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j ABSTRACT 
/ 

The solution for a vector that satisfies a set of coupled equations is often obtained 
economically by iteration. Application of an overtaxation coefficient to augment the cal-
culated iterate changes is done to accelerate the rate of convergence. This scheme is sim-
ple to implement and often effective. Much is known theoretically about the iterative 
behavior when the system of equations is linear, ilthough there are complexities that are 
not widely known. Extensive use is made of the scheme even to non-linear systems of 
equations whe;e behavior depends on the situation. Of much concern to the developer of 
solution methods (typically an engineer or applied mathematician) is implementing an 
effective procedure at a modest investment in development and testing. Applications arc 
described to thermal cell and neutron diffusion modeling. 
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INTRODUCTION 

It is crucially important to methods implementors and useful to analysts to understand 
the behavior of iteration solution techniques. This paper addresses overtaxation, a pro-
cedure that finds wide use. One reason for its extensive use is that an iterative solution 
process for a vector that is associated with one or more coordinates is relatively straight* 
forward to implerm nt, and then acceleration by overrelaxation is easy to incorporate. A 
sweep through the equations produces updated estimates of the components of the solution 
vector. Calculated changes are amplified to accelerate the rate of solution. Overrelaxation 
is impressively effective when compared to no acceleration. Many problems can easily be 
solved efficiently this way. However, with technological advance comes the challenge to 
solve increasingly difficult problems. A faster computer has always meant to us lower cost 
per unit of calculational effort, and more calculational effort is then justified within a pro-
ject. The use of increasingly complicated procedures in detail is a direct consequence. 
Increasing difficulty of effecting a solution is ever a challenge. 

The subject is addressed here from the viewpoint of an engineer primarily interested in 
analysis''but often forced by the lack of effective analysis capability to work on methods. 
We do not hesitate to solve problems for which a theoretical understanding of the solution 
process is incomplete. Most any useful analysis tool for computer calculation tends to 
grow more and more complicated and sophisticated to satisfy changes in analysis needs 
and demands, solving ever more increasingly difficult problems. Simple solution pro-
cedures are often coded initially to effect a prompt return from investment in a methods 
development project. This discussion is influenced by such a background. We get things 
done, although just what the mathematicians (any one mathematician?) would do or 
recommend seems not at all clear. It may be of some interest that some of the crudest 
procedures implemented years ago remain in productive use; they do need to be upgraded, 
but other project demands come first. The reader might be surprised at the broad scope of 
problem types involved, and at the kinds of questions that one somewhat familiar with 
methods gets asked by both analysts and developers. Also, it is easy to invest a large 
amount of development effort in fine-tuning procedures without accomplishing much. 

Overrelaxation is a complicated subject. Problems of different classes behave quite dif-
ferently. A procedure of calculation that performs well on one problem may do poorly on 
another. Definitive application information is not readily available. Collective experience 
is needed that has been critically reviewed. 

Much is known theoretically about overrelaxation. The requirements that are neces-
sary for the behavior of the solution error vectors to be predictable may or may not be 
satisfied. The inner-iteration process of the near-neighbor coupled difference form of the 
diffusion theory representation of neutron transport normally satisfies these requirements. 
The simple equations of heat transfer by conduction do also. Feedback, as of the depen-
dence of the properties on the condition, adds complications not simply assessed. 

Information is presented here about the nature of the overrelaxation process and tech-
niques that have come into common use. Examples are taken from thermal cell and reac-
tor core jjeutronics applications. 

A coupled | e t of equations must be often solved. The problem expressed in matrix 
form is 

AX - S , (1) 
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where X is the vector to be resolved, let us say of length J, S is an associated source vector 
of length 7, and A is the ( / X J) matrix operator of coupling coefficients containing 
more zero entries than not and seldom stored directly on a computer. The vector X might 
be a physical quantity (the neutron flux, or the mass flow rate), a physical condition or 
property (temperature), or other interesting thing (adjoint or importance, rebalance fac-
tor). In most but not all applications the matrix A is diagonally dominant (the off-
diagonal terms sum to no more than the main diagonal term) and represents simple 
coupling. These coupling coefficients may be constant, and then much can be said about 
the behavior of a solution procedure. In many applications there is feedback such that the 
coefficients are related to the vector, introducing non-linear contributions, and solution 
behavior is not simply predictable. (Even the capability of the shorthand matrix notation 
to describe the problems is loi»i.) 

The solution of equation (1) is expressed formally as 

the inverse of A being A~\ where A~[A — /, It may be obtained directly in some 
instances, but generally the use of another solution process is more practical. One reason 
for this is the sparseness of A not true of A~1. A modest amount of computer space can 
store the components of A, typically length 3 / for a two-dimensional problem (J being the 
product of the coordinate meshpoints, i.e., the number of unknowns), compared with the 
J X J number of entries in A~\ For the full description of any geometric situation in 
regular difference form, J is the product of the three coordinate meshpoint numbers. 

An iterative solution process is illustrated by breaking out the components of the opera-
tor matrix A, 

X - ^ " ' S , (2) 

(D + L - U)X - S , (3) 

and referring to iterates, n being an iteration count, 

DX„ - S + (U - L)X„-i ; 

X„ - D-'[S + (U - L)Xn-\\ . (4) 

Thus, the inverse of the main diagonal D of A involves only the reciprocals, so equation (4) 
is an elementary process. Using latest values of X as they become available accelerates the 
process without complicating the procedure, 
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(D + L)X„ s + uXn-i ; 

Xn - {0 + L)- ' [S + . (5) 

Most welt-developed solution techniques in use involve solving for blocks of the values 
of the components of X simultaneously each iterative sweep, the blocking depending on the 
problem and perhaps its nature and geometry. Thus, the new temperature values may be 
obtained simultaneously for all azimuthal points at each radius, or neutron flux values can 
be obtained simultaneously for each hexagon when modeling hexagonal fuel assemblies. 
With simultaneous solution for blocks of points, D + L expands to include some of the 
coefficients previously in U. 

Overrelaxation applies a coefficient to augment the iterate change, typically 

where \ t j n refers to component / of X iterate n, X'ifl being the newly calculated value. 
Incorporating Eq. (6) into Eq. (5), using overrelaxed values, yields 

Equation 7 applies directly to some problems and represents the inner itera(ion process for 
usual diffusion theory neutronics problems, rebalancing acceleration in certain discrete 
ordinates codes, heat condition, diffusion, and also certain thermal hydraulics calculations. 
With a dependent variable, generally a feedback mechanism causes D, L, and U to depend 
on X, albeit often only a slight dependence. 

Overrelaxation was applied soon after the enlightenment period following the dark ages 
in Europe. Much was known and had been published.>by the 1960s regarding solution pro-
cedures for the reactor core neutronics problem applying the diffusion theory 
approximation to neutron transport,1""5 and effort continued.6-* Solving the heat removal 
and the fluid flow problems has continued to be a challenge.' 

Overrelaxation is discussed herein. Other schemes are also in use. These include some 
that are quite implicit,10 others that follow a packing, unpacking multigrid" process, the 
conjugate gradient,12 and variants such a_ incomplete Choleski decomposition," and rebal-
ance techniques14-17 that have a variational basis. Such schemes seem to show advantage 
in specific applications, the identification of thefWt remaining quite a challenge. 

A comment is offered regarding the information available in the literature about the 
effectiveness of solution procedures. It is usual to find poor performance of one scheme 
reported only when the investigator adopted another, and then he demonstrates the 
inferiority of the rejected scheme. The fact that there is quite generally some difficulty 
solving problems efficiently seems to have escaped notice. Certainly one scheme may 

™ Xtji-i + fil^iji ~ Xijt-i (6) 

X„ - (J(D + L)"' S + \0[(D + L)~l U -
(7) 
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prove to be superior to another in any specific , ^plication. Often the computer codes in 
routine use have procedures incorporated that are quite effective for a limited class of 
problems. Outside of this class, the performance may be quite poor. The best scheme is 
not likely to be identified by severely limited testing with crude procedures on trivial prob-
lems. Unfortunately, the information generally available in the literature is of limited util-
ity at best. It takes more than a critical review of the literature to establish even a reason-
able procedure. What has been implemented was often chosen from extremely limited 
experience. Only a modest amount of comparative evaluation can be done in a methods 
development project directed at returning results. The usual attitude of many professional 
mathematicians who may be consulted does not help much either. Theoretical considera-
tions are impacted by limited significance and noise, the lack of the display of the asymp-
totic behavior, and absolute error level analysis, and non-linear contributions. 

Computer times reported are for the local IBM-3033 machines operated virtual 
memory and multitasked, the coding being Fortran compiled with the current H level com-
piler. 

THE ITERATION SWEEP 

Typically some form of block relaxation is done. That is, new values are obtained for 
a block of points simultaneously, and these are then overrelaxed independently for the 
block. With a regular mesh the block is often chosen to be a row of points, and the 
procedure for a two-dimensional problem then involves treating all of the rows across the 
plane. In three dimensions this must be done on all planes of points. The simultaneous 
solution for points on a row with only near-neighbor coupling amounts to solving the tridi-
agonal problem by a forward, backward sweep. This is complicated by an extra term that 
must be carried when the ends of the row are coupled through a repeating boundary 
condition. Often special boundary conditions are used, such as rotational symmetry to 
reduce the size of the problem treated, affecting the iterative behavior. In representing 
geometries involving the azimuthal coordinate (0R, 0RZ), typically blocking for a simul-
taneous solution along the 8 row is preferred. In ( X Y Z ) geometry, the traverse involving 
the largest number of points should be treated lacking better information. (Two reflected 
boundaries at the ends of a line cause slower convergence than only one, and radical mesh 
spacing differences increase solution difficulty.) Thus we are interested in characterizing 
the behavior with some form of block relaxation. 

Although the error vector eigenvalues are not affected by the sweep order (if 
mathematically consistent), the magnitudes of the error vectors are. The advantage of 
using the <r, odd-even meshpoint (black, white or red, green) sweep ordering is now widely 
recognized, although any associated data handling penalty may not be justified. The ends 
of rows on a plane of a two-dimensional problem may be viewed with a dot for an odd one 
and an x for an even one: 

New values are obtained and overrelared for each of the rows represented by dots, and 
then for each of the rows represented by x's. With only near-neighbor coupling, the dot 
row values depend only on old values while those on the x rows depend only on the new 
dot row values. Within each set the order of calculation is immaterial One finds that not 
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only does the most remote.,boundary condition propagate twice as fast as with normal ord-
ering, but that the error retains a spatial symmetry. With a normal sweep order, the error 
skews to the rear side and is especially pronounced with overrelaxation. Unfortunately, 
mathematical error analysis is yet incomplete, disallowing complete theoretical evaluation. 
The <ri odd-even ordering technique does apply directly to one-, two-, and three-
dimensional problems, even with many block relaxation schemes. 

The use of Chebyshev polynomials to adjust the overrelaxation coefficients does not 
usually show much return, if any. By this process the coefficient starts somewhat higher 
than the asymptotic optimum and is moved asymptotically to the optimum value a small 
amount each iteration.3 Some testing of such schemes has indicated little if any gain and, 
thus, lack of incentive for impacting the procedures. 

ASSESSING ERROR REDUCTION 

The behavior of an iteration solution process may, be 'Studied by expressing the error in 
a set of eigenfunctions, in matrix notation for the difference between the iterate estimate 
a n d t h e solution, 

En " 6, ~ " 2 V Q , (8) 

using a simple iteration dependence. C< is an error vector eigenfunction, A( is its eigen-
value, and we expect as many eigenfunctions as meshpoints with a simple relaxation pro-
cess. Under certain restrictions these functions are linearly independent. We seek an 
economical process that minimizes max A(. Note that the rate of solution may be meas-
ured by the number of iterations required to effect a specific error reduction, and for one 
of the contributing error vectors, likely the one with the largest A, 

Wtjto) (9) 
" fin A ' 

where <„ is the error level iteration n. 
In some applications it is possible in this way to predict the number of iterations 

required to effect an acceptable solution. However, both trie eigenvalue and the required 
error reduction must be estimated. 

( 
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OVERRELAXATION OPTIMIZATION 
t , 

It was demonstrated by the early 1960s that there is an optimum overrelaxation coeffi-
cient. It was found with a number of condition? and restrictions that the error behavior is 
normally described by the relationship3 

(A + /?-))' - XfiV (10) 

where X is the error vector eigenvalue, i.e., the rate of error decay. The spectral radius of 
the problem n is dependent on the values of the coupling coefficients and the solution pro-
cess when blocking is done for simultaneous solutions for values of the dependent variable. 
A problem has a spectrum of error vector eigenvalues, in > m > mj ... 0 usually, so 
interest here is in the largest one and the associated largest X that causes its error vector to 
dominate asymptotically as the smaller V die away. Note that with overrelaxation, a con-
vergent accelerated process results for 1 2. (fi < 1 is used to dampen a process 
otherwise not convergent.) For fi = 1, no acceleration, X " n1. 

If iteration were done without acceleration and not using the latest values of the depen-
dent variable as they become available, the largest eigenvalue of the error vectors is n, and 
the eigenvalues occur in pairs (it, -M). With the newly calculated values used as they 
become available, the eigenvalues become (/t2, 0), a rather remarkable situation. There is 
yet a pair of error vectors but one has a zero eigenvalue. Asymptotically one expects the 
error decay to follow X", where n is the iteration count and X — ft1. When one error vec-
tor dominates, it can be extracted quite simply if known. However, the behavior is not 
simple due to the pair of related error vectors, but rather is more complicated, as is dis-
cussed later. 

From Eq. (10), the optimum value of fi occurs where the pair of eigenvalues coalesce; 

fio i + V T ^ ( i i ) 

and the value of the eigenvalue of the associated dominant error vector is 

X - A, - 1 . (12) 

Consider Eq. (10) and the dependence of X on fi, as shown in Fig. 1. A pair of 
values of X occur for each of M for a given fi. They are real up to the optimum value of fix 
where they coalesce, and for larger values of fi they form a complex pair, for which the 
modulus is plotted. As is well known, the slope of the curve is larger in magnitude below 
the optimum than above, so the preference is to be on the high side to maximize the rate 
of error reduction. 
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OVERRELAXATION COEFFICIENT /3 

Fig. 1. Dependence of the Error Vector Eigenvalue on the Overrelaxatfon Coefficient. 

There are many eigenvectors having smaller M'S than the largest; these also occur in 
pairs (n2, 0), and the iterative behavior of all of these, using an optimum value of /? for the 
max n2, is in the complex regime. That is, the associated error behavior goes as X" cos(n0), 
a damped oscillation. This is in sharp contrast to the behavior for the largest eigenvalue. 

Some insight into the dominant error vector eigenvalue is given by the equations for an 
idealized problem. For a one-dimensional traverse across a homogeneous material without 
a main diagonal loss term, with a uniform mesh, the spectral radius of the equation is 

cos JV+1 (13) 
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where N is the number of intervals. Thus the two-interval problem has a spectral radius of 
O.S and an optimum overrelaxation coefficient of 1.072. For 100 points, u — 0.99952 
and 0 — 1.940. The 100-point one-dimensional problem is hard to solve. For the two-
dimensional slab in ( X Y ) geometry with uniform spacing, Eq. (13) is applied to each 
coordinate, and for point overrelaxation 

nP - j I + m(JV2)] . (14) 

Thus in a sense the second coordinate is constraining, causing n < maxU(N)]. With line 
overrelaxation, simultaneous solution along each row associated with N\ (row ordering not 
specified but a consistency is required), 

- * (15) 
J2-M/V,)] ' 

For N2 - TVj and MOv,) - 0.5, Eq. (14) yields 0.5 with point relaxation and 
Eq. (15) gives 0.333 with line overrelaxation. For 100 X 100 points, nf — 0.99987 
and hl — 0.99975. Une overrelaxation increases the rate of error elimination by roughly 
a factor of 2. This gain would have to justify the added computation cost. However, other 
considerations often justify blocking for simultaneous solutions, including faster propaga-
tion, and often more gain than indicated in this idealized case. For associated coordinate 
dependent values of n of 0.5 and 0.99975, np - 0.750 while nL — 0.666 or 0.500. 
Note, however, the large difference between, propagating boundary conditions into a prob-
lem 2 X 100. with line relaxation along the 100 points compared to point relaxation or 
line relaxation along the 2 points. 

- ESTIMATING THE OPTIMUM COEFFICIENT 

An estimate can be made of the optimum value of the overrelaxation coefficient. A 
technique in wide use is applying the usual iteration process in an auxiliary calculation but 
with no source term and without acceleration. The iterate vector components decay ..way 
and eventually a dominant mode establishes asymptotically. An estimate can' be made of 
the eigenvalue of this error vector, the L\ norm estimate being 

y» - S \Xt* - XtA-x\ ; i 
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Note that n2 « \,,m,„ for fi — 1, considering Eq. (10). Typically n2 is approached 
from below, although not always. The rafe of error reduction would usuatly be increased 
by contributions from other error vectors having smaller eigenvalues than the largest. 

There are difficulties. Not only do the values tend to zero, but significance may be lost 
from Eq. (16) if the problem converges rapidly. Many iterations are required when the 
larger eigenvalues approach unity. If the vector has negative components, ch nge in sign 
of a contribution to Y in Eq. (16) would dominate other contributions, causing poor 
results; special action is desirable, as ignoring such a contribution. 

One reason that this approach is attractive for estimating the optimum is that the nor-
mal sweep procedure to be used in the solution process is used so that indeed the associ-
ated dominant error vector is determined. The details of that specific problem that may 
involve any blocking scheme are thereby accounted for, as well as such special conditions 
as a rotational boundary coupling and indeed the coded procedure for treating it. 

An alternative is to use ovcrrclaxation acceleration. Then Eq. (10) can be applied to 
extract the desired value of n2. Acceleration reduces the value of X and helps eliminate the 
other contributing error vectors. An impact, however, is the complexity from the error 
vfector deficiency discussed later. At least a relatively small value of fi would be appropri-
ate. 

Another alternative is to proceed with the source so that the actual problem is being 
solved at but a modest additional cost of calculation. For the diffusion theory neutronics 
problem, this source would be the current outer iteration estimate. 

An underestimate of n2 is undesirable. Considering Fig. 1, it appears best to err on 
the high side. However, the outer iteration process can oe divergent when excessive over-
relaxation coefficients are used, so too large a value of fi must be avoided. Note that for 
M2 • 0.95, fi0 — 1.63; m2 ~ 0.99, fi0 - 1.82. As n2 approaches unity, much care 
should be taken It is to be expected that the next-to-largest value of n2 will also be large 
if n2 is, so there can be solution difficulties. Note that if the next to largest value of n2 is 
0.9, 22 iterations are required to reduce the error contribution from the associated error 
v ctcr by a factor of 10, but 114 iterations are required if p2 is 0.98. It is somewhat ironic 
that for this auxiliary problem an initialization is needed that maximizes the contribution 
from the dominant error vector while suppressing the fundamental and the other error vec-
tors having large eigenvalues, quite different than what is needed for solving the problem 
without a source. 

We oncc used an asymptotic extrapolation scheme with some success to estimate where 
the iterate estimate of n2 was trending toward. This technique often worked well, but, too 
often it failed. Note that the objective is to improve on the iterate estimates of p2. 

We have found that the best scheme that has been tested is the extraction of the larg-
est eigenvalue from a contributing pair of independent error vectors. Given successive 
iterate estimates of the eigenvalue, the extraction of the largest from a contributing pair 
can be done as follows19: 

(17) 
gn " A„_2(l — X,-i)2 - *,-•(!-A.X1-A.) ' 

used only if the denominator retains a significant number of digits after the subtraction; 
otherwise either use X„ (and require it be converged) or continue testing. 
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(18) 

and the extracted pair of eigenvalues is 

fn-gn ± [gt + 4t* + 2in/„+ft) 
2(1+/,) 

1 (19) 2 

-

Note that if g„ - 0, / , - X«/(l - O , and y„ - 0, A„. Generally /„ > 0, while 
g„ < 0, and fn > -g„. Whereas the larger root tends to establish early, the smaller one 
tends to change (increase) from one error vector to another as iteration progresses and yK 
tends to zero for small y. Here we are interested only in extracting the largest of a contri-
buting pair and converging this estimate to an acceptable degree independent of the 
smaller eigenvalue. Likely suitable convergence tests depend on the class of problems and 
the criterion needs to be relatively severe as y -* 1. 

Results obtained at o'ne group with a neutronics code are shown below where inner 
iteration was done on the space problem with no source and no acceleration: 

Even after 60 iterations the norm estimate of the eigenvalue is not very accurate. 
Extracting the value from a contributing pair shows much improvement. The extracted 
estimate after 20 iterations is apparently a better value than the norm estimate after 60 
iterations. As the value of the eigenvalue approaches unity it becomes harder and harder 
to resolve, the more so the larger the next-to-largest eigenvalue. The contributions from 
other error vectors are more difficult to eliminate as their eigenvalues get larger. Estab-
lishing an adequate degree of convergence of fi is a challenge; the criterion needs to be 
tighter as M2 1- Testing 1 - nl has proven to be generally unsatisfactory as a conver-
gence indicator, apparently due to the nature of the error contributions. The larger n \ the 
more likely that noise contribution (roundoff, significant digits) tends to be disruptive. 

Norm Estimate Extracted Estimate 
Over- Largest of Over-

relaxation a pair of relaxation 
Iteration Eigenvalue coefficient eigenvalues coefficient 

20 ' 0.9567 1.656 0.9811 1.758 
40 0.9702 1.706 0.9846 1.779 
60 0.9788 1.746 0.9859 1.788 
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Norm estimates of the dominant error vector eigenvalue are shown below for a thermal 
cell problem discussed later containing a non-linear contribution for which iteration is done 
without acceleration. 

1-A„ Extracted \>-yn 
largest ot 

Iteration K \-K-t a pair 1-7,-. 
10 0,86296 0.9035 0.90091 1.2071 

20 0.93098 0.9615 0.97570 0.5012 

30 0.9S186 0.9684 0.95859 0.8330 

40 0.96470 0.9778 0.96633 0.9327 

48 0.96958 0.9883 0.97038 0.9623 

Thus the value of A, gradually moves toward a result that is needed, and the estimate 
extracted by assuming two contributions is somewhat improved. 

The number of mesh intervals was doubled, and the following results were obtained. 

1-A„ Extracted l-y„ 
largest of 

Iteration a pair l-Y.-i 
10 0.90829 0.9245 0.92983 0.9366 

20 0.96097 0.8267 0.96097 0.8267 

30 0.95912 s 1.5657 0.95912 1.5657 

40 0.97039 0.9623 0.97039 0.9623 

50 0.97741 0.9860 0.98002 0.8590 

58 0.98328 1.0379 0.98328 1.0379 

These results seem to be well behaved, the value of A,, moving toward a asymptotic value, 
and 1 - A, serving usefully as a convergence criteria. Extraction from a contributing pair 
generally fails. The number of mesh intervals was again doubled and the following results 
obtained. 
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l-K Extracted 
largest of 

a pair 

1-% 

Iteration K 

Extracted 
largest of 

a pair 

10 0.93278 0.9010 0.95473 0.8934 

20 0.96434 0.9573 0.97633 0.9378 

27 0.98067 0.9918 0.98067 0.9918 

The procedures prematurely chose the value of \„ as an acceptable estimate, while in fact 
the dominant error vector had yet to make a substantial contribution. The closer the 
eigenvalue is to unity the more important that it be well resolved. A suitable convergence 
criteria might be the form 

«M K-i - 1 (20) 

and a suitable value to be satisfied, | t | < E, would depend somewhat on the applica-
tion. The tendency would be to use too small a value that would not easily be satisfied for 
the harder problems. It has been found to be better to require that this equation be satis-
fled two successive iterations for relaxed criterion than to use a tighter convergence to be 
satisfied only one iteration. 

The asymptotic dominant error reduction rates may be estimated for the various coeffi-
cient estimates from the data presented above. Assuming that the true optimum has been 
established, p2 — 0.9859, applying Eq. (10), and also estimating the number of itera-
tions to reduce the dominant error vector contribution by a factor of 100 yields: 

Iterations to 
Estimated reduce error 

Overrelaxation dominant contribution 
coefficient eigenvalue by 100 

1.788 0.788 19 
1.779 0.838 26 
1.758 0.872 34 
1.746 0.884 37 
1.706 0.909 — 48 
1.656 0.928 62 

Thus there is a severe penalty in reduced effectiveness with use of a value of the overrelax-
ation coefficient much below the optimum. 
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How many iterations are required to producc an accurate estimate of the dominant 
error vector eigenvalue? It depends on other contributions, the level of the other error vec-
tors and the values of their eigenvalues. Consider two eigenfunctions contributing different 
amounts initially, so that after n iterations the contribution is 

«. - Af + a\$ , 

where a is the ratio of initial magnitudes. If we require a\S < 0.01 Xf, 

g, (00 l /« ) (21) 

Considering a range of values, 

Iterations, n 
Eigenvalue ratio 

X,/X, « - 1 a - 10 a - 100 
0.7 13 19 26 
0.8 21 31 41 
0.9 44 66 87 
0.95 89 135 180 

Note here that an arbitrary relative level of contribution has been chosen. The, results 
shown do demonstrate the importance of two factors: the eigenvalue and the initial rela-
tive magnitude of the error vector that dominates asymptotically. Initial error suppression 
is desirable. Expect the ratio A2/A1 to approach unity as problems become more difficult 
(more meshpoints). 

Review of the procedures that we have used in the past shows that an overrelaxation 
coefficient was often used that was somewhat different than the optimum. In some cases 
this led to inferior behavior and a solution was overly costly to generate. 

(The casual reader should not stop here but rather skip beyond the next section.) 

COMPLICATED BEHAVIOR 

The behavior is not quite as simple as indicated above, leading to important complica-
tions. As may be observed by examining the results for an iteration process directly, there 
is eigenvector deficiency. The deficiency at optimum overrelaxation has been noted in the 
literature.2 The eigenvectors' associated with the eigenvalue pair (m, M) are not linearly 
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independent, and so neither are they with any value of the coefficient (X|, X3), Considering 
the use of any value of fi, the iteration process cannot be simply represented as only diago-
nal entries, but rather the eigenvalue deficiency must be made up, so that we have 

Ai 1 
0 X2 

instead of 
X, 0 
0 X2 

lying along the main diagonal. Successive iterate error contributions are then not Xj* + 
XJ but rather 2, 1 + X| + X2, Xf + Xj + X| + X2, etc. This is not very important 
for fi < 1.8, but it is for larger values, especially because the error grows initially. At 
optimum overrelaxation, the error level is approximated by 

+ f X""1 , (22) 

where X •• fi0 - 1. For fi — 1.99, error reduction comes only after some 1000 i tera-
tions! There are situations where the second term of Eq. (22) should not be ignored. 
Growth of the error in the early history is illustrated in Table 1 with data generated from 
Eq. (22), where each value of X represents a different problem, and the solution difficulty 
increases as X 1. Information generated to monitor the progress of a calculation may be 
hard to interpret due to this complicated error behavior. If many problems had to be 
solved in routine application for which X were large, we would seek a more effective solu-
tion method. 

Table 1. Error Level at Optimum Overrelaxatlon 

x-ft,-1 
Iteration 0.5 0.8 0.9 0.95 0.99 

0 1 1 1 1 
1 1 1.3 1.4 1.45 1.49 
2 0.25 1.44 1.71 1.85 1.97 
5 0.19 1.35 2.23 2.81 3.35 

10 0.011 0.78 -2.29 3.75 5.47 
SO 4.-11 5.-14 0.15 2.10 15.9 

100 8.-29 1.-8 2.-3 0.32 18.9 
1,000 9.-44 3.-20 1.01 

The error behavior with overrelaxation below the optimum is found to be expressed by 

E, - j Xf(l + / - ) + (23) 
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where 

( P - XjAI . 

It is of interest to examine a situation. Consider the case where X2 - 0.9999. (J0 — 
1.9802 with an associated value of X - 0.9802. An error level reduction of a factor of 
0.04 requires N - 161 iterations using X", but applying Eq. (22), N - 426. Data for 
this situation are shown in Table 2. The results indicate no incentive to use a smaller 
Q"errelaxation coefficient than the optimum. 

Table 2. Acceleration Data for /i2 - 0,9999 

0 X 

6,(0-04) 
Minimum N for 
Error Reduction 

I.98S 0.98492 ± 0.012901 213 ? 
1.9802 0.98020, 0.98020 i6l 242 
1.975 0.99025, 0.95998 329 290 
1.97 0.99254, 0.94797 430 329 
1.96 0.99478, 0.92644 615 393 
1.95 0.99595, 0.90617 793 444 
1.90 0.99808, 0.81156 1,675 602 
1.80 0.99910, 0.64058 3,569 709 
1.0 0.99990, 0. 32,187 39,119 

Such a hard problem should be avoided, if practical, and indeed the situation where it 
could not be avoided would seem to be unusual in many applications. Unreasonably large 
diffusion coefficients, large changes in meshpoint spacings and an excessive number of 
meshpoints should be avoided. A preferred blocking for simultaneous solution of values 
may be attractive. But then a more effective solution process may be needed. 

REGARDING PROCEDURE SELECTION AND IMPLEMENTATION 

A major task is often faced in taking the step from having a problem to solve, and 
perhaps some idea about how to solve it, to having implemented the analysis capability 
that can be used efficiently and routinely by others than the methods developers and 
implementors. The requirement to automate the use of data, (results from another code) 
and results (for additional calculations) often eliminates an isolated and inadequate coding 
effort as a viable alternative. When there are uncertainties regarding the details, then ini-
tial specifications must admit a degree of flexibility. A tight loop of testing and procedure 
changing is desirable for effective development. Coding on the part of the development 
engineer charged with the responsibility for methods development is of coiftse neither effi-
cient nor effective and is apt to compromise both the product (with amatedr coding) and 
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the development (dissipation of capability, compromised expertise). So a small developer 
coder team that can work effectively is needed with responsible external review. How 
much effort should go into the development must be decided. Of prime importance are 
accurate and representative modeling and reliable calculational procedures. Perhaps as 
much effort must go into these aspects as in the primary specifications and initial coding. 
Efficiency of the procedures can be important, but it is not likely a dominant aspect. The 
following discussion addresses only efficiency: iteration solution acceleration, Other 
aspects are important. The user will typically be an engineer or his agent or approxima-
tion thereof with other concerns than effecting solutions. Adequate solutions are expected 
to all problems presented with little exception or even concern about physical reality. 
Default data must be used but full user override is essential to avoid any bar to flexible 
application. The user is allowed to be in error but the calculational procedures are not. 

Only two approaches to optimizing the overrelaxation coefficient seem attractive: 
1. Establish the best technique for estimating a near optimum value of the coefficient 

initially (for the first problem), and use it thereafter. Analysis of the iterative 
behavior might be avoided, but then any peer performance could escape notice. 

2. Adopt a procedure that monitors the solution progress and adjusts the coefficient 
when deemed to be desirable for more effective acceleration, and start with a reason-
able value of the overrelaxation coefficient. 

The first approach could evidently be the best if the value of the optimum coefficient 
did not change much thereafter. Perhaps the second approach would then be hard pressed 
to compete and require quite a high degree of sophistication. If the optimum value 
shifted much, then the second approach seems best, possibly combined with effective ini-
tialization. The cost of an initialization step bears consideration. The fact that easy prob-
lems can be solved quicker than an optimum overrelaxation coefficient can be established 
is discussed later. 

To be very effective, a solution process monitoring scheme would seem to have to 
recognize three diffeicnt behavioral conditions: 

I. underaccelerated (but perhaps definitely convergent), 

2 acceptable, or 

3. not convergent (overaccelerated and perhaps apparently not convergent). 

We must somehow associate information obtained by monitoring the solution process with 
these regimens. Consider first only the dominant error contributions with overrelaxation. 
The expected error level at the optimum from the coalesced eigenvalue pair is nearly X" 
(more complicated if X is very large). Below the optimum there is a rather complicated 
contribution from the eigenvalue pair that behaves as a monotonically decreasing function 
given enough iterations to suppress the contribution from the error vectors that die out 
rapidly. Above the optimum the eigenvalues form a complex pair contributing as 
X"cos(n0). Given enough iterations without changing the process, each of these regimens 
may be recognized. The challenge is to recognize them with few iterations. The biggest 
challenge has come for the harder problems as the optimum value of the overrelaxation 
coefficient approaches 2. For any problem, this happens as the number of meshpoints is 
made very large. There can be other causes such as a very large change in the meshspac-
ing. We have also experienced severe difficulty identifying that the coefficient is too large 
when the optimum is small under some conditions (certain neutronics problem types 
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including triangular geometry with coupling of four planar or six neighbors in three-
dimensional geometry). 

After each iteration a continuing process might 

1. Increase the coefficient, 

2. Do nothing, or 

3. Reduce the coefficient. 

To allow for the effect of the perturbation after the coefficient has been changed, cer-
tainly a delay in any subsequent action is in order. Continuous monitoring seems generally 
preferable to a cyclic analysis. It may well be that in some applications the latter can be 
more pr xtical oi perhaps can be demonstrated to be quite adequate with the monitoring 
co't thereby held down. However, the chance of poor results in some applications of a set 
procedure of cyclic sampling is evidently high. Repeated cycles of a limited number of 
inner iterations of the neutronics problems at each energy, however, invites assessment at 
the end of each cycle. 

What constitutes a good monitoring procedure? How can the solution behavior be crit-
ically assessed with a reasonable amount of calculation to make it economical? There are 
often special considerations, such as avoiding the penalty of scalar operations when high 
speed vector processing capability is employed. 

Consider first what is available in the way of assessment" without special calculations. 
The iterative process must be stopped at some point when the iterate solution is deemed to 
be acceptable and the error content to be sufficiently low. There is more than one school 
of thought on this subject. Further, what is found to be quite acceptable to an analyst in 
application may appall the developer or even another analyst in a different application. 
Beyond a reasonable doubt there should be some form of iterate error analysis. It would 
seem that the best information that can be made available at a reasonable computation 
cost should be used. 

The mathematician shows that if the maximum relative point size iterate change in the 
solution vector components is monotonically decreasing (remember 4>M<t>~]), the process is 
convergent. This constitutes an adequate but not necessary criterion and has been dis-
carded by the author as being too stringent. 

What often are actually calculated are the max and min ratios, 

MAn) - max 

and 

Mm(n) — min IL* I (24) 

where i refers to meshpoint or component of the solution vector X, and any points where 
Xi<K-\ is zero and possibly where it has a very small but non-zero value are excluded. 
(Typically an importance solution passes through zero at or near a point location.) From 
these data we obtain 
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«« ~ Mx(n) - 1 , 

uut 

if ( | l - M„(n)| > \Mx(n) - 11) , 

then 

c„ - 1 - M„(n) , (25) 

with careful elimination of the cases where either no point value increases or none 
decreases. Note the retention of the sign of t„ for reporting. So the process is convergent 
if 

necessary but not the most useful criterion. 
Note that possible actions can be taken (1) to discontinue the process if the maximum 

change becomes so small as *o be insignificant considering significant figures carried, or 
(2) to discontinue or revise the process if the maximum change is unreasonably large. A 
normal terminating criterion for acceptable convergence is 

where E is specified. 
Consider a complication. Quite generally a boundary condition propagates across a 

problem as a front. At the time of full propagation (an iteration count), there is an abrupt 
change in the solution behavior. Typically Eq. (26) is not satisfied, and it may not be at 
or near succeeding times of propagation iteration counts. A sophisticated monitoring pro-
cedure might skip testing if it knows when this occurs. A simple error vector 
representation does not admit assessing such things as propagation and effects of differ-
ences in iteration behavior. 

With optimum overrelaxation, Eq. (26) may not be satisfied for several iterations, the 
harder the problem the larger /3b and the more iterations required to effect stable behavior 
of monotonically decreasing error contribution. 

A relaxed convergence criterion can and has been used, for example 

kl < k-il , (26) 

«J < E , (27) 

l«J < l«,-2l • (28) 
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One or more norm estimates of the dominant error vector eigenvalue may be used, 
Eq. (16) being that for the L\ norm. We expect for a convergent process 

K < 1 • (29) 

Note that only a positive eigenvalue estimate is obtained from a norm estimate, \,>0. If 
Eq. (26) is not satisfied, then we might require that 

i 
\X„ - 11 < IX,., - 11 (30) 

also not be satisfied before claiming that the process is not convergent, Eq. (28) being a 
rather severe test. Using the failure of Eq. (28) for both iterations tt-\ and h is not a 
practical criterion due to the tendency for the norm estimate to move monotonically into 
an answer, occasionally starting above unity. However if moves monotonically toward a 
value larger than unity, then this is rather strong and useful evidence that the process will 
not converge. 

Another possibility is using a second estimate of the eigenvalue. The Li norm involves 
, the square root of the sum of the squares of the differences, but this would be expected to 

produce an estimate quite close to that of the Lx norm and likely not prove to be very use-
ful. 

The maximum relative change in the components of the dependent variable may be 
used to give an estimate, the norm, for component: 

1 | kl (31) 

Note movement of the location of the maximum relative change as the process proceeds, so 
relative values must be used, not absolute differences. A case can be made for using the 
increase and decrease extremes of Eq. (24) individually and thus generate an improved 
eigenvalue estimate. Equation (31) applies, and the square root of the product of the two 
estimates has been used. 

Another possibility is simply to evaluate the left side of Eq. (31) at a preselected loca-
tion. Even better would be to do it at two sites for a check, or possibly even three with 
some process of. rejection of one. A site should be chosen where significant changes are to 
be expected rather than a pivot point where small changes thwart accurate evaluation at 
the effect of differences. Asymptotically this single error decay behavior is expected to 
occur at every location. 

There are other possibilities. For example, successive values or alternate iteration 
values of the max and min ratios of Eq. (24) can be tested. Do each of these approach 
unity monotonically? Alternatively we may require the test of Eq. (28) to fail twice. 
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The biggest challenge comes from the need to generalize limited testing experience. 
Some of the more difficult problems to be solved should be tested even if it must be done 
as an adjoint associated with project problem solving. Also we are forced into comprom-
ises because there is no absolute criterion like Eq. (26) that is suitable for monitoring. 

Given the current value of /9„, an associated value of ft is known from,Eq. (11) and 
the value of X0 - 0O - 1 is to be expected. The performance measured (calculated A„) 
.will generally be less than expected, Xn < \0, so 0„ can be increased if there is good rea-
son to believe it is below the optimum. Below the optimum we expect <„ to be monotoni-
cally decreasing after early rough behavior, so en < «„-i < <„_2 is an indication of 
under-acceieration, while non-monotonic rough behavior is an indication of over-
acceleration. Such additional testing is of course useful because it clarifies the behavior. 

Still another possibility relates to expected error reduction. After n-m additional itera-
tions, we uxpect asymptotically 

E„ - Em \"~m . (32) 

As an approximation, the actual rate of error level reduction may be approximated by 

n 
*m 

I 
n - m (33) 

and 7 may be compared with the expected X. By this approach the behavior over some 
cycle of iterations may be tested. The author has not found much use for such testing 
other than in the sense of a trial and error scheme not usually very effective. 

AN EXAMPLE PROCEDURE 

A procedure is suggested here starting with a reasonable estimate of the overrelaxation 
coefficient. A delay is needed of perhaps 10 initial and S subsequent iterations after mak-
ing any change that alters* the process. A continuous scheme of monitoring is neulul 
something like what follows: 

1. Identify first any apparent nonconvergence, say the test of Eq. (26) fails twice (or 
alternatively once with limited iterations to work with). In this event the overrelaxb-
tion coefficient is reduced. 

2. Identify next that the process is apparently under accelerated, say that three succes-
sive estimates of A„ are nearly identical. In this event the overrelaxation coefficient is 
increased. 

3. Otherwise continue the process in use. 
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How much should 0 be reduced when this is deemed to be desirable? Perhaps a 
scheme should be adopted that causes increases and decreases to be incrementally different 
so that some intermediate value may come into use, increasing the chance for the use of a 
true optimum. A lower limit should likely be selected, often but not always unity, the 
exception being when dampening is found to be occasionally necessary for a given class of 
problems. A reasonable formula for reducing 0 is 

+ l - arft, + (1 - <*)Anli. . (34) 

and typically u might be 0.95, reducing 0 from 1.8 to 1.76 for /9min - 1. 
A way to make the reduction larger may be important. One scheme that has been 

used is to repeat the application of Eq. (33) if e„ > yt„-\, where y might be set at 1.5. 
This identifies very rough iterative behavior expected only with excessive driving. Note 
that this action would be supplemental. 

How much should 0 be increased? Assuming that Eq. (10) applies, given 0„ and A„, 

,2 - 1 X„ + /9„-, 
A, 

(35) 

and the new estimate of 0 is obtained from Eq. (II) . Care should be taken that the 
equations coded do not cause 0 to be decreased when it is supposed to be increased. 

A scheme may be needed to avoid excessive estimates of 0. One thing that has been 
done is to carry a limiting maximum value for 0, 0m„, possibly set initially to nearly the 
theoretical maximum of 2.0 (1.99). Then any time 0 is to be reduced, indicating that too 
large a value of 0 is in use, the limit can be decreased. 

ftn«*./.+l ~ (I ~ a) 0mUt„ + a0„ , (36) 

where a might be 0.75. Now the new estimate of 0 can be constrained to 

0„+i - min(/?m„,/90) , (37) 

where 0O refers to the estimate of the optimum from Eq. (11). Another possibility is 
simply to set 0*^ — 0„ prior to reducing it, but this has been found to cause excessive 
bounding in some applications. 

Experience with such a procedure has shown that starting with an underestimate of 0O 
tends to keep the value low, while starting with an overestimate tends to keep it large or to 
decrease it more than is desirable. A process will often prove to be relatively inefficient 
without quite sophisticated testing. 
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A THERMAL CELL PROBLEM 

An example situation is discussed in some detail here. Shown in Fig. 2 is the two-
dimensional thermal cell description for a high-temperature helium-cooled graphite-
moderated reactor. The region in the neighborhood of a cylindrical fuel channel and a 
nearby cylindrical coolant hole is of interest. Meshpoints are arranged in what is primarily 
(R, 0) geometry with the origin at the fuel channel center. A coarse arrangement of mesh-
points ir shown. All surfaces are reflecting, the derivative of the temperature normal to 
the surface being zero except along the surface of the coolant hole. The surface tempera-
ture varies but the coolant temperature is fixed. It was found that most of the properties 
could be adequately predicted prior to solving the problem: the coolant hole surface film 
coefficient and the fuel and block conductivities depend on the high-energy neutron flux 
exposure and the irradiation and current temperatures. The gap properties were 
reevaluated each iteration (In retrospect, the gap properties may likely be estimated ade-
quately with a one-dimensional calculation.) Both radiation (dependence on the difference 
in the temperatures raised to the fourth power) and conduction through stagnant helium 
(temperature difference dependence with conductivity dependent on the temperature raised 
to the 0.71 power) are considered for the gap. 

From a few to many, many of these problems are solved in the thermal hydraulic 
analysis of a reactor core, the number depending on the modeling details. The heat source 
is taken from a neutronics solution that generates the power density distribution for the 
core geometry treated. Typically this would be a three-dimensional representation of 
either the whole core or a full axial traverse with a representative section though adjacent 
regions that contain different materials. The purpose of a calculation can be a study of 

ORNL-DWG 83-11017 

Fig. 2. A Thermal Cell Problem. 
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cure performance evaluation and design and operation support. The end product includes 
(1) sufficiently detailed fuel temperatures to account for feedback into the neutronics 
properties, (2) a display of the fuel temperature distribution (fractions of fuel above 
reference temperatures), and (3'/ the identification of extreme conditions. It is necessary 
that adequate solutions be obtained with but a modest amount of calculation for this tech-
nique to be practical in routine analysis considering the large number of i.roblems to be 
solved. This requirement is satisfied by carefully adjusting the results from one thermal 
cell situation to very nearly satisfy the conditions of the next cell problem. The iteration 
solution technique was chosen as being the most appropriate because it admits adjustment 
of the coefficients during the solution process, and near optimum acceleration should be 
relatively easy to effect. Note that in such a development project, the initial assumptions 
may or may not prove to be practical. For example, the thermal conductivity predicted 
prior to each cell calculation might have proven to be inaccurate, requiring recvaluation 
during the solution process. Such considerations affect net only the solution process selec-
tion but also the basic modeling. Obtaining adequate solutions for subsequent problems 
efficiently is more important here than solving the first problem efficiently. Therefore 
some effort went into the study of different techniques for establishing an optimum overre-
laxation coefficient. 

What would a mathematics; say about solving this problem? Let me speculate. The 
theorist would confirm one's suspicions that it is all trivial, not worth his attention, "Go 
read the books by Wachspress and Varga," and possibly read something else. The applied 
mathematician would, if being paid to do so, set out a. procedure. He believes the problem 
to be trivial and that an effective procedure can be described in detail in a few minutes. If 
there is any difficulty, it can easily be surmounted. What is the probability that if two 
mathematicians are asked this question, that they will respond by recommending a com-
mon good procedure in detail? It is so close to zero that the likelihood can be dismissed, 
unless they happen to have in hand a common reference containing a full description not 
known to the author. [Ah, for a psychologist and a couple of unsuspecting subjects!] The 
spectrum of recommendations one might expect from engineers asked for a calculational 
procedure is mindboggling. i 

There should be concern that a simple and effective solution procedure is not known for 
even such a relatively simple situation. There are a fiumber of related aspects. We read 
reports in the literature that compare solution procedures and conclusions and recommen-
dations about what is best without learning of the details and--must conclude that the 
recommendations must be taken with a grain of salt, i Even the investigators don't learn 
what they should and often are deceived by the evidence they generate. Seldom is absolute 
testing done: the generation of a very accurate solution and then direct testing of the 
iterate results against fact. \ 

Back to the problem. Here we are interested in denning an efficient solution process. 
Not of much interest here are (1) the degradation of the solution as the number of mesh-
points is made very large when low precision is carried, (2) the need for special pro-
cedures if quick and reliable solutions are to be obtainea (a single temperature should be 
calculated at the origin; and the coolant hole surface temperatures need to be normalized 
to give the necessary mean), and (3) the need to avoid false convergence (cured in some 
cases only by carrying the surface temperature correction all the way through the prob-
lem). \ 

The meshpoints are azimuthal rows, albeit skewed. iThe solution process chosen is 
simultaneous calculation of the temperatures along an azimuthal row given the current 
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estimates along the adjacent rows, solving the tridiagonal matrix, and these values are then 
overrelaxed: line overrelaxation. The sweep order chosen was <rj odd, even ordering. 
Although the asymptotic rate of error reduction is independent of the ordering (which the 
mathematician says must be consistent), o\ ordering effects the most rapid rate of error 
reduction in the early history, due to better local propagation perhaps, although this is 
apparently not widely known. This ordering aVoids the undesirable content of a skewed 
error contribution, although we do not find the justification for using it when a data pro-
cessing penalty is incurred. Conditions at the gap, specifically the effective conductivity 
values, were recalculated prior to each iteration. (Recalculation of these coefficients was 
eventually discontinued as the solution is approached and small changes are involved that 
can be ignored.) Special attention was paid to both the initialization procedure and to 
iteration acceleration. 

The reference mesh-size used in default (JM) is 25 X 17 — 425 points, not many. 
With relaxation along 8 lines, 12 iterations are required to effect propagation, the most 
remote line sensing the effect of a change along the first line. In an application involving 
rather extreme changes from one thermal cell problem' to the next, the first problem 
required 16 iterations, less than 1.5 times the number required for propagation, and 23 
successive problems averaged. 3.2 iterations each given a set minimum of 2, with a max-
imum of 11 required once. Useful assessment of the solution process behavior can hardly 
be done given the data frQm only 2 or 3 iterations on a new case. Note that any signifi-
cant discrepancy in the iterate solution may not be thoroughly extracted in less iterations 
than requiring for full propagation. The minimum of two iterations was adopted to avoid 
the tendency for jumping from 1 to several iterations on alternate problems, likely causing 
undesired error concentration. Performance was found to be rather insensitive to the value 
of the coefficient in the neighborhood of the optimum, in spite of the "window" shown by 
theory in Fig. 1 for the error vector that dominates asymptotically. Thus the situation is 
quite dependent on whether or not the error vectors having the largest eigenvalue are well 
suppressed or not. The optimum overrelaxation coefficient is about 1.74, although it 
depends directly on the number of meshpoints, compared with the value of 1.79 for an 
idealized rectangular 25 X 17 with line overrelaxation along $, Eqs. (13) and (15). 
Thus one can predict a pretty good value for the coefficient. For an optimum coefficient 
value of 1.74, the rate of error suppression is (0.74)" where n is the iteration count; 
without overrelaxation the asymptotic rate of error elimination would be (0.978)" with line 
relaxation and roughly (0.985)" with point relaxation. 

Selected results are now reported. Much of the testing was done prior to incorporating 
the gap in the model so the known theory applied. In Table 3 are shown Lt norm esti-
mates of the dominant error vector eigenvalues for two problems obtained with iterations 
not accelerated. More iterations were required to resolve the eigenvalue estimate without 
acceleration than were required to solve the problems with good initialization and accelera-
tion with a reasonable overrelaxation coefficient. 

The results with the use of different values of 0, but well below the optimum, are 
shown in Table 4 with the gap included. Both the Lx norm and the L2 norm eigenvalue 
estimates were used, and then the square root of the product of the two estimates. A clear , 
superiority of the eigenvalue estimate is not indicated. Incidentally, without the gap the 
largest error vector eigenvalue of a contributing independent pair could usually be 
extracted, but with the gap it could not be, indicating a basic difference associated with 
the non-linear contribution. 
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Table 3. L\ Norm Estimates of the Dominant Error 
Vector Eigenvalues 

L\ Norm Eigenvalue Estimate of n1 

Iteration Mesh 17 X 25 Mesh 65 X 97 
10 0.86264 0.93270 
20 0.93075 0.96430 
30 0.95172 0.97424 
40 0.96388 0.97'; 11 
50 0.97037 0.98208 
60 0.98415 
70 0.98572 
80 0.98703 
90 0.98817 

100 0.98942 
110 0.99044 
120 0.99130 
130 0.99206 
140 0.99274 
150 0.99339 
160 0.99414 

In Table 5 are results obtained for the reference 17 X 25 mesh solving a series of 
20 problems varying the initial overrelaxation coefficient. The tendency seems be 
underestimating the optimum coefficient when starting with a low value, and retaining an 
overestimate. Supplying a good estimate initially is found to be,the best procedure, a prac-
tical technique in this case that would often not be practical because generally the 
optimum overrelaxation coefficient can not be accurately predicted. Iteration without 
acceleration to predict 0 is clearly not the best procedure in this situation and can not gen-
erally be recommended over the use of a good estimate set initially and careful monitoring. 
This evident choice might be difficult if enough cell problems were involved and an excel-
lent value of 0 can be established initially that reduces the number of iterations thereafter 
sufficiently to justify the initialization cost. 

As a test, the geometry was altered considerably with a large increase in the fuel chan-
nel size. The iterative behavior was not significantly changed nor was the optimum coeffi-
cient. The use of a good preestimate was still the preferred procedure, and monitoring 
during solution likely unnecessary, although it was retained to handle the exceptional situa-
tion. 

DIFFUSION THEORY NEUTRONICS INNER ITERATION 

The reactor core neutronics eigenvalue problem involves a coupled set of equations with 
a fission source term expressed in matrix form as 

A* - j F* , (38) 



Table 4. Testing Eigearate Estimates 

Mesh points Initial/) 
Iteration of 
Fust Action 

Eigenvalue 
Estimate MJ 

Apparent 
Optimum P Final /? 

Iterations 
for Solution 

Subsequent Problem 

Iterations Final fi 

CL|)I 4 m Bftmhe Estimate 
9 X 13 1.0 13 0.89194 0.89194 1.5052 1.5052 22 1 1.5052 

17X25 1.0 19 0.98362 0.98362 1.7731 1.6977 40 9 1.6977 
1.2 15 0.97400 0.98269 1.7675 1.7675 26 1 1 7675 
1.5 12 0.92303 0.97506 1.7272 1.7272 20 9 • "272 

33 X49 1.5 31 0.96952 0.98995 1.8177 1.7769 38 28 69 
49 X 73 1.5 30 0.97238 0.99088 1.8257 1.8640 56 29 225 

(1-2)1 4mE3cw ralne Estimate 
9 X 13 LO 13 0.89681 0.89681 1.5137 1.5137 22 1 .37 

17 X 25 1.0 19 0.97971 0.97971 1.7507 1.7131 40 9 1.7131 
1.2 15 0.96831 0.97890 1.7463 1.7463 25 9 1.7463 
1.5 12 0.92211 0:97477 1.7259 1.7259 20 9 1.7259 

33 X49 1.5 28 0.96916 0.98983 1.8168 1.8168 38 28 ; 1.7759 
49 X 73 1.5 33 0.97656 0.99225 1.8382 1.7963 56 44 1.8303 

(Li, LH Nam Efetmlne Estimate 
9 X 13 1.0 13 0.89437 0.89437 1.5094 1.5094 22 1 1.5094 

17 X 25 1.0 19 0.98167 0.98167 1.7615 1.7234 40 9 1.7234 
1.2 IS 0.97115 0.98079 1.7566 1.7566 26 9 ' 1.7566 
1.5 12 0.92257 0.97491 1.7265 1.7265 20 9 1.7265 

33 X44 1.5 31 0.97049 0.99026 1.8204 1.8204 38 28 1.7794 
49 X 73 1.5 33 0.97585 0.99202 1.8360 1.7942 56 43 1.8302 
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Table 5. Information About Solution Acceleration Solving 
a Series of 20 Problems 

Overrelaxation Coefficient First Problem 
• After Relative Peak Iterations 

first temperature temperature to solve all 
Start problem End Iteration change (°K)fl problems 
1.00 1.736 ' 1.755 35 1.0-05 1180.96 117 
1.50 1.731 1.731 20 1.0-05 1180.99 78 
1.60 1.745 1.745 22 1.7-06 1180.97 88 
1.68 1.747 1.747 23 9.2-07 1180.96 102 
1.70 1.748 1.748 23 9.8-06 1181.00 88 
1.72 1.741 1.741 22 9.3-06 1180.96 91 
1.73 1.740 1.740 21 9.2-06 1180.97 86 
1.74 1.792 1.792 20 9.7-06 1181.00 93 
1.75 1.794 1.794 20 7.9-06 1180.98 113 
1.76 1.735 1,735 20 5.8-06 1180.96 89 
1.78 1.793 1.793 18 7.7-06 1180.94 98 
1.80 1.800 1.800 19 7.8-06 1181.03 115 
1.82 1.779 1.779 23 7.2-06 1181.04 101 
1.84 1.798 1.798 24 8.5-06 1181.04 113 
1.90 1/772 1.772 32 7.5-06 1180.98 95 
1.756* 1.731 1.731 20 6.6-06 1180.98 86 
1.756* 1.731 1.731 16 8.8-06 1180.98 75 

"These results compare with a tightly converged value of 1181.00, giving some 
indication of the spreag to be expected with a 17 X 25 meshpoint cell and a con-
vergence level of l.Cf' X 10~5 (although the peak is approached from below in 
solving the series of cases of course, the peak occurring in the ninth problem). 

''Code automated default. 
'Same as previous case but modest changes were made to only the initialization 

procedures for the first problem. 

where A is a space coupling, energy transfer, loss operator, while F is the fission source 
term and k the problem eigenvalue to be established. Typically inner iteration is done on 
the space problem at each energy, fixing the point size source terms for that outer itera-
tion. Thus an inner, outer iteration process is applied, and the optimum number of inner 
iterations done may be few, typically 4-12, but increasing with difficulty of solution 
(increasing the number of meshpoints, for example). Results of calculations reported 
herein were obtained with the VENTURE code in which the procedures7* have changed 
but little over the years. Often so few inner iterations are used that only a coarse assess-
ment of the inner iteration process is possible, and this is done in this code only after car-
rying out the inner iterations at each group. To establish near optimum overrelaxation 
coefficients, iteration is done in this code on the space problem at each energy with no 
source and no acceleration. A relatively coarse monitoring scheme is used to allow the 
overrelaxation coefficients to be changed if performance seems to be poor. 
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Fortunately, the reactor core neutronics problem is often easy to solve. Consider a spa-
tial mesh of 50 X 40 X 40 - 80,000 space points and 5 energy groups. If simply 
connected, 400,000 iterations would be required for full communication, the propagation of 
a remote boundary condition. Acceptable solutions are typically obtained for problems 
within 400 inner times outei iterations. However, the high cost of solving problems is a 
severe constraint, prompting the use of techniques such as nodal and synthesis to reduce 
the number of unknowns. Still the need for greater detail pushes the analyst toward using 
more points, making the problems increasingly difficult to solve. Difficulty in effecting an 
acceptable solution has become the exception with sophisticated procedures incorporating 
application experience. Computation procedures in use tend to be tailored for the types of 
problems solved locally based on local application experience. 

In spite of what is known about the solution process, key information is yet lacking and 
requirements somewhat obscure. The effect of the inner iteration variables such as the 
number of inner iterations on the outer iteration behavior has not been formulated. A pre-
ferred method for assessing the behavior of a problem being solved, with incorporation of 
changes to improve performance that will generally prove to be the most cost effective, is 
not known. 

It has been the experience of the author that more often than not a somewhat more 
involved problem than the simple eigenvalue type is to be solved. In reactor core analysis, 
some adjustment may be desired to approximate the critical state. A reactor history starts 
with a critical reactor, k — 1, so the computer is asked not what k is in Eq. (38) but 
rather how the equation coefficient (entries in A and F) can be modified in a defined way 
to cause £ to be unity. What is the critical fissile loading? Altering these coefficients 
changes the nature of the inner iteration problems, shifting the value of the optimum over-
relaxation coefficient during problem solution. Of course, the capability for solving this 
class of problems may not be available. Such complexity influences the selection of 
procedures. Monitoring the process may not be necessary when solving simple eigenvalue 
problems, but may prove very necessary for others. Of special concern are those problems 
that involve some form of feedback, causing the equation coefficients to change during the 
solution process. 

The overrelaxation process drives the iterate flux change further in the direction of the 
calculated change. For the neutron flux problem, 

4>Usnji "" 1 + P iWUj iw — i ^ i - l l , (39) 

where 0 is the overrelaxation coefficient; is the point flux value (component of the 
flux vector) at spatial point /, group g, outer iteration m, and inner iteration rt; and 4>* is 
the newly calculated value obtained from the neutron accounting difference equation. 
Typically 

•A, , (40) 

unless outer iteration acceleration is done, where N is the number of inner iterations, typi-
cally group dependent. 
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Equation (39) admits negative results even though the old and the newly calculated 
value may be positive, so restraint may be desirable." Knowing that only a positive 
result is admitted, restraining the result to a positive value conveys additional information 
into the solution. If the neutron flux becomes negative at a few points, the tendency is for 
the whole solution to become negative without a fixed and all-positive source. Preventing 
large increases has also been found to be desirable. Overrelaxation restraint, however, 
affects the behavior only in the early iterative history, and has found little use except in 
those codes applied to a wide spectrum of problem types. Such constraint can be of more 
importance when there are non-linear contributions. It is important to apply a reasonable 
constraint without severely hampering the acceleration process. In most neutronics codes, 
difficulty is avoided by using a smooth flux distribution initially and relying on quite a few 
inner iterations. 

Fixing the number of inner iterations and using the same value of 0 at all groups is a 
fairly good procedure. (However, the use of a smaller number of iterations in those groups 
that converge rapidly generally minimizes computation cost.) Note that monotonic error 
reduction would be expected asymptotically in the group having the largest n only if 0 
were at or below the optimum for this group. Given the optimum for this group, 0 would 
be above the optimum for all other groups where a X" cos(nfl) oscillatory contribution 
would be expected. The situation is basically the same as what happens at one group. 
The eigenvalues are complex pairs and a more rapid rate of error decay in some average 
sense is expected, leaving a dominant contribution asymptotically from the error vector 
associated with max fi. We expect the outer iteration behavior to depend directly on the 
contribution from this error vector that dominates the inner iteration. 

The number of inner iterations done on the space problem at each group for each outer 
iteration of the neutronics problem is typically set such that approximately the same error 
reduction is effected. Thus the attempt is made to optimize the investment of calculational 
effort. Equation (9) directly relates the number of iterations required to effect a specific 
error level reduction to the dominant eigenvalue. A typical value for the amount of error 
contribution reduction for each outer iteration is 0.01, but the optimum may vary consider-
ably and depend on the details of the total iteration process. 

Consider that usually only a few inner iterations are done in an inner, outer iteration 
process. Our primary concern is not with the asymptotic behavior for large n, but with 
behavior during the early iterations where other error vectors are involved than just one 
dominating asymptotically. The error representation of Eq. (8) does not admit modeling 
the effect of propagation of a boundary condition across a mesh, a discontinuous contribu-
tion'that advances in the opposite direction to a normal iterative sweep. When the eigen-
values lie in the complex plane there also seems to be a limitation in the representation.' 
Thus the common error vector representation is of limited utility, begging further develop-
ment by the mathematicians. 

In solving neutronics eigenvalue problems, the objective is minimizing the cost of pro-
ducing an acceptable solution from the inner/outer iteration process, that is, optimizing the 
overall process. A procedure that is asymptotically convergent on inner iteration may not 
have an associated convergent outer iteration process. For example, we found by testing 
procedures on a problem representative of application* that the optimum was 5 inner itera-
tions with optimum overrelaxation, 1.5. With 0 > 1.8, the outer iteration process 
was not convergent with 5 inner iterations. Inner iteration moves the current spatial flux 
values at each energy group toward the current outer iterate source, and since this source 
may be far from the solution, only a limited amount of effort should go into solving the 
wrong problem. 
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As a first approximation, the relative cost of solving the neutronics problems can be 
expressed as 

C - N(q + J) + r , (41) 

where N is the number of outer iterations, J is the number of inner iterations for 
each outer iteration, q is the ratio of the cost of outer to the cost of inner iteration, 
and r allows for an overhead cost. Since N is known to be sensitive to J when J is 
small, we find dN/dJ > 0, and N takes on an asymptotic value for J large; a 
natural approximation to use is 

N - a + 4 , (42) • J 

where a and b are arbitrary constants, and the relative cost is approximated by 

\a + + J) + r (43) 

The minimum cost occurs at 

- v ® 
(44) 

The optimum number of inner iterations is increased by increased relative outer 
iterative cost, by increase in the derivative of outer to inner iteration, and" by 
decrease in the asymptotic number of outer iterations required with a large number 
of inner iterations. A thorough cost analysis would require accurate characteriza-
tion of the iterative process, considering the variables, that are not possible with 
known theory. A mathematical relationship is needed between the inner and outer 
iteration error vectors that defines what information should be produced to support 
the assessment of the performance of a process, allowing it to be modified for 
improvement. Fortunately dN/dJ is usually small, so the computation cost is rela-
tively insensitive to the number of inner iterations. Results obtained for a fast reac-
tor problem are shown in Table 6 where estimates of the dominant outer iteration 
error vector eigenvalue are shown. 

A simple two-dimensional graphite-moderated high-temperature reactor core 
problem treating four groups was solved for various meshpoint arrangements. The 
results are displayed in Table 7, which shows the estimated optimum thermal 
group overrelaxation coefficients and information about the inner iterations done. 
Of interest here is the increasing difficulty of solution with increasing problem size. 
Note that for large problems the overrelaxation coefficient enters the range where 
the iterative behavior is complicated. 
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Table 6. Iterative Behavior of a Fast 
Reactor Problem 

Dominant 
Inner Outer error vector 

iterations iterations eigenvalue 

1 137 0.992 
3 66 0.948 
4 47 0.935 
6 36 0.866 
8 27 0.855 

t o 24 0 .850 
12 22 0.831 
IS 19 0 .772 
20 14 0.749 
4 0 9 0.5.23 
80 8 0 .313 

Table 7. Information About a Reactor Core Neutronics Problem 
r 

Mesh 
Space 
points k ' I f 

Fuel 
convenion 

ratio 

Peak power 
density 
(W/ce) 

Max 
overrelaxation 

coefTficient 
0 

Iteration* 
max inner X 

outer - "toul" 

IBM-3033 
processor time 

(min) 
Space energy 

poinu/i 

16 X 29 464 1.00920 0.3338 4.245 1.3770 4 X 23 - 92 0.14 221 
32 X 58 1.856 1.01219 0.3299 4.613 1.6136 4 X 45 - 180 0.90 137 
48 X 87 _ 4.176 1.01280 0.3291 4.732 1.7173 5 X 53 - 265 2.08 133 
64 X 116 7,424 1.01302 0.3289 4.802 1.7477 7 X 56 - 392 5.51 90 
80 X 145 11,600 1.01313 0.3287 4.840 1.7656 9 X 44 - 396 7.02 110 
96 X 174 16.704 1.01318 0.3287 4.865 1.7906 10 X 43 - 430 11.29 99 

128 X 232 29,696 1.01324 0.3286 4.897 1.8276 13 X 44 - 572 25.69 77 
160 X 290 46,400 1.01327 0.3286 4.916 1.8512 17 X 44 - 748 49.49 62 
208 X 377 78,416 1.01329 0.3286 4.934 1.8706 20 X 36 - 720 83.92 62 
256 X 464 118,784 1.01330 0.3285 4.945 1.8733 20 X 43 - 860 161.1 49 

SUMMARY 

There are several schemes that can be used to improve the overrelaxation process. 
Monitoring techniques have been used with some success but not as effectively as would be 
desired. Only with a relatively sophisticated procedure in detail can the more difficult 
problems be solved efficiently. A scheme that works well for one class of problems may 
perform poorly on another. Testing is a challenge, comparative evaluation not simple. 
Lacking sophistication, a procedure can not generally be used with confidence. Occasional 
failure to generate an acceptable solution at a reasonable cost of computation may or may 
not be cause for condemning a procedure, although such invites an investigation to identify 
the cause. 
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