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ABSTRACT

Information on the effective pair potential of liquid alkali metals

is obtained from liquid structure factor data by the combination of two

approximate methods in the theory of liquids. One method stems from

treating the indirect ion-ion interaction in the optimised random phase

approximation (ORPA) and the other uses the modified hypernetted chain

(MHNC) equation. It is shown that, in the region of the main attractive

well, the effective pair potential is bracketed by the results obtained

from these two methods. The MHNC inversion scheme does not fare well in

providing information on the potential in the region of interionlc distance

in the tail of the interionic potential. A cross-over from the hard-sphere

bridge function to the mean spherical approximation (MSA) bridge function

for the long range behaviour of the bridge term in the MHNC equation does

not provide appreciable improvement.

I. INTRODUCTION

The determination of the effective interionic pair potential in

liquids is of considerable importance in the theory of liquids. The first-

principles method of evaluating the pair potential, based on the pseudo-

potential concept, is very sensitive to the various ingredients entering

these calculations (Shyu et al.,1971; Kumaravadivel and Evans, 1976), and

information on the pair potential from other sources is necessary. Since

the initial work of March and co-workers (Johnson and March, 1963;

Johnson, et al., 1964), there has been much interest in the problem

of determining these effective interionic pairwise potentials from

experimental structure factor data. The simplest statistical theories of

liquid structure have proved to be inadequate for this task (Ailawadi, 1980;

Kumaravadivel et B A . , 1 9 7 M . . Many other more sophisticated

approaches for the inversion of measured structure factors to obtain pair

potentials have been devised (Mitr-a and Gilan,1976; Mitra, 1977 ,1978 ;Suda,19B3 ,Brennan

et al!97i; Dharma-wardena and Aera, 1983; Mclaughlin and Young, 1982;

Kumaravadivel and Tosi, W81*; hereafter referred to as I) but it is probably fair

to say that no one method has emerged as best.

Recently , in I we

reported an approximate method of obtaining information on the pair potential

in liquid alkali metals from experimental structure factor data. The method

is based on an optimized random phase treatment of the indirect ion-ion

attraction (the ORPA method). In this paper we examine the usefulness of

the modified hypernetteci chain (MHNC) equation (Hosenfeld and Ashcroft, 1979)

for the same nroblem. F o r t h e bridge term we take the h a r d sphere

Percus-Yevick form, and the appropriate packing fraction for the hard-sphere

bridge function is fixed by a local thermodynamic criterion based on the

minimization of the free energy (Lado, 1982; Lado, et al., 1983). We also examine

the effect of a cross over from the PY hard-sphere bridge function to the

mean spherical approximation (MSA) for the long range behaviour of the

bridge term. A combination of'the ORPA and the MHNC inversion schemes is

found to provide valuable information about the main attractive well in the

effective pair potential- of liquid alkali metals.
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The layout of the paper is as follows: In Sec. II the theoretical

approach is outlined and the results of a test of the two methods against

simulation data on a model of liquid rubidium are presented and analysed.

The resultsof the inversion of available structure data for alkali metals

are discussed in Sec. Ill and concluding remarks are given in Sec. IV.

II. THE METHOD AND ITS APPLICATION TO MODEL RUBIDIUM

2,1 The HHHC method

The ORPA inversion" method is presented in detail in I and we shall present

only the MHUC inversion scheme "briefly. The diagramatic analysis of

the radial distribution function g(r) leads to the equation

g(r) - 1 - c(r) - b(r)] (1)

where fl = l/*gT. ^(r) is the interatomic potential and c(r) and b(r)

are the direct correlation function and bridge diagram contribution

respectively. Ignoring the bridge term b(r), gives the HNC equation. The

exact calculation of b{r) is not practicable and several approximate forms

for b(r) have been proposed in the literature. For one-component liquids,

Rosenfeld and Ashcroft (1979) have argued that the function b{r) is

roughly the same functional for all potentials and can be taken as a one-

parameter adjustable function. This adjustable function is usually obtained

using a hard sphere potential and for this system the adjustable parameter

is the hard sphere packing fraction Ti .

For the criterion of the choice of the packing fraction, the thermo-

dynamic consistency between the values of the isothermal compressibility

derived from fluctuation theory and from the free energy could be sought.

However, in the case of liquid metals.difficulties will be encountered

because of the presence of a structure independent term in the expression

for the free energy. In the present method, to fix the value of the packing

fraction ^ , we adopt a local thermodynamic criterion based on minimizing

the free energy. This criterion was proposed for simple liquids by Lado
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(1982) and its extension to liquid metals is straightforward. The

minimization of the free energy gives the condition

dr [g(r) - ghs(n,r)] (2)

for the determination of /*7 . In our calculations, the hard sphere radial

distribution function g {"} ;r) and the hard sphere bridge functions are

taken from the Percus-Vevick theory (Wertheim, 1963; Thiele, 1963). With

the experimental structure factor data, Fourier transformed to obtain g(r)

and c(r), the effective pair potential is calculated from equation (1).

2.2 Inversion of computer simulation data on a model of liquid Rb.

The ORPA and MHNC inversion schemes can be tested by comparing the

pair potential that they yield from a structure factor obtained in computer

simulation with the pair potential which was used as input to obtain this

structure factor. Rahman (1974) has generated S(k) for a model of molten

Rb at 319 K by the molecular dynamics method, using a pair potential

evaluated by Price et al. (1973) from Ashcroft's

empty core model potential (Ashcroft, 1966) and the screening function of

Singwi et al. (1970), with an effective mass correction to include band

structure effects.

In Fig.l we report the pair potential used by Rahman together with

the results for <£(r) that we have obtained from the corresponding S(k)

by the two inversion methods using the density and temperature of the

simulation experiment.

Clearly, both methods are reasonably accurate in reproducing the

main attractive well. While the MHNC scheme slightly underestimates the

depth, the ORPA inversion scheme slightly overestimates it. Also, while the

MHNC scheme slightly overestimates the hard core radius, the ORPA inversion

scheme underestimates it. The true ma'in attrative well of the potential is

bracketed by the results obtained frooi these two methods.

In the region of interionic distance in the tail of the interionic

potential, which is shown in Fig. 1 on a vertical scale enlarged by a
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factor 10, while the first Iximp in the potential is reasonably well

reproduced by the ORPA inversion scheme, the MHNC scheme gives rather poor

results.

2.3. Improvement on the long range behaviour of the bridge function

The universality ansatz for the bridge function is true only at

short interatomic distances, where the repulsive part of the interionic

potential determines an excluded volume in g{r). For large r, the bridge

function is not universal and depends on the details of the particular

system under consideration.

The failure of the MHNC scheme to account for the asymptotic

behaviour of the potential could be due to the use of the hard sphere bridge

function for the long range behaviour of the bridge term. The recent work

of Ballone et al. (l9Qit, 198W) OP. two component systems

has emphasized the importance of the

long range behaviour of the bridge term in the evaluation of structure.

These authors adopt the hard sphere bridge function for the short range

behaviour and then cross over to the leading 4-point bridge diagram for the

long range behaviour of the bridge term. This approach is more sophisticated

but has been shown to be essential in the representation of the bridge term

in a molten salt. Here, we try a simple cross-over from the hard sphere

bridge functions to the mean spherical approximation (MSA) for the long

range behaviour of the bridge function. We write

o(r) = (3)

where b (•», r) is the bridge function for hard spheres with packing
hs I

fraction fi , while b (r) is the long range behaviour of the bridge
» MSA

function in the mean spherical approximation, given by

bMSA(r) = g(r) - 1 - in g(r)

Recently Foiles ""* nl. (1984) have used such a scheme for the

(4)

— 5 —

determination of structure in siaple liquids and liquid metals. Following

these authors we use the following form for the cross over functions E(r):

= T- 1 + tanh
(5)

where r and W are adjustable parameters. Though we have studied the

effect of variations in r and V, in all the work reported in this paper

r is approximately taken to be the second point satisfying g(r)= 1 and

W is approximately taken to be the distance from the first maximum in

g(r) to r . With this new choice for the

the choice of the packing fraction becomes

g(r) to r . With this new choice for the bridge term, the criterion for

dr [g(r) -
(r)

s (6)

In Fig. 1 we report the pair potential obtained from Rahman's

structure factor data by the MHNC inversion scheme using the cross-over

bridge function. Although the cross over reduces the height of the first

hump in the potential, the improvement is not appreciable.

The precise values of the cross-over parameters r and HI are not

critical. The above choice of these parameters is designed to use the

hard-sphere bridge function in the repulsive part of the inter-

ionic potential, where it is rather reliable. We have studied the effect

of varying these parameters without seriously ^"fecting the above

requirement. Although small changes in the shape of the main well of the

potential are found, the true potential has always been found to lie between

the results of the MHNC scheme and the ORPA inversion scheme. Therefore

we conclude that the true main well in the interatomic potential is

bracketed by the results obtained by these two methods.

III. PAIR POTENTIAL IN LIQUID ALKALI METALS

In this section we shall present the resultsof the application of

our scheme to the liquid alkali metals and compare them with other
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theoretical pair potentials.

In Figs. 2 and 3 we report, for liquid Na and K respectively, the pair

potentials that we have obtained from experimental structure factors. The structure

data are those reported by Greenfield, et al. (1971) , Hujiben

and van der Lugt (1979), and Waseda (1980 ; 1983). There are still

appreciable differences between these data, especially in the low-k region.

Therefore we have not reported separately the pair potentials obtained from

the three sets of data but only indicated their spread in the form of

vertical bars.

Our results are qualitatively similar for the two metals and a common

discussion can be given. First of all, the main attractive well is

reasonably well defined, while the subsequent oscillations are hidden in

the spread of the data in both inversion schemes. The two observations we

made in the last section that the MHNC scheme gives a larger hard core radius

and a shallower well than the OKPA scheme for given structure factor data is

confirmed for both Na and K (as well as all other liquid alkali metals).

From our findings in the last section, one would expect the true potential

to lie between the result of the two schemes.

Now we may ask which of the theoretical potentials, summarized

in I is in close

agreement with the overall structural evidence which is available for

molten Na and K. In Figs. 2 and 3 we report two theoretical potentials.

These are (i) calculated from the modified point ion model potential (MPIM)

of Harrison (1966), with the model potential parameters determined by

Wallace (1968) and the Vashista and Singwi(ig72) (VS) screening function,

and (ii) calculated from Ashcroft's empty core model potential with the core

radii and effective masses reported by Price et al. and the screening

function of Singwi et al (this we shall call the Price et al. potential).

It would appear that these two potentials are consistent with the new

evidence available from experimental structure factor data. However, this

conclusion rests, of course, on particular combinations of electron-ion

coupling and electronic screening.
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In I we found the pair potential calculated from Shaw's non-local

optimised model potential (OMP) and VS screening function to be in close

agreement with the pair potential calculated from the ORPA inversion method.

From our conclusions in this paper, that the true potential is bracketed by

the MHNC and ORPA inversion results, it appears that the combination of

Shaw's OMP and VS screening function give a slightly deeper first minimum

in the potential. However this does not permit us to advocate one model

potential in favour of the other. It is well known that the depth of the

pair potential is strongly dependent on the form of the screening function

( Shyu et al.,1971; Kumaravadivel and Evans, 1976) and the use of VS

screening function always give a deeper first minimum than the Singwi et al.

screening function. While we used the VS screening function in all the

theoretical potentials reported in I the Priceet al. potential uses the

Singwi et al. screening

function. In this context, it is also relevant to note that the Ashcroft

model no-enMal - VS screening function combination yields [Kumaravadivel and

Tosi, 198M a deeper first minimum than the OMP-VS combination.The
structure

use of effective masses, to take into account the band^effects, is also another important

factor in the calculation of Price et al. potential. At any rate, the

discrepancies in the a priori evaluation of pair potentials are quite large

and different combinations of the two main ingredients - the model potential

and the screening function - can yield a variety of results. Assessing

these two ingredients separately, on the basis of the present structural

evidence, does not appear to be a useful exercise.

We report in Fig.'* , the pair potentials obtained for Cs by the

MHNC inversion method and the ORPA inversion method using the structure

factor data of Waseda (1930; 1983) and (Huijben and

van der Lugt (1979). We note that none of the conclusions we made for Na

and K are violated, but the spread in the results is too large, even in the

main attractive well, because of the differences in the two structure

factor data.

The Li potentials obtained from the data of Waseda (1980) are

reported in Fig.5- The structure factor data of Ulaseda on Rb seems to
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give a too shallow first minimum when inverted by these two inversion schemes.

These inverted potentials for Rb also remain negative after the first

minimum, casting doubts on the accuracy of the experimental data. We stress

again the need of further experimental efforts before one may attempt a

quantitative analysis for Li, Rb and Cs,

IV, CONCLUDING REMARKS

Our results on model Rb indicate that at large interatomic

distances, the hard sphere bridge function does not represent the bridge

term accurately. A cross-over to MSA bridge function is not adequate.

The ORPA inversion method does better in the tail region of the potential

than the MHNC inversion method. Perhaps a cross-over to the ORPA bridge

function may do better than a cross over to MSA bridge function. Both

inversion schemes do reasonably well in the main attractive well of the

potential, and our main conclusion has been that the true potential in the

region of the main attractive well is bracketed by the results of the two

inversion schemes.

The theoretical potentials depends on the chosen combination of

electron-ion coupling and electronic screening function, fljnong the

theoretical potentials reported in the literature, the potentials reported

by Price et al. and the potential calculated from Harrison's modified point

ion model potential and the Vashista-Singwi screening functions are

compatible with the available structural evidence.
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FIGURE CAPTIONS

FIG. 1 The effective interionic potential for model liquid rubidium:

Dotted curve: the potential calculated by the MHNC scheme usin^

Rahman's strucLure fiactor data.

Full curve; same as above but with cross over to MSA bridge function.

Chain curve : the potential calculated by the ORPA inversion scheme

using the same data.

Broken curve : The input potential of the Rahman MD calculation.

The vertical scale has been enlarged by a factor 10 on the right

hand side of the figure.

FIG,2 Effective pair potential from inversion of experimental structure

data for Na near freezing by the MHNC inversion scheme (bars with

open circles) and the ORPA inversion scheme (bars with full circles).

The theoretical potentials are the Price et al. potential {full

curve) and the potential calculated from MPIM potential and the

Vashista-Singwi screening function (dashed curve).

FIG.3 Pair potential for K near freezing. The symbols are the same as in

Fig. 2.

FIG.4 Effective pair potential from inversion of experimental structure

data for Cs near freezing by the MHNC scheme (bars with open

circles) and the ORPA scheme ( bars with full circles). The

theoretical potential is that of Price et al. (full curve).

FIG. 5 Effective pair potential in Li from inversion of Waseda data

(Waseda , 1980) by the MHNC scheme (full curve) and the ORPA

inversion scheme ( dashed curve). The theoretical potential is

that of Price et al. (dotted curve).
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