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ABSTRACT 

Relative intensities for the photoelectron reaction on atoms and 

molecules are not related to structure calculations in the same way as 

those for the noncoplanar symmetric (e,2e) reaction. The photoelectron 

dipole matrix element is dependent on recoil momentum only through its 

unique relationship to the photon energy and is much harder to calculate 

for chemically-interesting momenta. Relative intensities for binary 

(e,2e) reactions are independent of total energy at high enough energies 

and strongly dependent on symmetry and recoil momentum, for which an 

intensity profile can be measured for values starting at zero. In 

comparing with structure calculations, binary (e,2e) intensities for low 

recoil momentum may be compared directly with pole strengths in 

calculations of the one-electron Green's function or corresponding 

configuration-interaction calculations. In the case of states within 

a sint-ie symmetry manifold the relative intensities will be independent 

of recoil momentum up to some maximum, usually at least a few atomic 

units. 
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1. INTRODUCTION 

After some years there is still confusion between two types of 

ionization spectroscopy, electron-momentum and photoelectron spectroscopies, 

hereafter abbreviated as EMS and PES. 

EMS, interpreted by calculations of the one-electron Green's 

function or by configuration-interaction calculations, has begun to provide 

a complete quantitative understanding (within experimental error and 

resolution) of valence-shell electronic structure for singly-ionized small 

molecules. EMS is the understanding of target and ion structure resulting 

from the binary (e,2e) reaction in which two electrons of equal energy are 

detected at 45 on opposite sides of the incident electron direction. A 

profile of the recoil momentum of the ion is measured for each energy-

resolved ion state by varying the azimuthal angle of one of the detectors. 

PES is the understanding resulting from the (y,e) (photoelectron) or 

dipole (e,2e) reaction. In the latter two electrons are detected with 

extremely unequal energies. The fast outgoing electron has a momentum 

very close to the incident electron. The small momentum transfer 

simulates the negligible photon momentum in (y,e) and the information 

obtainable from the energy distribution of resolved ion states is 

analogous to that obtained from (Y,e). In both cases the angular 

distribution of slow electrons contains limited information owing to 

the dominance of the dipole selection rule. We will not consider the 

dipole (e,2e) reaction further, since its structure application is 

identical to that of (y,e). 

Intensities in both spectroscopies are characterized more precisely 

by the differential cross sections for the reactions. In both 

spectroscopies the energies of the states of the final ion are measured 

in principle. Experimental limitations will be discussed. In both 
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spectroscopies the reaction dynamics, which depends on the wave functions 

of the target and the ion, determines the cross section for a reaction 

that leaves the ion in a particular state. In PES the kinematic 

limitations of a two-body reaction leave the incident photon energy as 

the only non-trivial variable for which a profile of such cross sections 

can be determined. In particular there is a one-to-one correspondence 

between recoil momentum and photon enerjy. The extra kinematic freedom * 

of the three-body final state in EMS allows a profile of recoil momentum 

to be determines at arbitrary incident energy, and in particular at very 

high energies. 

The structure information is deduced from profiles of differential 

cross sections by comparing them with calculations of the reaction 

dynamics. At low energies (and hence low momentum for PES) the 

dynamics depends on many degrees of freedom of the many-body problem. 

At high enough energies (but still at low momentum for EMS) fast 

electrons can be represented by plane waves and the reaction dynamics 

is determined by a simple impulsive interpretation in which the 

structure wave functions directly determine the momentum profile. 

There are simple experimental criteria for determining the validity 

of the impulsive interpretation. For high energies both (y ,e) and 

(e,2e) reactions have an impulsive interpretation. Corrections to 

the impulsive interpretation introduce high momentum components and it 

is an interesting feature of the study of the reaction mechanism to 

determine the range of validity of the approximation that the momentum 

profile is determined only by structure. Structure-related high 

momentum components are very sensitive to the accuracy of the structure 

calculation and would be an excellent probe for details of the structure 

calculation. 
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In a detailed review article [1] Cederbaum and Domcke explain 

the relationship of PES to the one-electron Green's function. There 

is no correspondingly-detailed derivation for EMS. 

In section 2 we discuss the type of structure phenomena in which 

we are interested and their representation by the energy-momentum 

spectral function. In section 3 we review the physical limitations 

of the (y,e) and binary (e,2e) reactions and the computation of 

approximate cross sections closely related to the spectral function. 

In section 4 we discuss the approximate cross sections in the light 

of more-detailed reaction theories. In section 5 we supply the 

argument relating EMS to the Green's function formalism in the form 

of a paraphrase of the derivation of Cederbaum and Domcke for PES. 

In section 6 we review some cases that illustrate specific points and 

in section 7 we give two detailed examples of the main points. 

2. THE ENERGY-MOMENTUM SPECTRAL FUNCTION. 

In ionization spectroscopy our understanding of electronic 

structure is equivalent to an understanding of the energy-momentum 

spectral function S (£,q) for each symmetry manifold r of the molecule. 
N The spectral function is a property only of the ground state 4* of an 

N-l N-electron oolecule and the state vector V of the (N-l)-electron ion 

produced by separating an electron from the target at an energy cost E . 

Its definition is 

Sr(c,q) = JdqM^VjH2. 0) 

The spherical momentum average is due to the unknown orientation of the 

molecule in a gas target. The notation (1) is explained further by 

expanding in the coordinate representation. 
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S r(t,q) = /dq|A/d 3r 1..d 3r N(2r,)- 3 / 2e- ia-r i,N- 1*(r 2,..,r N)H'^(r 1,..,r N) It 

(2) 

where A is the antisymmetrization operator. 

If the ion cannot decay by electron emission the spectral function is 

S r(E,q) = F
s ( r ) < q ) « C e - e s ( r ) ) , (3) 

where e is the energy eigenvalue of the electronic state s of the ion and 

F (q) is the momentum profile for the state s. Normally we will consider 

a particular symmetry manifold and omit the dependence of s on r from the 

notation. In (3) we have made the approximation that only electronic 

degrees of freedom are relevant. We have averaged over the photon-emission, 

rotation and vibration or dissociation widths of the electronic state s. 

It is possible to observe single-ionization energies e above the threshold 

for a second ionization. In this case e is an electronic continuum, 

characterized at low energies by resonances centered at e which correspond 

closely to positive-energy states of the ion. The spectral function is 

now strictly defined over the two-dimensional e,q continuum, although for 

lower ionization energies it consists mainly of slices close to the 

energies e . For larger ionization energies there are many channels 

for decay of the hole state and the width of the resonance may be quite 

large [2,3]. 

The quantity q is the coordinate in the momentum representation of 

the target-ion overlap in (1). In the independent-orbxtal picture it is 

the momentum of the electron in the target. 
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We usually use the approximation of labelling a symmetry manifold 

r in addition by the principal quantum number n of an orbital, i.e. nr, 

since the energies £ f •> are usually clustered within a few eV of the 5 I r ) 

orbital (Hartree-Fock) energy e . With configuration interaction the 

state s(r) contains the one-hole configuration (nr) . In nearly every 

case the coefficients are negligible for all but one value of n if the 

target Hartree-Fock representation is used. Some exceptions are known, 

for example in CO [4J but cross sections are usually small for such states. 

If this is true and the approximation is valid that f n consists mainly of 

the Hartree-Fock determinant, then e is the cer*roid of the cluster of 
' nr 

states [5]. in PES this is often called "satellite" structure. We shall 

not use this term, since there is no physical reason for selecting a main 

state of which the others are satellites. We instead use the term 

"components of the orbital nr". Each component is identified in an EMS 

experiment by its momentum profile F (q) [5]. 
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3. THE PHOTOELECTRON AND BINARY (e,2e) REACTIONS 

In the photoelectron reaction a photon of energy E ionizes a molecule 

at the cost of energy e, producing an electron of energy E . The photon 

has very small momentum, so the ion recoils with momentum p, where, in 

atomic units, 

P 2 = 2E e. (4) 

The differential cross section for the reaction depends on the polar angle 

of p through the asymmetry parameter 0. For polarized incident radiation 

it also depends on the azimuthal angle of p. We are interested only in 

the magnitude of £ from the spectroscopic point of view, not on its 

angular dependence which merely reflects the dipole selection rule. 

For a given separation energy e (essentially this means for a given 

ion state s, apart from degeneracies) the recoil momentum p depends only 

on the photon energy E , since 

E = E -e. (5) 

The E,p continuum can be scanned experimentally only by varying E and 

hence E . For example for E = 200eV and 2000eV, p is respectively about 

4 and 12. For p = 1 we have E = 13.6eV. r e 

In the (e,2e) reaction an electron of momentum k. ionizes a molecule 

at the cost of energy c, producing electrons of momenta k.-and k D which 
—A —D 

are detected in coincidence. Since the mass of the ion is large compared 

to the electron mass the energy of the ion recoil is essentially zero. 

The momentum of recoil p is given by 

\ - wr- (6) 
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and the energies (labelled to correspond with th' momenta) are related by 

The total energy is E. In the absence of electron spin polarization the 

cross section is rotationally invariant about k_. This fact, together 

with the energy constraint (7), means that there are four degrees of 

freedom in the final state. We consider these to be p and the magnitude 

of the momentum transfer K, defined by 

K = k ^ , (8) 

where A labels the faster outgoing electron. From the spectroscopic 

point of view we are not interested in the angles p or in K. 

The experimental scanning of the e,p continuum affords a major 

contrast with photoelectron spectroscopy. The extra kinematic degrees 

of freedom enable us to scan through p for a given e without varying any 

of the electron energies. In scanning e it is convenient to fix the 

total energy E and vary E n-

In scanning p for spectroscopic purposes we choose a geometry in 

which K is fixed at a value that enables p=0 to be observed. K is 

maximized by requiring E. = E_, since this simplifies the calculation 

of the cross section. This is noncoplanar symmetric geometry. The 

polar angles of k. and k„ are equal and fixed at a value 6 near 45 —A —D 

that gives p?0 when k^.k, and JtR are coplanar (the exact value of 8 

for p=0 depends on c and is less than 45°). The azimuthal angle <f> 

of k„ is varied to scan p. Ir this geometry 

p = f(2k 3cos9-k 0) 2 • 4 k B
2 sin2ft s i n 2 ! $ ] 1 / 2 . (9) 
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To estimate the relevant kinematic ranges we choose E^lkeV, for 

which 

p ^ /2kBsinl<f. ( 1 0 ) 

Due to experimental limitations the maximum value of sinl<}> is about 1/3, 

sc p may be varied from 0 to ^k„/2. For example the maximum observable 
o 

value of p for E_ = 200eV is about 2. At 2000eV it is about 6. We 

have expressed p in terms of k„ for direct comparison with photoionization. 

By convention B labels the ionized electron (antisymmetry wjll be discussed 

in section 5), so E corresponds to E . 

It is an extremely interesting and valuable arc of atomic and molecular 

physics to obtain a complete understanding of the photoelectron and (e,2e) 

reactions. By this it is meant to be able to calculate the differential 

cross section in all experimentally-accessible kinematic i.-inges as a 

function of all the degrees of freedom. To do this we must know the 

target and ion state vectors 4* and V . However, in order to understand 

the spectral function it is sufficient to find a lir-ted kinematic range 

which is sensitive to the spectral function and for which we can calculate 

the differential cross section. We shall show that in this respect the 

binary (e,^e) reaction has a tremendous advantage over the photoelectron 

reaction for low q, since the spectral function can be measured directly 

from q = 0 to some experimentally-limited maximum value q and does not 

require theoretical interpretation of the experiment. In general a 

is less than the largest experimentally-attainable momentum. For 

q>q the interpretation of the photoeiectron reaction is equally simple, 

so that the two reactions have complementary roles to play in spectroscopy. 

For q<q the spectroscopy is understood in the photoelectron case only 

through a detailed calculation of the cross section. The spectral 

function can he calculated directly from the Green's function formalism, 
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which gives this formalism a special role in ionization spectroscopy. where 

We first give the simple approximations to the cross sections for f
e e 

the reactions in order to see how they are used in the spectroscopic 

application. To illustrate the procedure we take the binary (e,2e) 

reaction. In subsequent sections we discuss the validity of the 

simple expressions in the context of more-complete theories. 

The simplest approximation to the photoelectron cross section is 

da/dp = 4ir2a(E /E )S (e.q), CH) 
e y r 

where a is the fine-s -ucture constant and 

a = -E - V (12) 

This expression comes from approximating the N-electron final state by 
N-l the product of a plane wave exp(i£*£) and 4* in the following matrix 

element, whose calculation is not so easy, but which is valid at much 

lower energies. 

T(Y.e) = <X (" )(a)¥ N' 1|A-alY 0
N>- (13) 

Here x (£»r) is the time-reversed wave function for electronically-
N-l elastic scattering of the electron from the ion state f . It is the 

form (13) that is related to the Green's function calculation by Cederbaum 
and Domcke [1], The relationship will be discussed further in section 4. 

The simple expression for the (e,2e) cross section is 

d ° = (2") 4-£-^ f e e S r(e,p), (14) 

v = 1/ 

where 

dkAdk_dE -0 
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where f is the half-off-shell Mott-scattering cross section given by 

f 1 2irv 1 1 . 1 
6 6 (2TT2)2 exp(2Ttv)-l ( I V i ^ i 4 IVJSB! 4 

L__ - i 5 cos [v in ^ i i ! ] '> (") 
M A I IV*BI M A N 

y = i/IV^B 1 ' ( 1 6 ) 

This is the plane-wave impulse approximation. In noncoplanar symmetric 

geometry ' x^-k.I = Ik^-kJ = K is fixed and, for small angles j$, v is 
— U —ft —i) —D 

essentially constant, so that f is constant within about 1% over the 
ee 

range of e,p relevant to valence shells. The differential cross stction 

is thus proportional to S (£,p) over this range. 

Furthermore it is unnecessary to measure or calculate absolute 

cross sections in order to obtain the constant of proportionality. If 

e is scanned far enough to observe all the structure for the manifold nr, 

the spectral function may be normalized by the sum rule [S] 

I „ P (s) = 1. (17) 
senr nr v 

Here P _(s) is the pole strength in the language of Cederbaum and Domcke [1], 

in terms of which S (e,p) is usually approximated by 

S rU,p) x P n r(s)/dp|<p> n r>| 2 6(e-e s). (18) 

where <pj<t> > is the momentum representation of the orbital nr. 



11. 

The approximation is valid for electron energies E comparable to 
B 

those for which (11) i s valid for the photoelectron reaction, namely a 

few hundred eV or higher. The difference ii. that at such energies 

the relevant range e,p can be scanned completely up to a value p 

which is of the order of 5 for Ep values of a few keV, whereas for 

(11) the range i s restricted t o p>4. 

Since (14) i s a high-energy approximation we must have a criterion 

for i t s va l id i ty . The criterion i s purely experimental. The 

incident energy E f l must be so high that the experimentally-determined 

S (e,p) i s independent of E over a substantial range of e,p. Note 

that in approximation (14) the momentum coordinate q i s identical to 

the experimentally-measured momentum p. There i s now a large body of 

experimental evidence [6] that the necessary energy-independence i s 

achieved for E->400eV. 

In order to apply the spectroscopic sum rule (17) we must know which 

ion states s are components of the orbital nr. This again i s decided 

experimentally. The momentum profiles for different nr are easi ly 

distinguished in most cases, so that their shape i s used to identify nr. 

An absolute assignment of the representation i s obtained by calculating 

the orbital momentum profile 

"nP* * E s c n r F s f ^ = J* !*!•„> l'' ( 1 9 ) 

starting with the same orbitals as are used in the Green's function 

calculation. The calculation of (19) i s described, for example, by 

McCarthy and Weigold f51. In practice some convolution with the 

experimental energy-resolution function [7] modifies the procedure. 
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The assignment of s ta tes s t o representat ions nr i s confirmed by 

comparing the summed momentum prof i l es (19) with momentum-profile 

calculations for different nr. If the whole procedure i s correct the 

summed momentum profiles must have the same re lat ive relationship as 

the calculated orbital momentum prof i les for a substantial range of p 

starting with p=0. The procedure has been verif ied over the past few 

years in a large number of cases [ 6 , 7 ] , 
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REACTION CALCULATIONS 

Since we are interested in the use of the photoelectron and (e,2e) 
reactions in spectroscopy it is not our purpose to give a detailed 
account of the computation of their amplitudes. Nevertheless it is 
necessary to see what is involved in such calculations and how well they 
work in different kinematic conditions. We can thus form a judgement 
of the best conditions for our purpose. It is best to consider first 
the calculation of the reactions for simple targets whose structure is 
well known. If the calculation can be performed correctly in these 
cases, i.e. if we understand the reaction mechanism, we can expect the 
extension of the same mechanism to spectroscopically more-complicated 
systems to throw light on the spectral function. 

funct 
coup' 
is e^ 
an e 
smal 
coup 
is It 

The photoelectron amplitude is, in the one-photon approximation, 

T, .(k ) = <F|5I A «P |f„N>, {y,e)K-eJ ' n-n -n 1 0 ' (20) 

where |F> is a many-body state vector with one electron obeying outgoing 
scattering boundary conditions (plane wave and ingoing spherical waves). 
The dipole length and velocity expressions are respectively 

A «P -n -n 
and 

-.1/2 (4m Q) z n 

l/2„ A n , P n = ( 4,r/ U o)*"8/3z n 

(21) 

(22) 

They are strictly equivalent when acting on the exact state |F>, but 
may give different results for a particular approximation to |F>. 
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Methods of calculation all involve an expansion of |F> in channel 

functions. These are configuration-interaction functions for the ion 

coupled with the appropriate symmetry to one-electron functions. |F> 

is essentially the time-reversal of the elastic scattering function for 
N-l N-l 

an electron on the observed state H" , coupled to V . It contains 

smaller terms representing time-reversed inelastic scattering if 

coupling of the channel functions cannot be ignored. Channel coupling 

is less important at higher energies. 

The R-matrix method [8] diagonalizes the N-electron hamiltonian 

inside a spherical region enclosing the target system. The one-

electron functions are matched at the boundary to appropriate scattering 

boundary conditions. For the simple targets helium, neon and argon, 

parameters of resonances at very low E , which are very sensitive to 

details of the calculation, are reproduced very well by both length and 

velocity formalisms [8] with the results apparently converging to each 

other and to experiment as more configuration interaction is taken into 

account. For a particular E the differential cross section is quite 

well reproduced as a function of E up to about 70eV using an average 

over the discrete pseudostructure introduced at high energies by the 

use of discrete pseudostates to represent the ion continuum. The 

importance of configuration interaction is shown for the highly-split 

3s orbital of the argon ion, where it is necessary even to obtain a 

qualitatively-correct cross section at energies E near 13.6eV (p=l). 

Configuration interaction in the R-matrix method is responsible for 

channel coupling as well as for splitting of the orbital. 
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In connection with both the photoelectron and (e,2e) reactions 

we should also consider methods for calculating scattering, since we 

are interested in elastic scattering wave functions (distorted waves). 

The coupled-channels method [9,10] has proved quite successful for the 

electron-hydrogen problem up to about 50eV. This method uses an 

antisymmetric expansion of the wave function for elastic and inelastic 

scattering of an electron in terms of target cigenstates coupled to 

one-electron functions. If the target-eigenstate expansion is 

truncated to exclude the target continuum the method involves the 

solution of a set of coupled integro-differential equations (in the 

coordinate representation) or integral equations (in the momentum 

representation). The continuum may be included in the form of discrete 

square-integrable pseudostates, which are treated computationally in 

the same way as the target eigenstates, and which absorb the flux to 

channels outside the truncated expansion set. Alternatively one may 

approximate the optical potential which formally arises from solving 

the equations for channels outside the expansion set. Various 

approximations to the optical potential for one channel (elastic 

scattering) have proved successful for hydrogen [11,12,13] and for 

inert gases [14,15]. The momentum-space coupled-channels method, 

supplemented by an explicit optical potential for channels outside the 

expansion set, has been started very successfully by Stelbovics and 

McCarthy [16] for energies above 50eV. 

As an example of a detailed photoelectron calculation for a molecule 

we consider a calculation of photoexcitation and photoionization of the 

water molecule by Diercksen et al [17], using the equivalent with 

molecular symmetry of the atomic coupled-channels method with pscudostates. 



10. 

This involves only the electronic degrees of freedom. Closure is 

used for rotational and vibrational states. The static-exchange 

(uncoupled channels) approximation was used and the continuum was 

approximated from the discrete excitations of pseudostates by the 

Stieltjes-Tchebycheff noment technique [18]. For the water molecule 

the three outer-valence orbitals are essentially unsplit. The curves 

of differential cross section vs E are only qualitatively correct 

below about 20eV, but have errors less than 20% in comparison with 

experiment [19] for 20eV<E <50eV. The distribution of differential 

cross section as a function of E over states which are components of 

the inner-valence 2a- orbital is quite well reproduced. 

We may summarize the detailed calculation of the photoelectron 

amplitude by saying that it is very good below about 50eV if all 

effects are taken into account, notably channel coupling and 

configuration interaction. 

In the next section we will consider the method suggested by 

Cederbaum and Domcke [1] for comparing pole strengths for photoelectron 

reactions at higher energy, and thus using the one-electron Green's 

function technique as a method of understanding th<* splitting of an 

orbital by configuration interaction. This method rests on the 

factorization of the many-body wave function |F> into a time-reversed 

elastic-scattering distorted wave and the ion wave function in its 

observed state: 

|F> = !xe
C"}CJi_)>h' N _ 1 > . (23) 
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The factorization is correct if inelastic scattering (core excitation) 

can be ignored in the electron-ion system. The same final state can 

be arrived at with core excitation in a two-step process, in which the 

amplitude consists of a factor representing photoionization to an ion 

state ¥ " and a factor representing the change of f ~ to f ~ in 

the electron-scattering process. Such amplitudes are not formally 

included in (20) with the factorization (23), but they are included in 

the full coupled-channels or R-matrix treatment of |F>. 

The calculation of x involves many ion states explicitly at low 
energies. At higher energies the static-exchange approximation becomes 
more valid. Here x is obtained from a scattering calculation 

N—1 

including exchange on the state ¥ . At very high energies a plane 

wave becomes a reasonable approximation. From the calculation of 

Diercksen et al [17] for water it appears that the static exchange 

approximation is good for E >20eV, i.e. for p>1.2. This is also true 

for a simplified version of the static-exchange approximation used by 

Hilton, Nordholm and Hush [20]. The range of validity of the plane-

wave approximation is roughly that for the Born approximation to elastic 

scattering, perhaps E >200eV, i.e. p>4. In this range the velocity 

expression (22) reduces the cross section to the form (11) using the 

definition (1) of S (e,p) and making the appropriate sums and averages 

over degeneracies. 
The (e,2e) amplitude may be written formally as 

V2e)^V=<WsN~1!TlvV- ^ 
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Instead of including the many-body complexities of the reaction in the 

final state |F> we have included them in an operator T which acts on 

the plane-wave states and the target and ion eigenstates. The first 

approximation we must make is the binary-encounter approximation in 

which T is a two-body operator depending on the coordinates of the 

incident and struck electrons, but not on those of the ion. This 

eliminates many exchange terms involving the overlap of a one-electron 

continuum function with a bound orbital, as well as channel coupling in 

the electron interactions with a bound system. The overlap of a plane 

wave with a valence orbital is negligible for plane-wave momentum k greater 

than about 3, i.e. for continuum-electron energies greater than about lOOeV. 

This condition is necessary for the validity of the binary-encounter 

approximation. We now have 

T(e,2e)^^ = ̂ M V ' X ' V - (25) 

The form (25) already contains the main spectroscopic point. The (e,2e) 

amplitude depends on the spectroscopy onl; through the overlap amplitude 

s ' 0 < w |*n >. It is a three-body transform of the overlap. 

To conform with the notation of \l] we introduce a basis of one-

particle states (or orbitals) |$ >, the best a-priori definition for 

which is the target Hartrea-Fock procedure, which eliminates one-particle 

one-hole configurations from the configuration-interaction expansion of 
N + 

F . We define creation and annihilation operators a^.a. for an electron 
in |$.> and express (25) in its second quantized form. 
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Tvo = <L*vl Tl* 0i5n >» kX, ^A Yk JFO (27) 

where T is a new interaction operator defined so that the plane-wave state 

|kfi> for the "ionized" electron (antisymmetry is of course taken into 

account in (24)) is replaced by the target Hartree-Fock continuum orbital. 

!x n

( _ ) Ck n )> = !•.>. (28) 

This is the static exchange approximation to |xD >. 
o 

In (26) we usually make the approximation that |¥ > contains the one-

hole configuration ajl 1- > for only one characteristic orbital ]$.>. The 

quantity <¥ " |a„| H*0 > is the spectroscopic amplitude for the orbital I 

in the ion state s. 

The quantity T.- of (27) is the one-orbital (e,2e) transform. The 

investigation of its form under a wide range of different kinematic 

conditions has been the subject of intensive effort *n atomic physics since 

the pioneering (e,2e) experiments of Ehrhardt et al [21]. These 

experiments all involve small momentum transfer K and consequently small 

magnitudes of k„. The first-order theory for this situation is the Born 

approximation in which X B 0 0 * s given by (28) and T is the electron-

electron Coulomb potential v. Much unnecessary worry about the difficulty 

of understanding the (e,2e) reaction has been caused by the qualitative 

inability of first-order theories to reproduce these data. Corsiderable 

improvement for helium at E =500eV has recently been obtained by Byron, 

Joachain and Piraux [22] who use the second Born approximation to T. . 

However these experiments are done in a kinematic range that offers a 

challenge to the full power of atomic reaction theory. 
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Experiments that offer less challenge to theory have been carried 

out by the Frascati [23] and Flinders [24,25,26] groups for atoms whose 

structure is well understood. The main point of these experiments is 

that the energy condition for the binary-encounter approximation is met 

for all continuum electrons. The distorted-wave impulse approximation, 

in which T includes operators that distort all the continuum-electron 

waves in various approximations to the optical potential for elastic 

scattering in the appropriate two-body subsystem, and the electron-

electron interaction is treated by u;ing the full scattering operator 

t instead of the potential v, reproduces the data excellently for total 

energies E above about 400eV. 

For reasons stated in the previous section, noncoplanar symmetric 

geometry is most appropriate for the spectroscopic application. This 

is we11-understood theoretically as shown for example for the 2s and 2p 

orbitals of neon [25] where differencial cross sections relative to one 

unknown experimental intensity ave correctly described at 600eV for 

0<p<2 and at 1200eV for 0<p<3 using distorted waves calculated in the 

optical potential of reference [IS]. Noteworthy here is the fact that 

the plane-wave impulse approximation, in which the operator T of (25) is 

simply the electron-electron scattering operator t, reproduce che shape 

of the differential cross section curve up to q = 1, 2 and 3 at 600eV, 

1200eV and 2500eV respectively. Its magnitude is too large by about 

30%, 20% and 10% at the respective energies. Similar conclusions may 

be drawn from the study of the valence shells of xenon [23], which 

covers a much wider kinematic range using the averaged eikonal 

approximation to the optically-distorted waves, in wh!ch the wave numbers 

k are shifted according to a constant average optical potential V + i W. 

The most detailed verification of the spectroscopic application of (e,2e) 

is for argon. It is given in Section 7. 
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The plane-wave impulse approximation is thus shown in detail to be 

adequate for the spectroscopic application. The absolute error in the 

plane-wave approximation depends very weakly on the total energy E and 

is sensibly constant over the SOeV range of c relevant to the valence 
'V, 

shells, at least for E>500eV. It is irrelevant in the method described 

in section 2 for states within a single symmetry manifold, where only a 

proportionality relationship between cross sections in the e,p space is 

required since we are able to use the sum rule (17) for normalization. 

For 

degenera^ 

an expliv 

amplitud-

is always 

spherica. 

The plane-wave impulse approximation to (27) is 

V " ^ I ' l W (29) 

This factorizes as follows 

T k t = ^ ' I t l k X E l ^ , (30) 

where k',jt and £ are given respectively by (15) and (6). The electron-

electron amplitude is spin-dependent. On squaring (26), using (30), 

spherically averaging, averaging over initial-state and summing over final-

state spin degeneracies, we obtain the form (14) for atomic targets, where 

S^c.p) =|<1' s
N" 1|a ll* 0

N>| 2/^l<El* 1
>l 2fi(e-e s). (31) 

The definition (31) of S (e,p) is the same as (18) with the orbital nr now 

denoted by C The pole strength Pj(s) is given by 

Pp/S) I^- 'MVH 2 - (32) 

The sum rule (17) for P 0 ( s ) i s obtained from the appl ica t ion of the 

orthonormality and closure re la t ions t o (32). 



For molecules we have addit ional ro t a t i ona l and v ib ra t iona l 

degeneracy. It has been shown for the cases of H_ and D_ [24] tha t 

an exp l i c i t v ibra t iona l sum i s equivalent to ca lcu la t ing the (e,2e) 

amplitude at the nuclear equilibrium p o s i t i o n s . This approximation 

i s always used. Rotational degeneracies are accounted for by the 

spherical average. 
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5. RELATKM.SHIP TO THE ONE-ELECTRON GREEN'S FUNCTION. 

The formalism of the one-electron Green's function has been related 

to photoionization by Cederbaum and Domcke [11. The total cross section 

P(-j) for photoionization with the energy conditions 

o = E , u . = E , (33) 
e 0 y 

i s expressed in terms of target Hartree-Fock orbitals $Q and one-orbital 

photoionization amplitudes 

T k * = ^kl-'-'V' ( 3 4 ) 

where $. is again the static-exchange continuum orbital of (23). 

IXg^CV^ l*k>- ( 3 5 ) 

We paraphrase the argument to discuss the tofl cross section P(oi) for 

the set of (e,2e) reactions initiated by incident electrons of momentum 

k., with the "scattered" electron having momentum k.. Antisymmetrization 

of the final state with respect to the two continuum electrons will be 

performed explicitly. Apart from initial and final-state degeneracies 

we have 

k k 
P(«) - (2-rr)4 - ^ - ^ ^ F l < F | < J i A ! - r | k 0 > | H ' 0

N > | 2 , (36) 

U = V E B« "o = V 

The operator connecting the N-electron final state |F> and i n i t i a l 
N state f_ i s expressed in the second-quantized form (26), giving 

P M = (27T)4 ^ ( - l / - ) ^ k , m n T ; n T k , I n . { i G £ k m n ( - o 0 - i n ) } , (38) 
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or 

where x is givt.i by (27) and G is the particle-hole component of the 

two-body Green's function, whose calculation is difficult. 

In order to express P(vj in terms of the one-electron Green's function 

we formally factorize |F> into a one-electron distorted wave |x„ 0 O > 

for the "ionized" electron B and the observed ion state if " >. 
s 

l F > = lx B
(" )(k B)>! ,l' s

N" 1>, (39) 

defining the factorized amplitude T R ? (corresponding to T . in the 

photoelectron case [1]) by 

We do not have to make a factor.zability approximation if we define the 

operator T LO include the required operator describing many-body effects 

including core excitation (two-step processes). The conditions under 

which T can be represented by various approximations have been thoroughly 

discussed in sections 3 and 4. The neglect of core excitation corresponds 

to the binary-encounter approximation. For our spectroscopic application 

we confine P(t»0 to non-coplanar symmetric reactions. We choose En>400eV 

and use the plane-wave impulse approximation. 

We now have 
k k 

POo) = C2TT)4 ^ - » S o n t T * n T B t I m { 6 t n ( u ^ 1 - i n ) } f (42) 

where Z s igni f ies the appropriate sum and average over final-and i n i t i a l -

Ttate vibrational, rotational and electron spin degeneracies and 

s 0 
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The forms (42) and (43) are now identical (apart from the kinematic 

constant and the omission of the energy constraint (7) from the formalism) 

to equations (2.4) of [11. The spectral function Sj,(e,p) is given by 

consideration of the poles of G. (oj-in). 

The Green's function (43) is not in general diagonal. The cross 

section is related to the eigenvalues D, (<D) of the matrix £(u)), whose 

elements are given by (43). 

k k 
P(w) = ( 2 0 4 ^ I«{Zotr[5(u-u0-in)], (44) 

5. .((o) = |TD.(wj|2D.(u))6.. (45) 
i j v ' ' Bi v ' ' l ' li 

T„.(ID) = E.T 0.M..((D), (46) 
Bi 3 B] lj J 

where M is the eigenvector matrix of G. The eigenvalues D, are related 

to the pole strengths P k(s) by 

Im{Dk(io-in)} = ir ̂ ( s W u ^ E ^ - E ^ ) . (47) 

We may now write 
k k 

POD) = ( 2 < > 4 - ^ Z a s k | T B k ( E ) | 2 P k ( s ) . (48) 

Since the plane-wave impulse approximation to T „ factorizes in the 

form (30), we antisymmetrize the matrix element with respect to the final 

state continuum electrons by noting that <£($-> is symmetric under exchange 

cf A and B and that the two-electron t-natrix element <k_'|t|k> must be 

antisymmetrized to describe the two degenerate spin states singlet and triplet. 

The ium and average Z now gives P(UJ) in the form 

PU) = ( 2 r ) 4 - k
k ^ V s k S k ( c > P ) , (49) 



where f is given bv (151 and ee " ' • 

Sk(c,p) = P k(s)/dp|r j,<£|$^M k t(E)| 26(e-c s). (50) 

At this stage we note that, even in the case of considerable splitting 

of the orbital k, G is approximately diagonal and the contributions to (50) 

for JL*k have a small effect on the shape of the momentum profile. It is 

reasonable to make the practical approximation. 

Sk(e,p) = P k(s)/dp|< E|* k>| 26(e-e s), (51) 

which is identical to (3D and (18). 

The review article of Cederbaum and Domcke [l] describes the calculation 

of P k(s), M^n(E) and e in great detail. Note that the energy-momentum 

spectral function (50) is a direct result of the calculation, involving 

only the structure of the target molecule and the ion, and not any explicit 

properties of the reaction mechanism except for the relation £ = £ connecting 

the observed recoil momentum and the coordinate in the momentum 

representation. 

We now note a major difference between EMS and PES concerning the 

application of the G.^en's function formalism to experiments. For EMS 

the plane-wave impulse approximation, assisted by the spectroscopic sum 

rule (17), directly relates the experiment to the pole strengths Pfc(s) 

for states s resulting from the splitting of the orbital k. The 

experimentalist needs only to calculate the spherically-averaged square 

of che momentum-space orbital in order to identify the orbital k for 

each ion state s. For the application of PES it is necessary to calculate 

the corresponding one-orbital amplitude (34), (35i, which is a much more 

difficult task (described in section 4 ) requiring considerable theoretical 

interpretation. The much-simpler plane-wave calculation is valid only 

for very high energies E and recoil momenta p. 
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Cederbaum and Domc.e note that the ratio of the pole strength P, (3) 

to the pole strength for the orbital k (which is usually normalized to 1) 

may be more easily obtained from experiment. In terms of two ion states 

r,s resulting from the splitting of k, the ratio of photoionization cross 

sections is equal to the ̂ atio of the pole strengths provided the 

corresponding one-orbital cross sections are equal, i.e. provided (using 

the notation of [11) 

! T e , k M 2 = lTe,k<Gs>|2- (52) 

In this case, if one can identify the orbital k to which s belongs (an 

easy task in EMS but not in PES), one can use the same analysis as described 

for EMS at the end of section 3. 

For a given incident photon energy w n the cross section depends 

rather strongly on E (=ufl-e ), since this determines p. For small molecules 

and E >20eV, where static-exchange calculations of x (£) are reasonably 

valid, the one-orbital cross section may change by a factor of roughly 2 

over a lOeV interval (typical of the splitting of inner-valence orbitals) 

[17,19], and therefore the intensity is not proportional to the pole 

strength. The change is more rapid for molecules such as HBr, which 

contain large atoms. A calculation at least as detailed as the static-

exchange approximation is therefore needed for interpretation. If the 

experiment is arranged to observe the cross sections for both r and s at 

the same value of E , rather than w„, the condition (52) is more-nearly 

satisfied. At very high energies the validity of (52) is subject to 

considerations of configuration interaction, which will be discussed 

in the next section. 



6. FURTHER EFFECTS OF CONFIGURATION INTERACTION 

The splitting of an orbital k into different ion states s is a 

result of configuration interaction in the ion. This, and effects of 

target-ground-state configuration interaction, are taken into account 

in the determination of the (e,2e) amplitude T R. (E) and the pole strength 

P. (s) from the retarded part (43) of the Green's function G f (u). 

However in the practical approximation (51) the spectral function is 

proportional to the spherically-averaged square of the momentum-space 

orbital <£!$•>. By considering directly the configurations involved 
N-l N in the overlap amplitude <V 14*- > (see equation (25)) we can see that 

there are situations where this approximation is invalid and one must use 

T_, (E) defined by the full expansion (46). 

We express the target and ion wave functions in terms of orthonormal 

independent-particle determinants |a> formed from target Hartree-Fock 

orbitals $.. The target wave function is a linear combination 

l*„'> = * a |«> ( 5 3 ) 

1 0 a a 1 

The ion wave function is a linear combination of configurations consisting 

of a target configuration |3> coupled to a one-hole state |<$. | so that 

each belongs to the representation r of the molecular point group. This 

is accomplished by Clebsch-Gordan coefficients C. a (with sums over indices 
r ' jr$ v 

representing vector components implied). 

l ^ r ^ W j ^ j r e ^ ' ( 5 4 ) 

The overlao amplitude is 

V " 1 |YN> = r. a tP°C. U.>. 
s ( r ) ' 0 j a a ja j r a | r j (55) 
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For small values of p the usual situation is that a is small for 
r a. 

a*0 (i.e. the Hartree-Fock configuration dominates the target wave 

function) and that corresponding contributions with C. *0 are very 
small, so that 

(56) 

Here the factor afl is common to all states ser. It is irrelevant, since 

we are only interested in ratios of cross sections for different states s. 

Furthermore the usual situation is that the Hartree-Fock choice of orbitals 

<)). reduces the sum over j in (56) to one term j=i, 

4o, 0 
,(34.4) 

^i^vS^iv- (57) 

where <J>. is the characteristic orbital. In this case the analysis (51) 

applies. 

There are two main reasons for departure from (57) in the kinematic 

region where the plane-wave impulse approximation is valid. The first 

is initial-state configuration interaction, which may be important for 

large p. For example the valence s-orbitals of neon and xenon have nodes 

at p=3 and 1.5 respectively. Here small coefficients a in (55) may give 

dominant contributions to (55) and the corresponding photoionization 

amplitudes (13). Thus high-momentum cross sections are very sensitive 

to configuration interaction. This is both a problem and an advantage 

for high-momentum ionization spectroscopy, where photoionization is easy 

to compute and has a considerable count-rate advantage over binary fe,2cj. 

The problem is that th<; analysis (51) cannot be used and that a very 

accurate calculation of configuration interaction is needed for the initial 

state. The advantage is that such a calculation can be tested very 

accurately. The example of helium is given in Section 7. 

GL 

where 



The second departure from (57) occurs in molecules rather than in 

atoms. Sometimes two quite-different orbitals nr belonging to the 

representation r are reasonably close in energy. For most ion states s 

with large coefficients t._ one value of j is dominant so that (57) 

applies. However there are states where more than one value of j 

contributes significantly. An example is the CO ion, where in a 

particular calculation [3] there were states at 24.7eV (t£ * ' = -0.169, 

t ^ . 7 ) = 0.239, tg*- 7> = 0.080) and at 34.4eV ( t ^ ' 4 > = 0.076, 
f34 41 f34 41 

4o 0 = °- 1 4 6» t4o 0 = ° - 1 8 7 ) - F o r s u c h states the momentum profile 

is given by a coherent linear combination of 5o, 4a and 3o orbitals. 

According to (46) the coefficients are the components of S. 

One may also eliminate the difficulty of including these effects by 

calculating the Green's function defined in terms of the field operator [28] 

<J> - E £ a r (58) 

In momentum space the relevant function is 

gjq')%(£) 
G(U;a'.a) - £ M.i N . (59) 's , _ N-l _ N . w+E -E« -in s o 

where 

8 S(3) = < a * s

N " 1 l * 0

N > ( 6 0 ) 

is exactly the required overlap amplitude [29], Up to the present, analysis 

in terms of practical computations of (59) has not been as successful as for 

(43). An example is the inner valence (7a ) orbital of HBr [30] where 

qualitatively-correct splitting is given by (43), but not by (59). Both 

methods must agree in the limit of a sufficiently-large basis. 
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Significant improvement in momentum profile shape has been obtained 

for acetylene [31] by using the generalized overlap amplitude (60) 

computed from a particular orbital basis rather than the corresponding 

basis orbital. 



7. CONCLUSIONS WITH EXAMPLES 

In this section we give detailed illustrations of the two main 

points of the discussion. The first is that EMS can be used to identify 

symmetry manifolds nr in the spectrum of the ion and, if configuration 

interaction is not very important in the target, it can give pole 

strengths for states within each manifold that obey the requirements 

of energy independence and other consistency rules. 

The 3p and 3s manifolds of the argon ion are easily identified 

by the shapes of their momentum profiles. The former has a minimum at 

p=0, while the latter has a maximum. For the 3p manifold only one state, 

at 15.7fieV, is significant. The sum rule (17) gives its pole strength 

p(15.76) a s u n i t y C 1 c ai c uiations [32] give about 0.97 for this pole 

strength, which is within experimental error of the value 1. 

The 3s manifold has several states, which can all be cleanly resolved 

experimentally so that reliable intensity measurements are available. 

Intensities of all states in the 3p and 3s manifolds are measured relative 

to each other. The strongest state in the 3s manifold is at 29.3eV. 

Its pole strength is given by the sum rule (17) to be 0.53+0.OS for a 

400eV (e,2e) experiment [33]. 

The condition for applicability of the sum rule is not that we can 

understand details of the reaction, for example sufficiently to calculate 

correct momentum profiles, although these are given within experimental 

error by the distorted-wave impulse approximation [34] as they are for 

neon and xenon [25]. The sum rule is applicable under the purely-

experimental ly-verifiable condition that momentum profile shapes for all 

states within the manifold are the same over a significant range of p 

from zero up to some maximum value. An essential condition is that the 

pole strength ratios must be independent of the total energy E of the 

(e,2c) experiment. Both these conditions are satisfied for the argon 



33. 

3s manifold [5]. The momentum profile shape is given by the plane-wave 

impulse approximation with the argon Hartree-Fock 3s orbital up to p=l 

at 1200eV for states at 29.3, 38.6, 41 and 44eV. This is approximately 

true also for weak continuum states at 48 and SleV. Pole strengths are 

independent of energy from 200 to 1200eV. Their values are summarized 

in Table I. 

A stricter test of the understanding of the (e,2e) reaction on argon 

is given by comparing the intensities of the 29.3eV component of the 3s-hole 

state and the 3p hole state at 15.76eV. Here we must have a reaction 

theory that affords a reliable comparison over a range of p. The plane-

wave impulse approximation correctly describes momentum profile shapes up 

to p=l [5l but obtains a pole strength of 0.28*0.03 at 400eV for the 29.3eV 

state. The distorted-wave impulse approximation however describes shapes 

up to p=2.8 at lOOOeV [34] and 1.8 at 400eV essentially within experimental 

error, and gives a pole strength of C.55+0.05 at 400eV. Both these 

values are completely consistent with the sum rule (17) and complete the 

total understanding available for the noncoplanar symmetric (e,2e) reaction. 

It is interesting to consider the pole strengths for the argon 3s 

manifold given by different CI theories and by the ratio interpretation 

(52) of the photoelectron reaction [35]. These are summarized in Table I. 

Two CI theories are given. The first is an ab-initio calculation by 

Mitroy [32]. The second uses phenomenological matrix elements of the 

Hamiltonian determined by fitting p'»oton spectra. It describes only 

bound states of the ion and was calculated by McCarthy, Uylings and Poppe 

[36] (denoted by MUP). Clearly the CI calculations must be improved 

before they are capable of reproducing the EMS data. The ratio 

interpretation of the PES intensities is not valid for the range of p 

in the experiment which was p ^ . 5 . The discrepancy must be due to the 

breakdown of the single orbital interpretation of both structure and 



34. 

reactions at high recoil momenta. 

The second main point of the discussion is the possibility of using 

PES to distinguish Jetails of theory at large values of p(^10), where the 

(y,e) reaction has a distirct intensity advantage over EMS. To illustrate 

this we use the example of the n=2 to n=l intensity ratio for the helium 

ion states. This is an extremely simple example, since the wave functions 

for the ion states are known exactly. Ne assume that the (v,e) reaction 

mechanism is independent of the energy difference for the high energy 

ionization of helium to n=l and n=2 states. The intensity ratio then 

depends only on the details of the ground-state wave function of helium. 

For illustration we use progressively-improved CI calculations of 

helium [37], characterized by an integer m which signifies inclusion of 

natural orbital sets up to m in the CI basis. The number and symmetry 

of natural orbitals for each m is given in the form (m, number of orbitals, 

symmetry label) by (l,5,s),(2,4,p),(3,3,d),(4,2,f),(5,l,g). The 

sensitivity of the intensity ratio to the quality of the CI wave function 

is shown by Table II. Clearly the CI expansion has converged for m=5. 

The ratio of intensities at p=10 depends sensitively on the quality of the 

CI wave function. The validity of the assumptions we have made about the 

reaction mechanism is shown by the experimental value of the ratio, which 

is (5±l)xlO-2 at p=10.37 [38]. 
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TABLE I. Energies and pole strengths for the 3s manifold of the argon 

ion. Column headings are described in the text. EMS data 

are fro* reference 34. PES data are fro« reference 35. 

EMS Mil ROY MUP PES 

e(eV) pg> e(eV) P ^ } e(eV) P ^ } e(eV) p g } 

29.3 0.547*0.019 28.7 0.649 29.4 0.61 29.3 0.81 

36.7 0.03210.008 36.8 0.013 36.S 0.01 

38.6 0.175+0.011 39.1 0.161 38.6 0.17 38.6 0.13*0.02 

41.2 0.074±0.007 41.8 0.083 41.2 0.20 41.2 0.06*0.02 

42-43.4 0.041±0.006 >42 0.081 

>43.4 0.122*0.008 



TABLE II. Ratio of n=2 to n=l intensities in the separation-energy-

independent interpretation of PES for ionization of heliua. 

Ratios are given in units of 10 . The quality of the CI 

calculation for helium is denoted by m and described in the 

text. 

p 2 3 4 5 

2 4.1 4.3 4.3 4.3 

3 6.4 6.2 6.1 6.1 

4 7.3 6.7 6.6 6.6 

7 6.7 5.6 5.9 5.9 

10 5.9 5.1 5.4 5.3 


