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INTRODUCTION

A host of new massive states is predicted to lie within the scope of

observation at current and anticipated hadrcn and lepton collider facilities.

These include the top quark and Higgs meson of conventional models and such

theoretical constructs as heavy W's and Z's, supersymmetric states, composite

quarks, leptons, and weak bosons, and technicolour particles. A characteriscic of

many of these states is their frequent decay into multiparticle (or multijet)

channels in which at least one particle, such as a neutrino or photino, is non-

interacting. Examples include

T —

and

where T, B denote heavy mesons containing top, bottom quarks: g and Y denote the

gluino and photino; and H stands for a Higgs meson or for a WW bound state.

Because the four-vector momentum of one of the final particles is not

measured, the desired invariant mass and longitudinal momentum of the parent

cannot be determined directly from the data, and it is important to search for

techniques which provide good estimators of these quantities. I will summarize

here the "minimum invariant mass" technique whose practical usefulness was

advocated recently in Ref. 1). Use is made of the four-vectors of all but the

undetected particle. The transverse momentum of this non—interacting particle is

chosen to balance the sum of the observed transverse momenta. The probable

longitudinal momenta of the non-interacting particle and of the parent, and the

minimum invariant mass of the parent will be derived from a minimization

procedure. The distributions in these variables will be shown to peak sharply at

their true values. Because the parent is assumed to be a massive object,

uncertainties associated with limited transverse momentum in the production

process and/or specification of jet invariant masses play only a minor role.

To be specific, I will specialize here to the three-body decay of a top

meson, T •* |ivE, as in Ref. 1), where it was argued that the minimum invariant

mass technique should be particularly effective for diffractive processes.

However, it should be clear that the technique is applicable to the analysis of
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many other systems, with different production mechanisms, and to decay modes

involving any number n of particles, for n ̂  3.

TOP PRODUCTION AND DECAY

A top meson of mass M (left unspecified) is assumed to be produced with an a

priori unknown (but assumed soft} x^ distribution and with limited p (p •< M).

It decays subsequently into a lepton, a neutrino and a hadronic jet:

uf

The four-vectors of the muon and jet are measured. The missing transverse

energy is ascribed to the neutrino. The minimum invariant mass method uses these

measured parameters to estimate not only the mass but also the longitudinal

momentum distribution of the top meson.

The method of analysis is intended for clean events in which there is no

significant contamination from large p jets not associated with the parent T;

otherwise, it is of course incorrect to assign missing transverse energy to a

single unobserved neutrino. The [i and jet are also assumed to be correctly

associated, that is, to be offspring of the same parent. This association may be

facilitated by selecting \i, jet pairs for which the difference in rapidities, Ay,

of the V- and the jet is consistent with the pattern expected from the decay of an

object with low spin. For example, in the isotropic decay of a system with spin-^
2)

or spin-O, the distribution in the rapidity difference Ay follows a Gaussian

distribution whose full-width at half-maximum is = ±1.5 units. In addition, for

the subset of diffractive processes in the hadronic reaction pp •* ttX, there is a

special charge correlation effect in the semi-leptonic decay which can provide an
3) —

additional signature . When the antiproton "flares" the t quark stays with the

antibaryon whereas the t quark forms a meson with eventual fi production. The

opposite is true when the proton flares.

We shall assume below that it is possible to isolate events in which only

the decay products of a T(T) meson - in the form of a single jet, a lepton of the

appropriate charge, and missing transverse energy - are observed. Events with the

wrong charge correlation and/or more than one jet would then correspond to a
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mixture of A , T fragmentation. Ue remark, however, that the peak which we derive

in the minimum invariant mass, M*, distribution is sharply concentrated at the

position of the true mass M. Therefore, it should be possible to use the M*

method to pick out an interesting signal from data even in the presence of a

combinatorial background of incorrectly associated u, jet pairs-

DERIVATION OF THE MINIMUM INVARIANT MASS '

If the unknown neutrino longitudinal momentum in Eq. (1) is regarded as a

free parameter z, the invariant mass of the jet—u-v system is

MlC*> =

(2)

Here the four-momenta are labelled (E^,p^ ,pL ) with i = 1,2,3 for the jet,
i i i |

muon, and neutrino respectively. Now M(z) * o> as jzl •> <=, and M has a unique

positive minimum at

(3)

The minimum mass M* is defined to be the minimum invariant mass which can be

constructed for the jet-u-v system, i.e., M* = M(z 0). Substituting for z0, one

obtains M* as a function of the measured parameters:

A-f

(4)



- 4 -

where M is the transverse mass of the system composed of 1 and 2. The second
*12

expression for M* in Eq. (4) shows that our 'minimum invariant mass" variable is

identical to the "cluster transverse mass" defined by Barger, Martin and Phillips

in Ref. 4).

In Ref. 1), we also derive a corresponding "longitudinal momentum" for the

system:

PL -L - \ul+ ^ , + 2. (5)

Tne distributions da/dM* and do/dP* are strongly peaked at the true

invariant mass and longitudinal momentum of the jet-u-v system. They also make

maximal use of the experimentally measured quantities (cf. the transverse mass,

see below). With sufficient statistics, therefore, the top meson mass and the x

distribution can be determined readily.

SIMPLE MODEL

It is instructive to examine a simple model for the process in question.

Since m ,ra y> m , it is reasonable to ignore the light quark spectator in the

decay T •* Bp.v and focus instead on t * bfiv. Consider, therefore, the three-body

decay of a heavy quark Q of mass M produced at rest in the laboratory:

(6)

For simplicity, we set p? = 0. Suppose that all four-momentum components except

D T are measured. Then,
" La
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The minimum mass distribution is

an* n
(8)

One may first set == constant. For this phase space model we obtain, after

some algebra, a distribution differential in M* and p_ = |p_ I:
T l Tj *

8 01*-
an At*

(3)

This analytic expression displays an inverse square root singularity at M* = M, a

Jacobian peak which factorizes and is independent of p . Thus, selections may be

considered which limit p , either from above or below, without biasing the M*

distribution. Integrating over p , we derive

T5

4-
(10)

with 5 = M*/M. This shows a clear Jacobian peak at the upper limit, § = 1, i.e.,

U* = M (Fig. 1, dashed line). The limiting behaviour is
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With the exact weak interaction matrix element for t(Q) * b(pt) + u
+(p2) + v(p3),

the distribution becomes that represented as a solid line in Fig. 1. It has the

limiting behaviour

(12)

The distributions are clearly very similar, and both show narrow peaks at £ = 1.

Sixty per cent of the area under the curves is confined to E, «> 0.9.

From Eq. (4), we see that the minimum mass distribution is invariant under

longitudinal boosts and therefore the same curves are obtained for a heavy quark

with an arbitrary x distribution. Furthermore, the distributions are insensitive

to final state masses and transverse momentum smearing, provided these are small

with respect to M.

Now consider the distribution in the "longitudinal momentum" P*. In our

model, there is only one energy scale M and so, as before, it is convenient to

define a dimensionless ratio R* = P*/M- The parent heavy quark Q is assumed to

have some longitudinal momentum PT = RM, and we calculate the corresponding

distribution 1/T dT/dR*. Figure 2 shows the R* distributions for t • b\iv with

R = 0,2,4. The distributions are different for different R (unlike M*, P* is not

boost invariant), but in each case the peak is close to the "true" value of R.

This peaking is more pronounced for small R - in fact the distribution vanishes

outside the range R - /l+R2 < R* < R+/14R2. If the heavy quark is produced
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predominantly with a certain longitudinal momentum, this will be reflected in a

peak at that value in the P* distribution. This result may be used to unfold the
LM

experimental R* spectrum to produce the true R spectrum.

In practice, once a distribution is obtained in M*, the true mass M of the

parent can be determined from the location of the peak at the upper end of the

distribution. Subsequently, an iterative procedure can be used to correct the

event-by-event estimates of P*.
Li

EXPERIMENTAL SELECTIONS AND LIMITED ACCEPTAMCE

He have shown how the mass and longitudinal momentum of a top meson can be

reconstructed from measurements of the four-vectors of its observed muon and jet

decay products, using the minimum mass technique. The model calculations are

naive in that the effects of detector geometry, experimental cuts, backgrounds,

etc., have not been included. Ultimately, the utility of the method depends on

its ability to survive these effects and still yield useful information. Rather

than try to anticipate the complicated selections and thresholds of a realistic

experimental situation, we will restrict our attention to two different but

representative types of cuts. The first of these is straightforward and amounts

to removing the contamination of leptons, neutrinos and jets from other

(background) sources. Since these will be produced predominantly at small p , we

can, for example, require that the jet muon and neutrino each have a transverse

momentum greater than some threshold value, p._ • Our analytic expression Eq.

(9) suggests that p_ cuts will not affect the M* distribution, and we have

verified this numerically. Figure 3 shows the M* distribution for p_ n = M/8.

For, say, M = 40 GeV/c^, this corresponds to p_ =. 5 GeV/c which is well above

all other intrinsic mass scales except that of the b quark. For comparison, the

distribution with no cuts from Fig. 1 is also shown. There is very little

difference in shape.
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The second type of selection relates more to the geometry of the detector.

If rations are detected only at large angles in the laboratory (e.g., rapidities

such that ly I < 1), then the rainimum mass distribution is no longer invariant

under longitudinal boosts. In fact for top mesons produced with JC, > 0, such an

experimental restriction introduces a bias in favour of events in which the muon

is moving backwards in the top meson centre-of-nass frame. In effect, the

transverse momentum of the muon in this frame is restricted. To investigate this

in our model we take the longitudinal momentum of the heavy quark i be 2M and

require that the (laboratory) pseudorapidity of the muon be between -1 and +1.

The corresponding M* distribution is shown in Fig. 4 (solid line). Although the

normalization is reduced by a factor of about 4, the characteristic shape is the

same, with a pronounced Jacobian peak at \ = 1. He conclude therefore that the

minimum mass is indeed a reliable indicator of the true invariant mass, even in

the presence of quite severe cuts.

Finally, one may mention, as a possible alternative, the distribution in the
4)

uncorrelated three-body transverse mass M_ , where

K- (13)

It can be shown that the distribution 1/r dF/dM also has a peak at M = M.

However, even in the absence of any experimental restrictions, the distribution

in tL is EBich broader than that in M*. Thus, the transverse mass method offers a

less precise determination of mass and, of course, provides no information on the

longitudinal momentum of the parent. Moreover, in the presence of the muon

rapidity cut discussed above, the transverse mass no longer provides a good

estimate of the true mass. This is illustrated in Fig. 4, where the dotted line

shows the transverse mass distribution (£ = ML/M) for the same choice of

parameters. Evidently the peak in *!„ has disappeared and the distribution has a

maximum at £ = 0.85. This can be understood physically as follows: the central

rapidity cut biases the lepton and jet longitudinal momenta towards large values,

in opposite directions, thus providing an important contribution to the invariant

and minimum masses. On the other hand, the transverse mass variable is blind to

this effect.
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CONCLUSIONS

The minimum mass technique should be a very useful method for estimating the

true mass and longitudinal momentum of a system foi which one of the decay

products is non-interacting. We assumed that the fragments of the parent are

isolated to a good approximation. However, there are cross-checks (single large

p jets, rapidity gap distributions, lepton charge asymmetry) which should help

in the selection of events. As we h- /e shown, the location of the pronounced peak

in the minimum mass, M*, distribution is insensitive to typical experimental cuts

in other variables. Because the peak in dF/dll* near the true mass M is so sharp,

it should be possible to use £he M* method to pick out a clear signal even from

somewhat complex events in which there is a (combinatorial) background of jets.

The minimum invariant mass method was discussed here principally in the

context of top mesons produced with limited p , but its more general applicabi-

lity to the analysis of many other systems was emphasized in the Introduction.

In particular, the method could also be applied to the analysis of leading

particles in the fragmentation of heavy quark jets at large p . In a wider

context, we note that states predicted in various extensions of the standard

model are often characterized by decays with missing transverse energy.
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FIGURE CAPTIONS

Figure 1 Minimum mass distribution for the decay t * b(iv. Also shown (dashed

line) is the distribution for a constant matrix element. Both curves

have unit area.

Figure 2 P* (= MR*) distributions for three different heavy quark longitudinal

momenta, V = 0, 2M, 4M. (
Li

Monte Carlo integration.)

momenta, P - 0, 2M, 4M. (The distributions are calculated using
XJ

Figure 3 Minimum mass distribution for the decay t •*• b(iv where each final state

particle is required to have transverse momentum<M/8» Also shown for

comparison is the no-cut distribution from Fig. 1 (dashed line).

Figure 4 Minimum mass distribution for t * b|iv with P = 2M and a cut on the

muon pseudorapidity, Ji} J < 1. The corresponding transverse mass

distribution is also shown (dotted line).
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