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1. INTRODUCTION 

Measuring the momentum of high-energy muons with a magnetized iron spectrometer is a 
conventional technique employed by numerous experiments and may appear to be an old-
fashioned subject. However, space and weight considerations as well as financial con
straints will set stringent limits on both size and instrumentation of a realistic muon 
detector for the LHC; they will require a careful design of both hard- and software to 
optimize the performance of such a spectrometer. Moreover, it is not evident a priori 
that a technique which is successfully used in the 100 GeV energy regime does still work 
satisfactorily at energies one order of magnitude higher. In the TeV regime, multiple 
scattering errors become small compared to measurement errors achieveable with large-
surface particle detectors, and there are indications that new physical effects influen
cing the resolution properties of a muon spectrometer may become important. 

Most of the results presented here are based on know-how collected with the NA-4 
spectrometer at the CERN SPS muon beam [1]. This apparatus has a topology very similar 
to the one anticipated for an LHC muon detector, and our results and conclusions are 
based mainly on an extrapolation of its performance to the TeV regime. 

2. MOMENTUM FITTING AND ESTIMATES OF RESOLUTION 

2.1 The fitting algorithm 

For an ensemble of muons entering magnetized iron at the same point with the same 
initial momentum p Q , the value of any measured impact point coordinate is a random 
quantity due to finite spatial resolution of detectors, multiple scattering, and energy 
loss fluctuations. The general stochastic motion of such an ensemble in an inhomogeneous 
magnetic field is complicated and, in practice, calculable only by Monte Carlo methods. 
However, with a few simplifying assumptions, the problem is accessible to standard statis
tical methods and the error (covariance) matrices of measured coordinates can be analyti
cally calculated. These matrices describe the effects of detector resolution, of multiple 
scattering in Gaussian approximation, as well as of "non-catastrophic" energy loss fluc
tuations (i.e. fitting only the peak of the Landau distribution by a Gaussian with width 
proportional to the penetration depth). It is then possible to derive a simple and 
practically optimal algorithm for the statistical evaluation of individual muon momenta 
from measured coordinates, and for the algebraical evaluation of the momentum resolution 
(i.e. of the covariance matrix of initial energy p Q , slope and coordinates of the 
trajectory) [2,3]. 
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2.2 Algebraic estimates of resolutions 

The error matrices used for the momentum fit can also be used to estimate algebra
ically the errors of the fit parameters [2], With some simplifying assumptions (homoge
neous magnetic field, no energy loss) and for a small number of detectors, such that the 
error matrices can be inverted analytically, they lead to simple expressions wich make 
the general features of muon momentum measurement in magnetized iron very transparent. 

Fig. 1 presents the three simplest spectrometers and their relative variances (tr^/k) s, 
where k = l/p 0. The expressions of this figure emphasize the importance of accurate external 
determination of both incident and outgoing muon angle, especially if it should prove 
difficult to attain a good spatial resolution of detectors inside iron (cf. section 3.1). 

Placing more detectors inside the magnetized iron does not substantially improve the 
energy resolution. For instance, in the case of no external slope determination, 
replacing the three detectors of Fig. 1 by six equidistant detectors reduces the variance 
of k by a factor of 0.70 when multiple scattering is negligible (* « E) and a factor 
of 0.84 when multiple scattering is dominant (? » Z ) . Actually, the reduction factor 
has a maximum of about 0.90 in the intermediate situation where •* - 670E 2. However, 
detectors inside iron play an important role for several other reasons, the first one 
being the desirability of good angular resolution. 

The error on a determination of the incident direction from measured impact points 
inside the iron is estimated in the following way. With only one detector in front of 
and one inside the iron, there exists an energy dependent optimal distance 1 Q t between 
the two to measure the slope as well as possible. In demagnetized iron, one finds 

11/3 
opt = |^24(p 0/E s) 2 a* l j 1 ' 3 (1) 

(for a definition of symbols see Fig. 1 ) . The variance of the internal slope measurement 
2 

CT in magnetized iron is then 8 

opt r 

where B is the magnetic field. The second term is a consequence of the correlation 
2 

between k and 9. Their covariance is + l/2a, eBl where the positive sign 
k opt 

applies to the geometry of Fig. 1. 

Unless the distance between equidistant detectors inside iron is substantially smaller 
than 1 , expression (2) provides a good estimate of the attainable internal slope 
resolution. For low energy muons, 1 t i-s quite small and for a good measurement of 
their slopes it is important that detectors be sufficiently closely spaced in the first 
part of the iron block. This is also the region where hadronic punch-through is important 
and redundancy in the trajectory measurement helps to identify the muon. For large muon 
energies, 1 eventually exceeds the total thickness of the iron block and, since a 
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increases with energy, the slope resolution deteriorates. Nevertheless, for a well designed 
spectrometer, it should be good enough everywhere to pinpoint the interaction vertex with a 
resolution of the order of a few mm for high energy muons, degrading to the order of a few 
cm for muons with energies as low as 5 GeV. 

2.3 Resolution properties of a realistic detector 

To evaluate the momentum and angular resolution of a realistic detector, we have 
assumed the schematic layout presented in Fig. 2. This apparatus consists of a vertex 
detector with £ 0.1 mrad angular resolution, a fine-grain electromagnetic uranium calo
rimeter, a hadron calorimeter, and the magnetized iron spectrometer. For the hadron 
calorimeter we assume a conventional iron-scintillator sandwich with an iron filling close 
to 100%; if the iron is magnetized, the calorimeter serves at the same time as the first 
stage of the muon spectrometer. The total depth of the iron is subdivided in 1 m slabs 
interspersed with detectors (e.g. drift chambers). An additional chamber is placed 60 cm 
behind the last iron block to measure the outgoing angle. We do not fix the chamber 
resolution for the time being but present results for a variety of coordinate measurement 
errors. 

We have undertaken a full Monte Carlo simulation of muon trajectories in this set-up, 
with subsequent momentum fitting as described in section 2.1. This permits to study the 
effect of "catastrophic" energy losses which are hard to treat analytically. For this, we 
have used a Monte Carlo program [4] which simulates in detail ionisation 
losses including energy transfer to hard S-rays, e + e " pair production, bremsStrahlung, 
and nuclear interactions via almost real photons. This program is routinely used for the 
Monte Carlo simulation of the NA-4 spectrometer and was upgraded for this study to simulate 
the energy loss of muons up to 10 TeV. It should be noted, however, that it only simulates 
the energy loss of the muon itself, not the subsequent development of electromagnetic 
showers (cf. section 3.1). 

To assess the merits of measuring the ingoing and/or outgoing angle, we have 
calculated the momentum resolution for 3 different cases: 

(a) Detectors directly before, behind and inside the iron only; 
(b) as (a), using in addition the track measurement in the vertex detector; 
(c) as (b), using in addition the measurement of the outgoing angle with the last detector 

plane of Fig. 2 ("full configuration"). 

RMS momentum resolutions for these three cases are presented in Figs. 3 and 4 for detector 
resolutions of 300 and 500 pm. They demonstrate clear improvements when adding the angle 
measurements to the pure iron spectrometer. For the full configuration, momentum resolutions 
achievable with various detector resolutions are compared in Fig. 5. The case of infinitely 
good detector resolution, although likely to be unrealistic, is interesting to study since 
it shows most clearly the influence of large radiative energy losses. Comparing to the 
algebraic calculation which does not include this effect, we observe only a small degra
dation with no significant energy dependence. 
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3. DESIGN CONSIDERATIONS AND OUTSTANDING PROBLEMS 

3.1 Electromagnetic background 

Here, we address ourselves to the problem of secondary particles accompanying the muon 
in matter. The muon stopping power due to ionization increases only logarithmically with 
the muon energy; the contribution of the hard radiative processes (bremsstrahlung, e + e " 
pair production, nuclear interactions) increases approximately linearly with muon energy 
and exceeds the ionization contribution beyond a critical energy which is about 300 GeV in 
iron. Fig. 6 presents the results of a calculation [4] of the muon stopping power as a 
function of muon energy. For 50 GeV and 110 GeV muons, these results have been experi
mentally checked at penetration depths such that the contributions of ionization, pair 
production and bremsstrahlung could be partially separated [5]. 

Among the three radiative processes, nuclear interactions are of minor importance, 
while bremsstrahlung and pair production contribute about equally. They differ, however, 
in the spectrum of primary losses. The probability of the muon to create a bremsstrahlung 

quantum of an energy between Ey and E Y + dEy when traversing a distance dz is approximately 

(dz/l^)dEy/E-r, where the muon radiation length 1^ is of the order of 500 m in iron. The 
probability for creating an e + e " pair of energy E is zero below Ej = 2m, where m is the 

P - 3 

electron mass, and decreases fast (approximately as ) beyond Ej = 2mE o/M, where E Q 

and M aré energy and mass of the muon. In the interval between E, and E 2 the probability 
for pair creation is approximately (dz/l^dE^/E^ with l p = l^*(2m/M) = 5 m in iron. 
Thus, while the contributions of pair production and bremsstrahlung to the stopping power 
are about equal, the spectrum of pair energies is much softer and the number of pairs 
correspondingly larger than the number of bremsstrahlung photons with E Y > 2m. 

The total number of secondary electrons and positrons in the shower is approximately 
proportional to the primary energy loss. Therefore, the average number of e + and e" 
increases with increasing muon energy approximately proportionally to the stopping power. 
The distribution of the number n of e + and e" behaves for large n approximately as 1/n 
and, consequently, the fluctuations in n at a given depth in iron are extremely large. 
However, most of the e + and e" are quite soft: their spectrum of kinetic energy T 
(averaged over a large range of depth in iron) decreases at least as fast as T" 2. 
Correspondingly, their average angle with respect to the muon direction is large (of the 
order of 1 rad). The motion of these low-energy electrons and positrons and their 
distributions in angle and energy at the exit from the iron are obviously difficult to 
calculate. Their effect on any given detector depends on the matter filling the space 
between the iron and the sensitive region of the detector and, most important, on the 
detailed functioning of the detector; there will be important differences between the 
responses of e.g. scintillation counters, MWPC's, and drift chambers. 

In the NA-4 spectrometer, we have found clear evidence for a degradation of detector 
resolution from electromagnetic background. Here, we use multiwire proportional chambers 
with a wire spacing of d = 4mm to measure the muon trajectory and observe that their ideal 
RMS resolution of a = d//12 = 1.15mm is smeared out by a strongly tailed (non-gaussian) 
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background to an effective resolution of about a « 1.55mm [3]. We find almost no energy 
dependence of this effect; however, the range of this study is - for the time being -
limited to muon energies between about 50 and 150 GeV. This degradation of resolution 
almost disappears for muons traversing the chambers outside the spectrometer iron. 

The detailed design of a magnetized iron spectrometer and a reliable estimate of its 
expected momentum resolution for high energy muons in the TeV range will be impossible 
without experimental tests of the specific detector in the specific geometry under 
consideration. An extrapolation of such test beam measurements to higher energies should 
yield, to first approximation, an effective spatial resolution of detectors as a function 
of muon energy. 

3.2 Multiple scattering 

Another uncertainty plaguing, for the time being, estimates of the muon momentum 
resolution is the value of the "multiple scattering energy" E g which we put equal to 0.02 
GeV everywhere in the preceding formulae and used in all our calculations. Some time ago 
Alsmiller et al. [7] calculated the contribution of bremsStrahlung, pair production and 
nuclear interactions to the mean multiple scattering angle, concluding that E g increases 
approximately linearly with energy reaching E g - 0.04 GeV at 1 TeV. We suspect that 
these authors may be committing the error of double counting: their calculated increase 
should be at least partially compensated by a decrease with energy of the contribution of 
"soft" processes to E g . Even if, in'principle, E g increases with energy, this increase 
may be due essentially to rare large angle scatterings which have no practical consequences 
in analogy to Moliere scattering (see below). Experimental results up to p^ - 200 GeV 
[3] do not show any substantial increase of E g but are not yet fully conclusive. A new 
study of this problem, up to - 300 GeV and with improved accuracy, is currently underway. 

For the NA-4 spectrometer, we have also investigated the problem of non-gaussian large 
angle scattering (Moliere scattering), using a detailed Monte Carlo simulation of this 
effect [8] which again includes all long-range correlations. The influence on the momentum 
resolution was found to be completely negligible, at least for the momentum fitting 
algorithm we use [3]. 

4. SUMMARY AND CONCLUSIONS 

The momentum resolution of a magnetized iron spectrometer can be reliably estimated 
if one assumes that the impact points in the detectors are points on the real muon 
trajectory and disregards a potential energy dependence of the multiple scattering 
parameter E g . For a typical spectrometer envisaged for the LHC, the energy resolution is 
limited for low energy muons by multiple scattering to about 10%. As the energy increases, 
the spatial resolution of detectors plays an increasingly important role and the energy 
resolution deteriorates. However, it should still be possible to determine at least the 
charge of the muon with high confidence level in the energy range of 1 - 3 TeV. In this 
energy range, magnetic momentum measurement is still clearly superior to any other known 
method [6]. 
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The magnetized iron spectrometer by itself (i.e. without the central detector) can 
measure the incident muon direction to better than a milliradian at high energies. This 
angular resolution deteriorates to several milliradians as the energy decreases towards 
« 5 GeV but still guarantees a good localization of the interaction vertex along the beam 
direction and provides a good matching with tracks measured in the central detector. 

The major uncertainty in the estimation of spectrometer resolution arises from 
secondary electrons and positrons in showers caused by catastrophic energy losses of the 
muon. These secondary particles affect the spatial distribution of hits in detectors around 
the muon trajectory in a way which can be reliably ascertained only by experimental tests. 
One may expect that secondary particles will reinforce the need for large redundancy in the 
determination of the muon trajectory, i.e. for a high density of detectors which is also 
advantageous for good angular resolution at low energies, for punch-through discrimination, 
and perhaps even for sophisticated triggering schemes. 
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FIGURE CAPTIONS 

Fig. 1 Momentum resolutions for the three most simple spectrometer configurations. 

Fig. 2 Schematic layout of the anticipated muon spectrometer under an angle of 90° 
with respect to the beams. 

Fig. 3 Momentum resolutions for the spectrometer of fig. 2 and three different 
configurations of detectors, assuming a detector resolution of 300 um. 

Fig. 4 As fig. 3, for a detector resolution of 500 um. 

Fig. 5 Comparison of momentum resolutions for the spectrometer of fig. 2, using 
all detectors ("full configuration"), for different detector resolutions. 

Fig. 6 Energy loss from ionization and radiative effects in iron. 
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f x 

E t = 20 MeV 
B = Magnetic field , e = elementary charge 
t r = radiation length 
a - spatial detector resolution 
Og, = resolution of external slope measurement 
p = incident muon momentum , K = 1/p 
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Particle detectors 

Magnetized iron 
B = 2T 
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