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1. INTRODUCTION 

It is known that the Priifer transformation'''is very useful 
in the investigation of the eigenvalues of the one-dimensional 
Schrodinger operators (defined, e.g., on the interval (o, « )) 
involving potentials represented by a single ("scalar") function 
of the coordinate (see, e.g., refs.'2>3i4/ ). i n such a case 
the eigenvalue problem defined originally for the Schrodinger 
equation may be reformulated in terms of a nonlinear 1st order 
differential equation for the Priifer "phase function". The phase 
function possesses some remarkable properties which facilitate 
greatly the evaluation of eigenvalues.Moreover, the above-men
tioned nonlinear 1st order equation has favourable properties 
as regards the numerical integration (stability) - see also 
ref/ 4 /\ where a modified Priifer transformation has been used. 

One would like to have an analogous procedure also for the 
matrix Schrodinger eigenvalue problems. However, much less is 
known in this case. The corresponding generalization of the 
Priifer transformation has been introduced by Atkinson/5/, but the 
discussion in'5/has been restricted to a finite interval only. 
In paper'6/Г the Atkinson-Priifer transformation has been used to 
develop the oscillation theory for coupled systems of the Schro
dinger equations, which was subsequently applied to the nume
rical evaluation of the eigenvalues. In/*/ the corresponding 
phase functions have been reconstructed by means of a direct 
integration of the Schrodinger system in question. 

The encouraging experience with the method described in 
ref. (which is based on a direct computation of the phase 
function by integrating a 1st order differential equation) 
gave us the motivation to investigate the possibility of ex
tending this method to coupled systems of the "radial" Schro
dinger equations defined on the half-axis <0,«.). As a first step 
towards the implementation of such a program we study in the 
present paper the properties of the Atkinson-Priifer phase func
tions and find the results analogous to the scalar case. Thus, 
it is possible to generalize immediately the fundamental theo
rems giving the connection between asymptotic properties of 
the phase functions and the eigenvalues. 

The second step should consist in analyzing an appropriate 
system of nonlinear 1st order differential equations which 
would provide us with the phase functions without referring to 
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the original Schrodinger system. This point will be discussed 
in detail elsewhere. 

The paper is organized as follows. In Sect.2 the relevant 
phase functions are introduced by means of a matrix of regular 
solutions of the coupled Schrodinger system. In Sect.3 the 
properties of the phase functions are investigated. Theorems on 
the eigenvalues, formulated in terms of the asymptotic behavi
our of the phase functions, are given in Sect.4. Some concluding 
remarks and an outlook are contained in Sect.5. 

2. BASIC DEFINITIONS AND PRELIMINARIES 

Let us consider the following system of the coupled radial 
Schrodinger equations defined on the interval <0, «.) 

- i ! " + ( C M - « ) a H 0 . (2.1) 
dx 2 

where usu(x, t) is a column vector, С is a real symmetric nxn 
potential matrix and e is a real parameter, e = -к , к > 0. For 
simplicity we suppose that 

(i) for any i,j the matrix element Cjj(x) is continuous for 
X€ <0,oo); 

(ii) f or x -. oo the absolute values of the matrix elements 
С (х) with i^j decay faster than 1/x , whereas Сц(х) may con
tain a termdi/x 2 with d\ > 0. 

We look for the solutions of eq. (2.1) satisfying the boun
dary conditions 

u(0. f ) = u(~, f ) = 0. (2.2) 

The value of e for which such a solution exists is an eigenvalue 
of the Schrodinger operator corresponding :o eq. (2.1). 

Any solution of eq. (2.1) satisfying u(0, e) = 0 will be called 
regular in what follows. The existence of such solutions is 
guaranteed by the following theorem (see ref.^ 7/ ) : 

Theorem 2.1. For С satisfying the condition (i) and f = -к , 
к > 0 , there is a fundamental system G(x, к), H(x, K) of the solu
tions of eq. (2.1) ( G,H are nxn matrices formed by columns 
which are linearly independent solutions of (2.1)) such that 
for some S> 0 it holds 

G(s, к) = х(1 + о(х 8)) , Н(х, к) = I + o(x S); I = unit matrix (2.3) 

for x-»0+ and the relations (2.3) may be differentiated. 
In the following we shall also need a theorem on the asymp

totic behaviour of solutions of eq. (2.1) for x->«. (cf. again'/?6. 
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Theorem 2.2. For С satisfying the condition (ii) and е = - к 2 , 
к> 0 there exists a fundamental system Ф (х, к) , Ф*+)(х, к) 
(in the matrix form) of solutions of eq. (2.1) such that 

Ф ( _ ) (x, к) = eK* (I + o(l)), Ф ( + ) (х, к ) . e + K x (I + o(D) (2.4) 

for x-.~ and the relations (2.4) may be differentiated. 
Let now U = U(x, f) be a nxn matrix of regular solutions of 

eq, (2.1), i.e., the columns of U are n arbitrary linearly in
dependent regular solutions of eq. (2.1). Obvioutiy, U also 
satisfies eq. (2.1), i.e., (the prime denotes the derivative 
w.r.t. x) 

V'(x, 0 + Q(x. f)U(x,f) = 0, ( 2 i 5) 

where V(x, f) sO'(i, t) and Q(x, 0 = f - C(x). It is easy to show 
that U may be expressed in terms of G (cf. Theorem 2.1) 
U = G.C, (2.6) 
where С is a constant nonsingular matrix. We shall define, ac
cording to ref./n/ 

W(x, f) = (V + Ш ) (V - Щ ) " 1 . (2.7) 

In ref. a theorem is proved, stating that the existence of 
the unitary matrix W is guaranteed for any x, provided that U + V 
is Hermitean ( U + means Hermitean conjugate of U ) and ( V - i U ) - 1 

exists for some x (see Theorem 10.2.2, p. 305 in ref. 1*1 ) t in 
our case obviously x = 0 has the desired properties owing to 
(2.3) and (2.6). Also, it follows immediately from (2.6) that 
W does not depend on the particular choice of the regular solu
tions forming the matrix U. It is interesting to note that w 
is also symmetric, owing to the symmetry of Q in eq. (2.5). To 
see this, one has to use the identity (ц means the transposi
tion of U ) 
UV = VU (2.8) 
which can be easily obtained from (2.5) for any regular U. The 
symmetry of W follows immediately from the definition (2.7) and 
the relation (2.8). The above results can be thus summarized as 
follows: 

Theorem 2.3. bet U be a matrix made up of n linearly independent 
regular solutions of eq. (2.1). Then 

a) W defined by (2.7) exists for any x G- <0, <»). 
b) W is symmetric and unitary for x & <0, «.). 
c) W is independent of the particular choice of the corres-



In the subsequent discussion we shall also need some impor
tant differential equations valid for the matrix W = W(x, t) de
fined by (2.7) for regular U, namely: 

i-W(x, <r) = iW(x, OOfrf), (2-9) 
ox 
where 
n = 2(V+ + iU +r l (V-V + U+QmtV-iU)- 1 (2.10) 
and 
4- *'(x, () m iW(x, с) U (x, с). С 2 • • ] > 
да 
where 
n=2(V + + iU +) - 1 [fU+(t,f) U(t. e)dt](V-iU)~1. (2.12) 
The relations (2.9) through (2.12) may be proved in full analo
gy with ref. / 5 / - cf. Theorem 10.2.2, D. 305 and Theorem 10.2.3, 
p. 307 therein. Evidently, bothQ and П are Hb^mitean. Note 
also thatJl may be expressed in terms of W and then (2.9) takes 
the form (cf. also the relations (10.2.19) and (10.4.19) in 
ref./5/) 

W'=i-[(I + W) 2-(I-W)Q(I-W)]. (2.13) 
We now come to the definition of the phase functions. Since 

W(x, e) is unitary for any x, its eigenvalues ш (i, (),.„, щ (х, c) 
may be written as 
«.(«.O-e'^'-'L.*. (х.0=е^п<*•<>. ( 2.,4) 

Further, W(0, e) =1, so we may set 
^1(0.e)=... = ̂ n(0 f f) = 0. (2.15) 

According to ref/ 5' it may be shown that Фх (x, t), j = 1,2,..., n , 
can be continued uniquely and continuously so that 
<^(х.()<Ф2(х. с) <...<фа(х, 0 <<£,(*, t) + 2n. (2.16) 
Although other conventions are also possible, we shall use 
(2.16) in the present paper. The passage from the matrix U of 
the regular solutions of the coupled Schrodinger system to the 
matrix W given by (2.7) or, eventually, to the phase functions 
(2.14), (2.15), will be called the Atkinson-Priifer transforma
tion henceforth. Clearly, the Priifer phase function z encountered 
in the scalar case is just ф/2. 

The phase functions posses a set of remarkable properties, 
which will be described in the next section. 
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3. PROPERTIES OF THE PHASE FUNCTIONS 

We shall denote the relevant properties of the phase func
tions consecutively by PI through P5. 

PI: Let ( = -к2 ,к>0 be fixed. Let x & <0, =°) and 
е"^к*хО'f' = 1 for some k,l<k<n. Then фу is increa
sing function of x at x = x 0. 

Proof can be found in ref.'5^ and is based on eq. (2.9). The 
point is that for any vector w, w ̂  0, such that W(x0,e)w = w it 
can be proved w + fi (x0, e)w = 2w +w, where fi(x, e) is given by 
(2.10). That is,ft(x0,e) is positive definite when acting on w. 
Taking into account eq. (2.9), PI then immediately follows from 
Theorem V.6.2, p. 469 in \ef/ sA 

P2: Let t= -к2 , к > 0. There exists xo(0 such that if for 
some к , l<k<n and for some X] >x0(t) one has 

e ^ U " f ) = - l (3.1) 

then фу is decreasing function of x at x = i|, 
Proof is again based on eq. (2.9). In analogy with the pre
ceding case it is not difficult to show that for any nontrivial 
vectorw satisfying W(x , f)w = -w (cf. (3.1)) one has 

w+Q(x, e)w=2w +Q(x l > f)w. (3.2) 

However, with e = -к2 , Q(x, к) = -к2 + C(x) and limC(x) = 0. Thus, 
X-+oo 

it is easy to prove that for a fixed K > 0 there exists XO(K) = 
= x0(c) such that Q(x, K) is negative definite for х>х0(к). (То 
see this one has to employ the min-max principle for the eigen
values of С ). Thus, the l.h.s. of eq. (3.2) is negative for 
X>X Q(K) and P2 then immediately follows from the Theorem V.6.2 
in ref.'5/'. 

P3: Let x 0>0 be fixed. Then any phase «^tOkJ.O , l<k<n , is 
a continuous increasing function of с (i.e., for t = -/c2 

"^(яо.к) is a continuous decreasing function of к). 
Proof is based on eq. (2.11) and is given in ref.^5/ (see 
p. 308 and Theorem V.6.1 therein - the point is that the matrix 
S(x, e) is positive definite). 

n 
P4: Choose some с = -к • t i s a k-fold degenerate eigenvalue, 

0 £ k < n (k = 0 denoting the case when с i s not an eigen
value) i f and only i f there are j u s t k phase functions 
ф. (x, t) , 1 < j < k . for which 
l i m t g ^ A (х,к) = - Л (3.3) 



and for the remaining (n - k) phases 

limtg-l<M*. «) = + — • ( 3 ' 4 ) 

х-юо Л \ к 
Proof: It is sufficient to prove the assertion in one direc
tion only; the inverse can be then immediately proved by contra
diction. 

Suppose that e = -к 2 is a k-fold degenerate eigenvalue, e.g., 
1 <k<n (the modifications for k = 0 or k = n will be obvious). 
This ineans that there are just k linearly independent regular 
solutions u(,-)(x, f) of eq. (2.1), which are linear combinations 
of the columns of the matrix Ф ( - ) defined in (2.4). In the rest 
of this proof we shall employ the parameter к instead off- De
note these columns by <£(i-) (x, к) <£j,-)(x, к) and, similarly, 
the columns of Ф ( + ) (х, к) in eq. (2.4) by 0(,+)(x, к) <£ ( + )(х, к ) . 
Thus 

U ^ ' U , K ) = SA.. tfHCx. к); i=l,2 k. (3.5) 
j=l 

The remaining (n - k) linearly independent regular solutions are 
then of the type 

» [ 1 I , K ) = 2 A.. < ^ (x, к) + terms with ф\~\ i =k + l n. (3.6) J, \x, K ) = 2 Aj. ф . (x, K) + 

It is easy to ser. that the linear independence of the solutions 
(3.5) and (3.6) implies linear independence of the columns 
lAjil., of the matrix A = |A.,I for i= 1,..., k and i = 

=k+l,...»ni separately. Let us now prove that, in fact, they are 
all linearly independent, and, consequently 
detA^O. (3.7) 
To this end, we shall employ the identity (2.8) which means 
that for any pair a, b of regular solutions of eq. (2.1) one has, 
for x e <0, «О 
ab'-a'b = 0. (3.8) 
When (3.8) is applied to an arbitrary pair of the type 

a 3u<->, 1 <l<k; b = u(+), k + 1 <j <n. (3.9) 
then, using eqs. (3.5), (3.6) and Iheorem 2.2 and performing the 
limit x -»oo, we obtain the relation 
n 
2 A A . =0; i = l k, j = k+l n. (3.10) 



Since the columns of the matrix A must be nontrivial, the ortho
gonality relation (3^10) implies the linear independence of 
lA k i l £ = , , l A k j l k = 1 for any pair i, j satisfying (3.9). This, 
in conjunction with the statement following the relation (3.6), 
leads to the desired result (3.7). Note that for к = 0 or k=n 
the relation (3.7) is obvious. 

Let us now consider the characteristic polynom of W 

P(A, x, K) = det(W - AI) = det[(V + Ш) (V - Ш)" 1 - A(V - Ш) (V - Ш ) - 1 ] = ( 3 1 , ) 

= det|[(l - A)V + i(l + A)U] (V - Щ)" 1 I. 

Using the fact that W does not depend on the particular choice 
of U (see Theorem 2.3), we may chooseU so that the first к 
columns are just u} -', i= l,...,k and the last (n - k) columns 
are just u[ + ) , i = к + 1,...,n. Then, using Theorem 2.2 and 
eqs. (3.5), (3.6), eq. (3.11) may be rewritten, after some mani
pulations, as follows: 

P(A, x. к) = 

[£"*(-« i±^}) + jU +^))]к [e** (K(1 - Ajbt- i (1 + A))1 " " k det(A+A) 
[e- K ,(-K-i)l kfe , t' ,(i t-i)]"- k * det(A + S)_ 

= (JLzL _ л) к (-*-+1 _ A) n" k -1еМА_+_А1_ _ (3.12) 
к +i к -i det(A + 8) 

where А Л(А,х, к), S = S (A, x, к) are some nxn matrices such 
that limA(A, x. к) = HmS(A, x, к) = 0. Note that (3.12) holds 

for any к, 0 < k < n . Obviously, (3.7) now implies that 

Iim-52£±A> = 1 (3.13) 
. « det(A + S) 
and from (3.12), (3.13) we then get for any A 
HmP(A. x, K) = (-^4- - A) k (i+1 - А) n"k . ( 3 , 4 ) 

Thus, assuming the existence of the limits for x-»•» of the 
eigenvalues of W(x, * ) , from (3.14) easily follow the desired 
relations (3.3) and (3.4). However, the existence of the limits 
in question is guaranteed by the existence of the limits for 
x •* oo of the coefficients of the characteristic polynomial 
P(A, x, K) (i.e. by (3.14))*. The property P4 is thereby proved. 
"We are grateful to B.Lonek for communicating this result to us. 
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P5: For any phase function <£j (x, f), l^j^n, there exists t 0 

such that for e <e 0 , ф^{х,€)<гт for X G <Q, «.). 
Proof: The conditions (i), (ii) imposed on the potential mat
rix С imply that the matrix elements of С are bounded for 
x & <0, oo). Consequently, there exists «o s o large that Q(x, KQ) = 
= -x§ - d(x) is negative definite for any x & <0,oo) (cf. the 
proof of P2). Since ф- is continuous w.r.t. x and the condition 
(2.15) holds, from the proof of P2 then immediately follows 
that for any j= 1,..., n, <£j(x, e 0) with е0 = -кц must stay 
below it for x&<0,oo). Finally, according to P3, for any 
x & (0, к,) we have ф. (x, t) < ф, (x, e 0 ) < n if t<t0, and P5 is thus 
proved. 

We see that the phase functions possess the properties analo
gous to those of the Priifer phase function relevant in the 
scalar case (notice the correspondence ф/2-*ъ). This leads us 
to a straightforward generalization of the theorems relating 
asymptotic properties of the phase functions to the bounds for 
the eigenvalues of the original Schrodinger system, which for 
the scalar case have been proved in ref./3/. Such a generaliza
tion will be the subject of the next section. 

4. PHASE FUNCTIONS AND THE EIGENVALUE PROBLEM 

Theorem 4.1. Let c„ be fixed. Denote 0, (~, e), . . . , </>n(°°. f) the 
limits lim^^x, f)t . . . , lim<£n(x, f). Then 

X -»oo X-»oo 

I. There exists a positive integer m and a set of three nonnega-
tive integers ln,,n2,n3l satisfying 

0 <iij <n 2 < n 3 <n, (4.1) 

if П| > 1 then n 3 = n (4.2) 
such that 
4 * . («.«„) = (m-l)»r+ arotg-4r-. j = l n,. (4.3) V-«o 
•±ф. («о, f0)=, mrr-arctg-i—, j = n 1 + l n 2. (b-b) 
' V-*o 
4 A (°°. tn) = mir + arotg—L-, j = n „ + l n„, (b.5) 
3 1 V-*o 
— Ф. (°°, « 0) = (m + l)ff-arotg-~—, j = n 3 + l n*. 

* Eqs. (4.3)-(4.6) are to be understood in the following sen
se: If it happens that at least one equality in (4.1) occurs, 
e.g., ni = n 2 , then there is no phase function with the corres
ponding property,i.e., for nj = n 2 there is no ф^ satisfying 
(4.4), etc. 
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II. f 0 is an eigenvalue with the (n 2 - n , + n - n 3 ) - fold de
generacy iff n 2 - n 1 + n - n 3 > 0. 

III. to is not an eigenvalue iff n 2 -nj + п - П з = 0. 
IV. There are n(f 0)=n-m - П 2 eigenvalues less than eo if 

each of the different eigenvalues is counted together with 
its degeneracy. 

Proof is based on eqs. (2.15), (2.16) and the properties P1-P5. 
Now, keep f 0 fixed and consider the functions 0|(°°, ()•••• • 
</>n(~, t) in the interval I t ( ) =(-oo,( Q>. It holds 

Theorem 4.2. I. For each j = 1,..., n the function <£j(°°, f) is 
positive, increasing and piecewise continuous in IfQ-

II. « 6 Ifo is an eigenvalue iff f is a discontinuity point 
of at least one of the functions <£i(°°, e) Фа^°°' с^-

III. Supposing "e is a discontinuity point of a function 
ф. (•», e) , 1 < i< n , it holds 

lim [— ф, (oo, r + rj) - — ф. (oo, f - TJ)] = 17. (4.7) 
r/->0+ ~ ' 2 ' 
Proof follows from the properties P1-P5, in analogy with the 
scalar case; cf. ref.'3'. 

Thus, all the eigenvalues contained in If. could in principle 
be determined if the functions <£j (~, f), . . . , ф (oo, e) were recon
structed in If0 and their discontinuities found. Since we are 
not able to compute the functions ф.(°о, с) <An(°°. 0 numeri
cally, it is a crucial point that the properties of these func
tions are signalled already by the behaviour of functions 
0j(xo,f), .... Фп(х$.с) with a suitably large but finite x 0. 

Theorem 4.3. Let t = f0 be fixed and x be such that forx>"x 
the matrix («o-C(x)) is negative definite when applied to 
eigenvectors of W(x, t0) associated with an eigenvalue -1 (cf. 
the proof of P2). Choose some x 0 G (x, 00). Then 

I. There exists a positive integer m and a set of nonnegative 
integers in,,n2,n3i with the properties (4.1), (4.2) such that 

-2-<^(*о.(о)£<(т-1Ь,тг/- |->, i = l 14 , (4.3') 

y^j( 3 lo' eo ) e ( m " - TJ-.ПНГ), j = n,+l n 2, (4.4') 

•jT̂ j (xo> 'о* c < m " . mi7 + -|-> , j = n ? + l n 3, (4.5') 

T V V ' o ) 6 0mr + ̂ .(qi + i)ir), j = n 3 + 1 n. (4.6') 
(A remark analogous to the footnote concerning eqs. (4.3)-(4.6) 
applies also here). 
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II. There are П(Е 0) . eigenvalues less than e 0- n( fo) being 
a nonnegative integer which can take on one of the values n.m-n 2. 
n-m -П2 + !>•••> n(m + 1) -n\ - n 3 . 

Thus, from the values of the phase functions Фу{х, с0),..., 
0n(x, <o) a t t n e point x 0 one obtains the information on the num
ber of eigenvalues less than *o- Moreover, reconstructing func
tions ф1{х.0,с) <^n(x0, e) in the interval It 0 for a given x 0 

(with the properties required in Theorem 4.3) one finds upper 
and lower bounds on each eigenvalue less than c„. It holds 

Theorem 4.4. Let e 0, x„, m , lnx , n 2, n3l be the same as in 
Theorem 4.3. Suppose n • r - n 2 >1, i.e., there is at least one 
eigenvalue less than со , and consider the functions <Ai(xo,f) 
Ф„(х0'') with x 0 fixed and < varying within I f 0 . For each j. 
1 < j <n , such that </>• (x0, c 0 ) a 2". define a set of intervals Uy|, 
satisfying I' CI f , by the relations 

ii = < ^ > ; (4-8) 
A^(x0.7i) = ̂ - 1 , . (*.9) 
-^(х^Ьк*. С*-"» 
In this definition, for a given j, к is varying in the range 
l,2,...,n, , where En ^n-m-n,. The intervals l' have the 
following properties: 

I. Each Ц contains just one eigenvalue tj <f 0. 
II. When XQ is increased, the length of each of the intervals 

Ij[ decreases. In the limit x,,-»,*, each of the intervals 1̂  de
generates into one point which is just one of the eigenvalues 
4 <fo-
Proofs of Theorems 4.3., 4.4 are based on eqs. (2.15), (2.16) 
and the properties P1-P5 in analogy with what has been done in 
ref/ ' for the scalar case. 

AccorUug to Theorem 4.4 one can find intervals, each of 
which contains just one eigenvalue less than со. by reconstruc
ting the functions Ф\(х0,<) , </>n(x0,f) for с £ l t Q . By increa
sing XQ one can in principle make the "eigenvalue intervals" 
small enough to determine the eigenvalues with the desired 
accuracy. This is a conclusion completely analogous to that ob
tained earlier for the scalar case (see, e.g., the last two 
papers in ref. ' 3 ' ) . Of course, in the matrix case discussed 
in the present paper the situation is complicated by the pos
sible degeneracy of the eigenvalues. 
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5. CONCLUDING REMARKS AND AN OUTLOOK 

We have discussed the phase functions defined by means of the 
Atkinson-Priifer transformation for a coupled system of the ra
dial Schrbdinger equations. We have shown how the asymptotic 
behaviour of the phase functions can be employed to find the 
eigenvalues of the original Schrbdinger system. The results are 
analogous to the scalar case except that in the matrix case, 
instead of one, several phase functions have to be investigated 
simultaneously and degenerate eigenvalues may occur. 

The next step should be the practical determination of the 
phase functions. Motivated by the scalar case, we propose to 
employ a suitable system of 1st order nonlinear equations either 
for the matrix W(x, f) or the phase functions themselves. 

As regards the first possibility, one may use the Riccati -
type eq. (2.13) together with the initial condition W(0, c) = I. 
Standard theorems on the uniqueness of the solution of differen
tial equations then obviously guarantee the one-to-one corres
pondence between eq. (2.13) supplemented with the rbove-mentioned 
initial condition and the original Schrbdinger system. In such 
an approach, the matrix W should be diagonalized in the course 
of the integration of eq. (2.13) and the phase functions recon
structed to be continuous w.r.t.x and (eventually) satisfy 
(2.16). 

As to the second alternative, (f ling a system of equations 
for the phase functions), it may be implemented at least in the 
case of 2x2 potential matrices, when w can be easily diagonali
zed explicitly. Nevertheless, the situation is somewhat more 
complicated than in the scalar case and the corresponding nonli
near 1st order differential system as well as the results of 
numerical calculations will be discussed elsewhere. Note that a 
system of nonlinear 1st order equations based on an alternative 
transformation of the original Schrbdinger system has been al
ready discussed in ref./8/. 

Finally., we would like to add the following comment. In this 
paper we have considered, mostly for the sake of technical simp
licity, only the regular potential matrices satisfying (i), (ii). 
Of course, physically interesting examples are described by po
tential matrices singular at the origin (due to Coulomb-like 
terms or the "centrifugal" terms «1/x2, etc.). However, we have 
reasons to expect that our results are relevant also for singular 
potentials. Firstly, we have checked explicitly that the theorems 
given here apply, e.g., also to the 2x2 potential matrices invol
ving Coulomb-like and centrifugal singularities (the correspon
ding analysis will appear elsewhere). Secondly, working up a 
problem with a singular potential rimerically and trying to 
avoid computational complications, some authors /9/ utilize the 
approach based on regularizing the original potential near the 
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origin so as to satisfy (i), (ii). Then, the results of the pre
sent analysis are directly applicable. 

Note that the mentioned approach is justifiable only if the 
sought solutions of the corresponding differential equations are 
asymptotically stable (we have in mind the asymptotic stability 
discussed, e.g., in''10'' ). This stability property is necessary 
to ensure that the solutions obtained by the numerical integra
tion of the equation with the potential regularized at the origin 
approach the proper solutions, corresponding to the original sin
gular potential, for large x. Motivated by our experience with 
the scalar eigenvalue problems, as far as the stability proper
ties are concerned (see the last reference in' 3 />, we expect 
that the relevant solutions of the 1st order nonlinear equations 
discussed in the present paper are asymptotically stable. Work 
on these problems is in progress. 
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уравнений Шредингера 

Матричное обобщение преобразования Прюфера, введенное Аткинсоном, приме
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свойствам фазовой функции Прюфера в скалярии, случае. Установлены строгие 
теоремы, на осноае которых можно определить собственные значения для системы 
уравнений Шредингера по асимптотическому поведению фазовых функций. Обсуж
дается возможность получения фааоеых функций при помощи интегрирования неко
торой системы нелинейных дифференциальных уравнений первого порядка. 

Работа выполнена в Лаборатории теоретической физики ОИЯИ. 

Сообщение Объединенного института ядерных исследований. Дубна 1984 

Adamova" D., HorejSf J., IJIehla I. E2-8»t-21 
The Atklnson-PrUfer Transformation and the Eigenvalue Problem 
for Coupled Systems of the Schrfdlnger Equations 

The matrix generalization of the Prtlfer transformation Introduced by 
Atkinson Is applied to a coupled system of the radial SchrSdlnger equations. 
It Is shown that the phase functions corresponding to the matrix case 
exhibit properties analogous to those of the PrUfer phase function encoun
tered In the scalar case. Rigorous theorems are established which allow one 
to determine the eigenvalues of the original SchrSdlnger system with an 
arbitrary accuracy provided that the asymptotic behaviour of the phase func
tions Is known. The possibility of obtaining the phase functions by means of 
the Integration of an appropriate system of nonlinear 1st order differential 
equations Is briefly discussed. 
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