 
coordinate system which removes the time dépendance from the linear 
term in 1.1. It is found carrying out the so-called Courant-Snyder 

[29] trans formation . In the case of stable motion, setting : 

r,z = Z / ^ 

• / " 

1.2 

in eq. 1.1, where the functions P satisfy the equations 

Bz(s+L) = 6(s) 

d-% dB„ dK 
+ 4K — - + 2 — - B = 0 

3 z . z 
1.3 

ds ds ds 

one obta ins the equat ion of a harmonic o s c i l l a t o r 

< * * , 
— + n = 0 
2 z 

1.4 

The solutions can then be written 

Z = a/3z(s) cos[*z(s) +b] 1.5 

where a and b a r e cons t an t s . 

The p e r i o d i c functions B a re very important. Not only can 

they be used as an a l t e r n a t e r ep re sen t a t i on of the magnetic f i e l d s t r u c 

t u r e , through eq. 1.3, but they a lso conta in a l l physical information 



needed. Effectively, eq. 1.2-5 show that the solutions are oscillations 

which are modulated by Jfîl and which have an instantaneous wavelength (5_. 
Z £t 

Because the functions 6 are periodic, we can define the phase 
x,y — 

advances per turn p given by : 

/

S+L fl> 
ds / ds 

2nQ z 1.6 

where Q is called the tune and is the number of betatron oscillations 

per turn. If we are interested in the motion for a particular azimuth, 

we can "stroboscope" equation 1.5, i.e. look at Z(s ) , Z(s +L) ,..., 
o o 

Z (s. +nL) . We then obtain : 
o 

Z(s +nL) = a/3(s ) cos(2nQ„n +b) 1.7 
o o Z 

We may thus define an equivalent harmonic oscillator of fre

quency Q , which coincides with 1.7 each time the particle passes at 

n=0,l---

Z(8) = a/B(s ) cos(Q„0+b), 6=s/R 1.8 
o Z 

This is very convenient when investigating the effects from 

the beam-beam interaction since it is then sufficient, from the point 

of vue of single particle dynamics, to consider a perturbed harmonic 

oscillator. 

It is also customary to express the above oscillations in a trans

fer matrix form, as a mapping connecting coordinates at subsequent 

azimuths. Here, we are interested in the transformation over one turn : 
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where M is the Twiss matrix : 

cos u + a sin p 
M(s +L,s) = | | 1.10 

-y sin u cos u ~ a sin 11 

and in which subscripts Z have been dropped. 0 ,a = - -r , Y = — 5 a r e the 
* l P 

Twiss parameters. The two formulations are of course equivalent. 

The above sketched dynamics is of course not the complete story. It 
only describes a perfect machine. In fact, there are always error fields 
that perturb the linear optics, due to unavoidable construction and po
sition errors. One shows that this results in resonant phenomena, when 
the tunes are close to satisfying rational relationships such as : 

P Q X + q Q y = r 1.11 

where p,q,r are integers. The physical reason is intuitive. If, in the 

case for example of a one-dimensional resonance, pQ =r, the trajectory 
of the particle will close on itself after p revolutions. Thus, if there 
is an error field, the extra kick experienced will accumulate over the 
turns and drive the oscillation to resonate. The effect is severe mainly 
for small values of -the resonance order |p| + |q|, and leads one to se
lect the working tunes (Q ,Q ) very carefully. 

Furthermore, it is usually necessary for the correction of chro
matic effects to add sextupoles to the lattice. This perturbs the motion 
non-linearly and usually causes resonant instabilities. A great deal of 
effort is therefore devoted to optimizing their relative strengths and 
locations in order to ensure at least stability around the design orbit. 
The distance from this design orbit, beyond which trajectories are not 
stable anymore is usually called the dynamic aperture . Ideally, it is 
made as big as the physical aperture set by the vacuum chamber. This is 
however not always possible. 

in most larqer hadron colliders, otir or several radio-frequency cavities 
are used to accelerate the beams. In the e 4e~ case, they are also used 

* Note : In a symmetrical lattice, one shows that ci=0. 
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to compensate for the energy lost by synchrotron radiation. Because of 
these periodic accelerating fields, the beam is in general bunched. 
Particles inside a bunch execute longitudinal oscillations about an 
ideal synchronous particle, called synchrotron oscillations, and des-

r -I p i 
cribed in detail in 

The necessity to compensate for the radiated energy also limits 
the maximum number of particles that can be stored. This is especially 
the case in the upper energy range of large e +e~ storage rings. It can 
effectively be shown that the energy radiated is proportional to the 
fourth power of the nominal energy E . If P is the power available to 
accelerate each stored electron, the maximum number of particles will be 

P 
N„. y * - 5 - 1.12 
MAX E ,, 

0 
In e +e~ storage rings, the radiation of energy also causes the 

oscillations, both betatron and synchrotron, to be slowly damped. Fur
thermore, because the synchrotron radiation is emitted by quanta (pho
tons) , the energy fluctuates at random. These quantum fluctuations 
continuously excite the betatron and synchrotron oscillations. In a 
stationary situation, a balance is reached between the diffusion from 
quantum fluctuations and the radiation damping. This results in an 
equilibrium distribution which, in first approximation, is gaussian 
in the three dimensions. The dimensions of the bunch are naturally 
expressed in terms of standard deviations of the gaussian distribution. 
Typically a bunch looks like a flat sausage, with in the interaction 
region, a couple of centimetres length, a few tenths of millimetres 
width and a few tens of microns height. The reason why the bunches are 
naturally much wider than high comes from the fact that the energy dis
persion caused by the emission of synchrotron quanta in the bending 
magnets occurs essentially in the horizontal plane. It can be shown 
that this dispersion results in a horizontal beam size that, in a given 
machine, increases linearly with the beam energy. 

* Note : As follows from the high emission rate of in time randomly 
distributed quanta and from the linearity of optics. The latter 
is of course not always true. 



Hence, unless the storage ring also has vertical bending arcs, 
such as DCI (ORSAY), the beam will be naturally infinitely flat. In 
fact, because there are always error fields that couple the two trans
verse dimensions, some of the horizontal oscillation is transfered 
vertically, resulting in a transverse area with the shape of a flat 
ellipse. In most storage rings, especially in the larger, the optimi
zation leads to compensate this coupling, in order to ensure a very 
flat Interaction area, when the two beams collide. This will be de-
velopped in chapter II. Typically, the ratio of the two dimensions, 
often called the aspect ratio, is smaller than 1/10. 

The transverse beam areas are very important since they will 
determine, for given currents circulating in the ring, the rate of 
high energy collisions leading to the sought elementary particle phy
sics events. The relevant quantity is the so-called luminosity of the 
storage ring, defined as the counting rate of events for a process of 
unit cross section. For two beams composed of N and N particles res-

1 2 
pectively, colliding head-on at a frequency f, and under the assumption 
that both transverse distributions remain gaussians of same characteris
tic sizes - i .e . standard deviations o - i t is given by : 

x,y 
1 N N f -

I = _ ' ', 1.13 
4 A 
x y where A = — — c a n be defined as the transverse bunch area. The factor 

[ 
1/4 in 1.13 comes from the averaging over the two gaussian distributions 
Sometimes, the luminosity is also expressed in terms of the currents, 
defined as : 

I = N ef I.14 
1 ,2 1 ,2 
Substitution into 1.13 then gives : 

1 I !. £ = —V- -1-1- 1-15 
4ezf A 

Typically, an e +e~ storage ring such as LEP, now under construc
tion at CERN, plans to have 4 bunches per beam each composed of 4 10 1 1 

particles, colliding in 4 intersection regions at a frequency 
f =1.12 107 s~*. Bunch dimensions are o =0.3 mm and o =18.7 inn. This 

x y 
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gives, using 1.13, the design luminosity £ -\< 10 3 1 cm~2s" . 

After these preliminaries, we now proceed to describing how 
beam-beam effects are observed and how they limit the performance, 
especially the luminosity and the beam lifetimes {defined as the time * after which the beam intensities have decreased by a factor 1/e ) . 

* Mote : Several phenomena must be considered in the evaluation of the 
lifetime of a beam, but are beyond the scope of this introduc
tory chapter. One important source of particle loss comes from 
the diffusion of particles, due to quantum emission, at the trans
verse aperture of the ring. Typically, lifetimes in large e +e~ 
machines are of the order of 10-15 hours. 
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CHAPTER II 

THE BEAM-BEAM PROBLEM : OBSERVATIONS, PHENOMENOLOGY AND ELEMENTARY CONCEPTS 

Once a first beam of particles has been stored into the storage 
ring, a second counter-rotating beam is injected and stored, using elec
trostatic separators, in order to avoid interactions with the first. 
The two beams are then brought into collision by cutting off all, or 
some, of these separators. As each particle then experiences the elec
tromagnetic field generated by the counter-rotating beam, the motions 
are disturbed, resulting in perturbed beam distributions. Usually, as 
the currents are increased, quite blown-up beam sizes are observed, 
mainly in the vertical dimension. Beyond a more or less distinct threshold, 
this blow-up becomes stronger, the beam lifetimes drop and the back
grounds in the experiments increase, indicating that a large fraction 
of particles reach the physical or the dynamical aperture (set by other 
non-linear elements such as sextupoles) of the ring. The point when 
one -or both- lifetimes become so short that the corresponding beam(s) 
must be considered lost is the ultimate "beam-beam limit". 

In practice, most storage rings have to be operated below this 
limit in order to obtain reasonable lifetimes and background levels. 
Because of the vertical blow-up and the limitation in storable current, 
the overall integrated luminosity that can be obtained is severely li-
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mited, sometimes reaching only disappointingly low levels. 

In spite of sometimes very different colliders, the general 
observations are usually very close to the scheme just described. Howe
ver in specific beam-beam situations such as those shown in figure II.a, 
the dynamics of the beam-beam interaction may be somewhat different as 
the peculiarities of each situation may drive different instability 
or blow-up mechanisms (example : crossing at an angle is known to stron
gly drive coupling between synchrotron and betatron oscillations). Such 
knwoledge is of course very important when designing a collider and in 
particular its interaction regions. 

e* 

HERA (DESY) 

X_ 
e" e + 

DCI (ORSAY) 

14.77 1 \̂/ 
SSC . LHC,... 

ISRtCERN) e + DORIS (DESY) * 

Fig. II.a : Various beam-beam situations 

In this thesis will be considered only head-on collisions between 
electron and positron bunches, without any crossing angle. Much of the 
analysis may however be useful also in other cases. 
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ELECTROMAGNETIC FIELD AND TUNE SHIFTS 

The electromagnetic field produced by a three-dimensional gaus-
sian charge distribution is three-dimensional. However, the overall 
kick (change in slope) experienced by a counter-rotating particle tra
versing it does not depend, in first approximation, on the longitudinal 
distribution. The equivalent field, as "seen" by the on-coming beam, 
can thus be calculated as if the longitudinal distribution was uniform, 
the transverse one being 

p . ( x ' y ) = 2^- e " - 1 

x y 
where n is the number of particles of charge e per unit length. 

In the case of a round beam, II.1 reduces to : 

ne 2 ^ 
P t r ) = 2 ^ S " - 2 

and the equivalent field is easely obtained, using Gauss's law : 

2ne / *°T\ 
Eq< r ) = o "I 1 " e I II.3 

The overall kick, using Newton's law, is then : 
_ _ri 

2Nre 1 -e 2 ° 2 

Ar £ . — II.4 
Y r 

in which N = nL is the total number of particles in the bunch (of length L) 
=2 1 r_ = s- is the classical electron radius and v the relativistic 

e m ec z 4TIE0 

factor. 
In the case of flat beams, it is difficult to use Gauss's law 

to calculate the equivalent field because the symmetry is no longer 

* Mote : fin extra factor 2 has been added to account for the contribu
tion of the magnetic field, which is equal to that of the electric in 
the case of relativistic particles. It will however be cancelled in 
eq. II.4 from the fact both beams are moving resulting in an interaction 
length equal to half the bunch length L. 
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[27,28,43] cylindrical. It is however possible to obtain an integral form 
for the electromagnetic potential V(x,y), solution of the Poisson equa
tion Av = -P/E 0 , with boundary condition V -*• 0 when x,y ->- OD -

ne 
y/(2a2+t)(2a2+t) 

e f° 
n x ^ - 4 ^ r / ~ • - d t " - 5 

In order to define an equivalent potential, as "seen" by the 
on-coming beam, we must again make use of Newton's law to calculate the 
kicks Ax and Ay (the two must now be distinguished). We obtain : 

* 

eq 

( ? , f \ 
» 120̂  +t 2az +tl 
i - e \ x y I r e N . . = V„„(x,y) = -z~\ -=Z===Z <3t II.6.a 
Y (2a2 +t) (2a2 + t) 

3 vea " 3yea A* = " "S 1 * = " i f "-6-b 

The radial kick Ar (round beam) and the vertical kick Ay (flat 
beam) are shown qualitatevely in figure II.b, as a function of the 
corresponding transverse coordinate. 

Linear near the centre of the bunch, it becomes very non-linear 
close its edge (at around one standard deviation), reaches a maximum and 
then levels off as l/r(l/y for Ay), when far from the bunch. In the case 
of the flat beam, this levelling off occurs quite far away in the vertical 
direction (roughlyat a /aspect ratio). This has important consequences 
and will be discussed in more detail in the following chapters. 

From figure II.b can already be seen that the effect on particle 
motions will depend strongly on the oscillation amplitudes. 

For small amplitudes (A), the effect is roughly that of a focus
sing quadrupole (for beams of opposite charge, defocusing otherwise) in 

*Mote : For future convenience, we have chosen V such that v„(0,0) • 
However, this has no importance for the dynamics because the kicks in 
Eq. II.6.b still vanish at infinity. 
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both transverse dimensions, because the linear approximation is suffi
cient. This extra quadrupole, when added to the focussing structure of 
the lattice, produces a tune shift, the basic dépendances of which can 
be derived as follows : from chapter I, we remember that we 
can write the radial coordinate as a simple harmonic oscillation. 

r 0 cos -g = r 0 cos 4 II.7 

oscillating particle 

Fig. II.b : Radial kick from round beam and vertical kick from flat beam 

The derivative, r = =- sin jr , just after a small kick from 
the beam-beam quadrupole continues to oscillate, but with a small shift 
in the origin of its phase. Differentiating r and r, we have : 

jdr = dr„ cos <f> - r 0 sin+ dif 

B 
II.8 

Jdr = sin 0 - r 0 cosiji dit 

* Note : This simple argument is carried on, for convenience, in the 
case of round beams. 



The net change in slope Ar =dr can be calculated, putting dr =0 : 

_ lin 

Ar = 52. _ * É _ « . ft Qi"st. 
S cos <> B cos <f> 

Linearizing and using Eq. II.4, we get : 

. nlin Nr eB ? AQ. = ,- cos'<J 
inst 2TITO2 

The overall small amplitude tune shift is obtained averaging 

over $ : 

lin NreB 
Û Q . = 4 ^ 2 "-10 

[IS] 
In the case of the flat beam, the expressions are very similar : 

Nr B 
AQ = e x' y 11.11 
x,y 2WYO (o +o ) 

x,y x y 

Now for larger amplitudes (B) , the kicks become non-linear and it is 

no longer sufficient to linearize Eq. II.4. Going back to the round beam, 

the instantaneous shift received at each passage is (taking the factor 

two into account) : 2 

r o 2 1 
- — 2 ~ c o s • 

non-lin = NreB 1 -e ° 11.12 
inst Trv r

2 

o 

At this point can be noted that in the linear case, the tune shift 

was proportional to the slope of the kick, whereas in the non-linear case, 

this is no longer true. In particular, the instantaneous non-linear tune 

shift is always positive even though the slope of the kick shown in 

figure II.b changes sign. 

Eq. 11.12 teaches us that the instantaneous tune shift a particle 

experiences when crossing the counter-rotating bunch far from its center 

vanishes like 1/r2. The total tune shift experienced during a large am

plitude oscillation is obtained averaging Eq. 11.12 over many turns, as 

follows : 2 2j. 
rft cos"» 

-lin 1 / non-lin .„lin 1 / ., 1 -e 
= 27/ d* A Qinst = A Q 7/ d* IÏ 

Jo Jo o 

A r non-lin 1 I non-lin .„lin 1 / . , 1 - e II.13 
AQ = — / dii AQ_.__ t = AQ - / d* 

2o' 
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The exact calculation will be performed in chapter III. At this 
point can be said, rather intuitively, that the average in Eq. 11.13 
will vanish quickly as the amplitude r becomes large because the cos $ 
distribution is peaked near ± 1. Effectively, the large amplitude con
tributions, which are thus the most numerous, vanish like 1/r2. Mean
while, the small amplitude contributions, which are at the most equal 
to the linear tune shift, become relatively fewer and fewer. 

The described behaviour is summarized in figure II.c, where sub
scripts x,y have been added to remind that the tune shift mechanism 
occurs in both transverse dimensions. 

A Q x . V 

amplitude 

Fig. II.c : Tune-shift as a function of oscillation amplitude 

Normally in an electron ring, amplitudes form a Rayleigh dis
tribution due to the more or less gaussian transverse bunch densities. The 
amplitude dependant tune shift mechanism produces thus a spread of the 
effective tunes, which is calculated using Eq. 11.13 (or III.48for flat 
beams) and shown in fig. Il.d for round and flat beams, assuming equal 
linear tune shifts in both transverse dimensions. Because of this tune-
spread, the working point in tune diagram is extended into an area of 
characteristic size : the linear tune shift. 
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(A) ® 

AQx <AQx> 5 

Fig. II.d : Tune-spread from round beam (A) and flat beam (B) . It can 
be seen that particles in the tails have larger average 
tune shifts horizontally than vertically. 

For round beams, this tune spread is symmetric with respect 
to the diagonal because of the cylindrical beam symmetry. At the con
trary the flat-beam tune-spread has almost a triangular shape, indica
ting that particles haver on the average, larger horizontal than ver
tical tune shifts. This is especially true for particles in the tails, 
as illustrated in figure II.d (B ) . It is due to the distortion of the 
field generated by a very flat bunch, which decays more slowly in the 
vertical than in the horizontal tails (see also chap. IV for this point). 

NON LINEAR RESONANCE EFFECTS : 

The reason for worrying about the tune-spread comes form the 
infinitely numerous non-linear multipolar fields that appear when the 
beam-beam field is expanded (see chap. Ill) , and which drive, as will 
be explained, so called non-linear resonances, in addition to the usual 
single beam resonances mentionned in chap. I. Whether this feature of 
the ' -?am-beam problem is essential or not is cor.ti . /ersial. That they 
can be observed and identified is however very clear. 
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One approach possible consists in simulating the interactions 
with a computer. Such numerical experiments can be launched for example 
to scan the tune diagram in order to find the best possible luminosity 
and to diagnostic bad lifetimes. An example of such a simulation, for 

r 21 
CESR (Cornell), is shown in figure II.o, where level curves of spe
cific luminosity (product of beam current divided by beam cross section) 
are shown in tune diagram. As can be seen, "bad regions" are located 
mostly in the vicinity of lines such that : 

nQ + mQ = p 11.14 

where n,m and p are integers. 

Fig. II.e : Level curves of specific luminosity in tune-diagram, computed 
with a simulation!2] for CESR. 

Each line corresponds (see chapter III) to the resonance con
dition of a non-linear resonance driven by the multipolar fields in the 
expansion. The sum |n| + |m| is called the order of the resonance. 
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Physically, the effects from the resonances are rather subtle 
distortions of the bunch shape. In a first naive approach, let us con
sider a simple pendulum driven by an external tune dependant force. 
If the Pigen-frequency of the pendulum is equal or close to that of a 
harmonic present in the Fourier transform of the force, the pendulum 
will "resonate". Similarly, when the tune of a particle in the bunch is 
close to a resonance line, the corresponding term in the Fourier trans
form of the beam-beam field dominates and the kicks received at each 
passage build up : the particles "resonate". Because the contributions of 
the terms in this expansion decrease with increasing order, we expect 
high order resonances to produce weaker effects than the low order ones. 

The peculiarity of non linearity disturbs, however, this simple 
picture. Not only must be considered the fact that the multipole expan
sion is infinite, producing a "web" in tune diagram consisting of an 
infinite number of resonance lines, but also the detuning provided by 
the amplitude dependant tune shift : as a resonant particle's amplitude 
grow, its tune shift becomes smaller and the particle's effective tune 
(tune + tune shift) moves away from the resonance line. 

Because of this detuning mechanism, the concept of resonance 
strength is usually expressed in terms of width. Particles close to a 
very broad resonance will remain trapped a long time if all or part of 
their tune shift can be contained in the width. At the contrary, if the 
resonance is narrow, the particles will move out of it, and maybe in to 
other nearby ones, as their amplitudes grow. 

Consequently, particles in the bunch are always close to an in
finite number of resonances, most or all of which are narrow high order 
ones. A big overall resonant effect is expected only from the broadest 
resonances, whose widths are large enough to overlap a significant part 
of the tune-spread. In practice resonances of order up to 6 are usually 
feared and observed. 

Going back to the bad regions of figure II. e, the distortion of 
the bunch appears through the drops in specific luminosity seen in the 
vicinity of low-order resonance lines. Since the currents are held cons
tant, these drops are due to transverse blow-up of the bunches. As can 
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be seen, the regions of reduced specific luminosity coincide with re

gions of bad lifetime (marked by crosses in Fig. II.e), indicating that 

a blow-up of the core is also accompaiiied by an enhancement of the tails. 

Most often, this is the way the blow-up and its tune dépendance 

are observed experimentally. However, in some exceptional cases the dis

tortion of the bunch was so strong, due to a clearly dominating resonance 

that the bunch was split up in a set of islands. Such a rather unusual 

[9] 
but interesting situation was observed in the early days of PETRA and 
is shown in figure II. f, with roughly the same currents in both bunches. 

Ï = 0,52 mA 

i" = 0.74 raA 

0.6 mA 

0.6 mA 

Fig. II. f : PETRA-beams in the vicinity of a sixth-order beam-beam 
driven resonance *"' 

Weak strong situations, in which a weak beam is brought into 

collision against a counter-rotating strong beam that remains unaffec

ted in the interaction, usually provide an easy way to look at the ef

fect from resonances, since one needs to control the tune shift produced 

by only one of the beams : the stroivj one. Results from such an experiment 
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with ACO (ORSAY) are shown in figure II.g. It is clearly seen that 
the strong beam is not affected by the collisions. As seen on a TV-screen 
(using the synchrotron light emitted in the arcs), the strong beam is 
normally elliptical (aspect ratio ~ 1/3) . Independently of the beam-beam 
interaction, it becomes round when the tunes are equal in both trans
verse dimensions, from the linear coupling resonance, and very blown-up 
when close to the third order resonance (3Q = 2), indicating that sex-
tupolar error fields are present (there are no sextupoles in the lattice 
of ACO) . The weak beam, at the contrary, is strongly blown-up every time 
a fractional value of the vertical tune is close. 

-w*t*- oMiymcn». 

Fig. II.g : ACO-beams as vertical tune is scanned [ 1 ] 

In the s t rong - s t rong case re levant t o p a r t i c l e physics da ta 

t ak ing , and when c lo se t o the beam-beam l i m i t , the beams are usua l ly 

very touchy. Complete scans are thus very long (and cost ly) as the 

beams very easely get l o s t . Sens i t i v i t y to the working point i s however 

observed. As an example, men-surement-s frnni PETRA show a la rge drop 
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in luminosity when operating just above the main diagonal, with respect 
to just below. This is shown in figure II.h. 

3 «10* 

2.10 -

1-10~-

Luminosily 
12 «2 bunches I 

E c l l G»V 

correction ol 
spurious horn dispersion 

5 m A 
[3] Fig. II.h : Luminosity measurements in PETRA , above and below the main diagonal 

APPROACHING THE LIMIT ; MAXIMUM TUNE SHIFT : 

When preparing working conditions and in the actual operation 
of an accelerator, the aim is to optimize luminosity together with a 
good lifetime. Looking at Eq. I.l {£ ~ N N / A ) , it is obvious that this 

1 2 

is achieved when the biggest currents are stored without too much blow
up. The working point should thus be chosen so that the biggest poss
ible tune-spread can be fitted in a region free of "low" order reson
ance lines. Since when currents are increased, the tune-spread overlaps 
more and more resonances, whose widths (strengths) get larger, such 
regions become more difficult to find. This is very clearly seen looking 
at measurements with ACO (ORSAY), reproduced in figure II.i. When 
the currents are increased, the stable regions in tune diagram gra
dually diminuish. As the limit is reached, they become very small. 
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All this points to the linear tune shift (size of the tune-spread) 

as being the main physical parameter of the problem. It will also appear 

as such from the more quantitative analysis in chapter III. It is the 

reason why the beam-beam limit is always presented in terms of a maximal 

linear tune shift. 
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Fig. II-i : Evolution of stability zones in flCO , 
as current is increased 

In electron storage-rings, the maximum tolerable tune shift is 

usually around A Q l l n ~ .03 - .06 while it doesn't exceed A Q U " ~ .005 in 

the case of protons. This discrepancy is commonly attributed to the 

absence of damping in the case of protons, which are thus more sensitive 

to perturbations. However, even though this argument is probably true, 

a good predictive theory explaining the effect of damping is not yet 

available. 

In both cases, as the tune shift exceeds the limit, more and more 

particles are affected by an increasing number of stronger and stronger 
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resonances. That each of the resonances affects the motions of particles 

in their vicinity is quite well understood, but how the whole bunch 

behaves when different parts of it are perturbed differently (because 

of the tune-spread) by several overlapping resonances is not really 

understood. 

Blow-up of the transverse size is observed in all storage rings 

If so was not the case, Eq.1.13 would give a quadratic dépendance of 

the specific luminosity with respect to current. Data from CESR , for 

example, show how a saturation appears in luminosity because of this 

transverse blow-up. This is shown in figure II.j. 
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Fig. II.j : Saturation of luminosity in CESR 
as current is increased 

['I I 

How the beam-beam interaction transforms the transverse distri

bution is not easy to calculate. That an initially more or less gaussian 

distribution blows up into something very non -jnussian is however observed 

,151 very c l e a r l y . For example, measurements with SPEAR using s c r ape r s 
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and reproduced in figure II.k, show that the vertical tails of the dis
tribution are strongly enhanced. 

\ \ Colidniq fleam I'-I '-aH'-SB** 1 

Fig. II .k : Horizontal (up) and vertical (down) tails 
measured in SPEAS'- ', using scrapers 

In fact, as already pointed out, the lifetimes drop and the back
grounds in the experiments become unbearable because of the increasing 
rate at which large amplitude particles reach the physical or the dy
namical aperture of the ring . In the case of CESR, for instance, lumin
osity continues to increase beyond the limit, into the region of bad 
lifetime indicated in figure II.j. This seems to indicate that the trans
fer of particles from the core to the tails is a very important aspect 
of the beam-beam problem even in a stable situation, and leading maybe 
to the "limit". 
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FITTING THE BEAMS IN THE APERTURE : OPTIMIZATION IN THE HIGH AND LOW 

ENERGY DOMAINS 

Things are not, however, just that simple. If transverse blow-up 
was the only problem, it would be sufficient, although costly, to in
crease the vacuum chamber and or manage to design a larger dynamical 
aperture. Most storage rings distinguish between two different beam-
beam situations corresponding to different energy domains, because of 
the quadratical scaling with energy of the natural single beam transverse-
section. 

In the low energy domain, the beams have small transverse dimen
sions and thus occupy a small part of the total aperture, the total number 
of particles N that can be stored is not limited by available RF power 
(see Eq.1.12). From Eq.1.13 and 11.10, eliminating N, we have : 

which shows that as long as N can be adjusted to operate at the limit 
AQ, ̂  . , it is profitable to maximize the beam section. Beam-beam in-"limit 
duced blow-up can in this case be useful, as long as the vertical aper
ture is large enough. This is the case, for example, of round beam 
operated DCI (ORSAY) in which blow-up is actually used to allow more 181 current to be stored 

In the bigger storage rings, large vertical apertures becomes 
very costly because of the large magnet gaps they require. This is one 
good reason why they are operated with very flat beams. Beam-beam in
duced vertical blow-up is in this case harmful and part of the optimi
zation consists inmanaging to minimize it. 

Increasing the beam section is then achieved almost at will using, 
as in the future LEP project, alternating dipole wigglers to blow up 
the horizontal emittance (and, through residual coupling, also the ver
tical emittance), or as in PETRA, modifying the damping partition num
bers through a change in the accelerating frequency. Of course, the 
number of stored particles N being often limited by other problems such 

*Note : assuming N =N =N 
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as injection and single beam instabilities, this maximization cannot be 
carried out indefinitely while remaining at the tune shift limit. 

In the high energy domain, the limitation in the number of stored 
particles, form available RF power (Eq.I-12) usually dominates. Elimin
ation A form 1.13 and 11.10 we get : 

- f ^ a x 

In this case once the maximum N have been achieved, luminosity 
is optimized if the beam size can be adjusted (i.e. made small enough ; 
see Eq. 11.10) to approach the tune shift limit. If this is not possible, 
then the machine is said to be current limited rather than limited by 
the beam-beam interaction. 

RESONANT RESPONSE TO EXTERNAL EXCITATION ; COHERENT TUNE SHIFTS 

So far, this elementary phenomenological approach has led us to 
consider the effects from the beam-beam interaction, and in particular 
the blow-up, as essentially an incoherent process. 

One, perhaps important feature of the behaviour appears when 
the beams are excited by an external oscillating electric field at a 
spectrum of frequenciesclose to the betatron frequency. Looking at a 

[91 
spectrum analyser shows, in the case for example of PETRA the ap
pearance of two resonant frequencnes (Fig. II. 1). 

The left one, centered on the betatron frequency, is present 
also when only one beam is stored. Its presence in the two colliding 
beam system shows that the corresponding mode -refered to as the o mode-
is notaffected by the beam-beam interaction. This is possible if the 
two bunches oscillate coherently, in phase, at the interaction point. 
In that case, the two bunches collide head-on all the time and, from 
the symmetry, the center of mass motions remain unperturbed. 



Fig. II.1 : Coherent modes seen in PETRA , when the beams 
are excited by an external oscillating field 

The right one is at a distance equal to twice the (incoherent) 
tune shift described previously and is only present when the beams col
lide. It indicates the existence of a mode -called the ir mode- in which 
the center of mass motions of the two bunches oscillate out of phase at 
the interaction point . Since both centers of mass oscillate, the force 
seen by each bunch will be that corresponding to twice their offsets, at 
each collision. If the oscillation amplitude is small,only the linear 
part of the beam-beam force is seen and the corresponding perturbation 
of the tune will be just twice the linear (incoherent) tune shift. For 
larger oscillation amplitudes, which can be obtained through a stronger 
excitation, the non-linear part of the force is also seen and the peak 
becomes triangular, as shown in figure II.ni. 

When the currents are increased, at least one of the beams blows-
up and the coherent tune shift becomes smaller vertically, as expected 
from the corresponding weaker quadrupole. 

These two coherent modes will be investigated mathematically in 
chapter III. It will be seen that they correspond to the two eigen-
frequencies of the system composed of two rigid bunches allowed to 

* Note : For simplicity, a system with only two bunches and one inter
action region has Iwen considered. 

http://II.ni
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oscillate coherently and coupLed to eacli other by the beam-beam inter
action. The above described observations appear thus as the "natural" 
ability of this "oscillator" to resonate when excited at its eigen-
frequencies. In particular should be noted that such coherent oscill
ations are observed only occasionally without this external driving 
and that they sometimes could be cancelled using feedback systems 
Experimentally, their role in the beam-beam limit is not clear although 
the possibility exists in principle. 

Fig. II.m : Coherent modes with strong external excitation [9] 

LOW BETAS AND ERROR FIELDS 

Very significant improvements in the beam-beam limit have been 
achieved using the so-called low-beta insertions, and through a careful 
correction of error fields in the machine. 
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a) Low-beta 

A low-beta insertion consists of a set of strong quadrupoles placed 
on both sides of the interaction region, to squeeze down the B functions 
at the collision point. Obviously, the price to pay is a loss of space 
for the detectors, especially if too large 0 functions are to be avoided 
in the insertion quadrupoles. Effectively, since the betas in the vicinity 

T181 of the collision point, are given by : 

B l s ) = r , + i i ^ 
L s o 

in which 3 and s are the values of the collision point, the smaller 
.0 0 c 

3 0 is, the faster B(s) increaseswith s. This is why many storage rings 
now implement so -called micro- betas in which the insertion quads are 
integrated into the detectors themselves. 

The invention of low-betas results from the idea that the 
beam-beam limit expresses itself in terms of a maximum attainable linear 
tune shift. This linear tune shift is therefore a physical parameter of 
prime importance, as has already been emphasized. Looking at Eq. 11.11, 
it is effectively clear that making smaller betas allows larger currents 
to be stored while staying at a constant tune shift. The luminosity 
•C ~ N /A then increases appreciably. 

However, if the betas are squeezed down to too small values 
(typically values smaller than roughly the characteristic bunch length), 
the above described argument is not valid anymore as the approximation 
of a more or less "sausage" like bunch, used when estimating the tune shift 
(see Eq. II.3) breaks down. Rather than the cylindrical shape used, the 
colliding beams look very much like figure II.n,when 8 is too small, 
leading to actually enhanced beam-beam kicks and lower luminosity, as 

. 112,13] is shown in 

11.17 
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Fig. II .n : Beam-beam collisions when B is too small [12] 

b) Error fields 

The effect of errors on the beam-beam limit is particularly 
important in storage rings with symmetrical lattices. Because of the 
periodicity that than appears, only resonances driven by the symmetrical 
arcs are allowed. For example, a machine with a four-fold symmetry, two 
bunches in each direction and whose tunes are (Q„, Q„) becomes équivalut y 
ent to a machine with only one of the four arcs, one bunch in aach 

(Q Q \ direction, one interaction region and tunes l~? » "?•) - Resonant condition 
11.14 is thus, for the full machine : 

nQ + mQ = 4 x integer 

which gives fewer resonances (or lower resonance line density in tune 
diagram). This is however only apparent since the total linear tune shift 
has also been multiplied by 4, so one now has to fit a tune-spread with 
size 4AQ rather than AQ„. Prom the point of vue of the beam-beam inter
action, the four-fold symmetrical machine is thus merely a scaling of 
the equivalent machine composed of only one arc. 

Now, because there are always errors, the symmetry is never per
fect and resonances that would be forbidden in the ideal machine will 
appear. Their strength will depend on how much the symmetry is brooken. 
The effect is usually a lower value of the maximum attainable tune shift. 
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[141 or, as can be seen for example in a simulation for PETRA , reproduced 
in figure II.o, enhanced vertical beam blow-up. 

la.-a.-H 0,.IQ,.TI 30..TO 
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fe^^mfiffrnrr 

[14] Fig. II.o : Simulation of beam blow-up in PETIÎA , 
with (wright) and without (left) errors 

Machines with low-beta insertions are especially sensitive because 
of the large beta functions in the insertion quadrupoles. Effectively, 
since the effect of gradient errors is to produce changes in the B func
tion at the location of the error, a small disturbance from the nominal 
field in the insertion quads, may produce very strong asymmetries between 
interaction regions. Because of the strong quads involved, lattice correc
tion also becomes more difficult. In the case of PEP, for example, the 
asymmetry observed when low B insertions were turned on reached as much 
as ± 30 % . After achieving a careful correction that reduced it to 
± 5 % , the luminosity observed doubled 

COMPENSATING THE BEAM-BEAM FORCE AS A (CLEVER ?) CURE FOR THE PROBLEM 

The first clever idea that comes to one's mind is to try to 
compensate the fields generated by the bunches as they pass in the 
interaction region. This would be extremely difficult, if not impossible, 
using magnetic elements, for two reasons. 

http://la.-a.-H
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First, as already mentionned, the expansion of tne field involves 
an infinite number of multipoles and, converges very slowlyl46-". Conse
quently, a large number of non-linear elements would be necessary to 
approximate the field in a large enough region. 

The second difficulty arises from the strengths they would need 
to have. Because the bunches are very small, the fields generated have 
very strong gradients. Let us estimate, for example, the gradient of 
the quadrupolar part of the field generated by a bunch passing through 
an interaction region of, for example, LEP. 

T181 A simple calculation , similar to the one that led us to 
Eq. II. 10, gives the tune shift produced by a thin quadrupole lens of 
length 8 and of gradient G : 

AQ = B -T- |£- G II.18 
Y Y 4n E Q 

where E is the nominal energy of the beam, c the speed of light and 
e the electronic charge. 

[191 Putting in the following basic LEP parameters : AQ ~ 0.03 
B ~ 10 cm, K ~ 6 mm and E ~ 50 GeV gives a gradient G ~ 25000 T.m - 1 , 
which is enormous indeed. 

Of course, if the beam-beam field was linear, it would be easy 
to compensate the beam-beam tune shift with long quadrupoles, in 
regions of large B , without having to reproduce the fields within the 
bunch length. In fact, this is actually what is done when the Unpertur
bed tunes are adjusted, with normal lattice quads or with trim quads, in 
order to fit che shifted tunes in a "good region" of the tune diagram. 

The non linearity of the field, however, introduces a large num
ber of higher order multipoles whose strenghs are of similar order of 
magnitude. It would be impossible to produce such strong non-linear 
fields in the interaction regions (not to talk about the space taken 
from the detectors !) . Making them larger would not either be a solution 

* Note : Also here, C is the interaction length equal to half the bunch length 
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because the 3 functions increase rapidly as one moves away from the 
collision points (see Eq. II. 17) of storage rings equiped with low-beta 
insertions. 

In fact, the only really significant attempt to compensate the 
fields, and thereby cure the beam-beam problem is the DCI space-
charge compensated ring in ORSAY. 

DCI consists of two storage rings, with two regions of tangency, 
as shown in figure II .p. 

Fig. II.p : Schematic view of the space-charge 
compensated storage ring DCI' ' 

When two beams of equal intensity are stored in each of the two 
rings, and when a proper synchronization is achieved, e + and e _ bunches 
mix to form neutral bunches in each direction. These neutral bunches 
then collide head-on. Since the fields generated now are compensated 
directly on the paths of the bunches, one would hope that much larger 
intensities could be stored without blow-up or beam loss. Reality ap
peared to be different : on tha one hand, beam blow-up could to some 
extent be suppressed in these "four beam" operations, whereas it was 
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always present with only two beams : on the other hand, the threshold 
for uncontrollable instabilities, leading to rapid beam loss, was much 
lower, rendering operation with space charge compensation useless to 
luminosity runs. Although the reasons for this failure are not under
stood, it seems clear that the physics of the beam-beam interaction is 
more intricate then expected and that, at least in this special case 
the incoherent picture is not sufficient. In the coherent picture, one 
could argue that bunches may couple to each other, to oscillate coher
ently, in many more ways, when four beams collide than when two do, 
rendering the whole system more unstable. However, as the use of feed-mi 
backs to cancel these eventual coherent oscillations did not help , 
coherent oscillations are probably not the whole story either. 

Much more complicated than the usual two beam collisions : the 
four beam collisions will not be considered furthermore in this thesis. 

[22] A summary of experimental results can be found in and a calculation 
of coherent effects in four-beam operated DCI, including higher orders 
can be found in 
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CHAPTER III 

INTRODUCTION TO BEAM-BEAM MODELS 

Confronted with this badly understood beam-beam behaviour, the 
efforts of many have been, and are, aimed at developing models. Ideally, 
such models should include all the features of beam dynamics (two di
mensional betatron oscillations, synchrotron oscillations, damping and 
quantum excitation, other non-linear elements in the lattice, errors, 
and soon), aswell as of each particular beam-beam situation. 

Of primary importance is the distinction between strong-strong 
and weak-strong situations. In a strong-strong situation, it is in gen
eral necessary to include the evolution of the particle distributions 
because, as the beams blorf-up, the fields generated by each bunch and 
affecting the counter-rotating bunches, vary with time . In a weak-strong 
situation, a single particle approach is sufficient since the strong 
beam remains unaffected in the interaction. 

Achieving "completeness" in a model is quite difficult analy
tically. Only in simulations has it been done. In presence of the 
beam-beam interaction, the evolution of the bunch distribution (which 
normally reaches an equilibrium set by the counter-acting damping and 
diffusion effects, caused by quantum emission) is, in the strong-strong 
case, a difficult problem to tackle, both mathematically and from the 
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point of vue of self-consistency• Effectively, the initial condition 
from which one would calculate the evolution of the distribution is the 
blown-up distribution that we are looking for ! 

Instead, most models make several drastic approximations. Usually, 
only a few aspects of the problem are included -those believed to be 
relevant on experimental basis or intuitively- and a mechanism for the 
blow-up and/or for the instability is searched. Only a few models are 
discused here : references [1,12,24] are suggested for more complete 
reviews. 

COHERENT VERSUS INCOHERENT MODELS 

Two big categories of models should be mentionned : those as
suming coherence and those assuming incoherence as the most relevant 
feature of the beam-beam problem (i.e. that sets the most stringent 
limits on the tune shift). 

Incoherent models most often place themselves in the weak-strong 
C nr _nC 1 

perspective, and except in , make use of a single particle approach. 
Such models will be deyeloped in the next paragraphs of this chapter. 

Coherent models allow the bunch distributions, when coupled to 
each other by the beam-beam interaction, to evolve in a very limited 
way, considering only the excitation of some low-order mode in which 
the particles in the bunches oscillate in phase. Proposed to account 
for the strong-strong regime, they are nevertheless very rough simpli
fications in the sense that only one mode is considered at the time 
and that the beam-beam force is linearized. Let us review the simplest 
of these models -the dipole coherent oscillations- in which each bunch 
is considered to be a rigid body allowed to oscillate as a whole in the 
vertical plane. If these oscillations are small, the linearized beam-beam 
kicks can be used. The global kick each bunch will experience is then 
simply proportional to the offset between the two centers of mass with 
displacements y ^ . Using Eq. II.11 and II.6.b at small values of y 
one gets : 

Ay, 2 = - ^ ' y , 3 - y , ,> ^ 
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in which AQ is the linear tune shift defined in Eq. 11.11 and B is the 
vertical beta-function at the interaction point. The factor 1//2 is a form 
factor that comes from the averaging of the kick over the gaussian bunch 
distribution. 

Defining the vector (y 
Eq. III.l can be written in matrix form : 

y ,y ,y ) and the notation E = ^¥-, 
/2 B 

III.2 

after before 

In the rest of the ring, the motion is a simple betatron oscilla
tion, the transfer matrix of which (see chapter I) is : 

/ 

T = 

cos u 
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$ sin ]i o 

cos p 
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0 
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0 

cos p 
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0 

0 

B„ sinp 

cos p 

\ 

III. 3 

The coherent motion will be stable if all the eigen-values of the 
product of the two matrices in 111.2,3 have moduli equal to unity. A 
straightforward calculation gives the following four eigen-values : 

±ip ±i(p + Ap) III.4 

where Ap i s such t h a t : 

c o s ( p + Ap) = c o s p - 4itAQ s i n p III. 5 

The two first ones are always on the unit circle. They corres
pond to a mode in which the two bunches oscillate in phase, thus moving 
up and down together at collision point. The collisions are always head-
on and the averaged kick is therefore equal to zero. This is the o-mode 
described in chapter II. 
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The two latter ones are on the unit circle only if : 

AQ < — î — cotg (£) III.6 
y 2/2* v ' 

They correspond to the it-mode descriped in chapter II, in which 

the two bunches oscillate out of phase, colliding thus at an offset 

changing from collision to collision. 

The two mode frequencies are separated by twice the incoherent 

linear tune shift. This can be seen from Eq. III.5 ; developing 

cos (y + Ay) for a small Ay and identifying with the right-hand side 

gives effectively : Ay = 2 x 2nAQ . 

When Eq. III.6 is not satisfied, the motion becomes unstable as 

one of the eigen-values has a modulus bigger than one, yielding expo

nential growth with tune (anti-damping). Meanwhile, the other becomes 

smaller than one, yielding an exponentially damped solution. 

This behaviour is summarized in figure III.a (taken from ref. [12]) 

in which the stability limit is shown as a function of the vertical 

tune, in the case of two colliding bunches (A), and in the case of six 

colliding bunches (BJ . In this latter case, a calculation similar to 

the one for two bunches yields six coherent modes all of which must be 

stable. The stability limit is therefore more stringent. 

Fig. III.a : Stability limit of coherent dipole oscillations 
for two (A) or six (B) colliding bunchesl'zJ 
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The relevance of these dipole coherent oscillations in setting 
the beam-beam limit is not clear. They consitute a possible mechanism 
for instability, but the fact that the predicted threshold in tune 
shift (see Fig. III.a) for usual working points is much higher than 
that experienced in reality indicates that they are at the most only 
part of the picture. 

In fact, several arguments are raised against them. First the 
fact that the model is purely linear is disconcerting since the problem 
studied is strongly non-linear. This objection is however irrelevant 

[52] inside the instability regions. It can effectively be proved that 
for linear differential systems perturbed by a weak non-linear term, 
the stability is that of the linear system, provided the eigen values 
are not on the unit circle. This just means that if the linear part 
yields exponentially growing or decaying solutions, including the non
linear part will not produce any major change. At the contrary, when 
the eigen-values are on the unit circle, the stability of the linear 
part does not determine that of the whole system. In summary, the 
instability threshold for linearized center of mass dipole motion is 
a sufficient, but not necessary condition for the non-linear system. 

[32] 
This particular point was confirmed with a simulation 

The second argument is experimental. If the instability is due 
to a coherent mode, then a feedback system would take care of it. It 
may be argued that the growth rate inside the instability region is 
too large for any feedback to be efficient, and indeed they have not 
worked where they have been installed to counteract the beam-beam 

[21] effect for example on DCI . This is however no proof. 

In fact there exists a "natural" damping mechanism for coherent 
instability, which appears from any (incoherent) tune spread namely 
Landau Damping . In some accelerators, for example the planned 
SUPER-aco-project, such a spread is produced especially with an octupole 
lens in order to counteract single beam coherent instabilities, the 
condition being that the frequency of the coherent mode ly within the 
tune spread. In the case of the beam-beam dipole modes, this is usually 
not the case since the coherent tune spread (see Fig. Il.l) is twice 
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the incoherent one. Of course the coherent tune shift becomes smaller 
at large amplitudes (see Fig. IU«) ; furthermore in some accelerators, 
notably CESR, the coherent spread is only a factor 1.3 larger than the 
incoherent one ; so Landau Damping may have some effect, although 
this point, like many others, remains open. 

The main objection to the coherent dipole model is of course 
that it excludes beam blow-up. It is however also possible to consider 
the evolution of the beam size in the frame of coherent motion : the 
simplest such model requires that the bunch distributions remain gaussian 
but allows them to oscillate coherently in size : this is the coherent 

[12] 
quadrupole mode. Its stability threshold is found to be more strin
gent than that of the dipole mode, but still well above the experi
mentally achieved values. So far no experimental observations or sim
ulation results have indicated the excitation of such a mode. Further
more, it does not consider, nor produce any explanation for, the long 
enhanced tails usually observed in the vertical dimension (see chap. II) . 
It provides nevertheless an interesting possibility in the direction 
towards the higher order modes and the couplings between them that one 
would ideally consider in order to account fully for the evolution of 
the particle distributions in the strong-strong situation. Such a com
plete calculation is quite difficult from the mathematical point of vue. [231 One such attempt was developed for the space charge compensated 
storage ring DCI (see chap. II) . The method consists is writing a set 
of coupled evolution equations (derived from the Vlasov equation) for 
the four beam distributions and in solving them with non blown-up 
gaussian distributions as initial conditions. For the particular case 
of DCI, the method is self-consistent since the incoherent blow-up is 

[22] supressed, as was observed experimentally . At the contrary, for the 
usual two beam machines, the complete picture includes intermingled 
coherent and incoherent aspects. In particular, the long non gaussian 
tails and the corresponding lifetime problems are an essential part 
of the problem. The next paragraphs will be devoted to the incoherent 
picture, in which the mechanisms for instability and blow-up are be
lieved to be -and treated as- single particle phenomena. The main 
drawback -that the evolution of the distributions are not taken into 
account- has already beam mentionned. One advantage is however that 
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the non-linearity of the beam-beam problem is included as an essential 
feature. 

Although some models are inspired from the most captivating 
developments of modern non-linear dynamics, with searches for chaotic 
behaviour and other fashionable turbulent phenomena, almost all are 
based on -or at least make use of- the elementary non-linear resonance 
theory, which is therefore first reviewed. 

ELEMENTARY NON-LINEAR RESONANCE THEORY * 

The appearance of non-linear resonances is a striking feature 
especially in oscillating systems perturbed by a weak non-linear force. 
As an example, we therefore consider the simplified case of a one-di
mensional harmonic oscillator, perturbed by a small periodic non-linear 
force, with no damping. The hamiltonian can be written : 

H(p,q,8) = j ( p 2 + Q 2 q 2 ) + eh(p,q,8) III.7 

where 9 is a time-variable, h is a non-linear function of p and q satis
fying h(p,q,8+T) = h(p,q,8), T is the period of the perturbation, and 
e is a small dimensionless parameter measuring the strength of the non-
linearity . 

Integration, which is the aim in classical mechanics, consists in 
finding as many invariants of the motion as there are dimensions in the 
system. In most cases this is a difficult if not impossible task. 

The canonical way to look for them consists in trying to trans
form the conjugated variables (p.,q.) into a new set (J.,4.) of so called 
action-angle variables, such that the transformed hamiltonian depends 
only on the actions J.. The motion is then trivially integrated from 
Hamilton's equations since : 

Mote : The aim here is not to be complete nor general, but rather to 
illustrate the main features of non-linear oscillations from a 
physical point of vue. A thorough study can be found in Ref[30] 
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• 3H J., = - !rr— = 0 =* J . (8) = J . (0) = constant 
1 dip. 1 1 

1 III.8 
*. = -~ = constant =» *. (6) = ̂ p- (0) 8 + <p. (0) 1 ou. 1 ou . 1 i 1 

When such a canonical transformation can be carried on, i.e. when 
the action-angle variables can be found, the system is integrable. 

When the non-linearity is weak enough, it can be treated in per
turbation theory. The action-angle variables are then obtained as power 
series of the old variables. It can be proved that the integrability is 
them equivalent to the convergence of these series 

In the case of our time-dependant one-dimensional oscillator, the 
hamiltonian is first expressed in terms of the action-angle variables 
of the unperturbed harmonic oscillator. This is done in a canonical 
transformation with generating function : 

F, (q. + ) = - |q 2Qtg(p III.9 

The variables (J , $ ) , defined through : 

i/So" . q = \'-jr- cos <p0 
u III.10 

p = V2JQQ sin 'o 

are the zero order terms in the above mentionned perturbât!ve series. 
The transformed hamiltonian is : 

H (J ,4 ,8) = J Q + E h (J ,4 ,8) III.11 
0 0 0 0 0 0 0 

with h (4 + 2IT) = h (* ) . 
0 0 0 0 
In such a one-dimensional problem, it is sufficient to eliminate 

the time dépendance because the invariant of the problem is then the 
hamiltonian itself. 

This can be done perturbatively carrying on a canonical trans
formation infinitely close to identity, with generating function : 

F (4 ,J ,9) = * J +E G (<p ,J ,8) III.12 
2 0 1 0 1 1 0 1 
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The new h a m i l t o n i a n i s : 

/ 3G, \ / 3G, 3G, \ _"' 3G. 
H W At ,8 ) - Q ^ + e ^ j + E h ( j _ + - ' - . * r * ^ - . Oy e - ^ - I I I . 1 3 

E x p a n d i n g H and k e e p i n g o n l y t e r m s up t o f i r s t o r d e r i n e y i e l d s : 

[ 33 3G, "I 
H( = QJ + E | Q ^ - + ~ + h ( J ,.(. , 0 ) | I I I . 1 4 

The idea is to find a function G such that the bracket in Eq. III. 14 

vanishes. The time dépendance is then eliminated to the first order in £ : 

it has in fact been "pushed" up to second order in e. 

Since the perturbation h (J ,<|i ,0) is periodic in 0 and <b , it 
1 1 1 

can be e x p a n d e d i n t o a d o u b l e F o u r i e r s e r i e s : 

h ( J ,1)1 , 6 ) = h (J ) + 2L< h (J ) p 1 ' " 1 * , - " 0 ' I I I . 1 5 
1 1 00 1 m,n mn 1 

m.n-£0 

The function G is hence trivially found, for Q^n/m : 

V h (J ) . , , 

9) _ i 2 - mn • ax(m»-n8) 
m, n —n " 
m.iV-0 

G (J ,* ,8) = i L- '"" ' e-""V"
u' III. 16 

1 1 1 m,n mQ-n 

The summations in III.15-16 are over the frequencies present in 

the perturbation. A first order approximation of the action-angle vari

ables we are looking for is thus given by : 

3G, 
J' = J° " ' ^ 

3G, 

•, = +„ + E sT 
1 

Integration can now be carried on according to III.8, using the 

hamiltonian : 

H(J ) = Q J + eh (J ) III.18 
1 1 00 I 

This procedure can then be iterated to higher orders. However, at 

each iteration, all possible linear combinations of existing frequencies 

will appear as new frequencies in Mir» hamiltonian. The perturbation method 
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will therefore in most cases break down, at some order, when one or 
several rationals n/m get very close to Q. Effectively, looking at III.16, 
we see that the corresponding terms in the summation become infinite. 

If there is only one such term, it is still possible to eliminate 
the time-dependance. This is the case of an isolated resonance. The 
infinity in III.16 is avoided in a redefinition of the generating func
tion, that simply leaves that term out. since the corresponding term 
in the hamiltonian varies slowly with time, this means that the func
tion G must cancel the remaining quickly oscillating terms in the 
bracket of III.14. This is done, for the first order iteration, setting : 

III.19 I I ' I «#M,0 mQ-n 
re*N,0 

N for a resonance condition Q = — + 5 ; 6 < 1. 

The hamiltonian : 

H(J,) = Q J , + Eth 0 0(J,) + 2 h M N ( j | ) cos!M4.,-NB)] III.20 

in then made time-independant through a canonical transformation with 
the following generating function : 

F (K,^ ,8) = K(* i - | 8) III.21 

N which defines a new frame rotating at the resonant frequency rf » i n which 
3F, . N „ . „ , , it = —'- = A - — 9 is a slow phase . <7lC * M * 

We obtain the following first order invariant : 

H H E S ( K ' * ) = ^ + E t h o o W + 2h M M(K) cosM*] III.22 

This "slow-phase" trick can however only be used once. We may 
improve the accuracy of the invariant obtained in III.22 if we apply 
our perturbative method to push the time dépendance to higher even orders. 
This will modify the expressions h (K) and h.,„(K) but not change the 

o o MN 

* Note : We have assumed h = h_m _ n .which i s equivalent t o time rever sa l — — — mil m , ii « 
i nva r i ance for the pe r t u rba t i on : h(J,4>,0) = h(J,~i)>,-B) • 
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form of Eq. III.22. Kcwever, if we encounter another rational N'/M' ~ Q 
as we certainly will do at some order, we will not be able to eliminate 
the time dépendance in the corresponding slowly varying term without 
making it reappear where it had been eliminated in the first place. This 
is the very famous "small denominator" problem, which cause the pertur-
bative series to diverge and the corresponding non-linear problems to 
be non-inteqrable• 

In practice, for many values of Q and provided the non-linear 
term is not too large (e < 1 ) , the approximate invariants obtained are 

[34] not too far from reality. It has actually even been proved by 
Kolmogorov, Arnold and Moser (KAM-theorem) that for irrationals suffi
ciently far from any rational (so called "very irrational" numbers), 
there exists rigourous invariant curves, which are however not express
ible analytically. In between these curves, the trajectories become 
chaotic and unpredictible• In particular, infinitely close chaotic tra
jectories will diverge from each other exponentially. When the non-
linearity is not too large, such chaotic regions become very small and 
most trajectories in phase-space are closed KAM-curves well appro
ximated with the invariants obtained in III.18 and III.22. An illustra
tion of such a behaviour is shown in figure Ill-b. 

Let us now investigate the motion in the vicinity of a single-
resonance • The invariant in Eq. III.22 can be used to plot a family of 
phase-space curves the characteristics of which depend primarily on 
the functions h (K) and h (K) or rather, as we shall see, on their oo MN 
derivatives. For a given pair h (K) , h„„(K), the structure of the 

oo MN 
phase-space is determinated by the ratio 6/e of the "distance" 5 (to M the resonant tune —) to the strength E of the perturbation (in dimen-
sionless units). Effectively, writing Hamilton's equations using III.22, 
we have : 

dK 2M h,„, s i n M* 
m I I I . 2 3 

+ f ^ + 2 ^ i c o s H J T " * - • • « • - « « 

where the ratio 6/e appears. This simply means that the structure of the 
phase-space remains unchanged when we increase 6 - i.e. more away from 
the resonant tune- provided the strength E is increased by the same 



Fig. Hl.b : The plots show the behaviour of phase-space in the ty,y} plane, 
corresponding to surfaces of section with x = 0 and increasing values of the 
energy H(x,x,y,y =E, in the case of the famous Henon-Heiles hamiltonian 
H =i(i +st +y 2+y )+ x ^ - y /3. The non-linear perturbation increases with in
creasing values of E. The left hand column is obtained through numerical 
simulation whereasrthe wright hand column shows the results of a perturbation 
method (taken froml'lJ; . For large values of E, the perturbation method breaks 
down and the phase-space is largely chaotic, but for small values, it offers 
a good approximation of reality. 
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factor. This is of course also true for other resonances, which limits 
the validity of this scaling law to strengths such that the single 
resonance approximation remains justified (see the end of this paragraph) . 

The resonant behaviour appears via a distortion of the usual 
phase-space trajectories, which for an unperturbed oscillator would 
just be a family of straight lines, as shown in figure III.c. 

KA 

III 
Fig. III.c : Phase-space trajectories of unperturbed harmonic oscillator 

How this distortion occurs can be undestood qualitatively plotting 
the limiting curves H (K) corresponding to cos M^ = ± 1. The various 

— RES 
possibilities can essentially be reduced to the two cases shown in 
figure Ill.d where h „,(K) > 0 has been assumed (if h ,(K) < 0, it suf-

MN MN 
fices to exchange + 1 and - 1) . 

HRES 
s t a b l e fixed 

point 
1 

^ " — — \ + 1 

*\ 

/ S^r uns table 1 > 
f , / ^ f ixed point 

/ y 

(D © 
Fig. I l l . d : Limitinq curves HR E ; r.(K) corresponding to cos Mip = ± 1 
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Since H is a constant of the motion, particles will move on RES 
horizontal lines within the sector defined by cosM(fi=±l. Depending 
on initial conditions, these lines are limited by both curves (case A ) , 
the angle I|J describing all values -and the corresponding trajectories 
in (K,i(i) phase-space being at the most distorted straight lines- or 
by only one (case B) the angle iji being now limited to a restricted set 
of values. 

If the curvature is sufficient, as in figure Ill.d(l), 
such trajectories will close on themselves to form a set of Islands. 
Inside each island, the trajectories turn around a stable fixed point, 

• oHppc the location of which is obtained solving IJJ = "• = 0 for cos mi|i =±1. 
A set of unstable fixed point also appears at the intersections of the 
séparatrices corresponding to the limiting case between A and B. 

" RES * T h e i r l o c a t i o n i s o b t a i n e d s o l v i n g I|I = —5 = 0 f o r c o s M1J1 = - 1 . dK 
The corresponding phase-space is said to be topologically closed, as 
shown in figure IlI.e (1). 

If the curvature is not sufficient as in figure Ill.d(2), the 
phase-space is topologically open, as shown in figure III.e(2) . The fixed 
points are in this case inexistant or "pushed" away at infinity. Particle 
amplitudes can reach arbitrarily large values, for initial conditions 
corresponding to B. 

Looking at figure Ill.d, it appears possible to separate the two 
topologies through a criterion concerning the derivatives. Effectively, 
it is easily seen that the phase-space is open if, beyond a certain 
amplitude, the upper curve maintains a positive derivative while the one 
under maintains a negative derivative. 

* Mote : HRESIK) is shown in figure Ill.d with a negative curvature : 
^ s 0. If the curves have positi 
dK 2^ 

cos mt|i = +1 and cos im|i = -1 have to be 

2 - M H O - - — — — = - •—u 
^ s 0. If the curves have positive curvature, i.e. ^ES. > Q 
dK 2^ dK.2 
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Fig. IH.e : Closed and open phase-spaces 

From Eq. III.22, assuming h,_.(K) >0, the criterion can thus be 
MN written : 

6 + E 

6 + el 

or, more concisely : 

/dh dh \ 
I dK dK I 

/ah dh \ /_oo. _ 2 «I) < o 1 dK dK y 

III.24 

dh 
6 + e dK 

dh.. 
< 2E MN 

dK III.25 

The physical meaning is straight forward. The rate of change of 
the phase -i.e. the instantaneous tune (with respect to the resonant 

N. . . . tune — ) - is given by : M 
3H. 

* = RES 
3K 

/dh ( £i 
y dK 

d h M N \ 
+ 2 -ST c o s M*j III.26 
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dh 
MN 

It is only defined within a ± 2 —=-r spread around the effec
tive tune obtained averaging eq. III.26, and given by : 

dh 
s e f f ( K ) = 5 + E - ^ r I I 1 - 2 7 

A width concept can thus be defined : 

dh 
MN 

w(K) = 4 e - ^ - III.28 

The phase-space topology is thus open if,from a certain amplitude 

K ., the effective tune remains within the width, or : 

„(K) < i w(K) for all K> K . III.29 
, eff | 2 st 

dh 
This means that the function e -or detuning function- is not 

sufficient to drive the effective tune out of the width. At the contrary, 

when III.29 is not satisfied, the motion detunes itself enough so that 

the system moves away from the resonance, the motion remaining thus 

stable. This is likely to happen in particular when the spread in tunes 

[E(-dF7MiN; E(-1ÏT)MAXJ
 i s l £ larger than the width. This may be true 

tricted region 

found solving 

only for a restricted region in phase-space, the size K of which is then 
s t 

I W s t ' l =2-w ( Kst' I I 1 - 3 0 

Examples of phase-spaces for resonances of orders M=2,3,4,5 are 

shown in figure Ill.f, reproduced from , and corresponding to the 
o M/2 

choices of h„„ (K) = oK z and h.„,(K) = BK , with a,8 > 0 i.e. the 
ou MN 

case of a multipolar driving terî with "octupolar detuning". 

The criterion implies in this case stability for all amplitudes 

if M < 4, provided a *£ 0 ; instability at large amplitudes for M > 4 

and any a ; and instability indépendant of amplitudes for M = 4, if 

$ >| a |/2. The latter conclusions can also be found in 

In general, however, it is necessary to examine the shapes of 

the detuning and width-functions to decide whether the criterion in III.29 
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Fig . I l l . f : Phase-spaces corresponding to h =aK and v „ = e 

ma M = 

= 6 K

M / 2 , i n 
the case of M =2 (seeA), M = 3 (B)", L = 4 (C) an"d"'M=S (D) , 
reproduced f r o i J 3 5 ] . In our n o t a t i o n s K=a/2B K*1/?;;? , and 
t = 6 / 2 B K » y ? - ! . i n i t i a l 

i n i t i a l 
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© 
S=* A G . 

(n) 

Fig. I l l . f (bis) 



57 

is satisfied, and for which range of amplitudes. A few typical situ
ations are sketched in figure Ill.g. 

Fig. III.g : A few typical detuning and width functions 

Now, because resonances are never really isolated, both the 
width definition and the stability criterion are not rigourous. They 
should thus be used mainly as order of magnitude concepts. In particular, 
the discussion on open or closed phase-space topologies becomes quite 
irrelevant if the non-linearity is such that most trajectories are 
chaotic. In that case, the distances between K.A.M. invariant curves 
are very large and the phase-space can be considered open for many prac
tical applications. A pratical way to decide whether the results from 
the resonance theory are still fairly good approximation? or if at the 
contrary, chaotic behaviour dominates the picture, was proposed by 
Chirikov . As the strength of the non-linearity is increased, 
resonance widths become larger. The threshold for a break down of most 
invariant curves, and for the onset to chaotic behaviour, is reached 
when resonances start to overlap in tune space, i.e. when the sum of 
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* 
resonance widths over an interval in tune diagram is larger than the 

width of that interval. 

Before we describe a few incoherent models, the above formalism 

is generalized in the two-dimensional case, and specified for the beam-

beam interaction. 

BEAM BEAM DRIVEN RESONANCFS IN TWO DIMENSIONS 

The motion of a particle under the influence of the beam-beam 

interaction is described by the dimensionless hamiltonian : 

+«> 

H(x»y»P„,P„,s) = H + V (x,y> 2-t « < s - — k ) III.30 

where R is the average radius of ring and S the number of crossings per 

turn. 

H represents the unperturbed problem -i.e. the usual two-dimen

sional betatron motion- and can be obtained from Eq. 1.1. The perturbation, 

consisting in a succession of localized kicks at each crossing, is 

represented by the product of the equivalent potential V , defined in 
- eq 

eq. II.6.a, and an infinite series of 6-functions, in a thin lens ap

proximation . 

The Courant-Snyder transformation, which removes the time-dépen
dance from H , thus defining an equivalent harmonic oscillator, as 

o 
described in chapter 1, is here combined with the transformation into 

[5<f] 
action-angle coordinates, using the generating function : 

3x(s) [ t g ¥ x 2 J 2By(s> L g * y 2 J F <x,y,* x ,* y) = - JQ-^ | tg », 5 — | - ^ - ^ | tg * , - -+ 1 111.31 

with 

J Ws<) *) * z = * z +1 [s-nnr - -5-) z = ^ y i " - 3 2 

* Note : The width definition used in the Chirikov criterion is different 
than that indicated in Eq. HI.28. It involves a calculation in 
units of K 1/ 2, directly in the phase space (see[12,37,30]). 
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and where 8 and Q are the betatron amplitude functions and tunes x,y x,y 

respectively. 

The relation between old and new coordinates is : 

Z = \/2J zB z cos * z 

,53- 0. Z = -.y m - 3 3 
P z = - V-g^- (sin*z - •£ c o s y 

The action-coordinates can be interpreted as emittance-variables, 
nx v and thus be written : J = —;fJ£- e , where n are the number of x,y 2 x,y x,y „2 standard deviations, and E = the natural beam emittances in 

x,y g x * v each direction. Using eq. II.6.a and defining the aspect ratio 
f = a /a , the new hamiltonian can be written : 

y x 

j J 
H (<j> ,(J) ,J , J , s ) = ~ + -~-1 T x T y x y S B x y 

/

/ i t i / f c o s 2 * ^ f c o s 7 * \ 
_l_£x x + iy y.1 ' - V 1 / f + T f + T Z dT £,/. 

k=-oo \ 
u \ / I /FJ-T) / F + T l \ 

III.34 

\ (1/f+T)(f+T) 

2nRk\ 
S ) 

We then normalize the action-coordinates to the sum of the 
emittances, in the scaling transformation : 

J „2 
a = _ ^ y _ = - _ ^ x _jLtY_ I I I - 3 5 

X,y E +E 2 E +E 
x y x y 

exchange the "time"-variable s for the azimuthal angle 6 = — , and use 
the following property of the 6-function '" : 

£ 6(x-k) = £ e i 2 v k x III.36 
k=-°» k=-°° 

* We get, after some straightforward manipulations , and assuming 
equal linear tune shifts in both coordinate planes IAQ =A0 =£1 : 

* Note : Remembering that in these scalings of time and action variables, 
preservation of hamiltonian character requires a multiplication 
by — 3 — . Furthermore, the identity S (ax) = T ^ T * ( X) i-s used. £x+e |a| 
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Sr œ 

H (* ,* ,a ,a ,0) = Q a + Q a + T ^ ~ ^ V e l k S ° 
2 x T y ' x y *x x y^y 2ny E + E ^_, 

1 [ 1/f+l 2. f+1 1 , 1 

°X . , c „ COS I + tl —— COS "it I x 1/f+T x y f+T T y | 

III.37 

dT 

^ (1/f+T)(f+T) 

The advantage of this choice of coordinates is that the strength 

of the perturbation, which will be the expansion parameter in the per

turbation method, is exactly the linear tune shift defined in 11.11, 

multiplied by S. 

The Fourier expansion is then readily obtained, noticing that : 

efxcosy = I (x) + 2 V l - l ) " cos(ny) In(x) III.38 

n=l 

where I (x) i s the modified Bessel function of order n. We get : 

L +ikSO e 

k=-co 
I I I . 3 9 

•'•• (a ,a ) + Z-d- l )"* 1 ™" 1 H (a ,a ) cos[2n* + 2mi|> ] 
|_°° x y |n | + |n.|*0 n m X * y J 

in which : , . 
( % 1/f+l °y_ f+J_\ , \ / \ 

r - i - e \ z 1 / f + T 2 f , T / r î lZiË±LI i f i ^ i i ) 
H ( * . . ) - / — ^ 2 i/f+Ty M 2 f+ T; d T 

oo x ' y I 
Jo V( 1/f+T) (f+T) 

/jjc i/f+i \ f+A / \ / \ 
-„, " V 2 1 / f + T 2 f + T / T ("x l/f+l 1 | a y f+l) 

H ( . . a ) = / -"V 2 V^rAl f+T/ 
nra x y I 

"t V (1/f+T) (f+T) 

dT 

V (1/f+T) (f+T) 

The hamiltonian in III.39 is similar to that in III.11-15, and 

the perturbation method described is used to find approximate phase-

space trajectories. Because tho sum in III.39 includes all integers such 

that |n| + |m| *=0, there will be "small denominators" of the form : 

1 
2nQ + 2mQ + kS 

x *y 
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in the generating function, for any pair of lunes (Q ,Q„) satisfying 

the linear relationship (with even coefficients ) : 

2nQ + 2mQ + kS = 2Aq < 1 III.41 

This occurs already at the iirst order transformation and causes 

the hamiltonian in III.39 to be non-integrable. 

However, it oi.e of the corresponding slowly varying terms in the 

hamiltonian "dominâtes", we expect the single resonance approximation 

described in the previous paragraph to hold. Thus, dropping all other 

-quickly oscillating- terms, we are left with the two-dimensional, now 

integrable, hamiltonian : 

5 (<(> if ,a ,a ,0) =Q a ! Q n +S £ [H (a ,u )+2 (-1) n + m'~ 1 H (a ,a ) 2 x y x y x x *y y B S x y nm x y 
III.42 

x c o s (kSO + 2n<|> + 2m<|' ) 
X y 

Effectively, two invariants can now be derived. The first one is 

intuitive ; it is found by linear combination of Hamilton's equations 

for a and a : 
x y 

3H " 
a = - _, =* - ma +• na = C III.43 
x,y 3* x y 

For a one-dimensional resonance (n or m - 0) , it trivially means 

that the other dimension is not affected, and is thus redundant since this 

this was obvious in the first place. For a two-dimensional resonance 

(n-ra^O), it expresses the exchange of energy between the two coupled 

coordinate-planes and renders the problem one-dimensional, only function 

of its natural coupled variable : 

K = -(ma + na ! III.44 
x y 

* Mote : The evenness of the coefficients is a direct consequence of the 
parity of V (x,y) , which in turn comes from the consideration 
of head-on collision:; between bunches. Such an assumption could 
be relaxed, which would (ivo al:;o uufvon coefficients. 
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Using the "slctf-phase" trick than removes the time dépendance 

and completes the integration, as in 111.21,22,23. 

The two steps are here combined in a single transformation, 

with generating function (n.m#0) : 

*" <*V.*„.K,C,B) = -~- [K(2n* + 2m* -f-kSB) + C(2n<f> -2m* ) ] H I . 4 5 
2 x y inui x y x y 

y i e ld ing : 

H_„„(K,*) = - ̂ & + s£ [H (K) +2(-l) n + m _ 1 H m(K) cos(4mni|i)] III.46 RES 2mn 00 nm 

• 3F 2n# + 2n# +kS6 
where : I|I = ~ = *—; X III.47 

8K 4mn 

Phase-space trajectories can now be calculated. The question of 

interest is of course the openness or closaness of the phase-space to

pology. The fact that at infinity, the beam-beam kick decrease as 1/r 

naturally suggest a closed topology. Effectively, particles with very 

large amplitudes hardly feel the beam-beam fields. However, this is not 

a sufficient argument. After all, the peculiarity of non-linear perturb

ations resides in the fact that even very weak non-linear terms may 

drive instabilities. It is therefore necessary to estimate and compare 

the detuning and width-functions associated with the beam-beam perturb

ation. 

by 

The de tuning-funct ion i s the same for a l l resonances and i s given 

3H (a ,a ) 
AQ (J ,a ) = S l - B 0 " 2- I I I .48 
*x.y x' y 3 a 

We must now examine their respective large-amplitude behaviours. 

This can be done quite easily with round beams, for which the problem 

is naturally one-dimensional in the variables (<* +a , $ +$ ). Due to 
x y x y 

the c y l i n d r i c a l symmetry, the express ions i n I I I . 4 0 can be reduced t o 
one dimension by simply s e t t i n g f = 1 and, for example, a = 0 , a = 0 . 

x y 
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We obta in : 

AQ(a) 1 - e - a I (a) 
0 

Si a 

wn (a) e " B I n ( a ) ^ 

a'vS' « 3 / 2 

8s£ 
1 

III.50 

The different functions are plotted in figure Ill.h, taken from . 
It is seen that the widths are typically much smaller than the detuning, 
and that they decrease quickly with the order n. Furthermore, the asymp
totic behaviours in III.50 show that the criterion for instability ex
pressed in eq. III.29 cannot be satisfied. We can thus conclude, not only 
that the phase-space is closed, but also that the effects from single-
resonances decrease quickly with order. In fact only the lowest order 
resonances will produce large islands in phase-space. 

Now, in the case of elliptic beams, the phase-space is four-
dimensional. The above conclusions will however still hold since it is 
nothing else than a continuous distortion of the round-beam phase-space, 
very much like an ellipse is obtained distorting a circle, without any 
topological change. Also here, the detuning is thus strong enough to 
close the phase-space topology. Of course, the phase-spaces associate^ 
to each resonance are two-dimensional and must be obtainei t'nrough cuts 
in the four-dimensional phase-space according to the constraints : 

ma + not 
III.51 

n0 + mt(t 
*_ = " 

2mn 
the dynamical variables being given by 111.44,47. Hence, when studying 
the effect from a two-dimensional resonance, we must consider the geome
tric distortion arising from the change to the coupled variables in 
111.44,47. This distortion is two-fold. First, the relevant detuning 
and width-functions must be expressed as functions of the coupled am
plitude K = -(ma + no ) . For a coupling resonance (n.m^O) they are : 
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(3H 3a 3H 3a \ 1 /AQ (K,C) AO (K,C)\ 

_2!L_» + _i»L_*)___(_ï_J_+_!i ) 
3a 3K 3a 3K / 2 \ m n / 
x y 

III.52 
/3H 3a 3H 3a \ 1 /W (K,C) W (K,C)\ WC mn

l K> = 8 S ^ - ^ — + - ^ - i )---(JLj—* ~ J , m , n \ 3a 3K 3a 3K / 2 \ m n / v x y v 

Thus, for n.m > 0 (sum-resonance), the result is a weighted sum 

of the corresponding functions in each of the two planes, whereas for 

n.ra < 0 (difference-resonance), it is a weighted difference. In each 

case, they must be computed on lines of constant C. Roughly, the re

sult will be similar to the round-beam one-dimensional case shown in 

figure III.h for a sum-resonance. At the contrary, in the case of a 

difference-resonance, the two functions are entirely different. They 

now both have much smaller magnitude. In particular should be noted 

that the detuning is much weaker. 

Of course, the fact that the invariant C consists in a sum of 

amplitudes ensures stability of the motion for any difference-resonance. 

This is not true for a sum-resonance because the invariant C is then 

a difference. However, considering the behaviours described just above, 

we find that, because of the redefinition of detuning and width func

tions for difference-resonances on the one hand, and for sum resonances 

and one-dimensional resonances on the other, the first ones have more 

reasons to be strongly excited them the latter. Sum-resonances, just 

like one dimensional resonances, are in fact particularly stable due to 

the strong detuning. 

A second geometric distortion arises from the disproportion 

between horizontal and vertical amplitudes in an elliptic beam. When 

translating the maximum beating in the coupled variable K into beatings 

in a and a , if a is naturally much smaller than a , its relative 
x y y x 

enhancement will be much bigger than that of a . Physically, this simply 

means that if a lot of energy is concentrated in one coordinate plane, 

only a small transfer will suffice to greaMy enhance that of the other 

plane. This particular argument will be developed in chapter IV. We now 

and this chapter with an elementary description of some incoherent beam-

beam models. 



SOME INCOHERENT MODELS 

Most incoherent models are based on the above described single-
resonance theory. Because of the very strong detuning, beam-beam driven 
resonances are, as was emphasized in the previous paragraph, fundamen
tally stable. Their effect is basically a distortion of the phase-space 
trajectories associated to each particle in the bunches. The equilibrium 
distribution, which is normally set by the competing damping and quantum 
fluctuation mechanisms, is thus perturbated into something no longer 
gaussian. ft derivation of this perturbed distribution is quite difficult 
-even with the simplifying weak-strong assumption- and will not be con-

rnr or" 1 

sidered here. Some attempts can be found in ' . Instead, we are in
terested in finding a particularly relevant mechanism explaining, even 
roughly, the gross beam behaviour in a specific beam-beam situation. 

In the single-resonance picture, beam blow-up occurs because 
resonant particles, even though their phase-space topology is closed, 
are driven out to larger amplitudes. When the tune-spread overlaps a 
particularly strong resonance, the islands may become so big that par
ticles are driven out to the aperture of the ring. This is of course to 
be avoided when choosing a suitable working point. However, as the linear 
tune shift is increased, the tune-spread eventually becomes so large 
that this is no longer possible, in which case the beam-beam limit is 
said to be reached. 

Even though effects from single resonances are observed in real 
machines (see chap. II), the single resonance model is not entirely sa
tisfactory in every beam beam situation. In figure Ill.i is shown 
the structure of phase-space as obtained with a tracking program in the 
case of a weak antiproton beam colliding with a strong proton beam in 
the SPS. 

In the SPS, the antiproton intensity is naturally a factor 10 
weaker than that of the protons. The weak-strong approximation is thus 
very appropriate. Furthermore, the beams are round, so that only one-
dimensional betatron-resonances need to be considered. The tune has been 
choosen so that the tune-spread ovnrLaps two resonances of reasonably low 
order : a 1 4 t n and a 6 t n order resonance. These appear in the phase space 
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Fig. III.j : 

Structure of phase-
space when tune-spread 
overlaps a 14th and a 
6th order resonance, 
from a weak-strong [37] 
round beam simulation 

through the two strings of 14 and 6 islands. The linear tune-shift used 

in the simulation is AQ =.08 which is more than 20 times larger than 

what is achieved with the SPS. And yet everything is perfectly stable. 

Arguably the single resonance picture is insufficient in this particular 

case. 

The same simulation could be used to model e +e _ storage rings 

operated with round beams, in the weak-strong approximation. But the 

single resonance picture would not be much more successful. Effectively, 

even in the vicinity of very low-order resonances, the islands which 

appear in phase-space are usually not big enough to really cause beam 

loss. In both cases, something more has to be added into the picture. 

A first idea arises from the fact that the single resonance 

approximation may be abusive. When considering the effects from low-

order resonances, we have assumed the dense web of high order reson

ances to have a négligeable effect. In fact, we know that in such a 

non-integrable system, part of the trajectories will exhibit chaotic 

behaviour, especially near island séparatrices. The integrable approxi

mation used in the single-resonance model holds only if such chaos 

remains constricted to very limited regions, regular KAM-curves occu

pying most of the phase-space. As the linear tune-shift is increased 

and islands get larger and thus closer to each other, chaotic regions 

are of course enhanced. However, because of the asymptotic behaviours 
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of the width -and detuning- functions that we found in >the previous 
paragraph, we expect the large scale topology to remain closed. This 
means that even if most trajectories are chaotic, the phase space will, 
beyond some large enough amplitude, be again dominated by regular KAM-
curves (circles). If the tune shift is large enough, the chaotic region 
may of course extend to the aperture of the ring, in which case par
ticles will be lost very quickly since growth rates in such a chaotic 
region are typically very large. This is thus a possible mechanism for 
the beam-beam instability, which however includes the aperture as a 
relevant parameter. 

According to the chirikov overlap criterion ' , the limit 
beyond which most KAM curves break down, and refered to as the 
stochastic limit, occurs when the sum of resonance widths becomes 
larger than the available tune space. In the case of the beam-beam 
interaction, the criterion must be satisfied in such a way that the 

r 121 
chaos extends to the aperture. Figure III.j, taken from , shows 
the sum 6Q of the widths of all resonances that occur in one unit 
range of tune space, normalized to the linear tune shift AQ l n . It is 
plotted with respect to the square of particle amplitudes a, normalized 
to a. 

Fig. III.j Sum of widths of all beam-beam resonances 
occuring in one unit range of tune spacel'^J 

* Mote : The width definition used in the Chirikov criterion is different 
from that indicated in eq. III.28- It involves a calculation in 
units of K , directly in the phase-space (see [12,30,37] 
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Chaos will occur, in the neighbourhood of a given amplitude ova, 

when &Q ia) ^ 1. Looking at figure III.j, we thus expect it to extend 
to around 7 a if A Q 1 1 " satisfies Sgfc t(49)/AQ l i n ~ 8 > ; l/AQ l l n, i.e. if 
AQ ^ 1/8 = 0.125. This is much larger that what is achieved experi
mentally, even in the case of e +e~ machines (AQ =; 0.03 - 0.06) . 

max 
[12] As an illustration, such a chaotic phase-space is reproduced 

in figure Ill.k, in the vicinity of a fourth-order resonance, with 
AQ = 0.2. It is clearly seen that the chaotic region, which is bounded 
by smooth curves beyond 10 o, extends to a least 8 or 9 a. 

It has been attempted to explain why the predicted stochastic 
limit is much larger than that observed experimentally. First of all, 
only one-dimensional resonances, relevant to round beams, have been 
included. In the two-dimensional case, it is also necessary to include 
coupling resonances in the criterion. 

Furthermore, the phase-space becomes four-dimensional and the 
smooth KAM-curves, which now are surfaces (tori) , no longer restrict 
the chaos to small amplitude ranges. It is thus conceivable that, far 
below the stochastic limit, when the phase-space is still dominated 
by smooth KAM surfaces, particles are channelled to large amplitudes 
throuoh the very thin stochastic layers surrounding each island in 

[tig] phase-space. This typically very slow process is called Arnold diffusion 
and has been proposed as a loss mechanism for hadron colliders. Ef
fectively, because radiation damping is négligeable in all existing 
hadron colliders, they are sensitive, unlike e e~ storage rings, also 
to instabilities that develop under the whole beam lifetime. 

We now turn to another possibility within the stochastic model, 
which consists in including tune modulation. Several mechanisms can drive 
such a modulation, for example non-zero chromaticity, non-zero dispersion 
at the crossing points and the variation of arrival time caused by syn
chrotron oscillations. Including tune modulation splits the main betatron 
resonances into frequency modulated sidebands spaced by Q /p, where Q 
is the synchrotron tune and p the order of the betatron resonance, and 
whose strengths decrease with increasing Q . These additional satelites 
enhancing the resonance density in tune space, the threshold for chaos 
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Fig. Ill.k : Structure of phase-space near 4th order resonance, in 
the case of a round beam weak-strong simulation*- ', with AQ^^-n=0.2 

to occur is greatly reduced. In a beam-beam situation for which Q is 
not too large such as the SPS pp collider at CERN (Q i« 0.004) , the 

[37] s 

Chirikov criterion offers rather good results 

Another mechanism which also increases the resonance density 
consists in taking into account the breaking up of the lattice symmetry 
due to errors • This is relevant in particular for e +e storage rings 
equiped with low-beta insertions, as was explained in chapter II. The 
result could also-be a subatantial reduction of the chaotic threshold. 
It is however not clear how to calculate it. 

[38] We now describe another model, first proposed by M. Month 
Because the distance of the islands in phase-space is proportional to 
the distance to the corresponding resonance line in tune diagram, if 
the tune modulation is slow enough, each island will move adiabatically 
in and out. Resonant trajectories trapped in the islands may thus be 
driven out to the aperture, as is illustrated in figure III.l, taken 
from [37] . How slow the modulation must be to ensure this adiabaticity 
can be estimated imposing that the speed of the island movement be 

(39 1 
smaller than the rate of amplitude change due to the resonance . In 
the case of the SPS, this restricts the modulation to frequencies 
smaller than the synchrotron frequency hy more than an order of magni
tude. A possible source for such a low frequency modulation is typically 
a power supply ripple. That such low frequencies are bad for beam life-
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times and that suppressing thom improve things is well known experi
mentally. This is thus a potential mechanism for the reduction of beam 
lifetimes observed in collision mode. 

At last we mention another possible mechanism ' , which 
combines the distortion of phase-space due to resonances with a diffu
sion effect. In electron rings, such a diffusion effect is caused by 
the synchrotron radiation-which consists in the emission of discrete 
photons. In the unperturbed situation, a quantum lifetime is defined 
by the rate of this diffusion at the aperture. It is thus conceivable 
that the distortion of the equilibrium distribution by the beam-beam 
resonances enhances this diffusion, thus reducing the lifetime and 
causing beam blow-up. In hadron colliders, diffusion effects can be 
caused by intra-beam scattering, residual gas scattering, and power 
supply noise. This brings us back to the search for the perturbed 
equilibrium distribution, mentionned in the beginning of this para
graph. Typically, one needs to solve some kind of Fokker-Planck 
equation. Unfortunately, mathematics becanes difficult. 

The above described models do not make a major distinction 
between the round and the very flat beams with which most electron 
machines are operated. In the next chapter, we will emphasize the speci
ficity^ °* t ^ i e latter, which we expect to arise from the geometric dis
tortion already noted in the two-dimensional single resonance formalism. 

Fig. III.1 Distortion 
of island structure when 
tune is changed from 0.615 
to 0.645by steps of 0.01, 
in the case of a round 
beam simulation 
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CHAPTER IV 

VERTICAL BLOW-UP OF FLAT BEAMS 

The sensitivity of the vertical dimension in e + e _ storage rings 
operated with very flat beams has been, and still is, the subject of 
much study and worry. The role of beam-beam driven non-linear coupling 
between the two coordinate planes, which was first studied by 

[421 B.W. Montague , is here stressed as a particularly relevant mechanism 
responsible for blow-up mainly in the tails of the vertical distribution. 

With the use of the two-dimensional single resonance model, which 
we know from chapter III has a very limited range of application, we 
obviously do not aim at developing a complete and predictive theory 
explaining all beam-beam effects. The goal is rather to isolate a 
mechanism suited to the particular beam-beam situation we are interested 
in and explaining, at least roughly, some observed phenomena. 

The several other incoherent models proposed to improve the insuf
ficient single-resonance model for round beams (see chap. Ill) should 
of course not be excluded for flat beams. The difference is now that 
the single resonances which they are based on do give, because of the 
geometric distortion arising from the flatness of the beams, rather 
strong effects on their own. The other incoherent mechanisms proposed 
may thus be relevant aswell. 
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Before the effects from difference resonances are calculated 
explicitly, we point out another important consequence of the flat 
beam geometry. 

THE WEAK-STRONG APPROXIMATION IN THE CASE OF FLAT BEAMS 

In the limit of a completely flat beam (f =o /o < 1), the elec
tromagnetic field produced at vertical distances smaller than the beam's 
horizontal dimension can be considered as due to an infinite uniformely 
charged plane. It is easily found from symmetry arguments (or from Gauss's 
theorem) that the electric field generated is vertical and indépendant 
of the distance to the plane : as the plane is infinite, an observer 
cannot tell, just looking at it, how far it is. 

In reality, as the beam is only almost flat, the electromagnetic 
field will only be almost indépendant of the vertical dimension y, as 
long as one is not in the core of the beam, or infinitely far from it 
(see Fig. IV.a). 

1 

S - . 

_ - — — ^ X 

't ' u~ 1 ' \ \ N 

Fig. IV.a : Electromagnetic field from blown-up or non blown-up bunch 

Now, reversing the argument, one finds that the vertical blow-up 
(of a factor 2 for example) of a very flat beam will not affect the 
field much outside the core (fig. IV.a, dotted line). 
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More precisely, we can use the expressions for the two transverse 
kicks, that were given in eq. II.6. 

In the limit o > a , they can be written (see also l1^]) : x y 

=- - 2 < vf 2 \ 
Ax = - 2 ,- e / e dv IV. 1 

r eN x 
a 2 

x 

I 
X 2 1 _ X^V2 

r N " 2Ô~^f 2o 2 
Ay = - 2 — X — e x / e x dv IV.2 Y o o • x y 

First we see that Ax does not depend at all on the vertical 
dimension. Second we transform IV.2 into : 

X 2 

20 
A y . .. I Ee« 2 L e r f / Y \ IV.4 

W Y °x V^V 
where erf(Z) is the error function, fis is well-known, erf(Z)-? 1 for 
Z > 1.5. Thus, in a situation where the two flat beams blow-up equally 
particles oscillating vertically with amplitudes larger than 2a will 
experience kicks roughly indépendant of the on-coming vertical distri
butions . 

Consequently, the interaction of two very flat beams may, for 
many of its observed aspects, be considered a quasi-weak-strong process 
even when the two beams are equally strong . Effectively, in the sense 
that the perturbed evolutions of "worrying" particles -i.e. those on 
the edge of the core (n à 2) and in the tails- are not altered appreci
ably by the taking into account or not of the evolution in dimension 
of the counter-rotating beam, the argument strengthens the validity of 
the incoherent picture for several beam-beam effects such as lifetime 
problems, backgrounds and of course vertical blow-up. 

* Mote : This remark was initiated by H. Zyngier (LAL/ORSAY) 
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We now turn to the evaluation of the blow-up from difference 

resonances. 

BEAM-BEAM DRIVEN COUPLING IN A VERY FLAT BEAM 

H RES ( K '*» — 

K = a 
X 

a 
y 

* 
• -

X 
* y * 2 

In this paragraph, as an illustration, we jtudy resonant growth 

from the lowest order difference resonance : 

2Q - 2Q - kS = 24q < 1 IV.5 
x y u 

The corresponding hamiltonian i s ob ta ined pu t t ing n =-m = 1 i n 

eq. I I I . 4 6 , we ob t a in : 

AqK 
+ s £ [ H (K) -2H (K) COS(4I(I)J IV.6 

n u e. 

with 
V \I 

IV.7 
+ k s e 

4 

The f i r s t i n v a r i a n t (see eq. I I I .43) i s now j u s t the sura : C = a +a . 
x y 

It is convenient to study the evolution of beam sizes in 

amplitude space (ct ,a ) , as shown in figure IV.b, where successive 

"beam-envelopes" (location of particles in the bunch distribution such 

1,2, ) are represented by a family of 

curves C (a ,a ) . For the initially unperturbed n-envelopes, the 

C (o ,o ) are simply straight lines satisfying : 

2 
a (1 +f) + a (1 +l/f) = \ IV.8 
x y £. 

Hence, p a r t i c l e s ins ide the n-envelopes oc îpy a t r i a n g l e 

defined by IV.8 and the l i n e s a = 0 
x,y 

Under the influence of the resonance, they will beat along line of cons
tant C = a + a , their dynamic variable K oscillating between two 

x y 

extremum values. This transforms the C (a ,a ) as skeLched in figure IV.b, 

and delimitates a larger area to be filled by the same particles. 
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Fig. IV.b : Transformation of successive beam envelopes due to non-linear coupl 
The second geometric distortion mentionned in chapter III can 

be noted at this point. Effectively, K can be expressed in terms of 
n x = number of siymas in each coordinate plane, using eq. III.35 : 

£x 
K = 

where e 
2(e + E ) ( nx x y 

• n ''• f ) IV. 9 

x,y are the natural beam emittances. Clearly, if f < 1, even a 
small resonant beating of K, having to satisfy the invariance of C, 
will be weaker. This point is also illustrated in figure IV.b. 

For example, if f =1/16, a 40 % increase of the vertical beam 
dimension due to coupling will only be compensated by a 2.5 % decrease 
horizontally. This would be difficult to measure in the horizontal 
plane. We thus expect beam size enhancements due to non-linear coupling 
to appear only, or almost only, vertically. 

It is not of enormous interest to derive the Cn((ix,a„) analy
tically. Instead, calculating numerically the integrals involved in 
III.40, we plot the limiting curves IIRES(K,i|i=0) and [iffis(K,(i = TT/4) 
for different values of the invariant C - a x + ray and of the ratio 
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Aq/S ç . Examples of such curves are shown in figure IV.c. 
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rig. IV.c : Examples of limiting curves HpEg(i|i =0,TT/4) as a 

function of K and for different values of C 

The maximum beating of the dynamic variable K can now graphi

cally easily be obtained for initial conditions satisfying eq. IV.8, 

and for different Aq/sl;. Results are shown in figure IV.e,f,g, for 

three working points close to the resonance line (see Fig. IV.d) and 

corresponding to Aq/S? = +0.25, 0 and-0.25, in the cases of beam-

envelopes n=2 and 3. Effects on smaller amplitudes (n = 1 and 1.41) 

are shown in figure IV.h for Aq/s£ =-0.25. 

Very clearly, the transfer from horizontal to vertical motion is 

big especially when Aq/sf =- 0.25 . This is consistent with the prefered 
N [̂ 2] [3] 

side predicted in and observed experimentally in PETRA (DESY), 
as was mentionned in chapter II (see Fig. II .h) . 

* Note : Remembering from chapter III that Aq/sÇ is the relevant parameter 
determining the phase-space trajectory in the single-resonance 
approximation. 
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Fig. IV.d : Three working points with associated 
tune-spreads, near main diagonal 

Fig. IV.e : Transformation of beam envelopes below 
the resonance (Aq/si; =0.25) 
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1.41 2 245 2.83 n, 
Fig. IV.f : Transformation of beam envelopes right 

on the resonance (Aq/si; =0.00) 

1.41 2 2.45 2.83 n, 
Fig. IV.g : Transformation of beam envelopes above the resonance (Aq/s£ =-0.25) 
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Fig. IV.h : Magnification of Fig. IV.g for smaller amplitudes 

In fact, it only confirms a simple qualitative argument , 
remarking that the almost triangular shape of the tune-spread in the 
case of a flat beam allows the resonance line to be crossed more ef
fectively from just above than from below (see Fig. II.d(b) and IV.d). 
This is of course also true for other difference resonances. The reason 
why the study of this particular difference resonance is relevant 
arises from the fact that, apart from being the lowest order and thus 
strongest such resonance, it is also in the middle of a tune diagram 
region where the density of low order resonance-lines is quite low. It 
is thus not only a region in which it is convenient to choose the wor
king point, but also one for which the single resonance approximation 
is expected to hold better than elsewhere. The above remarks are 
illustrated in a tune diagram shown in figure IV.i, where resonances 
of order up to 8 have been included and where working points near the 
diagonal, which are proposed for the LEP-project (CERN), are indicated 
with their respective tune spreads. 
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I i i o n a n c n up to order 6 i n c l u d i n g synch ro t ron s ideb tnds up lo ord>r 0 Ibroken) . 
Dol led l ino* art excluded by s e l e c t i o n r u l e s . 

[*t5] Fig• IV.i : Tune diagram including one and two-dimensional betatron 
resonances with even coeff ic ients . Points A,B,C and D indi
cate , by order of preference, working points proposed for LEP 
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Going back to the plots in figure IV.f,g,h, we note that the core 

of the bunch (n^l) is not affected very much, whereas the excitation is 

already strong for n = 1.41. This suggests that the resonance driv.es par

ticles mostly on the edges of the core (n~1.41 to n~3) and in the tails 

(n^,3) . The global blow-up of the beam, which can be obtained through some 

kind of convolution, will thus not be as strong. Further more, the exact 

particle distribution cannot be obtained through this procedure since the 

counteracting damping and quantum fluctuations mechanisms, which set the 

equilibrium, are not included. 

However, calculating the characteristic time for the coupled 

motion, we find that it is much shorter than the damping time. This 

can be done using Hamilton's equation : 

dK 8 H R E S 

= = 8 H (K) sin 4* IV. 10 
d6 3i|i ' ' 

An estimate of the beating time is then obtained writing : 

ÛK 

8H (K) sin 4ù 
11 

where the bar means that a "typical" value is taken. As shown in 

figure IV. j, sin 4i|) ~ 1/2 is rather typical for a particle trapped 

in an island and which is not close to any of the two fixed points. 

The number of turns amounts to : 

A8 C 

2n 
n = — * .024 — — v -v 20 or 30 turns 

* »„© 
which is to be compared with dampinrj times of 3000 turns for PETRA (DESY) 

and 500 turns for the LEP-project (CERN) . 

* Mote : It may be noted at this point that the higher the resonance-
order is, the longer the typical beating time will be. This can 
be understood from the fact that the driving term Hj^, of a re
sonance of order|n|+|m|, which will appear, as in IV.11, at the 
denominator, decreases rapidly with order (see chap.Ill). We thus 
expect storage rings with strong damping to be less sensitive to 
single resonance effects. 

http://driv.es
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We thus expect this resonant process to be of particular impor
tance in determining the perturbed equilibrium distribution for flat 
beam operated machines. In fact, recalling the observations we made in 
chapter II when describing the behaviour in the vicinity of the beam-
beam limit, we expect it to be non-gaussian mainly in the tails of the 
vertical distribution (see Fig. II.k) . 
stable fixed point 

K 

unstable fixed point 

0 1 JL ?n 1 V 
8 4 8 2 

0 1 0 1 0 sin4ip 
Fig. IV. j : Sin 4IJI=;1/2 is rather typical for a particle not 

close to any of the two fixed points 

CHECKING THE SINGLE RESONANCE MODEL WITH A TRACKING PROGRAM ; SOME 
PREDICTIONS FOR LEP 

Whether the beating studied here is sufficient to really cause 
beam loss will depend on the vertical aperture of the storage ring con
sidered and, of course, on the ratio Aq/S? . In the LEP-project, the 
transverse beam size will be artificially enhanced in the low-energy 
optimization procedure, using alternating dipole wigglers (see chap. II) . 
This will enable to "fill" the aperture, thus hopefully maximizing lu
minosity without exceeding an expected maximum tune shift of 0.03, beyond 
which the lifetime would begin to drop. In such an artificially blow-up 
state, the effective dynamic aperture becomes smaller and one needs to 
worry even about moderate beam-beam blow-up. 
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In the choice of a working point for J.Er (see also ref. P5 ]) , 

it is hence very important to delimitate regions in tune diagram where 

this unwanted blow-up can be avoided or at least minimized especially 

in the tails, where the otherwise extensive "strong-strong" simulations 

hardly give any predictions because of poor statistics. As was already 

mentionned above, regions just below the diagonal in figure IV.i, cor

responding to the coupling resonance IV.5, are favorable because or the 

lower resonance density and because of the triangular shape of the tune-

spread. Looking at figure IV.i, we see thai: the closer the diagonal can 

be approached without starting to feel appreciable effects from reson

ance IV.5, the better from the point of view of a lower resonance den

sity. The plots in figure IV.e show that envelopes n = 2 and 3 do 

not beat if Aq/sf > 0.25, which gives for the tune difference Aq, put

ting S =4 and £ =0.03, the following sufficient condition Aq > 0.03. 

As was already emphasized (see chap. Ill), the width of a single-

resonance increases linearly with sj;, but only within the limits of the 

single-resonance approximation. Effectively, a» SÏ is increased, the 

widths of other nearby resonances are also enhanced and beyond some 

threshold, the single resonance approximation will break down. It is 

thus necessary to check the validity of thin approximation for usual 

values of the linear tune shift and to have: an idea of what happens 

around the coupling resonance when this value t:; exceeded. 

We therefore write a tracking program, which simulates the evol

ution of a single particle executing two-dimensional betatron oscilla

tions and receiving a kick each time it traverses the interaction region. 

Using the Twiss matrix defined in eq. 1.10, we can express the transfor

mation over one turn through the following non linear mapping : 

h 
(n+1) = 

0 

0 

-s.. 

; * & Ax 
(n) IV.12 

\Y + /.- Ay 



3b 

where C = cos(2uQ ), S = sin(2irg ) and where the displacements x.y x,y x,y ex,y ^ 
x,y and their derivatives have been normalized as follows : Z = z//20 , 
Z = 8 i./i/zâ' , Z = X,Y. z z 

The kicks produced from the transversally elliptical bunch distri
ct'*] 

bution are calculated from and expressed in terms of the complex 
error function : 

w(Z) = e [1 + — / e dt] IV.13 + ̂ i 
We obtain : 

A „ 3/5 ,_lin — 2 - Ax = - e A 27T3A A Q i l n Im [F, (X,Y) ] A' 

I V . 1 4 

^2o~ 
y 

^ A y = e A 2 w 3 / 2 A Q U n Re [ P . (X,Y) ] 

wi th : 

FA(X,Y) = w(XchA-iYshA) + e~ ( X + Y 'wf-XchA +iYchA) _ 2 e
- ( X c n A ~ l Y s h X ) iV.15 

and where X = Log \j-—•- , f = o /o . » 1-f y x 

The mapping in IV.12 is iterated 200, or sometimes 400 times, to 
simulate the same number of beam-beam collisions, using the subroutine 
CWERP , available in the CERN computer library and implemented in 
the ORSAY-Univac, and the evolution of oscillation amplitudes is plotted 
with respect to the number of iteractions. The unperturbed values of the 
betatron tunes are chosen close to point A(Q =70.35 and Q =78.30), 

x y 
which i s shown in figure IV.i and proposed as an optimal working point 

for LEP'-'* 5-'. 

Mainly pa r t i c l e s with i n i t i a l conditions corresponding to 2 or 

3-cj envelopes are s tudied, in order to compare with the resu l t s from 

the single resonance model. 

At f i r s t , s t a r t i ng from point A, we increase the ver t ica l tune 

Q in order to approach the coupling resonance and to cross i t , with 
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AQ =0.03 per crossing and in the case of 3-o particles. 

Far from the resonance, the two amplitudes execute slightly dis
torted phase oscillations, and do not differ much from their initial 
values. An example of what is seen is reproduced in figure IV.k, corre
sponding to Aq = Qx - Q = 0.096. 

At the contrary, when wright on (Aq=0), the motion becomes 
clearly coupled and the vertical amplitude easily reaches 6o , as shewn 
in figure IV.1. 

The coupling is even stronger, as predicted, when just above the 
resonance. One such plot is shown in figure IV.m, corresponding to 
Aq =-0.014. In this case, the vertical amplitude reached 9.2 a . 

Next we concentrate on the region immediately under the coupling 
resonance. For AQ =0.03, coupling begins to occur only around 
Aq =0.012, whereas for AQ l i n=0.06, it is seen already around Aq =0.022 
which is almost twice Aq =0.012, consistently with the fact that single 
resonance effects are only functions of the ratio Aq/AQ , below the 
critical threshold for resonance mixing. 

If AQ is increased beyond 0.06, both the vertical and the 
horizontal amplitudes spread out in rather wide bands, which most often 
lack apparent structure. When close to the coupling resonance and when 
AQ^*n =0.08, coupled oscillations are still seen, but behave quite 
irregularly, as expected from the mixing with order resonant frequencies. 
Sometimes the wide bands seem to be cowposed of many narrox structures, 
indicating the excitation of high order resonances. An example of this 
is shown in figure IV.n, corresponding to AQ =0.12 and Aq =0.004. 

It is not impossible that some of the trajectories in these bands 
behave chaotically. It is however not possible here to conclude on this 
point, since more extensive tracking and more refined methods would be 
necessary. 

In order to study the region below the resonance, when AQ in 
increased, we plot the largest amplitude reached by 3-a particles under 
400 revolutions, for different values of AQI*". Results are shown in 
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Fig. IV .k : Single particle trajectory in (ax,ay,4>xr^yJ phase-space. 
The plots show the evolution of the horizontal (up) and 
vertical (down) amplitudes of a particle launched with 
n =n =3, Aq =0.09f> and A Q l i n =0.03 
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Fig. IV. 1 : Single particle trajectory in {ax,av,tt>x, <|>y} phase-space. 
The plots show the evolution of the horizontal (up) and 
vertical (down) amplitudes of a particle launched with 
n x=n =3, Aq =0 and Aplin =0.03 
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Fig . IV.m : Single p a r t i c l e trajectory in {ax>ay/'!>x»ltly} phase-space. 
The plots show the evolution of the horizontal (up) and 
ver t ica l (down) amplitudes of a p a r t i c l e launched with 
n x = n y = 3 , Aq =-0.014 and A Q l i n = 0 . 0 3 
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Fig. IV.n : Single p a r t i c l e t rajectory in {ax,ay,<j>x,ij>y} phase-space. 
The plots show th^ evolution of the horizontal (up) and 
vert ical (down) amplitudes of a p a r t i c l e launched with 
n x = n y = 3 , A<i =0.004 and AQ l i n =0-12 
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n y 
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2 

many narrow 
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. lin „ .„ AQ = 0 . ? 2 

initial value 

AQ U n=0.08 

initial value 

10 
8 
6 
4 
2 

10 
8 
6 
4 

coupled 
beating 

AQ l i n=0.06 

initial value 

coupled' 
1 beating 

AQ U n=0.04 

initial value 

0.02 0 0.05 0.1 Aq 

Fig. IV.o : Maximum enhancement of vertical amplitudes for particles 
launched with n x=n„=3. as a function of Aq, and for 
increasing values of AQ 
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figure IV.o. The main features of the behaviour are similar for 2 and 
4-0 particles. 

The main result is that whan close to a strong, low-order res
onance such as IV.5, the single resonance approximation holds surpris
ingly well as far as the rough tail behaviour is concerned. For tune 
shifts around Ag =0.03, even though clear beating begins to occur 
only very close to the resonance, the amplitudes are slightly enhanced 
as far as Aq = 0.05 which is proposed as a working point (and indicated 
with an arrow in Fig. IV.o). As a conservative limit for the validity 
of the single-resonance approximation in this particular case, we 
propose AQ-*-xn = 0.06. However, even beyond this value, the resonance 
still produce strong effects. In particular, it enhances the width of 
the irregular narrow structure band. 

In the case of a real machine, such as LEP, the single resonance 
approximation will break down earlier since there are many additional 
resonances in tune space, from errors, synchrotron motion and sextupoles. 
We thus expect the above limit to be lower. However, what is really 
relevant for the real machine is the fact that the coupling resonance 
enhances vertical oscillation amplitudes even when the single resonance 
approximation is no longer valid. In view of this and of the results 
in figure IV.o, we expect working points satisfying 0.05 < Aq < 0.1 to 
be optimal for the minimization of vertical blow-up in the tails. 

It can also be emphasized that the nearby 6th order coupling 
resonance (which would be located at Aq =0.175 in figure IV.o) is 
still far away from Aq "^ 0.1 and that higher order coupling resonances 
do not produce any significant effects in the simulated particle motions. 
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CONCLUSION 

In this thesis, we have investigated, from a phenomenological 
point of vue, the most severe problem limiting the performance of e e~ 
storage rings : the beam-beam interaction. We have examined in detail 
how this limitation appears in different already existing machines, 
such =x*i SPEAR and PEP at Stanford, ACO and DCI at Orsay, PETRA in 
Hamburg and CESR at Cornell, and we have studied the case of the LEP 
accelerator, presently under construction at CERN. 

The complexity of the problem has not yet enabled to develop an 
adequate theory explaining the effects from the beam-beam interaction, 
and it is unfortunately not possible to predict essential parameters, 
such as the luminosity or the beam lifetime, that can be reached in a 
given situation. 

Several simplified models, suggesting some particular mechanism, 
have however been proposed. Even though all, or most of them, do play 
a role in the behaviour observed, we have tried to determine a domina
ting mechanism suited to the specific situation of an accelerator such 
as IiEP, and enabling to understand, in particular, the strong blow-up 
in the tails of the vertical particle distribution, observed in other 
similar rings. 

We have found that, due to the shape of the electromagnetic field 
generated by the very flat bunches stored in this kind of accelerator, 
two-dimensional non-linear resonances, coupling the horizontal and ver
tical betatron oscillations, are strongly excited. We have computed the 
effect from the lowest order coupling resonance, i.e. 2Q - 20 = integer. 

Even though the model used does not enable the determination of 
the perturbed equilibrium distribution in the vicinity of this resonance, 
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it is possible to predict that the blow-up is the strongest above it, 
and that mainly the tails of the vertical distribution are affected. 

In order to determine the validity of the "single resonance" 
approximation, we have also written and used a numerical simulation. 
We have found good quantitative and qualitative agreement with the 
theoretical predictions, up to tune shifts of the order of .06 to .08. 
Beyond, the coupling resonance mixes with nearby higher order resonances 
and it is no longer possible to distinguish the characteristic coupled 
beating. The amplitudes then evolve in time, with little or no struc
ture, but do however not grow indefinitely. Even in this case, the pro
ximity of the coupling resonance enhances the domain in which the 
amplitudes are distributed. 

Finally, we give a criterion concerning the distance to the 
resonance that must be respected in order to minimize blow-up in the 
vertical tails, in the case of an accelerator such as LEP. The betatron 
tunes must satisfy : .05 < Q -Q <.10. 
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INTRODUCTION 

In this thesis, we study the electromagnetic interaction of the 
particles in a beam with the space charge of the counter-rotating beam, 
as they are stored in high energy particle accelerators. In particular, 
we investigate the perturbation of particle motions as they repeatedly 
collide with the opposing bunched beam, experiencing each time the 
strongly non-linear field generated by its charge distribution. Empha
sizing on e +e~ storage rings, we describe and attempt to explain the 
instability and large "blow-up" of transverse beam sizes arising from 
this "beam-beam interaction". 

Such beam-beam effects struck the first storage ring pioneers, 
some twenty years ago, as being a major limitation to the performances 
of the accelerators they were operating. Since then, in spite of ex
tensive both theoretical and experimental efforts that have brought some 
insight, they are still not fully understood and remain an outstanding 
problem to storage ring designers. In fact, not only has it been imposs
ible to derive a predictive theory, or even a good scaling low concer
ning beam-beam effects, but even the basic physical mechanisms respon
sible for the behaviour observed have proved elusive. 

And yet a whole generation of storage rings have been and will 
be built throughout the world. For the former, the consequence has often 
been disapointingly poor performances whereas for the latter, even the 
use of extensive computer simulations, which sometimes do allow accurate 
predictions, has not enabled to overcome the beam-beam limitation. 

Over recent years, interest in the problem has grown also outside 
the accelerator physics community, mainly among non-linear dynamicists 
and specialists of stochastic processes. In effect, since several para
meters, including the strength of the perturbing beam-beam field, are 
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