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I - INTRODUCTION -

In the absence of bona fide QCD calculations of nucléon structure 
(excepting lattice gauge calculations which do not give much detail on the struc
ture of nucléons) new models seem to come up almost every year, all with the 
claim that QCD will eventually justify them as valid phenomenological models. The 
lectures of Brockmann at this course will show the necessity of implementing 
simple models (such as the MIT bag model or, more generally, T.D. Lee solitons) 
with the pionic degree of freedom. In these lectures we will describe models in 
which it is the pion field or, more precisely, the chiral fields, which are 
responsible for the binding of quarks in the nucléon. Such bound states in which 
the quarks constitute a source for the chiral fields, which, in turn, bind the 
quarks to each other, are called solitons. The starting point for such theories 
or models are chiral invariant lagrangians, such as (2.1) in section 2, which 
have been used, in various contexts, for almost a quarter of a century (M. Gell-
Mann and M-Levy, Nuovo Cim. 16 (1960) 705). They are not derived from QCD. It has 
been argued however that QCD is likely to produce such effective lagrangians for 
the description of low q phenomena (E. Witten, Nucl. Phys. B160 (1979) 57 ; B223 
(1983) 422 and 433). Witten goes further to claim justification for even simpler 
langrangians invented by Skyrme at about the same time (T.H.R. Skyrme, Nucl. 
Phys. 31 (1962) 556 and earlier references therein) and actively ignored until 
the recent years. The Skyrme lagrangian is simpler in that it involves only 
chiral fields and no quarks. However it may be understood as an effective 
lagrangian from which the quark degrees of freedom have been integrated out. It 
is not yet clear to what extent various models are equivalent. The description of 
the nucléon in these lectures may be viewed as an extension of the T.D. Lee 
solitons (T.D. Lee, Particle Physics and an Introduction to Field theory, Harwood 
Academic Publishers, 1981) so as to include the pionic degree of freedom. 

However the lectures do not, by far, cover all the models proposed to 
describe the structure of the nucléon. Quark degrees of freedom may be coupled to 



Skyrme's Langrangian in different ways. For a recent reference on this subject 
see, for example, G.E. Brown, A.D. Jackson, M. Rho and V. Vento, "The nucléon as 
a topological chiral soli ton", 1984 preprint. More references are found at the 
end of the lectures. 



2 - LAGRANGIAN AND HAMILTONIAN OF DIRAC PARTICLES INTERACTING WITH A CHIRAL 

FIELD. 

The Langrangian density of interacting Dirac and chiral fields is 

given by the well known a -model langrangian : 

X = * [ f c - j (o- • £ *ff TT.r > ] «P 

with ^ s p M T s iti y K - —r- Y . V. The Dirac field is represented by the 

four component spinor i> . The chiral field is composed of the scalar meson 

field 9" and of the pion field w which forms an isovector. We denote the isospin 

components of the pion field 

over repeated indeces implied. 

s •* 2 d & 
components of the pion field by it with a = 1,2,3 and it . = it ir with a sum 

Several formal manipulations are simplified if the chiral field is 

represented by a chiral four-vector defined thus : 

IT. a(<T, TT) *«o,i,2,3 TTi* * < T % TT* fz.2) 

so that n, = o and the three components it. with i = 1,2,3 represent the three 

components of the isovector IT 

We rewrite the lagrangian (2.1) thus : 

Âfcc 

We quantize the fields by the canonical procedure. The chiral field becomes a 

"coordinate" which we denote by it.op (where "op" stands for "operator"). The 

conjugate "momentum" of the field is defined by : 



We assume equal time commutation rules 

[?/'(?,*),-n-r'(r;t)]= ?<fti?'j>« 4 *„£<?_?') r2.« 
7 fc t a 

Similarly, the fermion field 41 becomes a "coordinate" whose conjugate "momentum" 
is : 

(z.y) 

We assume equal time anticommutation rules for the fermion (Dirac) field : 

The ket |r s T > denotes all the quantum numbers required to define the Dirac 
particle. The position variable is r, the spinor index is s = 1,2,3,4 and T de
notes the isospin (or flavor). Any further internal quantum numbers (such as 
color for example) can be included in t . We note that fi drops out of the fermion 
anticommutation rule. 

The hamiltonian density 3c is obtained by eliminating the time 
derivatives of the fields in favor of their conjugate momenta. We obtain thus 

and the hamiltonian is 

H » JciT M if) (2 .9) 

Upon writing the hamiltonian, we may omit the time variables of the fields. This 
means that the fields are written at a given, arbitrary and common time t , say. 
The hamiltonian, which is time independent, retains the same form at all other 
times. 



The coupling constant g is dimensionless and the fields it. (r) have 
the dimension of an energy. We find it convenient to work with dimensionless 
fields and distances which are defined as follows : 

where we have introduced an, as yet, undetermined mass m. We shall later define 
this mass as being the quark mass in the physical vacuum. Substituting (2.11) 
into (2.10) we find that the hamiltonian may be written in the following dimen
sionless form : -» -• ? 

«ne 

In (2.12) and in what follows, we drop the primes with the understanding that 
fields and distances of dimensionless quantities such as (2.12) are the primed 
quantities defined in (2.11). Inversely, we shall have to remember that distances 
should be retrieved by multiplying by the compton wavelength and that 

2 roc 
energies are retrieved by multiplying by mc . We have a scaling law which states 
that we can increase energies proportionally to m and decrease distances pro
portionally to 1/m. The important feature of the scaling (2.11) of fields and 
distances is that the fermion term (first line) of the hamiltonian (2.12) is free 
of all coupling constants and masses so that it only depends on the shapes of the 
chiral fields. 

The commutation relations between the dimensionless fields appearing 
in the hamiltonian (2.12) are : 

[T?c?i, •*/'(?'> ] » 4- <?t i?3 > - i Sit.?', &{i 

in which the distances r and r' are also dimensionless. 



3 - CHIRAL INVARIANCE -

The hamiltonian (2.12) has a particular invariance called chiral 
invariance which we now explicit. Consider three operators A (a = 1,2,3) which 
have the following commutation relations with the fields : 

[A*, O'er»] , :TT«Cr) [ A*, CTTk<r>] = S^ <T fr) 

|> \ *cf t ] - - i^Xrt«r> [ A * ? eft] • - i * c ^ % . 

It is simple to realize this operator using the hermitiar form : 

-{«>?[ ?;'«?, TT%(?, - i»;f ( ? . *.,<?/) ( i z ) 

The commutation rules (3.1) then follow from (2.13). The three operators may be 
considered as generators of chiral rotations. It is simple to check that the 
four-vector defined by : 

transforms, under chiral rotations, in the same way as the four-vector (2.2).It 
follows that the hamiltonian (2.12), which may be written in the form : 

is manifestly invariant under chiral rotations generated by the generators (3.2). 
The first term is invariant because a - By commutes with Y s . The hamiltonian 
(3.4) commutes with the generators (3.2). A chiral rotation is defined by three 
angles 9 (a » 1,2,3) and it is represented by the operator 

ce.A 
U * e UU » (J (J « 1 C3.fr; 

http://C3.fr


Although the generators A of chiral rotations form an isovector, they 
should not be confused with the three generators T of rotations in isospin space. 
The latter are defined as : 

and they transform the fields according to the equations : 

[T\ <T ] = o [T* < ] * £ 6*"* Tt̂ t?) 

The hamiltonian (3.4) is also invariant with respect to rotations generated by 
the isospin operators. Norms of four ved 
invariant with respect to isospin rotations. 

2 the isospin operators. Norms of four vectors such as v. in (2.2) are also 



4 - SEPARATION OF THE HAMILTONIAN INTO AN UNPERTURBED PART AND RESIDUAL INTER
ACTIONS. 

Particle physicists, who are accustomed to handle interactions 
between free particles, concentrate their attention to residual interactions and 
to specific problems related to perturbation theory such as renormalisation and 
anomalies for example. The nuclear physicist however is accustomed to thinking 
that most of the physics occurs in the definition of the unperturbed hamiltonian 
which describes broken symmetries and the associated collective motion. 

We proceed to separate the hamiltonien (2.12) into an unperturbed 
part, the remaining terms being called residual interactions. We begin by making 
a shift in the chiral fields by writing : 

TT;° f(r) « TT;Cr> •»- TTjfft ?/\?> * ?* <ft • Fc< ? > 
(M.i) 

Where "(r) and p.(r) are functions (and not operators) and where w, and p., 
often called the "fluctuating fields", satisfy the commutation rules (2.13), 
namely : 

[ft C?», ft, If, ] = J. <*t I n > - 1 Sej S l r. ?', ^ 
Next, we normal order the fermion operators relative to a slater determinant 
|D > which will be defined below. We write : 

tyf„ CO %%. (r"> = <D \ +*, (ft + , v <r'> |T» • ; <£ t f t + f V C?i : 

Note that this amounts to writing the density P. appearing in (3.4) as : 

j ; r «? ,« §;(?>* '.$l\?>: 
where p(r) , i s the function (and not operator) defined by : 

r I < 3 I §ir)T.* Vf V(r) I3)> lor i***4,i,$ 

op2 "v 
Finally we expand U ( *. ) in powers of the fluctuating fields *. : 

, /V * * J J , 
3 * oTr,STTyJTT„ (^.8) 



We shall see below that U is a polynominal in which case the derivatives are 
simple to calculate. 

If we substitute the expressions (4.1), (4.3) or (4.4) and (4.8) into 
the expression (2.12), we obtain the following expression for the Hamiltonian : 

" a i f If + ( V1T£)V UCTTc*) 1 (zert Jfe»p conJe«s+k <nM^i|) 

• J d ? ^ { l ^ + (l(<r+C*% S . ? ; j q / r/cimi»n »n# ^ t^m) 

* 9 , 8 &it; Sic,-S*t J 

We shall consider the first four lines of (4.9), which involve at most quadratic 
forms of the field operators, as the unperturbed hamiltonian and the terms in 
the last line will be called residual interactions. We now proceed to put the 
unperturbed hamiltonian into diagonal form and to specify its ground state. 

We eliminate the linear terms by writing : 

where p. is defined in (4.7). The equations (4.10) would determine the fields 
(supplemented by boundary conditions discussed below) if the fermion densities 
p.(r) were known. 

The latter can be determined by diagonalizing the quadratic fermion 
form (third line of 4.9). We solve the Dirac equation : 



This equation yields a set of orthonormal quark orbitals. The Dirac hamiltonian, 
diagonalized in (4.11), has both positive and negative energy eigenvalues c . 
(In the presence of the pion field v (r) the orbitals no longer come necessarily 
in pairs with equal and opposite energy). We construct the slater determinant 
|D > , already referred to in Eqs. (4.3) and (4.7), by filling up all the nega
tive energy orbitals : 

The primed product in (4.12) signifies that only negative energy orbitals are 
included in the product ; a* is the operator which creates a fermion in the 
orbital | X >and JO > is the fermion vacuum. The relation between the creation 
operator a and the field operator 4» (r) is expressed by the unitary 
transformation : 

v* C?J - z * * * < * * ? t T > r « * , ^ V ' * ' / < > s * v 
•» * Ct.13) 

The fermion term (third line of 4.9) may be expressed in the diagonal form : 

The slater determinant |D > is the ground state of H_ : 

H , U>> = ( I /€ A)l3>> ĉ i-is) 

where the primed sum is limited to the negative energy orbitals. We could have 
considered other slater determinants in which some positive energy orbitals are 
filled or in which negative energy holes occur. They would also be eigenstates of 
H_. However the lowest energy eigenstate of H_ (viz. its ground state) is 
obtained by filling the negative energy orbitals as in (4.12). We shall display 
the spectrum of the quark orbitals in section 6. 

In order to diagonal!ze the quadratic boson term (the fourth line of 
4.9) we solve the Klein-Gordon equation : 

4 dTT; STTrf. J 



By writing the eigenvalue as w* we have assumed that it is positive. Ve shall 

require that the, as yet unspecified, function U( ». ) should yield positive 

(possibly zero) eigenvalues which is an expression of a stability condition (see 

section 5). Boson creation and destruction operators may be defined by expanding 

the hermitian field operators ». and p as follows : 

£,?, = 7 l / f [<*£•»>*.,- b*.<«,fc>] 

The boson one loop term (fourth line of 4.9), expressed in terms of the expansion 

(4.17), acquires the form of independent bosons : 

The ground state of H is the boson vacuum defined by the equation : 
D 

Substituting the results (4.10), (4.14) and (4.18) into the expres

sion (4.9) we obtain the hamiltonian in the form : 

«* * 

f C«J«p«n4c«+ ^u<ul<*l U'*ë«p*nelf»>+ met***' 

.„ . . o . , . . . J ft.ao) 

The first two lines define an unperturbed hamiltonian H consisting of a conden

sate energy (a number) and of independent quarks and mesons : 

2L. > i fj?r<!a>\ ocT.sî 
me' 9* J I 2 J 

+ ?'*"»*» * f. £*>" ( b - b - * i ) fM0 



The around state of H is the slater determinant (4.12) and the 
o 

vacuum | 0 > in (4.12) is assumed to be also the boson vacuum as in (4.19). The 

slater determinant (4.12) is an eigenstate of H belonging to the eigenvalue E : 

mc 

where the primed sum is limited to the negative energy orbitals. The unperturbed 

energy E is sometimes referred to as the energy in the one loop approximation. 

The equations (4.10) and (4.11) form a set of self-consistent equa

tions which (with suitable boundary conditons discussed below) allow us to cal

culate the chiral fields ir. = ( o , i» ) as well as the quark orbitals | X> . It 

is sometimes useful to note that the equations (4.10) and (4.11) are equivalent 

to making the energy 

£CM i \ («.7 { K \ <h<>\ o(*r,\ * r'*x rt.z3) 
stationary with respect to variations of both the chiral fields it,(r) and the 

quark orbitals | X >. Because the last term (the boson one-loop contribution) in 

the energy (4.22) does not occur in (4.23), the evaluation of the energy in the 

one loop approximation is not variational. 

In general several solutions exist of the non-linear equations 

(4.10) and (4.11). There is a translationally invariant solution which describes 

the physical vacuum. However we shall see that, provided the coupling constant g 

is large enough, there also exist localized solutions, called solitons, which 

describe bound states of quarks. We shall consider nucléons, for example, as such 

solitons. The unperturbed state |D> may be used as a basis for perturbation 

theory. The residual interactions (the last line of 4.9) represent interactions 

between the fermions and the bosons and between the bosons themselves. They give 

rise to verteces of the form : 

» £ T? TT * 3 < J 

• • • < 

However one should bear in mind that the lagrangian (2.1) and the derived hamil-

tonian (4.20) are effective lagrangianB and hamiltonians, before carrying the 

perturbation theory too far. 



5- THE PHYSICAL VACUUM AND ITS DEGENERACY 

Consider the transiationally invariant solutions of the Eqs. (4.10) 
and (4.11). Let us see if a solution exists in which the chiral fields are 
translationally invariant : 

ff*C?> * O* T \ * < * > » TT* Ci*rtd«pe»dc*+ »f r > Cff ») 

The Dirac equation (4.11) becomes 

We now show that a chiral rotation of the fermions can reduce the Dirac hamil-
tonian h in (5.2) to a Dirac hamiltonian of free particles of mass 

if , V<TVTT* (S.Z) 

Indeed the four chiral fields ( a , ir ) can be parametrized by f (above) and three 
!, 3) as fc "chiral angles" e a (a = 1, 2, 3) as follows : 

* -» where we use the notation e = I 9 | and e « e / e . For the translationally 
invariant fields, f and 0 are independent of r. 

The unitary transformation represented by the operator 

c*9 e . t / 2 + 

u * e uuT r ou » l (rs-) 
transforms the Dirac hamiltonian into : 

i 

which describes free particles of mass <? . The reader will have recognized that 
the unitary operator performs a chiral rotation of the fermions alone by an 
angle 8 since it is composed of the fermion part the generators (3.2) (see also 
3.5). 



The ei gens ta tes of the Dirac hamiltonian (5.6) are the well known 
plane wave states |k oxo > defined by : 

U IWcTToC > a (-> e k »k<TT<X> 

In the representation where : 

- ( I f ) p - ( î - î ) 

*.. = A%. <e* fs.*> 

the eigenstates (5.7) are, explicitly 

<Y I k <r x * * *4 4 > . / ^ 
V 2 6 k 

I ( 7 T ; > 

-•if 
I0"t> 

< r i k < r t o f « - h s 
*M-«f 
2 6 , 

- <r. k î<rr> 

l <TX> 

î k j 

VZ (s.s) 

where il is the integration volume. 
with translationally invariant fields (5.1) and plane wave orbitals (5.7) the 
energy functional (4.23) acquires the simple form : 

ft k 
cs.**) 

2 2 Indeed the gradient terms vanish and ir. = ip as may be seen from (5.4). The 
integral in (4.23) is proportional to the integration volume ft . The total (spin, 
isospin , or flower, color,...) degeneracy is denoted by v . We note that the 

energy functional (5.9) depends on the chiral fields IT. only through the single 
parameter <f> . It is independent of the three chiral angles e defined in (5.4). 
This degeneracy is a result of the chiral invariance of the hamiltonian H . 

As mentioned at the end of section 4, the equation (4.10) may be 
obtained by making the energy functional (5.9) stationary. We are free to choose 
the stationary point equal to 1 : 

U I 
*»'U\i 

is.\o) 



This can always be achieved by the proper choice of the mass m introduced in the 
scaling (2.11). If we recall that the actual mass of the free Dirac particles 

2 described by (5.2) is not 1 but mc , we see that by choosing the stationary 
point of the functional fc to be ? = 1, 
the quarks in the physical vacuum are free particles of mass m. 

Before searching for a stationary point of the function (5.9) we must 
face the problem that the second term of (5.9) is infinite. This infinity however 
may be removed by a simple renormalisation which we now explain. Consider the 

k + » about the point 9 = 1 : 

vrf 
. * . t v 3 

PT? - E k • £ i - Hull + <£j> + . . . <*..> 

where E. is the quark vacuum orbital energy 

(512) 

- V^' 2 
(not to be confused with ĉ  = yk +y> used above). 
The fermion one loop contribution in (5.9) may then be expanded as follows : 

16 W ek 
upon changing the sums into integrals : 

I * Et? H * * • • * > K 
We see that the first three terms of (5.13) involve divergent integrals whereas 
from the fourth term onwards the integrals converge. We see that the divergent 
part of the fermion one loop contribution involves at most a polynomial of the 

2 4 form a + a. 9 + a. <p . The trick is to include this divergent part in the 
function U(v> ) which is assumed to be a polynomial of the same order. We also 
wish to obtain the fermion one loop contribution in a closed form and not as a 
perturbation series as in (5.13). 



I 

The infinite part of the fermion one loop contribution may be dis
played by limiting the sums over momenta to a cut-off value, say : 

k %< A (sts) 
and by studying the behaviour of the one loop contribution as A + • . It so 
happens that definite integrals of the form : 

z <k%T'f p / i , .£_, 4 , jV<ik <«,%»•>"*" 
k<A (21T) 

(S. 16) 

can be done analytically. By doing so we easily arrive at th, following expres
sion of the fermion one loop contribution to the energy : 

-V Z V/kVF : - v Z vV+1 
k<A |c<4 

and the energy (5.9) becomes : 

A J* k<A 

air* I ** 8 « 16. 32 J 

Now imagine that U( <p ) i s a polynomial of the form 

U ( ^ 1 ) * « . • « , . * * * • «»<f * <*••*> 
It is clear from (5.18) that the coefficients a , a. and a. can be chosen to be 
functions of the cut-off A such that the energy per unit volume (5.18) becomes 
finite and independent of the cut-off A as 1 * • . 

However, it is convenient to do more than this. We can also adjust 
2 

the coefficients a , a. and a. in such a way that, at the point <p « 1, the 
fermion one loop term gives a zero contribution, a zero first and a zero second 

2 derivative with respect to v . By doing so the behaviour of the energy in the 



2 2 
v ic in i ty of f s 1 i s determined by the function U( <p ) alone. This prescription 
y ie lds an energy functionl (per unit volume) cf the form : 

il 3* z-n* I 16 32 J 
(s\zo) 

We may check, on the expression above, that if U( p ) is chosen such that 

M*W*., 5V* lit 1.. 
(S2 l ) 

we also have 

££¥'0 » O 
Se 

<r«i i f z - , 
•=. o (ÇZ2Ï 

which satisfies Eq (5.10) and sets the vacuum energy to zero. 

This is how the fermion one-loop contribution to the energy is renormalized. The 

boson one loop contribution can be renormalized in a similar fashion. The 

renormal izati on above was made easy by the fact that the energies of the quark 

orbitals were known analytically. In general, however, when the chiral fields are 

not translationally invariant, expressions such as (5.13) must be replaced by 

perturbation expansions and infinite contributions also come from gradients of 

the fields. 

2 
We may now make a choice for the function U( <p ) which is dictated by 

the physics of the problem. A favorite choice is 

u w l ) i u (*V TT*> — (<y +. IT- |) Ĉ -2 3) 

where K is a positive constant (which ensures that, at least in the neighbourhood 
2 

of 9 » 1, the eigenvalues in (4.16) are positive). 
2 2 * 2 

Thus the function U( <p ) or U( " + * ) is the energy density (energy per unit 

volume) of the physical vacuum in the vicinity of q> 

the well known mexican hat shape : 

1. The form (5.23) has 

-vST 



The degeneracy of the vacuum energy along the chiral circle 

is apparent and it is a result of the chiral symmetry breaking of the unperturbed 
hamiltonian. The physical vacuum chooses one direction defined by the chiral 
angles 8 . By convention we choose 8 =. 0, that is 

a* s i it « o (sin) 

in the physical vacuum. It is well to realise that the chiral symmetry breaking 
is entirely due to the assumed mexican hat shape of the function U, so that is 
was, in fact, put in by hand, however this was done to ensure that the 
Goldstone zero energy mode associated to the symmetry breaking had the same 
quantum numbers as the pion. Indeed the generators (3.2) of chiral rotations are 
i80vectors and pseudoscalars like the pion. 



6 - QUARKS BOUND BY A CHIRAL FIELD IN THE ZERO LOOP APPROXIMATION 

The physical vacuum described in section 5 was constructed from 

translationally invariant chiral fields (5.1) and plane wave quark orbitals (5.8) 

We now investigate localized solutions of Eqs (4.10) and (4.11) which we expect 

intuitively to occur if the shapes of the fields produce bound quark orbitals. 

The problem is considerably simplified in the so-called zero loop approximation 

which consists in neglecting (in addition to the residual interactions) the boson 

one-loop term (the fourth line of 4. 9 ) and the very existence of the Dirac sea. 

Although the latter approximation is difficult to justify, the approximation 

leads to a sufficiently simple model, to be instructive. Ve are thus going to 

work with the Hamiltonian. 

Jit » 1 (a? j li\ £*»\ <?I"J\ uc*'***;} 
vwc* ft* J I 2 2. 2 J 

we shall see that an effective way to obtain bound quark orbitals is to let the 

pion field assume a hedgehog shape while the o field remains spherically 

symmetric : 

<r(r> s <TCr) ïï^r)* v; IT (r) ( r * £ ) U2) 

The pion field is then a dipole field directed (in space) parallel to its isos

pin. This coupling between intrinsic (isospin) and spatial coordinates occurs 

also in the study of monopoles, although it was already used by Skyrme in 1960. 

The Dirac equation (4.11) now reads : 

Y l i 5 + s (rcrï + C *s r.r TT(r> ) J <v iX> * ^ < M X > 

<Xt /u> « S X / t (6.3) 

The quark orbitals are no longer states of definite angular momentum, nor are 

they states of definite isospin. The hedgehog shape (6.2) of the chiral fields 

produces therefore a broken symmetry. The system is invariant with respect to 

simultaneous rotations of spin and isospin, generated by the grand spin operator: 

i + t Ct-H) 



However it is not invariant with respect to rotations performed independently in 

space (generated by j) and isospin space (generated by t), whence the broken 

symmetry. 

The orbital which is most bound by the hedgehogged chiral fields in 

the one with orbital angular momentum 0 and with grand spin 0 (see the full 

spectrum of the orbitals in section 7). Such an orbital can be written in terms 

of two radial functions F(r) and G(r) thus : 

(is) 

(see, for example, Itzykson and Zuber, Quantum Field Theory, He Graw Hill (1980) 

page 7 7 ) . In (6.5), |V > is the spin-isospin state obtained by coupling spin and 

isospin to zero : 

(do not confuse the Pauli matrices a and t with the spin and isospin projections 

o= ±1/2 and T = ±1/2). Substituting (6.5) into the Dirac equation (6.3) we 

find that the two radial functions are solutions of the eigenvalue equation 

<TCr) - O c t l ) - T T ( r > \ / F ( r ) \ * £ / R r ) 

j d r ( F % G2-) m \ (<,?) 
o 

Since the spin-isospin wavefunction (6.6) of the orbital (6.5) i s 

fixed and non-degenerate the orbital wil l carry unit baryon number i f i t i s color 

saturated, that i s , i f i t i s f i l l ed with N c » 3 quarks. The Pauli principle wil l 

then ensure that i t i s a color s inglet . We can thus form a nucléon by color 

saturating the quark orbital ( 6 .7 ) . The energy of the system, given by (4.22) 



with the last term (boson one loop) omitted, reduces to the form 

JL « N « « «• ? H (£)*-(£)'••«•} 
rxAr 0(«-%TT') ((>*) 

where use was made of (6.2). The Eqs. (4.10) can be deduced by requiring the 

energy (6.8) to be stationary with respect to variations of the fields o (r) 
2 

and « (r). The system will be bound, if its energy E/mc is lower than the energy 

of N free quarks in the vacuum, that is if : 

J. <N« f f c , > 

We saw in section 5 that the quarks have unit mass in the vacuum. In order 

to obtain a bound state for the system it is sufficient to obtain a bound state 

for the orbital, that is | e | < l. Indeed, if |e | < 1 we can always find a 

coupling constant g large enough to prevent the second term of (6.8), which is 

positive, form upsetting the inequality (6.9). This is due to the fact that the 

coupling constant does not appear in the eigenvalue equation (6.7). 

The fields o (r) and * (r) have to satisfy the boundary condition : 

± ITCr) > ^ O (Q m | 0) 

This is because we seek solutions which differ from the physical vacuum (5.24) 

only in a finite region of space localized at the origin r » o. It is simple to 

write down the Eq. (4.10) with fields of the form (6.2). It is then found that 

the pion field TT(r) must vanish linearly with r at the origin (as a p-wave, as 

expected for a dipole field) : 

TTCr) ' ' -cr '«•"> 
r -+ o 

In order to display bound orbitals of the form (6.5) consider the simple case 

where the chiral fields lie on the chiral circle 

TT(r)» StnQ(r) <S-(f) * CoSÔ(r) (C>>i2) 



2 2 This will occur if the function U( o + * ) has the mexican hat shape (5.22) 
and if K becomes very large. The Eq. (6.11) then reads : 

ft-13) 

Consider the case where 6 (r) varies linearly from n to zero 
within a distance X and remains equal to.zero for r > X (see Fig. 1). The spect
rum of the G = 0 orbitals is shown in Fig. 2, as a function of X. When X is 
small, the orbitals are not perturbed and their energy displays the characteris
tic mass gap of free Dirac particles. As X grows one orbit is strongly lowered 
and its energy becomes negative. This is the orbit which is filled in order to 
form a nucléon. Although the orbit acquires negative energy, filled and empty 
orbits do not cross ; the pion field destroys the CP symmetry which ensures (for 
example in the T.D. Lee model in which o ? o, ir = o) that orbitals come in pairs 
with equal and opposite energy. 

In the region 2 <X <12 the energy of the filled orbital is quite 
accurately represented by the formula : 

€ = 3-12 - O.S*i tt.lH) 

The second term of (6.8) is easily evaluated when the fields are on 
the chiral circle as in (6.12) and when the angle e is the linear function shown 
on Fig. 1. The energy (6.8) then reduces to 

fflC1 

Figure 1 

ffelS") 

The assumed linear variation of the chiral angle (6.12) with distance 
r. For r > X the chiral angle vanishes and the chiral fields assume 
their physical vacuum values. At the origin e » nit where n is the 
winding number of the chiral field with the hedgehog shape. The 
( dimensionless ) distance X may be considered as the soliton size 
parameter. 



Figure 2 : Energies of the s (full line) and p (dashed line) orbitals as a 
function of the distance X in the soluble model. The valence and Dirac 
Sea orbitals are filled by a maximum number of N c= 3 quarks each. The 
figure shows that no orbits cross despite the possible negative energy 
of the valence orbital. Only s and p orbitals for spin and isospin 
coupled to zero are shown. The orbitals are calculted by 
diagonalizing the Dirac Hamiltonian (6.3) in a finite basis. Because 
of this energies of unbound orbitals have no physical meaning. 
(Taken from S. Kahana et al. Nucl. Phys. A 415 (1984) 351) 

This expression may be written in terms of a size parameter R which, from (2.11) 
we define as 

ft = £- X ffc-lO 

from which we obtain the mass formula : 

E - - — - *C + \J ( ? + T ) R " O.M N c mc 
R 3 * * 6 

(LSI) 
It is instructive to compare this expression with the MIT bag formula : 

R 3 ( i. 18) 

Although the radius R defined by (6.16) may be viewed as a size parameter there 
is no reason to identify it with the MIT bag radius. The first terms of (6.17) 
and (6.18), inversely proportional to R represent the raising of the quark orbi
tal energy characteristic of particles contained within a sphere of 
radius R. This is the term which prevents the system from collapsing to a point 
(R - o). The second terms of (6.17) and (6.18) differ in their power dependence 
on R. 



In the MIT bag model (6.18) the second term represents a volume energy due to 
the different phase in which the quarks evolve. Indeed, the MIT bag model assumes 
that within a sphere of radius R (occupied by N quarks) the vacuum is in the 

c 
(chiral invariant) phase o = w =o represented by the top of the mexican hat 
following (5.22). whereas outside the vacuum is on the rim of the hat as in 
(5.24). The bag constant B is equal to the-difference in height (in units of mc ) 
between the top and the rim of the hat. In the chiral soliton model described in 
this section, the only thing which changes as one enters the system from the 
outside is the chiral angle and one follows the rim of the hat (the chiral 
circle). Therefore no volume energy is required. The pressure containing the 
quarks is entirely due to the spatial dependence of the chiral fields, that is, 
to the gradients of the fields squared, whence the linear dependence on R. We see 
that the two models differ and it is perhaps too early to ascertain which is the 
closest description of the nucléon. 

Ve finally note on expression (6.17) that the mass energy of the 
quarks is almost cancelled by the last term. The significance of this is not well 
understood. 

More detailed calculations, involving the actual minimisation of the 
energy functional (6.8) have been performed (Kahana, Ripka and Somi, Nucl. Phys. 
A 415 (1984) 351 and Birse, Banerjee, Maryland prepint #83,201). Birse and 
Banerjee went on further to project angular momentum and isospin in order to 
calculate the neutron and proton properties with encouraging success. 



7 - SKYRMIONS 

At the time when the chiral invariant Lagrangian was being formula

ted, Skyrme proposed another (also chiral invariant) Lagrangian whose classical 

solutions were designed to represent the nucléon (Skyrme, Nucl. Phys. 31 (1962) 

556) and earlier references therein ). The Skyrme Lagrangian is expressed in 

terms of a two-dimensional unitary matrix U (r,t) : 

where we use the notation of Adkins, Nappi and Vitten (Nucl. Phys. B 228 (1983) 

552). The trace in (7.1) is over the indeces of the 2 x 2 matrix U. We may 

express the matrix U on the basis of Paul! matrices T : 

The matrix is unitary : 

It may, equivalently, be expressed in terms of 3 angles 9 (a = 1,2,3) 

G 

e * te i c?.*» 

Skyrme assumed a "hedgehog" shape for the angles e 

6a(r> , ra 0(D £ a ^ / r 

Assuming (7.1) to be a lagrangian density of classical fields, the energy is 
found to be equal to : 



and the angle e(r), is obtained by minimising the energy (7.5) : 

* 6 r i 

with the boundary condition 

U<*) -~ 1 0(r) '-^ O <*•!•> 
T+m r-*oo 

From the equation (7.6) it is easy to show that at the origin 

0(r) «vTT 
where n is an integer. 

Consider the current B u defined by the equation 

B f« -—; ir L, U L, (?.<,) 

where c is a completely antisymmetric tensor and where 

Let us show that the current (7.9) is conserved 

since U is unitary we have 

Or ^ C U U f ) » ( 2yu>O f + U ^ O * ) (* 12; 

so that 

^ L * * V a < u ) u * * C^^u*) + 0 - u ) ( ^ o t > «C^a., u ) ^ - L 4 L 

where we used (7.10) and (7.13). The divergence of the current B becomes 
7* 



The term ( 3 3 U)U is symmetric with respect to the indeces ( p ,a) so that it p a 
vanishes because t v is antisymmetric. The term tr (L L L a L ) is 

J o p 6 Y 

invariant with respect to cyclic permutations of the indeces whereas e l' o B Y is 

antisymmetric with respect to cyclic permutations. It follows that the terms on 

the right hand side of (7.14) all vanish so that (7.11) is satisfied. 

Note that the conservation' of the current B M is due only to the 

uni tari ty of the matrix U and it has nothing to do with the form (7.1) of the 

Lagrangian. It is often referred to as a topological property of the mapping 

U(r,t) of a unitary matrix onto space-time. We need not, however, dwell further 

on this mathematical comment. Skyrme proposed to identify the conserved quantity 

B° with the baryon density. Substituting the form (7.4) into the definition 

(7.9), the baryon density is found to be equal to 

B (O * - — -- f*.lS-> 
2TXxr* àr 

The baryon number of the system is the 

where (7.7) and (7.8) were used. The quantum number n characterizing the anglee 

at r - o,also called the winding number, is identified with the baryon 

number. Thus the nucléon (or the û ) will be represented by the solution of 

(7.6) with boundary conditions (7.7) and (7.8) with n = 1. Skyrme checked that 

localised solutions exist, called solitons, and in view of recent proliferation 

of solitons in various fields, it is more convenient to call them Skyrmions. 

Some twenty years later, Witten et al. developed Skyrme's ideas 

further, by projecting spin and isospin from solutions with the hedgehog shape 

and were able to obtain static properties of nucléons with reasonable agreement 

(see references at the end of the lecture notes). They also investigated the 

flavor octets of baryons by extending the form (7.4) of U, involving (SU2) gene

rators T fto an (SU3) form involving (SU3) generators (flavor • isospin + stran

geness in this case). At present the Skyrmion description of the nucléon is 

probably the simplest available description which incorporates chiral invariance. 
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8 -QUARKS AND SKYRMIONS 

The analogy between the skyrmion theory described in section 7 and 
the theory describing quarks bound by a chiral field discussed in earlier sec
tions is tantalizing. One may speculate whether the Skyrme lagrangian (7.1) may 
be derived fro* a chiral invariant lagrangian such as (2.1) for example (or from 
another lagrangian involving quarks) after integrating out the quark degrees of 
freedom (from a path integral for example). This question is, as yet, not fully 
answered and we shall show only that the Skyrme lagrangian (7.1) yields very 
similar baryon densities as-the lagrangian (2.1) at least when the chiral angle 
is a slowly varying function of r. This analogy is suggested by a calculation of 
Goldstone and Vilczek (Phys. Rev. 47 (1981) 986) who showed that, to lowest order 
in the gradients of the chiral fields, the baryon current <£ (r) Y P ^ (r) > is 
precisely equal to the baryon current (7.9) defined by Skyrme, when we identify 
the ( o , w ) fields defining U in (7.2) with the chiral fields interacting with 
the quarks in (2.1). 

A better understanding of the relation between quarks interacting 
with a chiral field and Skyrmions may be obtained by calculating the full spec
trum of the quark orbitals from (6.3). The eigenstates | *> may be labelled by 
their parity and grand spin (6.4). Thus a 0* orbital has G = 0 and positive 
parity. Assuming a chiral angle with the linear shape displayed on figure 1 and a 
winding number n = 1, the spectrum obtained is shown on figure 3. It is seen 
that, as the soli ton size increases, a O* orbital emerges from the positive 
energy continuum and joins the negative energy Dirac sea orbitals. Figure 4 shows 
the same spectrum in the case where the winding number n * 2. In this case, two 
G=0 orbitals (a 0 and a 0~) emerge from the positive energy continuum and join 
the negative energy Dirac sea orbitals. For n « 3 another 0 orbital descends and 
so on. Thus, the slater determinant (4.12) obtained by filling the negative 
energy orbitals increases its baryon number by one unit, each time the winding 
number increases by one unit. Indeed a G » 0 orbital is color saturated by N 

c quarks where N is the number of colors. A color saturated (and therefore c 
color-singlect) G = 0 orbit carries therefore a unit baryon number (in general, a 
color saturated orbit carries a baryon number equal to 2 G • 1). Thus the 
physical process which identifies the winding number with the baryon number is 
the descent of G & 0 orbitals into the negative energy Dirac sea. 



positive energy continuum 

Figure 3 : Spectrum of the quark orbits as a function of the soliton size parameter X. 
The chiral angle varies linearly from « to zero within a distance X as 
shown in the insert and the winding number of the chiral field is n = 1. 
The orbits which are filled for the system with baryon number equal to 1 
are marked by a black dot. All the lower energy orbits (not shown) are 
also filled. Neither the energy nor the density of orbits close to the 
continuum (|e| * 1) are precisely determined. 
(Taken from S. Kahana and G. Ripka, Baryon density of quarks coupled to 
a chiral field, Saclay prepint 1984). 

positive energy continuum 

- M -

wM^/////////////////, 
négative energy continuum 

Figure 4 : Spectrum of the quark orbits as a function of the soliton size parameter X 
in the case where the winding number of the chiral field is n * 2 as shown 
in the insert (see the caption of Fig. •?). The orbits which are filled when 
the system has a baryon number equal to 2 are marked by a black dot. No ef
fort was made to draw all the orbits lying close to the continuum (|c|>vl). 
(Taken from S. Kahana and G. Ripka, Baryon density of quarks coupled to a 
chiral field, Saclay prepint 1984). 
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The analogy of the baryon densities obtained from the Lagrangians 
(2.1) and (7.1) is further confirmed in Figure 5 where density (7.15) of a 
Skyrmion (dotted curve) is compared to the quark density defined by 

£(r ) * Z'<Mr><riX> r«-o 

Figure 5 : Baryon density when the winding number of the chiral field is n=l and 
the soli ten size parameter X=5. The contributions of the valence 0 
orbital and of the remaining Dirac Sea orbitals are also displayed The 
dotted curve is the perturbative estimate which is identical to the 
baryon density of a Skyrmion. (Taken from S. Kahana and G. Ripka, 
Baryon density of quarks coupled to a chiral field, Saclay prepint 
1984). 

where the primed see is limited to the negative energy orbitals. The integrated 
densities 

.r 
nir) » J ̂ trr^Jr £lr) (8.2) 

are shown on Figs. 6,7 for soliton size parameters X=2 and 9 respectively. We see 
that for a small soliton size (X«2) the Skyrmion density does not agree well with 
the quark density. This is the case where the chiral angle is a quickly varying 
function of position. For larger solitons (X=9) the densities agree to within 
5 %. 



Integrated dmih>sX=2 

Figure 6 : The total integrated baryon density of a soliton with size parameter 
X=2 and baryon number n=l. The dotted curve is the perturbative esti
mate which is identical to the integrated baryon density of a Skyr-
mion. The dashed curve is the Dirac Sea contribution obtained by 
subtracting, from the total integrated density, the contribution of 
the 0 valence orbital. (Taken from G. Ripka and S. Kahana, Baryon 
density of quarks coupled to a chiral field, Saclay prepint 1964). 

Integrated densities X *9 

(frac M » contribution 

Figure 7 : Same as figure 6 for a soliton size parameter X=9 



However one should not conclude too hastily that the lagrangians 
(2.1) and (7.1) are equivalent. In particular the repulsion generated by the 
second tern of the Skyrae lagrangian (7.1) aay not reproduce the repulsion due to 
quark orbitals at SMall sizes. A recent calculation by Gaudin (Lagrangian 
effectif du chaap chiral classique couplé aux fermions, to be published, 1964). 
shows that the Skyrae lagrangian is not obtained by integrating out the quark 
degrees of freedoa froM the lagrangian (3.1). 

Me should end by Mentioning that several other Models of the nucléon 
have been proposed. A recent one (G.E. Brown, A.D. Jackson, M. Rho and V. Vento, 
"The nucléon as a topological chiral soli ton", 1964 prepint) realizes a synthesis 
of the MIT bag Model and of the Skyraion. In this Model the nucléon is repre
sented by a sphere of radius R, inside which the quark wavef unctions are confined 
and outside which the system is described by a Skyrne lagrangian. The inside and 
outside regions are connected by requiring the axial current carried by the 
quarks should be equal to the axial current carried by the chiral fields on the 
surface of the sphere. The remarkable feature of this Model is that the baryon 
number of the quarks inside the sphere adds up to the baryon number outside the 
sphere so as to exactly from a unit total baryon number. Since, at the time of 
writing (february 1984), the aodels and their implications are still being worked 
out by various groups, it is difficult to assess, as yet their (possibly 
relative) usefulness and success. Nucléon structure is a fast developing subject. 
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